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Mart́ı i Franquès 1, 08028 Barcelona, Spain
bCenter for the Fundamental Laws of Nature, Harvard University,

Cambridge, MA 02138, U.S.A.

E-mail: j.tarrio@ub.edu, ovarela@physics.harvard.edu

Abstract: A large set of relevant deformations of the ABJM field theory defined on a

stack of M2 branes is captured holographically by D = 4 N = 8 SO(8)-gauged supergrav-

ity, which has accordingly been applied to study renormalisation group (RG) flows of the

field theory between distinct superconformal phases. Recently, it has been discovered that

this supergravity is not unique, and that a one-parameter family of gaugings of maximal

supergravity exists. The parameter is an angle that measures the mixture of electric and

magnetic vectors that gauge SO(8) dyonically. We construct and comprehensively charac-

terise all domain walls between the critical points of the new supergravities with at least

SU(3) invariance, which are expected to be dual to RG flows of new field theories defined

at least at large N . We also construct some walls running off to infinity in scalar space,

which we expect to be dual to Coulomb branch flows of these field theories.

Keywords: AdS-CFT Correspondence, Supergravity Models

ArXiv ePrint: 1311.2933

Open Access, c© The Authors.

Article funded by SCOAP3.
doi:10.1007/JHEP01(2014)071

mailto:j.tarrio@ub.edu
mailto:ovarela@physics.harvard.edu
http://arxiv.org/abs/1311.2933
http://dx.doi.org/10.1007/JHEP01(2014)071


J
H
E
P
0
1
(
2
0
1
4
)
0
7
1

Contents

1 Introduction 1

2 Supersymmetric RG flows between fixed points 7

2.1 The SU(3)-invariant sector 7

2.2 Supersymmetric flows 9

2.3 Flows at ω = 0 12

2.4 Flows for 0 < ω < π
8 15

2.5 Flows at ω = π
8 19

3 The Coulomb branch 23

3.1 Truncation to one scalar 23

3.2 Coulomb branch at ω = 0 25

3.3 Coulomb branch at ω 6= 0 26

4 Conclusions 28

A Wilson loops in the ω = 0 Coulomb branch 31

1 Introduction

The three-dimensional superconformal field theory defined on N coincident M2-branes

probing an orbifold singularity C
4/Zk has been proposed by ABJM [1], building on previ-

ous work [2, 3], to comprise two copies of Chern-Simons theory at levels k, −k, with gauge

group U(N)×U(N), and coupled to bifundamental matter with interactions dictated by a

quartic superpotential. For k > 2, this theory has manifest N = 6 supersymmetry and

SO(6) R-symmetry, and becomes weakly coupled at large k. When k = 1 or k = 2, on the

other hand, the theory is strongly coupled and, although not manifest in the formalism

of [1], it has been argued to have its supersymmetry and R-symmetry enhanced to N = 8

and SO(8), respectively. From an eleven-dimensional perspective, the near-horizon geom-

etry of the k = 1 stack of N M2-branes corresponds to the maximally supersymmetric

Freund-Rubin background AdS4 × S7.

Large classes of well defined AdS4/CFT3 dual pairs are now known with further re-

duced supersymmetry. For example, shortly after the ABJM theory was proposed, an

N = 2 superconformal U(N)×U(N) Chern-Simons theory, with U(1) R-symmetry and

SU(3) global symmetry, coupled to matter with interactions described by a sextic super-

potential, was constructed in [4]. This theory was further conjectured in that reference to

be dual to M-theory on an N = 2 AdS4 × S7 background constructed earlier in [5], where

now the product is warped, and the metric on S7 is stretched and squashed so that its
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isometry is SU(3)×U(1)2 (a symmetry which is reduced to SU(3)×U(1), as in the dual field

theory, by the presence of four-form internal fluxes). Further support for this conjecture

was given in [6], where the SU(3)×U(1) quantum numbers and conformal dimensions of

the Kaluza-Klein spectrum of M-theory on the AdS4 solution of [5] was argued to match

the spectrum of certain operators in the conjectured dual field theory.

Having M-theory duals involving (different) metrics and flux configurations on (the

same) internal space, S7, both field theories [1] and [4] are in fact related: as discussed

in [4], the latter arises as the infrared (IR) fixed point of the renormalisation group (RG)

flow triggered by certain supersymmetric mass deformation of ABJM. As a matter of fact,

the (large N) flow itself had been constructed holographically much earlier [7, 8], within

the formalism of domain walls of gauged supergravity. In this respect, the SO(8)-gauged,

N = 8 supergravity [9] of de Wit and Nicolai proves to be an extremely helpful venue to

holographically study certain aspects of strongly-coupled, low level ABJM (in the large N

regime), due to its origin as a consistent truncation of D = 11 supergravity on S7 [10–12].

Particularly, a large class of conformal phases of large N , low level ABJM and the possible

RG connections between them can be economically studied from the gauged supergravity.

Firstly, by virtue of the consistency of the truncation, all solutions of the SO(8)-gauged,

N = 8 supergravity [9] give rise to well defined M-theory backgrounds upon uplift on S7.

From a holographic perspective, this ultimately guarantees that the large N field theories

studied from the supergravity do have a well defined quantum mechanical extension at finite

N . Secondly, the fields of the gauged supergravity correspond to all the lowest Kaluza-Klein

modes of M-theory on AdS4×S7. In particular, the supergravity scalars are formally dual to

all possible mass deformations for the bifundamentals of ABJM. Finally, the (supersymmet-

ric) AdS critical points of the gauged supergravity correspond to (super)conformal phases

of the field theory. The N = 8 SO(8)-gauged supergravity [9] can thus be used to holo-

graphically study all possible conformal phases of low level ABJM (at large N) that arise as

IR fixed points of RG flows triggered by mass deformations of the theory in its maximally

supersymmetric, SO(8)-symmetric conformal phase in the ultraviolet (UV). Although this

does not exhaust all conformal phases or RG flows between them in the multiple M2 brane

field theory, it does provide a holographic account of a large and interesting class of them.1

The above examples all fit into this scheme. Indeed, the scalar potential of the N = 8

SO(8)-gauged supergravity of [9] has a critical point that preserves the full N = 8 super-

symmetry and SO(8) symmetry of the supergravity, and another point that spontaneously

breaks them down to N = 2 and SU(3)×U(1) [18]. These uplift on the S7 to the well-

defined Freund-Rubin and Corrado-Pilch-Warner [5] backgrounds, respectively, wich are in

turn dual to the M2 brane field theory in its ABJM, N = 8, SO(8)-symmetric phase [1]

1Indeed, deformations of the SO(8) conformal phase exist which, although still relevant, do not

correspond to mass terms [13, 14]. These are thus left outside the truncation to D = 4 N = 8 supergravity,

and are not necessarily described holographically by a consistently truncated D = 4 supergravity. The

supergravity dual of the IR conformal phase corresponding to a deformation of this type has been

constructed, directly in eleven-dimensions, in [14, 15]. Another type of mass-driven RG flows that

cannot be described within the N = 8 theory are those for which the ‘skew-whiffed’ SO(8) phase of the

anti-M2 brane field theory arises in the IR, rather than in the UV. Some of these flows can be studied

holographically using the consistent truncations of [16, 17].
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Figure 1. Schematic view of the (ω = 0) supersymmetric critical points with at least SU(3)

invariance and the supersymmetric flows connecting them represented by arrows pointing from the

UV to the IR. The G2 points and the flows with them as endpoints are physically equivalent (they

are doubled here in order to reflect a redundancy in the parametrisation that we use in section 2).

Further, a one-parameter family of flows (or cone of flows) exists between SO(8) and SU(3)×U(1).

and in the N = 2 SU(3)×U(1)-symmetric phase of [4]. The RG flow connecting the former

in the UV to the latter in the IR was addressed holographically in [7] within the D = 4

gauged supergravity, and uplifted to D = 11 in [5], providing an AdS4/CFT3 counterpart

of similar constructions in D = 5 and type IIB [19, 20]. Further checks, matching the

free energies of the dual three-dimensional field theories and the volumes of the internal

S7 have been performed in [13, 21], thus completing a beautifully consistent holographic

picture. By now, all the supersymmetric RG flows interpolating between superconformal

phases of the M2 brane field theory with at least SU(3) global invariance, have been con-

structed [7, 22–25] as domain walls of the N = 8 SO(8)-gauged supergravity [9] between

all possible critical points within the SU(3)-invariant sector [18] of the supergravity. Only

three supersymmetric critical points exist in this sector, with SO(8), G2, and SU(3)×U(1)

bosonic symmetry, and N = 8, N = 1 and N = 2 supersymmetry. A continuous family

of supersymmetric flows, or cone of flows, exists [25] interpolating between the N = 8 and

N = 2 points. The family includes the direct flow of [7], and is bounded by the latter and

by flows that end or start at the G2 point. See figure 1 for a sketch of this situation.2

Consistently truncated supergravity is very helpful to holographically study not only

the RG evolution of a field theory triggered by relevant deformations, but also that caused

by vacuum expectation values (vevs) leading the theory away from a given superconfor-

mal phase. The typical bulk counterpart of this type of RG flows is again provided by

domain walls, now supported by supergravity scalars that usually run off to infinite val-

ues of the scalar potential. Interestingly, although such solutions accordingly develop a

seemingly pathological singularity, the latter is usually resolved when the solution is up-

lifted into its parent higher-dimensional supergravity. This is made possible by the warp

factors that are usually involved in consistent truncation formulae such as those of [10]:

the asymptotics of the warping usually corrects the singular behaviour, rendering the up-

2Some non-supersymmetric flows have been built in this sector [26], too. These were originally con-

structed in a subsector of the N = 2 gauged supergravity that arises from consistent truncation of M-theory

on an arbitrary Sasaki-Einstein sevenfold [27], later realised [28] to match the SU(4)⊃SU(3) invariant sector

of N = 8 SO(8)-gauged supergravity [9].
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lifted, higher-dimensional solution singularity-free. Following and generalising the analog

type IIB construction of [29], this type of domain walls in D = 4 N = 8 SO(8)-gauged

supergravity [9] were constructed in [30]. The smooth, uplifted solutions were shown to

correspond to M2 branes continuously distributed, rather than stacked, thereby describ-

ing the dual field theory in a spontaneous gauge symmetry breaking, or Coulomb, phase.

This interpretation from an eleven-dimensional perspective thus lends strong support to

the argument that the corresponding D = 4 domain walls do describe holographically RG

evolution triggered by vevs in the field theory.

This closed and coherent picture was somewhat shaken recently when it was pointed

out [31] that the de Wit and Nicolai supergravity [9] is not unique, but rather is only a

member of a one parameter family of SO(8) gaugings of maximal four-dimensional super-

gravity. Each supergravity in the family has local N = 8 supersymmetry and SO(8) gauge

symmetry, with the same embedding of SO(8) into the global symmetry group E7(7) of the

ungauged theory. The new feature is that SO(8) is gauged dyonically [31], with respect to

the electric frame of the original theory of [9]. Schematically, the parameter characterising

the family is an angle, ω, that measures the linear combination g cosω Aµ + g sinω Ãµ of

electric, Aµ, and magnetic, Ãµ, gauge fields, in the adjoint of SO(8), that participate in the

gauging. In the ungauged limit, g → 0, the rotation by ω can always be undone by an E7(7)

electric/magnetic duality transformation, as all electric/magnetic duality frames become

equivalent in this limit. At finite coupling constant g, however, electric/magnetic duality

is broken and the theory is typically sensitive to the duality frame chosen to introduce

the gauging.3 An ω dependence thus shows up in the physical couplings of the gauged

supergravity and, particularly, in the scalar potential.

All critical points of the ω = 0 theory [9] remain critical points of the family of [31],

although both their location in the E7(7)/SU(8) scalar manifold and their associated cos-

mological constant (the value of the potential at the critical point) typically depend on ω.

Furthermore, new AdS critical points with no ω = 0 counterpart arise. These new points

either partner with other points which do remain ω = 0 critical points (in the sense that

they share the same symmetries and mass spectra) or are altogether new in the ω 6= 0

theories and have no counterpart whatsoever in the ω = 0 theory. Intriguingly enough, all

known supersymmetric points and many non-supersymmetric ones display ω-independent

spectra, although non-supersymmetric points are known which exhibit masses that do run

with ω. All critical points of the ω-dependent family of N = 8 SO(8) gaugings have now

been classified in the G2 [31, 32], SU(3) [33] and SO(4) [34] invariant sectors. In the SU(3)

sector, for example, new supersymmetric SU(3)×U(1) and G2 points arise which partner

with their ω = 0 counterparts, and an altogether new supersymmetric SU(3) point exists

with no ω = 0 equivalent.4

3Members of the family with ω ∈ (π
8
, 2π) are, however, related by field redefinitions to members with

ω ∈ [0, π

8
] [31] (see also [12]). Distinct theories, unrelated by local field redefinitions, are thus only obtained

for the latter range of ω. The original theory of [9] is the ω = 0 member of the family.
4We will focus here on the family of SO(8) gaugings, whose only known critical points are AdS. The

same dyonic construction can be performed for other gauge groups that lead to scalar potentials with de

Sitter or Minkowski vacua, see [35–39].
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This wealth of new SO(8) gaugings of maximal supergravity prompts an obvious ques-

tion: just like the ω = 0 supergravity captures holographically all possible mass terms for

ABJM, as discussed above, can a similar AdS4/CFT3 correspondence be established for

each of the new, ω 6= 0, gaugings? The three-dimensional CFTs should be related to the

ABJM theory although, as suggested in [31] itself, the full quantum mechanical correspon-

dence may lead to a discretisation of ω. The existence of such CFT3 dual pairs with a well

defined extension of the field theory or field theories into finite N is crucially related to

the existence of an M-theory origin for the new gaugings, similarly to the ω = 0 case. The

latter issue was investigated in [12] (see also [40, 41]) but, although some conditions were

pinned down on the generic features that the formalism of [10] would impose on a possible

D = 11 embedding of the new gauged supergravities, no conclusive answer was provided

and the question was left open. Other comments on the possible higher-dimensional origin

of the new gaugings also appear in [42].

Even if the string or M-theory origin of the new gaugings [31] remains unclear at this

stage, exploring the features of their dual field theories is nevertheless of unquestionable

interest. These new supergravities correspond to (or rather, define) dual field theories in

the strict large N limit, about which abundant information can be inferred. In this paper,

we numerically construct and exhaustively classify all possible supersymmetric domain

walls between supersymmetric critical points of the new theories [31] with at least SU(3)

invariance, that were classified in [33].5 We also initiate the study of a class of domain walls

that interpolate between the N = 8-supersymmetric, SO(8)-symmetric point that all the

supergravities in the family [31] display, and run off to infinite values of the supergravity

fields. Both types of domain walls should holographically describe the behaviour under

renormalisation group of the corresponding family of large N field theories: the former,

their RG evolution under deformations by certain relevant operators; the latter, should

be dual to the flows originated by vevs that place the field theories in a Coulomb branch.

Although we will not be able to establish precise relations between fully-fledged quantum

field theories like those of [1–3] and [4], to D = 4 bulk solutions like that in [7], and their

M-theory uplifts, like [5], we will uncover interesting new behaviour of the family of large

N field theories not shared by the standard M2-brane field theory [1].

In particular, we discover a rich pattern of flows between supersymmetric critical points

in the SU(3)-invariant sector. We recover the ω = 0 analysis of [25], and find it qualitatively

different from two other cases. These arise for generic values of the dyonically gauging angle

ω strictly inside its allowed range, 0 < ω < π
8 , and when the angle attains its rightmost

extremum, ω = π
8 . The central, maximally supersymmetric SO(8) point remains, for all ω,

the UV origin of a web of flows with IR end in each of the remaining points. The G2 points

can serve both as the IR end of flows with SO(8) UV origin, and as the UV origin of flows

with IR end in the SU(3) and SU(3)×U(1) points. In addition, the latter dominate the IR

physics of new one-parameter families, or cones, of flows with UV origin in the SO(8) point.

The cones include a distinct direct flow, in the sense that minimises the path in field space,

and other flows that can approach the limiting G2 points without ever reaching them. It

5Just prior to submission of this paper, some of these domain walls have also been constructed in [43].
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Figure 2. Schematic view of the ω = π

8 supersymmetric critical points with at least SU(3) invari-

ance and the supersymmetric flows connecting them represented by arrows pointing from the UV

to the IR. Two of the G2 points and the flows with them as endpoints are physically equivalent,

and the same holds for the SU(3)×U(1) points and flows (they are doubled here in order to reflect

a redundancy in our parametrisation). There also exist cones of flows which are dominated by the

SU(3) and SU(3)×U(1) points in the IR.

ω = 0 0 < ω < π
8 ω = π

8

# boundary # boundary # boundary

N =2, SU(3)×U(1) 1 G2 and direct 2 G2 1 G2

N = 1, SU(3) 0 − 1 G2 1 G2 and direct

Table 1. The supersymmetric cones of flows for all values of ω. The table shows the number # of

cones dominated by an IR point with supersymmetry and bosonic symmetry N , G. The boundaries

of the cones are also shown: ‘G2’ stands for limiting flows with UV or IR endpoints in a G2 point,

and ‘direct’ stands for the direct flow from SO(8) in the UV to the corresponding point G in the IR.

is also very interesting to observe that, like in the ω = 0 case, some identifications must

be performed on physical grounds between the critical points and flows at ω = π
8 . These

identifications add further richness into the pattern of flows and govern whether a cone of

flows is bounded by flows with origin or end in a G2 point only, or also by the respective

direct flows. Figure 2 graphically sketches the situation for ω = π
8 , and table 1 summarises

the possible cones of flows that exist for each value or range of ω.

We make all these relevant deformation flows explicit in section 2, while we deal with

the Coulomb branch flows in section 3, before concluding in section 4. Appendix A contains

a holographic analysis, associated to the Coulomb flows, of Wilson loops. We believe the

latter to be new in spite of focusing on ω = 0.
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2 Supersymmetric RG flows between fixed points

In this section, we will discuss supersymmetric domain wall solutions interpolating between

the AdS fixed points of the ω-deformed, SO(8)-gauged, N = 8 supergravities [31] with at

least SU(3) invariance that were classified in [33]. As we will discuss, these solutions

should holographically describe RG evolution between different conformal phases of the

dual CFTs caused by UV-relevant deformations. Before dealing with the flows themselves,

we first recall some relevant features of the SU(3)-invariant sector of the supergravity.

2.1 The SU(3)-invariant sector

The theory that results from truncating all, bosonic and fermionic, fields charged under

SU(3) ⊂ SO(8) and SU(3) ⊂ SU(8), respectively, out of the full ω-deformed N = 8 super-

gravity [31] and retaining just SU(3) singlets was constructed in [33]. This smaller sector

is described by N = 2 supergravity coupled to one vector and one hypermultiplet, with an

abelian, compact, U(1)2 gauging in the hypermultiplet sector. The corresponding six real

scalars are coordinates on a

SU(1, 1)

U(1)
× SU(2, 1)

SU(2)×U(1)
(2.1)

subspace of E7(7)/SU(8) and can be conveniently parametrised in terms of a complex coordi-

nate z on the first, special-Kähler factor of (2.1), and two complex coordinates (ζ1, ζ2) ≡ qu,

u = 1, . . . , 4, on the second, quaternionic-Kähler factor.

The bosonic sector of this model is described by the lagrangian

L =
1

2
R ∗ 1 + gzz̄dz ∧ ∗dz̄ + huvDq

u ∧ ∗Dqv − V ∗ 1

+
1

2
Im (NIJ)F

I ∧ ∗F J +
1

2
Re (NIJ)F

I ∧ F J , (2.2)

where the (ω-independent) metrics of the non-linear-sigma-model-type kinetic terms for

the scalars can be chosen to be

ds2 = gzz̄dzdz̄ ≡
3dzdz̄

(1− |z|2)2 (2.3)

and

ds2 = huvdq
udqv ≡ dζ1dζ̄1 + dζ2dζ̄2

1− |ζ1|2 − |ζ2|2
+

(

ζ1dζ̄1 + ζ2dζ̄2
)(

ζ̄1dζ1 + ζ̄2dζ2
)

(

1− |ζ1|2 − |ζ2|2
)2 , (2.4)

on each factor of (2.1). Out of the six real scalars of the model, only the four neutral under

the gauge group enter the scalar potential V . These are the vector multiplet scalar z and

a combination of the hyperscalars that can be taken to be

ζ12 ≡ |ζ1|+ i|ζ2|
1 +

√

1− |ζ1|2 − |ζ2|2
, (2.5)

– 7 –
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so that (z, ζ12) parametrise two copies of the Poincaré disk. The potential can then be

written as

V = 2g2
[

4

3
(1− |z|2)2 ∂|W|

∂z

∂|W|
∂z̄

+ (1− |ζ12|2)2
∂|W|
∂ζ12

∂|W|
∂ζ̄12

− 3|W|2
]

, (2.6)

where g is the SO(8) gauge coupling constant, and the complex, non-holomorphic, ω-

dependent quantity W is such that |W| plays the role of a superpotential for V . It is

explicitly given by

W = (1− |z|2)−3/2 (1− |ζ12|2)−2
[

(e2iω + z3) (1 + ζ412) + 6 z (1 + e2iωz) ζ212
]

. (2.7)

We will not need to fully specify either the (ω-dependent) gauge kinetic metric NIJ

or the hyperscalar covariant derivatives Dqu, as these will not be needed for our analysis,

and refer instead to [33] for the details. We will only mention here that, in a dyonic frame

with respect to the ω = 0 electric/magnetic duality frame, these covariant derivatives do

involve the electric, AI , and magnetic ÃI , I = 0, 1, graviphoton and vector in the vector

multiplet as

Dqu = dqu −
(

(A0 cosω − Ã0 sinω)k
u
1 + (A1 cosω − Ã1 sinω)k

u
2

)

, (2.8)

with k1, k2 the U(1)2 Killing vectors of SU(2,1)/(SU(2)×U(1)).

In the ω = 0 limit, the lagrangian (2.2) correctly reproduces that [28] of the SU(3)-

singlet sector of the original SO(8)-gauged supergravity [9], and the potential (2.6) ac-

cordingly recovers the critical structure studied by Warner in [18]. All vacua are AdS,

and the supersymmetric ones, which are critical points of |W| with W in (2.7) at ω = 0,

have supersymmetry and bosonic symmetry (N = 8, SO(8)), (N = 1, G2) and (N = 2,

SU(3)×U(1)). In the scalar parametrisation (z, ζ12) that we are using, these ω = 0 critical

points arise with multiplicities 1, 2 and 1 in the z disk and and 1, 4 and 2 in the ζ12
disk. The fact that the multiplicities in the latter disk double those in the first for all

critical points in the SU(3) sector, except (N = 8, SO(8)), for any zero or non-zero value

of ω, is a generic feature of this parametrisation: a critical point other than the maximally

supersymmetric point at z = ζ12 = 0 is specified by a position z and two, equivalent,

values of ζ12. We can thus refer to the geometric multiplicity of a critical point to be its

multiplicity in the z disk. On the other hand, critical points with geometric multiplicities

greater than one may still need to be identified on physical grounds. Each critical point

has two distinguishing features that carry physical information about the dual CFT3: the

cosmological constant and the mass spectrum, which are related holographically to the

free energy and the spectrum of conformal dimensions, respectively. At ω = 0, critical

points with different supersymmetry and bosonic symmetry all have different spectra and

different cosmological constants, and thus characterise distinct superconformal phases of

the dual field theory. The two (N = 1, G2) points, however, have both the same spectrum

and the same cosmological constant, and must be identified under a Z2 transformation of

the scalar manifold (2.1) to be physically equivalent. These G2 points thus actually have

physical multiplicity one. This is the right interpretation from the dual field theory [25].

– 8 –
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At finite ω, the vacuum structure of this model was investigated in [33], although

the identifications below were not considered there. The supersymmetric vacua are now

critical points of |W| with W in (2.7) for generic ω. The critical points above remain critical

points at ω 6= 0, although their location in the scalar manifold (2.1) and the value of the

cosmological constant at each point changes with ω (except for the SO(8) point, which

remains with a fixed cosmological constant at the origin of moduli space). In particular,

the two G2 points develop different ω-dependent cosmological constants for 0 < ω ≤ π
8 , so

they must now be considered physically different critical points in this range of ω. Further,

three more AdS critical points arise at ω 6= 0, with (N = 1, G2), (N = 2, SU(3)×U(1)) and

(N = 1, SU(3)) symmetry, all of them with ω-dependent positions in scalar space. The first

two display the same, ω-independent, mass spectra than the ω = 0 points with the same

symmetries, but have different, ω-dependent, cosmological constants for 0 < ω < π
8 and

thus must be considered as different points. The SU(3) point is completely new and does

not have an ω = 0 counterpart. The rightmost end, ω = π
8 , of the physically allowed range

for ω (see footnote 3) is again special. Two of the three G2 points and the two SU(3)×U(1)

points acquire the same cosmological constant so we respectively identify them by a Z2

transformation following the ω = 0 intuition. As we will see later, these identifications will

have consequences for our interpretation of the superconformal phases of the dual CFTs.

To summarise (see table 2), at ω = 0 there exist three physically independent critical

points with symmetries (N = 8, SO(8)), (N = 1, G2) and (N = 2, SU(3)×U(1)). For

0 < ω < π
8 , there are seven physically independent critical points: one with symmetry

(N = 8, SO(8)), three with (N = 1, G2), two with (N = 2, SU(3)×U(1)) and one with

(N = 1, SU(3)). Finally, when ω = π
8 , there are five physically independent critical points:

one with symmetry (N = 8, SO(8)), two with (N = 1, G2), one with (N = 2, SU(3)×U(1))

and one with (N = 1, SU(3)).

2.2 Supersymmetric flows

We want to study supersymmetric domain walls interpolating between the supersymmetric

critical points within the SU(3)-invariant sector of each particular supergravity at fixed ω,

that preserve at least N = 1 supersymmetry along the flow. We thus take a domain wall

ansatz for the four-dimensional spacetime metric

ds2 = e2A(r)
(

−dt2 + dx2 + dy2
)

+ dr2 , (2.9)

and assume that the only coordinate dependence of the scalars (z, ζ12) is on the radial

coordinate r. Of course, all functions (A, z, ζ12) will also depend parametrically on ω.

The BPS flow equations then follow from the vanishing of the fermionic supersymmetry

variations that leave the action (2.2) invariant and, in this context, reduce to

∂rA = −
√
2 g|W| , (2.10)

for the metric function and

∂rz =
2
√
2 g

3
(1− |z|2)2∂|W|

∂z̄
, ∂rζ12 =

g√
2
(1− |ζ12|2)2

∂|W|
∂ζ̄12

, (2.11)

for the complex scalars. The superpotential |W| is the absolute value of (2.7).
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ω = 0 ω = π
16 ω = π

8

g.m. V∗/g
2 g.m. V∗/g

2 g.m. V∗/g
2

N = 8, SO(8) 1 −6 1 −6 1 −6

N = 2, SU(3)×U(1) 1 −7.794 1 −7.912 2 −8.354

1 −9.672

N = 1, G2 2 −7.192 1 −7.075 1 −7.040

1 −7.436 2 −7.943

1 −9.264

N = 1, SU(3) 1 −11.353 1 −10.392

Table 2. The critical points in the SU(3) sector at both ends of the physically allowed range

of ω and at an intermediate value. For each point, the geometric multiplicity, g.m., and the

ω-dependent value V∗ of the cosmological constant are shown. Each entry has physical multiplicity

1, that is, corresponds to a physically distinct phase. All points with the same symmetry N , G,

have the same ω-independent mass spectrum (see table 3).

At a fixed point z = z∗ and ζ12 = ζ∗, we have ∂rz = ∂rζ12 = 0 and

∂rA = −
√
2 g|W∗| ⇒ A =

r

L∗
, (2.12)

where L∗ = −(
√
2 g|W∗|)−1 is the radius of the AdS4 spacetime associated to the fixed

point (this can be seen by e.g. changing coordinates to η = L∗ e
−r/L∗ in the generic domain

wall metric (2.9)). The (Poincaré patch of) AdS space itself can indeed be regarded as

a domain wall with metric function A linear in r. The UV (IR) region arises as r → ∞
(r → −∞) in the domain wall (2.9), or at η = 0 (η → ∞) in the Poincaré radius. In the

parametrisation for the scalar fields that we are using, the SO(8), N = 8 point is locked

at the origin z = ζ12 = 0, independently of ω. The value |W∗| of the superpotential at

this central point is also ω-independent and gives rise to the highest (i.e., lowest in abso-

lute value), cosmological constant among the supersymmetric critical points with at least

SU(3) symmetry (see table 2). This is consistent with the expectation that the SO(8) point

always serves as the UV origin of flows driven by mass deformations of the dual CFT that

we discuss below. At the SO(8) point, |W∗| = 1 and, accordingly, LSO(8) = −(
√
2 g)−1.

We henceforth set g = −1/
√
2 and thus LSO(8) = 1, namely, we measure the AdS radii of

all other fixed points with respect to the AdS radius of the N = 8 point.

To obtain the domain wall solutions between different critical points at a fixed ω, we

integrate numerically the BPS equations (2.10), (2.11) with suitable boundary conditions

specified by the physics. More concretely, we first obtain linearised solutions to (2.11)
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around each critical point (z∗, ζ∗). These turn out to be of the form

z = z∗ +
4
∑

i=1

z0i e
−∆̃ir/L∗ , ζ12 = ζ∗ +

4
∑

i=1

ζ0i e
−∆̃ir/L∗ . (2.13)

Here, z0i and ζ0i are linear combinations of the four, real, independent integration constants

arising from each of the four real differential equations contained in (2.11), and each ∆̃i,

i = 1, . . . , 4, is a root, either the long, ∆+, or the short one, ∆−, of the quadratic equation

(mL∗)
2 = ∆(∆− 3) , (2.14)

for each eigenvalue m2
i of the scalar mass matrix at the critical point (z∗, ζ∗). In particu-

lar, we find that the ∆̃’s are independent of ω, in agreement with the ω-independence of

the mass spectrum of the supersymmetric points with at least SU(3) symmetry [33], and

find them to be compatible with the masses quoted in that reference. In table 3 we have

summarised the masses and dimensions associated to the scalars z, ζ12, and have high-

lighted the values of the ∆̃’s that appear in (2.13) in bold. The spectra can be arranged

in OSp(4|N ) multiplets as corresponds to N -supersymmetric points. From the data of the

table, it is straightforward to organise the N = 1 spectra into OSp(4|1) chiral multiplets,

but the arrangement into OSp(4|2) multiplets for SU(3)×U(1) involves all fields of the

N = 2 lagrangian (2.2). See [33] for the details.

Having obtained the linearised solution about each critical point, we then integrate the

full solution. According to the fall-off (2.13), only modes with ∆̃ > 0 or ∆̃ < 0 give rise to

regular solutions at a UV (r → ∞) or IR (r → −∞) fixed point. Boundary conditions can

be chosen in order to select the appropriate modes. Specifically, we find the radial integra-

tion to be under much better numerical control if we start to integrate from the IR towards

the UV. Accordingly, we specify boundary conditions so that z0i = ζi0 = 0 for all modes

i = 1, . . . , 4 with ∆̃i > 0 at an IR fixed point, in order to have a smooth incoming flow with

only ∆̃ < 0 modes in the IR. Then, we numerically shoot in order to find the radial profile

of the scalars (z, ζ12) and the metric function A, and determine the UV end of the flow.

The constants ∆̃ not only govern the behaviour of a domain wall near a critical point,

but also carry information on the type of RG flow that the wall is interpreted to describe

holographically. Firstly, recall that deformations of a UV CFT3 by relevant operators (those

with scaling dimension ∆ < 3) will trigger an RG flow which, if it ends on another conformal

phase, will be driven into this IR phase by an irrelevant (∆ > 3) deformation. Secondly,

recall the holographic prescription that a scalar in the D = 4 bulk with mass m2 is dual to

a field theory operator of dimension ∆ given by the longest root, ∆ = ∆+, of the quadratic

equation (2.14). Finally, recall that, for masses outside of the range −9
4 < m2L2

∗ ≤ −5
4 , a

(non-normalisable) fall-off ∆̃ = ∆− and a (normalisable) fall-off ∆̃ = ∆+ in the linearised

flow solutions (2.13) respectively correspond to deformations or vevs in the dual field theory.

For the SO(8) point, all four ∆̃’s are equal to +1, leading to linearised flow equations

z = z0 e
−r , ζ12 = ζ0 e

−r , (2.15)

and implying that only domain walls with this point at its UV origin can be regular. The

subtlety in this case is that all masses at this point lie within the range above, so both
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Eigenvalue 1 Eigenvalue 2 Eigenvalue 3 Eigenvalue 4

an. num. an. num. an. num. an. num.

N = 8, SO(8)

(mL∗)
2 −2 −2. −2 −2. −2 −2. −2 −2.

∆+ 2 2. 2 2. 2 2. 2 2.

∆− 1 1. 1 1. 1 1. 1 1.

N =2, SU(3)×U(1)

(mL∗)
2 3−

√
17 −1.123 2 2. 2 2. 3 +

√
17 7.123

∆+
1+

√
17

2
2.562 3+

√
17

2
3.562 3+

√
17

2
3.562 5+

√
17

2
4.562

∆−
5−

√
17

2
0.438 3−

√
17

2
−0.562 3−

√
17

2
−0.562 1−

√
17

2
−1.562

N = 1, G2

(mL∗)
2 − 11+

√
6

6
−2.242 −11+

√
6

6
−1.425 4−

√
6 1.551 4 +

√
6 6.450

∆+ 2− 1√
6

1.592 2 + 1√
6

2.408 1+
√
6 3.450 2 +

√
6 4.450

∆− 1+ 1√
6

1.408 1− 1√
6

0.592 2−
√
6 −0.450 1−

√
6 −1.450

N = 1, SU(3)

(mL∗)
2 4−

√
6 1.551 4−

√
6 1.551 4 +

√
6 6.450 4 +

√
6 6.450

∆+ 1+
√
6 3.450 1+

√
6 3.450 2 +

√
6 4.450 2 +

√
6 4.450

∆− 2−
√
6 −0.450 2−

√
6 −0.450 1−

√
6 −1.450 1−

√
6 −1.450

Table 3. The (ω-independent) scalar mass spectrum about all critical points of the SU(3) invariant

sector. For each eigenvalue (mL∗)
2 of the mass matrix, the long, ∆+, and short, ∆−, roots of

equation (2.14) are given, both analytically and numerically. Entries in bold correspond to the

values ∆̃ that appear in the linearised flow solutions (2.13).

possible fall-offs correspond to alternative quantisations. For all other critical points in the

SU(3) sector, the positive (in UV points) and negative (in IR points) ∆̃’s always turn out to

correspond to ∆− roots, and thus to non-normalisable fall-offs responsible for deformations

of the dual field theory lagrangian. Rather remarkably, these deformations further turn

out to be always relevant (in UV points) and irrelevant (in IR points). This thus leads

to a perfectly consistent holographic description of a web of RG flows of the dual large

N field theories among the phases with at least SU(3) invariance triggered by suitable

deformations. Observe from table 3 that all critical points other than SO(8) have negative

∆̃’s in their spectrum and can therefore serve as IR points. Finally, all flows of course

proceed from points with higher (in the UV) to lower (in the IR) cosmological constant.

2.3 Flows at ω = 0

The holographic RG flows between critical points with at least SU(3) invariance of the

SO(8)-gauged supergravity of [9] were exhaustively constructed and interpreted in [25].

Here we review their results, both as a check on our numerics and to set the stage for the

ω 6= 0 situation. This will turn out to be a more elaborate version of the ω = 0 case.
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Figure 3. The numerically-generated trajectories of the ω = 0 unique and direct flows in the z (left)

and ζ12 (right) disks. The SO(8), G2 and SU(3)×U(1) points are shown in black, green and red.

Both G2 points are equivalent and so are the flows with them as IR (green) or UV (yellow) endpoint.

The ω = 0 fixed points are located at

SO(8) → z = ζ12 = 0 , (2.16)

G2 → z = ±ζ12 =
3 +

√
3− 31/4

√
10

4

(

1± i 3−1/4

√

2 +
√
3

)

, (2.17)

SU(3)×U(1) → z = 2−
√
3 , ζ12 = ±i

(
√
3−

√
2
)

, (2.18)

with AdS4 radii

LSO(8) = 1 , LG2 =
1

31/8
5

6

(

5

2

)1/4

, LSU(3)×U(1) =
2

33/4
, (2.19)

leading to the numerical values for the cosmological constants quoted in table 2. The

linearised solutions of the BPS equations (2.11) around these points are (2.13) with ∆̃’s

given by the entries in bold in table 3 and the corresponding L∗ in (2.19). As we mentioned

at the end of section 2.2, only the G2 and SU(3)×U(1) points can arise as IR points.

Consider first the G2 points with geometric multiplicity 2 (corresponding to the ± signs

inside the bracket of the right hand side of (2.17)) as IR points. From table 3, only one mode

has a negative ∆̃, given by ∆̃ = −1.450. In order to choose boundary conditions so that only

this mode is active, we set to zero three of the four real integration constants upon which the

z0i, ζ0i in (2.13) depend. The remaining real constant can be fixed by a radial coordinate re-

definition, which thus leaves (with the specified boundary conditions) a unique, regular flow

with G2 as the IR endpoint. Numerically shooting, we verify that this domain wall lands at

the SO(8) point, which therefore dominates the UV physics. From table 3, the holographic

interpretation of this domain wall is clear [25]. The perturbation ∆̃ = −1.450 corresponds

to the non-normalisable mode, ∆̃ = ∆−, of an IR-irrelevant operator of conformal dimen-

sion ∆+ = 4.450. This SO(8) to G2 domain wall thus describes holographically the RG flow

between superconformal phases with those symmetries, triggered by a mass deformation of
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the UV field theory, preserving N = 1 supersymmetry and G2 bosonic symmetry along the

flow, and landing into the IR driven by the above irrelevant deformation. The green curves

in figure 3 correspond to the trajectory in the z, ζ12 disks of the numerically integrated flow

(note that the two curves in the figure correspond to the same physical flow). In this and all

other figures in this section, we have used contour lines in the z disk (we have omitted them

in the ζ12 disk) corresponding to a projection of the superpotential |W| to the z = ζ12 plane.

This projection is consistent with a G2-invariant truncation of the theory, and therefore the

contours only reflect accurately the G2 fixed points, denoted with green dots. The SO(8),

SU(3)×U(1) and, in the next sections, the SU(3) points are represented with black, red

and blue dots, respectively. Incidentally, note that for this flow and its ω 6= 0 counterparts

of the next sections, z = ζ12 and, hence, G2 invariance, holds all along the flow.

Let us next focus on the SU(3)×U(1) point. As shown in table 3, now two modes have

negative ∆̃’s. Choosing boundary conditions so that only these modes are active sets to

zero two out of the four real integration constants. As above, one of the remaining constants

can be fixed by a radial shift and, consequently, we are left with a one-parameter family (or

cone, following the terminology of [25]) of flows ending in the IR at the SU(3)×U(1) point.

We call this parameter λ. In agreement with [25], we find that there exists a preferred

closed interval [λ−, λ+] for the parameter.6

At either end of the interval, λ = λ− or λ = λ+, the numerical integration towards

to UV leads the domain wall toward the G2 point in the fourth or first quadrant of the z

plane (corresponding to the ± signs in the expression for z in (2.17)), respectively, and their

ζ12 companions. These walls thus interpolate between either G2 point in the UV and the

SU(3)×U(1) point in the IR. In order to further interpret these flows, we again follow [25].

Both λ = λ− and λ = λ+ flows reach the SU(3)×U(1) IR point with a combination of

non-normalisable fall-offs ∆̃ = ∆− = −0.562 and ∆̃ = ∆− = −1.562, thus corresponding

holographically to insertions in the dual IR field theory lagrangian of irrelevant operators

of dimensions ∆+ = 3.562 and ∆+ = 4.562. Remarkably and consistently enough, this in-

terpretation also agrees from the UV point of view [25]. If we now consider either G2 point

as the UV origin of a flow, only modes with positive ∆̃ must be chosen in the linearised

solution (2.13) of the BPS equations (2.11). From table 3 we see that, of the three positive

∆̃’s for the G2 point, two (∆̃ = ∆− = 1.408 and ∆̃ = ∆− = 0.592) correspond to non-

normalisable fall-offs of modes of dimension ∆+ = 1.592 and ∆+ = 2.408, thus indeed corre-

sponding to insertions of relevant operators into the dual UV G2-symmetric field theory la-

grangian that make the theory RG-flow into the SU(3)×U(1) IR. These flows preserve SU(3)

symmetry and N = 1 supersymmetry, and correspond to the numerically generated yellow

trajectories in figure 3. Note that both G2 points and both flows are physically equivalent.

For all values of λ in the open interval (λ−, λ+), we find that the UV endpoint of the

family of domain walls corresponds to the N = 8 SO(8) fixed point, in agreement with [25].

There exists a preferred λ0 within the interval, λ− < λ0 < λ+ corresponding to a direct

flow between the SO(8) in the UV and the SU(3)×U(1) point in the IR. For this domain

6For values of λ outside this range, the domain wall solutions flow to the boundary, |z| = 1, |ζ12| = 1 of

the Poincaré disks, that is, infinity of the corresponding upper half planes.
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wall, supersymmetry is enhanced to N = 2 (within the full N = 8 supergravity7) and the

bosonic symmetry along the flow is the full SU(3)×U(1) of the IR. This is the domain wall

first constructed in [7] and interpreted holographically in [4]. We have plotted the numeri-

cally generated trajectory of this direct flow in figure 3: it corresponds to the red, straight

line along the real axis in the z disk (or the imaginary axis in the ζ12 disk). Figure 3

suggests that the red flow minimises the length of the trajectory between both endpoints,

and we have numerically verified that this is indeed the case. Note that this statement is

independent of the parametrisation z, ζ12 that we have used. In agreement with [7], we

find that only the mode with fall-off ∆̃ = ∆− = −1.562 drives the direct flow in the IR.

Thus, the N = 2, direct flow is (explicitly) being driven by only one mass deformation of

the UV, SO(8) field theory lagrangian and lands into the SU(3)×U(1) point driven by an

irrelevant deformation of scaling dimension ∆+ = 4.562.

More generally, for λ in the open interval (λ−, λ+) and different from λ0, the corre-

sponding flow is only N = 1. It is driven by a relevant, mass deformation of the N = 8,

SO(8) UV phase into the N = 2, SU(3)×U(1) IR phase, where it lands driven by a com-

bination of both irrelevant deformations of dimensions ∆+ = 3.562 and ∆+ = 4.562. This

cone of flows is bounded, on the one hand, by the SO(8) in the UV to G2 flow in the IR

(the green curves in figure 3), and by the G2 in the UV to SU(3)×U(1) flow in the IR (the

yellow curves in the figure). In particular, there are flows that follow very closely these

limiting flows, and pass arbitrarily near the G2 fixed point without ever reaching it. For

these solutions, the radial profiles of the scalars pass an arbitrarily large (radial) time close

to the value corresponding to the G2 fixed point solution. On the other hand, the cone is

also bounded by the direct flow along the real axis. Indeed, observe that figures 3 and 4

are symmetric with respect to a Z2 reflection about the real axis. Both G2 points are

indeed physically equivalent, and so are flows mapped into each other by the Z2 reflection.

Although we have generated flow solutions that span the interior of the cone, as an example

of these we only plot here, in figure 4, two physically equivalent flows that proceed very

closely to the boundary of the cone dominated by the G2 point.

2.4 Flows for 0 < ω <
π

8

As reviewed in section 2.1, the superpotential |W| has seven inequivalent extrema for

generic, non-zero values of the electric/magnetic duality phase ω. On the one hand, the four

geometric extrema of the superpotential in the parametrisation (z, ζ12) (of which only three

are physically distinct when ω = 0), start changing their positions in the scalar manifold

(except the SO(8) point). The cosmological constants for the two geometric G2 extrema

start to differ at non zero ω, thus now rendering these two points physically inequivalent

too. On the other hand, the extra three fixed points at finite ω can be thought of as being

imported from the boundary |z| = 1, |ζ12| = 1 of the scalar manifold. Indeed, when ω is

varied, the positions of these new three points in the (z, ζ12) disks follow a trajectory that

tends to |z| → 1, |ζ12| → 1 when ω → 0 [33]. Although extrema with the same symmetries

7As follows from the results of [44, 45], this flow can only be N = 1 when considered as a solution of

the N = 2 subtruncation corresponding to the SU(3)-invariant sector.
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Figure 4. Two (physically equivalent) flows in the ω = 0 SU(3)×U(1) cone, following a path very

close to the boundary of the cone dominated by the G2 point.
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Figure 5. Some flows at a small, non-zero value, ω = 10−2, of the angle ω. The blue dot corresponds

to the new SU(3) point, and all other points are coloured as in previous plots. The plotted flows

follow paths very close to the boundaries of the three physically inequivalent cones. Different colour

shades and different dashings correspond to different physically distinct points and flows.

exhibit the same spectrum of masses, all seven points have different cosmological constants

for 0 < ω < π
8 , and thus must be regarded as physically inequivalent in this interval for ω.

The dots in figure 5 correspond to the numerical location of the critical points for a

small value of ω. Referring to the z plane in the left panel of the figure (the ζ12 plane in

the right panel follows along), the position of the critical points in quadrants 1 and 4 is a

small deviation from their ω = 0 positions (compare with figure 4). The new fixed points

arise on the left hand side of the picture, in quadrants 2 and 3 of the z plane. Points with

SO(8), SU(3)×U(1), G2 and SU(3) symmetries are coloured in black, red, green and blue,

respectively.

We now consider supersymmetric flows connecting these points for generic ω in the

open range 0 < ω < π
8 . As already emphasised, the masses of the supergravity fields
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at each critical point do not depend on ω, so the linearised solution (2.13) to the BPS

equations (2.11) is still controlled by the quantities ∆̃ highlighted in bold in table 3. The

corresponding AdS4 radii L∗ do now depend on ω. As in the case of the previous subsection,

the solution also depends on four real integration constants, which control the boundary

conditions.

The pattern of flows between the four critical points in the right z semidisk (and the

corresponding region in the ζ12 disk) of figure 5 is qualitatively similar to that of the ω = 0

case, although there is also an important difference to be discussed shortly. There exist

unique flows from the central SO(8) point in the UV to either G2 point in quadrants 1 and

4 in the IR (preserving G2 symmetry along the flow), and unique flows from either of these

G2 points in the UV towards the SU(3)×U(1) point in the IR (preserving SU(3) symmetry

along the flow). Additionally, there exists a one-parametric cone of flows between the SO(8)

point in the UV to the SU(3)×U(1) point in the IR, bounded by the previous flows. One

flow in the family is special, in that it is a direct flow that minimises the distance in field

space between the SO(8) UV and the SU(3)×U(1) IR, and is driven only by an operator

of dimension ∆+ = 4.562 in the IR. The supersymmetry of the direct flow is presumably

enhanced to N = 2 in the full N = 8 theory, but we have not explicitly checked this. It is

interesting to observe that the trajectory of this direct flow towards the SU(3)×U(1) point

in quadrant 1 (and the analog direct flow towards the new SU(3)×U(1) point in quadrant

3) is along the axes of the ζ12 disk and along a curve in the z disk given analytically by

(1 + zz̄)
(

ze−2iω − z̄e2iω
)

+ z2 − z̄2 = 0 , (2.20)

for all ω including the endpoints of its allowed interval. At ω = 0, the direct flow follows the

real z axis (see figure 3), which indeed solves (2.20), while for ω = π
8 , this equation corre-

sponds to the red curve in figure 6. We find it rather intriguing that this particular equation

turns out to govern the trajectory of the direct flow towards the N = 2 SU(3)×U(1) points,

as it already appears in other, different though related, context. Indeed, equation (2.20)

appears in one of the conditional clauses (see equation (C.4) of [33]),

either ζ̄1ζ2 = 0 or (1 + zz̄)
(

ze−2iω − z̄e2iω
)

+ z2 − z̄2 = 0 , (2.21)

that special geometry imposes [44, 45] on a critical point to preserve the full N = 2 super-

symmetry of the SU(3)-invariant sector action (2.2). It is thus curious that an equation

that in principle should only know about N = 2 points, turns out to also know about

flows between N = 2 points.8 Even more mysterious is the fact that, although it does,

equation (2.20) does not even need to hold at either SO(8) or SU(3)×U(1) points, as the

conditional clause (2.21) is already fulfilled by ζ̄1ζ2 = 0 at both N = 2 endpoints (and, in

fact, along the entire flow).

The (large N) dual field theory interpretation of these domain walls within the right

z semidisk (and the corresponding region of the ζ12 disk), in terms of insertions of relevant

8The N = 8 SO(8) point is also N = 2 within the truncation corresponding to the SU(3)-singlet sector.

Incidentally, such flows can only by N = 1 when considered within the truncated N = 2 theory, as already

remarked in footnote 7.
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(irrelevant) operators in the UV (IR) is exactly as in the ω = 0 case [25] that we reviewed

in section 2.3, by virtue of the ω-independence of the mass spectra. The only qualitative

difference with respect to the case ω = 0 is that now both G2 points are physically inequiv-

alent, and thus describe distinct, G2-symmetric superconformal phases of the dual field

theory. The domain walls ending at either G2 point in the UV or the IR describe, for the

same reason, inequivalent RG flows of the dual, large N field theory. In order to avoid over-

loading the paper with figures, we have only plotted, in figure 5, the numerical trajectories

of two of the latter flows in the cone, that follow a path very close to that of the boundary,

and pass near the G2 points without ever reaching them. Physically independent flows now

fill out the entire red lobe in the right z semidisk in figure 5 (and their counterpart in the

ζ12 plane), unlike in the ω = 0 case, where they only fill half the red lobe of figure 4.

The situation changes dramatically on the left z semidisk. Two new one-parametric

cones of flows from the SO(8) UV point emerge. They are respectively dominated in the

IR by the new SU(3)×U(1) point and by the new SU(3) point. There exist also a unique

flow from the SO(8) UV to the new G2 point in the IR, and two unique different flows from

the latter in the UV to either the SU(3) or the SU(3)×U(1) points in the IR. Further, the

latter two IR points can be also reached by unique RG flows whose UV origin lie in one of

the G2 points on the right z semidisk. Finally, in each one of the two new cones there exists

a preferred flow, which minimises the distance between the SO(8) UV point and either the

SU(3) or the SU(3)×U(1) point in the IR. While we expect the former direct flow to still

preserve N = 1 supersymmetry and SU(3) bosonic symmetry as all other generic flows, we

expect the supersymmetry and bosonic symmetry of the latter to be enhanced to N = 2

and SU(3)×U(1) in the full N = 8 supergravity.

In figure 5 we have again omitted the new direct and unique flows, and have only plotted

the trajectories of some generic flows in the new cones. The numerically generated dashed

blue trajectories correspond to two different flows in the SU(3)-dominated cone, that leave

the SO(8) UV and pass very close to one of the distinct G2 points in quadrants 1 and 3.

Similarly, the dashed red curves correspond to different flows in the new SU(3)×U(1) cone

that follow paths very close to the boundaries of the cone. The holographic interpretation

of the new cones of flows is similar to that of the ω = 0 case, again with the difference that

the two boundary G2 points and walls correspond to different physical phases and flows.

In summary, three one-parametric cones of flows emerge for ω in the open range 0 <

ω < π
8 , with UV origin in the N = 8 SO(8) point and respectively controlled in the IR by

the two distinct N = 2 SU(3)×U(1) points and the N = 1 SU(3) point. The boundaries of

these cones correspond to domain walls linking the different G2 points, either in the IR or in

the UV, with all other extrema. For generic ω, the pattern of flows is thus a richer version

of that in the ω = 0 case, and differs from this case in the structure of the cone boundaries.

All three lobes in figure 5 are physically different to one another, and are filled out by

physically distinct flows. The symmetry of the ω = 0 pattern of flows that figures 3 and 4

clearly display is lost when ω is turned on (compare with figure 5). A symmetric pattern is

only recovered when ω reaches the other end of its allowed interval, as we will show next.
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Figure 6. The trajectories of the ω = π

8 unique and direct flows. Colour code as in previous

plots: the SO(8), G2, SU(3)×U(1) and SU(3) points are shown as black, green, red and blue dots,

respectively. Points and flows symmetric under a reflection about the NW-SE diagonal are physically

equivalent. Different colour shades correspond to different physically distinct points and flows.

2.5 Flows at ω = π

8

If we let ω evolve further, the seven supersymmetric critical points of the SU(3)-invariant

sector continue their migration in the z and ζ12 disks, varying also their associated cosmo-

logical constants. When the rightmost end, ω = π
8 , of the physically allowed range of the

electric/magnetic duality angle is reached, the position of the critical points in the disks

turns out to be symmetric again, like the case ω = 0 and unlike the case 0 < ω < π
8 , al-

though with a different symmetry pattern than when ω = 0 as we will now discuss. When

ω = π
8 , the seven geometric critical points lie at [33]

SO(8) → z = ζ12 = 0 , (2.22)

G2 →















z = ±ζ12 =
√
2+

√
3−
√

3+2
√
6

2 (1− i) ,

z = ±ζ12 ≈ 0.12323 + 0.29371 i ,

z = ±ζ12 ≈ −0.29371− 0.12323 i ,

(2.23)

SU(3)× U(1) →
{

z ≈ 0.26185 + 0.15608 i , ζ12 = ±0.35865 i ,

z ≈ −0.15608− 0.26185 i , ζ12 = ±0.35865 ,
(2.24)

SU(3) → z =

(

√

3

2
−
√
2

)

(1− i) , ζ12 = ±1−
√
3

2
(1 + i) . (2.25)

We have represented the location of these points in the z and ζ12 disks in figure 6, with

the same colour code as in the previous section.

For ω = π
8 as for all other values of ω, the position of the critical points is characterised

by a value of z and either one of two values of ζ12. What is special about ω = π
8 is that the

critical points are arranged in a symmetric fashion around the NW-SE diagonal of both z

and ζ12 disks, as is evident from (2.22)–(2.25) and figure 6. Furthermore, points with the
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same bosonic symmetry and supersymmetry that are mapped into each other under a Z2 flip

z → −iz̄ , ζ12 → −iζ̄12 (2.26)

about the NW-SE diagonal also have the same cosmological constants. These Z2-related

points should thus be dual to indistinguishable superconformal phases of the dual large N

field theory, and thus describe the same physics. We thus take the two N = 2 SU(3)×U(1)

points to be identical. Likewise, the G2 points in quadrants 1 and 3 in the z plane of figure 6

are physically equivalent, and different to the G2 point that lies on the NW-SE diagonal

of quadrant 4, which we henceforth refer to as the Ḡ2 point. Interestingly, the evolution in

ω renders inequivalent the points with G2 symmetry that were equivalent at ω = 0 and, at

ω = π
8 , one of these points is identified with the third G2 point that lives in the boundary

|z| = 1, |ζ12| = 1 at ω = 0. As advertised in section 2.1, we are thus eventually left with

only five physically independent points at ω = π
8 . Their associated AdS radii are

LSO(8) = 1 , LSU(3)×U(1) ≃ 0.847468 , LSU(3) =
1

31/4
≃ 0.759836 , (2.27)

LG2 ≃ 0.869127 , LḠ2
=

55/4

2

(

117 + 62
√
6
)−1/4

≃ 0.923204 , (2.28)

leading to the values of the cosmological constants listed in table 2.

The discussion of supersymmetric domain walls between the fixed points proceeds sim-

ilarly as in the previous cases. Now, the symmetry of the ω = π
8 case allows us to find some

of these flows analytically. The discussion of whether a given critical point dominates the

IR of a single unique flow, or rather of a one-parameter family of flows, is again exactly as

in the ω = 0 case [25] that we reviewed in section 2.3, so here we will just summarise our

new results. There exist unique flows between the central, SO(8) point in the UV toward

the G2 and Ḡ2 points in the IR, whose trajectories follow the green curves in figure 6. The

flow towards Ḡ2, in particular, proceeds along the NW-SE diagonal. Introducing a real

field x along the diagonal as z = ζ12 = 1−i√
2
x, the BPS flow equations (2.11) reduce to a

single equation,

dx

dr
= −x(1 + x)(x4 − 4x3 − 4x+ 1)

(1− x2)5/2
, (2.29)

which a computer easily integrates into a (rather unenlightening) analytical expression for

the inverse radial profile r = r(x) of the field x along to the Ḡ2 flow. There are also unique

interpolating domain walls connecting the points with G2 symmetry in the UV with the

points with SU(3)×U(1) symmetry in the IR, whose numerically generated trajectories fol-

low the yellow curves in figure 6. Observe that now, like in the ω = 0 case, there exists only

one physically distinct N = 2 SU(3)×U(1) point. However, unlike in the case ω = 0, where

that point arises as the IR end of RG flows originating in two physically equivalent UV G2

points, now the N = 2 point can be reached from two physically different UV phases G2

and Ḡ2. The list of unique flows closes with those interpolating from the two physically

equivalent G2 points in the UV and the SU(3) phase in the IR. We have also generated
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Figure 7. Some flows at ω = π

8 . Colour code as in previous plots. The plotted flows follow paths

very close to the boundaries of the two physically inequivalent cones (the two red lobes in the z disk,

and their ζ12 companions, are identified). Different colour shades and different dashings correspond

to different physically distinct points and flows.

numerically the radial profiles of both physically equivalent flows, and have depicted (in

cyan) their resulting trajectories in figure 6.

More generally, there exist one-parameter cones of flows with SO(8) UV origin and IR

end in the SU(3)×U(1) and SU(3) points. Note that the Z2 symmetry (2.26) now identifies

the two cones with SU(3)×U(1) in the IR of the generic ω case of section 2.4, into just

one physically meaningful cone, as in the ω = 0 case. Unlike ω = 0, however, where the

SU(3)×U(1) IR-dominated cone is half-filled so that it is bounded by flows through G2 and

the direct one between SO(8) to SU(3)×U(1), its ω = π
8 counterpart is filled out completely

and is only bounded by G2 flows. Additionally, we find a one-parameter cone of flows with

IR governed by the N = 1 SU(3) point, which does not have an analog in the ω = 0 theory.

We have again verified that, within each cone of flows, there exist preferred flows between

the SO(8) UV and the corresponding IR point, which are direct in the sense that minimise

the distance in field space between the endpoints of the flow. On the one hand, the direct

flow towards the N = 1 SU(3) point proceeds along the NW-SE diagonal of quadrant 2 in

the z plane, and its path corresponds to the straight blue line in figure 6. The integration of

this direct flow is simplified by introducing real scalars x and y along the relevant diagonals

of the z and ζ12 planes as z =
i−1√

2
x and ζ12 =

i+1√
2
y. The BPS equations (2.11) then reduce

to a simpler set of equations for x and y only. Due to the Z2 identification, this direct flow

serves as a boundary, together with the corresponding G2 flows, of the SU(3) cone. For the

other direct flow towards the SU(3)×U(1) point, on the other hand, we have verified that

it is driven toward the infrarred by only one mode that falls-off with ∆̃ = ∆− = −1.562

in equation (2.13), like its analog ω = 0 flow [7]. We have again generated numerically

the radial profiles for this direct flow. The trajectories in field space of the two physically

equivalent SU(3)×U(1) direct flows are the red curves in figure 6. As already mentioned

in section 2.4, these curves turn out be analytically given by equation (2.20).
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As in the previous cases, a generic flow within each cone follows a steepest descent

path of the superpotential that does not minimise the trajectory between the UV and IR

phases in field space. Some flows within the cones follow trajectories very close to the

boundary flows governed by the points with G2 symmetry, and approach arbitrarily close

to those points before following their descent into the appropriate, SU(3) or SU(3)×U(1),

IR fixed points. In figure 7 we present some examples of these types of flows.

Let us discuss in some detail the features of the holography of the new cone of domain

walls dominated by the N = 1 SU(3) point in the IR. From table 3, it can be seen

that a generic flow into the SU(3) point is driven by a combination of two deformations

(corresponding to non-normalisable fall-offs ∆̃ = ∆− = −1.450) of the dual IR field theory

lagrangian by irrelevant operators of dimension ∆ = ∆+ = 4.450. Both modes are active in

the unique, boundary flow from the G2 point in the UV, where the flow is caused (as in the

ω = 0 flow to SU(3)×U(1)) by a deformation of the G2-symmetric UV phase by relevant

deformations of dimension ∆+ = 1.592 and ∆+ = 2.408. The other boundary of the cone

corresponds to the direct flow from SO(8). The latter is caused by a mass deformation

that drives the flow into the SU(3) point, where it lands driven by the insertion of only

one of the irrelevant operators of dimension ∆ = ∆+ = 4.450.

It is also interesting to study the behaviour of the scalar potential (2.6) along generic

domain walls in each cone (see figure 8). A plot of the (negative of the) potential as a

function of the radial coordinate for some of the flows in each cone shows a monotonically

decreasing function that asymptotes to the values of the potential at the UV and IR fixed

points. This is consistent with the fact that the flows proceed from higher (in the r → ∞
UV) to lower (in the r → −∞ IR) values of the scalar potential (with sign). Flows in a

given cone different from the direct one exhibit a plateau governed by the corresponding

limiting G2 point, which is shorter or longer depending on whether the flow follows a path

closer to the direct flow or to the G2 point. The potential at a plateau roughly matches

the scalar potential at the G2 point by which it is governed. In the left panel of figure 8 we

show the value of the cosmological constant along the two distinct ω = π
8 flows depicted

in figure 7 that end in the SU(3)×U(1) fixed point in the first quadrant of the z disk in

that figure, along with the direct flow shown in red in figure 6. The analog flows to the

SU(3)×U(1) point in the third quadrant of figure 7 are physically equivalent to the former

two, and accordingly give rise to the same graph for the radial evolution of the cosmological

constant, as we have verified. The right panel of figure 8 corresponds to the potential along

the flows depicted with a dashed blue line in figure 7 and a continuous blue line in figure 6,

that are dominated by the SU(3) IR point. Observe that there are two plateaux in the plot

corresponding to SU(3)×U(1), whereas there is only one for that corresponding to SU(3).

This is due to the fact that the boundaries of the ω = π
8 SU(3)×U(1) cone are dominated

by two different, G2 and Ḡ2 points, whereas the boundary of the ω = π
8 SU(3) cone is

governed by just a physically distinct G2 point. Observe also that both plots display a

plateau around V = −8.354g2, corresponding to the scalar potential of the G2 point (see

table 2) common to the boundary of both cones. Finally, we note that the plot of the po-

tential along flows in the ω = 0 SU(3)×U(1) cone displays the same qualitative behaviour

of the right panel of figure 8, only with a plateau roughly at the value V = −7.192g2 of

the cosmological constant of the ω = 0 G2 critical point.
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Figure 8. Left: the value of (minus) the potential (2.6) along the two flows in the ω = π

8

SU(3)×U(1) cone that pass close to the G2 and Ḡ2 fixed points (dotted and dashed lines) in

figure 7 and the direct flow (continuous line) in figure 6. Right: the same for the flows in the

ω = π

8 SU(3) cone depicted in figures 7 (dashed) and 6 (continuous lines). The plateaux roughly

correspond to the cosmological constant at the G2 or Ḡ2 points (see table 2).

To summarise, at ω = π
8 , we find unique, G2-symmetric flows between the central

SO(8) point in the UV and two inequivalent G2 and Ḡ2 points in the IR. These are respec-

tively linked by SU(3)-symmetric flows to the SU(3) and SU(3)×U(1) points. Furthermore,

there exist two cones of flows, dominated by the latter points in the IR and the SO(8) point

in the UV. The SU(3)×U(1) cone is bounded by flows with either G2 and Ḡ2 UV or IR

endpoints, while the SU(3) cone is limited by the direct flow from SO(8) and the unique

flow from G2. Table 1 in the introduction provides a summary of all possible cases that

arise when ω is varied.

3 The Coulomb branch

In the previous section, we studied holographic RG flows due to insertions of relevant

operators in the UV conformal theory. We can instead deform the theory with vevs, and

study the Coulomb branch. As equation (2.15) shows, the generic deformation around the

SO(8) UV fixed point is described by non-normalisable modes (∆̃i = 1) that can be chosen

to correspond either to insertion in the lagrangian, as in the previous section, or as vevs.

In this section, we initiate the study of the latter type of flows for the theories in [31].

3.1 Truncation to one scalar

Following [29, 30], we now consider scalars in the SL(8,R)/SO(8) sector of the E7(7)/SU(8)

scalar manifold of the full N = 8 theory [31]. The superpotential in this sector was given in

appendix A of [33]. The corresponding theory can be truncated to the sector containing the

seven dilatons only, which in turn can be further truncated into seven one-scalar models,

n = 1, . . . , 7, with SO(n)×SO(7−n) symmetry. Using, for convenience, a different normal-

isation for the Einstein-Hilbert term from the previous section, we find the lagrangians of

the n = 1, . . . , 7 models to be

e−1L = R− 1

2
(∂ϕ)2 − Vn(ϕ) , (3.1)
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where the scalar potential Vn depends on the scalar ϕ, on the phase ω and on the integer

n = 1, . . . , 7. Defining

Xn(ϕ) = e
4√

n(8−n)
ϕ
, (3.2)

and the functions

Ṽ1(x) =
1

4

(

x−7/4 − 14x−3/4 − 35x1/4
)

, Ṽ2(x) = −6
(

x−1/2 + x1/2
)

,

Ṽ3(x) = −3

4

(

x−5/4 + 10x−1/4 + 5x3/4
)

, Ṽ4(x) = −2
(

x−1 + x+ 4
)

, (3.3)

the scalar potential for each value of n is defined as a function of ϕ through Xn(ϕ) as

Vn(ϕ) = g2 Ṽn(Xn) cos
2 ω + g2 Ṽn(X

−1
n ) sin2 ω , for n = 1, 2, 3, 4 , (3.4)

Vn(ϕ) = g2 Ṽ8−n(X
−1
n ) cos2 ω + g2 Ṽ8−n(Xn) sin

2 ω , for n = 5, 6, 7 . (3.5)

Here, we have reinserted the coupling g. It is interesting to note that the ω-dependence

dissappears for even values of n.

At fixed n, the theory (3.1) can be mapped into itself or into the 8− n theory by the

discrete symmetries

(n, ω, ϕ) →
(

n,
π

2
− ω,−ϕ

)

, (n, ω, ϕ) → (8− n, ω,−ϕ) . (3.6)

These can be combined into a third symmetry

(n, ω, ϕ) →
(

8− n,
π

2
− ω, ϕ

)

, (3.7)

which in particular implies V2(ϕ) = V6(ϕ).

These symmetries allow us to study the system in the range ω ∈ [0, π4 ]. In the one-

scalar truncation (3.1), it is not possible to further reduce the allowed range for the angle ω

to [0, π8 ], as in the full theory [31] and its SU(3)-invariant sector, because some of the modes

involved in identifications needed to reduce the periodicity to π
8 have been truncated out.

We will focus here on solutions where the IR (which we now set at r = 0) divergence of

the scalar is of the form ϕ(r → 0) → −∞. Different solutions for which the scalar diverges

as ϕ(r → 0) → +∞ can be studied with the help of the transformations (3.6), (3.7).

Finally, observe that the n = 1, 2, 6, 7 models (3.1) overlap with the SU(3) invariant

sector since, for n = 1, 7 the model (3.1) displays SO(7)⊃SU(3) symmetry when embedded

into the full N = 8 theory, and for n = 2, 4, (3.1) has SO(6)× SO(2)⊃ SU(3) symmetry.

Table 4 shows the relation between the real dilaton that appears in the model (3.1) and

the two complex scalars that we used in section 2 to parametrise the SU(3)-singlet sector.

The only supersymmetric extremum of the models (3.1) occurs at ϕ = 0, corresponding to

the SO(8) critical point with AdS radius L = −(
√
2g)−1.
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n z ζ12

1 tanh ϕ

2
√
7

± tanh ϕ

2
√
7

2 tanh ϕ

2
√
3

0

3, 4, 5 − −
6 tanh −ϕ

2
√
3

0

7 tanh −ϕ
2
√
7

± tanh −ϕ
2
√
7

Table 4. Relations between the real dilaton in the one-scalar truncation (3.1) and the two complex

scalars of the SU(3)-invariant sector of section 2.

3.2 Coulomb branch at ω = 0

Let us first review the ω = 0 case, studied in [30], in order to fix our conventions and gear

up for the ω 6= 0 case of next section.

The equations of motion that derive from (3.1) can be expressed in terms of first order

differential equations. Indeed, introducing the superpotential

Wn(ϕ) =
1

8
e

nϕ

2
√

n(8−n)

(

8− n+ n e
−4ϕ√
n(8−n)

)

, (3.8)

from where the ω = 0 potential derives as

Vn(ϕ) = 4g2
(

4 (∂ϕWn)
2 − 3W 2

n

)

, (3.9)

the second order differential equations that derive from (3.1), evaluated on the domain wall

metric (2.9), are solved by the first order system

ϕ′(r) = 4
√
2 g
∂Wn

∂ϕ
, A′(r) = −

√
2 gWn . (3.10)

From (3.10) and (3.8) it is straightforward to express A as a function of the scalar

exp (2A(ϕ)) = e−2(γE+ψ(1−n
8 ))e

nϕ√
n(8−n)

(

e
4ϕ√

n(8−n) − 1

)−2

, (3.11)

where the normalisation is given in terms of the Euler constant, γE , and the digamma

function, ψ(x). With this choice of integration constant, the AdS behaviour, exp(2A) =

e2r/L, is recovered asymptotically in the UV (r → ∞). The radial profile for the scalar

function, ϕ(r), is obtained via the inverse of the relation

r(ϕ) =
8

8− n
e

√
8−nϕ

2
√
n

2F1

(

1, 1− n

8
; 2− n

8
; e

4ϕ√
n(8−n)

)

. (3.12)

Here we have fixed an integration constant in such a way that the scalar diverges at the

IR, radial origin, ϕ(0) = −∞. The profile of the scalars for the seven cases n = 1, . . . , 7 is

shown in figure 9. Specifically, for n = 4, one obtains the simple analytic result

exp(ϕ)n=4 = tanh2
g r√
2

⇒ exp (2A(ϕ))n=4 = 4 sinh2(
√
2gr) . (3.13)
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Figure 9. Radial profile of the scalar from n = 1 (leftmost curve) to n = 7 (rightmost one).

2 4 6 8

r

L

-4

-2

0

2

4

6

8
A

-50 -40 -30 -20 -10
Log@r�LD

-50

-40

-30

-20

-10

A

Figure 10. The metric function profile An(r) for n = 1 (leftmost curve) through n = 7 (rightmost

one). As is clearly visible in the left plot, all profiles tend to the AdS4 value A = r/L in the UV

(large r). The right plot zooms into the IR (r ≈ 0) region, where each fuction approaches the low-r

approximation A = γE + ψ
(

1− n

8

)

+ n

8−n
log[r/L], shown as dashed lines.

Given the solution (3.12), the radial profile of the domain wall function, An(r) in (2.9),

is straightforward to calculate for each n = 1, . . . , 7. We have numerically plotted it in

figure 10. The near-origin behaviour, where the scalar diverges, is shown explicitly, and

compared to the analytic behaviour obtained from (3.11), e2A ∼
(

r
L

)
2n
8−n .

A study of the spectrum of a marginal scalar operator on these solutions was per-

formed in [30]. An analysis of the effective potential in the Klein-Gordon equation for a

probe massless scalar in these backgrounds reveals that, for n > 4, there is a continuous

spectrum with no mass gap. In the n = 4 case the spectrum is still continuous, but now a

gap appears. Finally, when n < 4 the spectrum is discrete.

3.3 Coulomb branch at ω 6= 0

We now turn to the Coulomb branch flows for non-zero values of the dyonically-gauging

parameter ω, and chose to work in the second order formalism provided by the equations

of motion that derive from the lagrangian (3.1). For simplicity we will discuss only the

n = 1 case (and the n = 7 case, by virtue of the symmetry (3.7)).

The scalar potential V1(ϕ) of the n = 1 model (3.1) has one non-supersymmetric critical

point with residual symmetry SO(7), besides the supersymmetric SO(8) fixed point. This
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non-supersymmetric point typically affects the behaviour of a generic flow solution of the

second order differential equations. As will now argue, the supersymmetric flow is the

unique flow for which the presence of the SO(7) point goes unnoticed. The generic flow

solution to the second order equations of motion involves four constants of integration: two

of them are fixed by imposing the behaviour of the metric and scalar in the IR, and that

the divergence of the scalar field occurs at r = 0. After these asymptotics are imposed, the

other two (ω-dependent) constants of integration, β1, β2, appear in the low r expansion

e
ϕ
√

7 =
72/7

26/7
(cosω)2/7

( r

L

)2/7
+

3

26/775/7
β2
β1

(cosω)2/7
( r

L

)6/7
+O

( r

L

)10/7
, (3.14)

eA = β1

( r

L

)1/7
+ β2

( r

L

)5/7
+O

( r

L

)9/7
. (3.15)

The constant β1 can be absorbed in a scaling of the Minkowskian directions of the domain

wall, so we set β1 = 1 without loss of generality. The surviving constant of integration, β2,

parametrises a family of flows which contains, for a specific, ω-dependent value of β2, the

supersymmetric flow.

In order to gain some insight on how to determine the (unique) supersymmetric mem-

ber in this family of flows, let us first retrieve the n = 1, ω = 0 case from our current

second-order-equations perspective. We have checked that, integrating the second order

differential equations at ω = 0 with a particular value of β2 (β2 = 0), we exactly recover the

supersymmetric n = 1 solution of section 3.2. In the supersymmetric solution, the scalar

asymptotically approaches its critical value in the UV, ϕ(r → ∞) = 0−, monotonically.

This monotonic behaviour of the solution is characteristic of the supersymmetric flow, as

it is in fact driven by first order supersymmetric equations that relate ϕ′ to the position

in field space. Now, if we take β2 < 0 in the ω = 0 second order solutions (3.14), (3.15),

the solution to the scalar profile still reaches monotonically ϕ(r → ∞) = 0−. But if we

take β2 > 0, this monotonicity is lost. The profile of the scalar field now approaches

ϕ(r → ∞) = 0+, taking the value ϕ = 0 both asymptotically and at some finite value of

the radial coordinate. As we have just argued, the supersymmetric flow does not allow

this kind of behaviour, so the β2 > 0 flows are manifestly non supersymmetric. Thus, the

value of the integration constant β2 that yields the supersymmetric flow is that for which

the transition to non-monotic behaviour occurs.

Still at ω = 0, this value of β2 also leads to a manifestly supersymmetric behaviour of

the flow, in that it becomes insensitive to the presence of the non-supersymmetric SO(7)

fixed point. If we lower β2, we see a plateau arising in some range of the radial coordinate.

The height of this plateau is roughly given by the ϕ location of the non-supersymmetric

SO(7) critical point. Actually, if β2 is sufficiently negative, the radial profile starts at

eφ(0) = 0 in the IR, never reaches the value of the non-supersymmetric SO(7), and diverges

again at some finite radius. This is clearly a non-supersymmetric behaviour, since what

this describes is a scalar with a boundary condition such that it is not able to pass the non-

supersymmetric potential barrier. On the other hand, at β2 = 0 the plateau disappears,

signaling the supersymmetric flow.
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Figure 11. Radial profile of the scalar in the n = 1 model (3.1) for several values of ω. Left: the

cases ω = 0 (dashed blue curve) and ω = 9
10

π

2 . Right: result for ω =
(

1− 10−(2k+1)
)

π

2 for k = 0

(leftmost solid line) to k = 5 (rightmost solid line). The dotted (dashed) line in the left (right)

corresponds to the ω = 0 n = 1 (n = 7) profile in figure 9.

We used this prescription to determine the value of β2, at finite ω, for which the second

order differential equations give rise to the supersymmetric solution. As above, the latter is

given by the limiting value between the regions in which ϕ(r) = 0 has just one asymptotic

solution or two: one asymptotic and one at finite r. In figure 11, a plot of the radial profile

of the scalar in the supersymmetric flow is presented for various values of ω. When ω is

small, the change in the profile is very mild, and can be seen as a distortion of the ω = 0

n = 1 flow. Only when ω gets very close to ω = π
2 , a rapid change in the profile occurs. We

observe in figure 11 (right) that the kink in the radial profile occurs at larger values of the

radial coordinate. When ω = (1− 10−11)π2 , the profile is very close to the profile for ω = 0

and n = 7. This is a consequence of the symmetry (3.7), and can be seen as a successful

test for our prescription for β2. For this extreme value of ω we have to set β2 = 10.5.

A change of phase from ω = 0 to ω = π
2 interchanges two SO(7)-symmetric theories

describing different physics, as can be seen from the study of the spectrum of a marginal

scalar operator or the Wilson loops (see the appendix). This change occurs at the extreme

values of ω, and not at some intermediate value. To see this, we calculated the potential in

the Klein-Gordon equation for a probe massless scalar on all the background flow solutions

presented in figure 11. In all these cases, the potential still implies a discrete spectrum for

the marginal scalar operator, as in the case for ω = 0, from where we conclude that the

change does indeed occur at ω = π
2 . Here, we recover the ω = 0 n = 7 solution, which

leads to continuous spectrum with no mass gap.

4 Conclusions

We have studied the behaviour under renormalisation group of the family of field theories,

defined at least in the strict large N limit, that are dual to the gauged supergravities of [31].

On the supergravity side, a phase ω selects a combination of electric and magnetic gauge

fields of the ω = 0 electric frame of [9] to gauge SO(8) dyonically. New couplings in the

supergravity are generated by the presence of ω. In particular, the scalar potential changes

with respect to the purely electric, ω = 0, case, and develops new AdS extrema. The large
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N field theories associated to these supergravities accordingly develop a rich conformal

phase structure. We have exhaustively characterised the RG evolution of the dual field

theories between superconformal phases with at least SU(3) global invariance, triggered by

supersymmetric mass deformations of the maximally supersymmetric, SO(8)-symmetric

phase. The result is a rich ω-dependent pattern of unique and one-parameter families of

flows interpolating between these superconformal phases. We have also initiated the study

of the Coulomb branch of these large N field theories.

The flows between superconformal phases display three types of patterns, depending on

whether the dyonically-gauging angle attains either extremum, ω = 0 or ω = π
8 , or strictly

lies within its defining range. We have summarised this situation in table 1 in the introduc-

tion. For generic values of ω, the critical points do not display symmetries in their positions

in scalar space nor in the values of the cosmological constants. At both extrema of the in-

terval for ω, however, the critical points do arrange themselves in symmetric configurations

in field space, in such a way that symmetry-related points turn out to have the same cosmo-

logical constants. These symmetric points thus describe dual phases with the same spectra

and free energies, and are thus indistinguishable on physical grounds. This leads us to Z2-

identify symmetry-related critical points and their associated flows for extreme values of ω.

At ω = 0, we recover the pattern of flows studied in [25]. It is interesting to observe

that, in this case, these Z2 identifications can indeed be explicitly understood from the

field theory. As argued in [25] from a field theory analysis in terms of BLG theory [2], the

(ω = 0) cone of flows is due to a deformation of the BLG, N = 8, SO(8) symmetric phase

by two N = 1 mass terms,

SSO(8) → SSO(8) +
1

2
m1O1 +

1

2
m2O2 , (4.1)

that, accordingly, break supersymmetry down to N = 1 generically and trigger an RG flow.

The parametersm1 andm2 qualitatively correspond to our λ− and λ+ in section 2.3. When

one of the mass parameters, m1 or m2 are set to zero, the flow proceeds in a G2, N = 1

invariant manner to a G2 phase, described in the supergravity by either of the two geometric

G2 critical points. These must be identified, since which one is reached depends on whether

m1 = 0 or m2 = 0, and this is just a relabelling of m1 and m2. When both parameters are

set equal, m1 = m2, the flow proceeds in an SU(3)×U(1) invariant way towards the N = 2

point with that symmetry. The U(1) factor, corresponding to the R-symmetry of the dual

field theory with enhanced N = 2, now rotates the mass terms in (4.1). Finally, when

m1 6= m2 and are both non-zero, the flow proceeds in an SU(3) N = 1 invariant manner

towards the SU(3)×U(1) point. Any field theory interpretation of the new cones that

arise for non-zero ω should likewise take into account the lack, when 0 < ω < π
8 , or again

enhanced, when ω = π
8 , symmetry structure of the dual phases. Similarly, the ω-dependent

boundaries of the new cones should be properly implemented in the dual field theory.

Uplifting formulae of the original N = 8 supergravity [9] into eleven dimensions permit

the discussion of the ω = 0 flows from an M-theory and fully-fledged dual field theory per-

spectives. The ω = 0 domain walls between AdS critical points of section 2 uplift to D = 11

solutions interpolating between two AdS M-theory solutions. The ω = 0 singular flows of
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section 3 that run off to infinite values of the scalar fields instead uplift to configurations,

regular from a D = 11 perspective, of continuously distributed M2-branes which are, thus,

dual to Higgsed phases of the field theory. It is tempting to borrow this intuition to spec-

ulate that evolution in ω should turn some of the ω = 0 Coulomb flows into flows between

distinct superconformal phases of the large N , ω 6= 0 dual field theories. This indeed is

the picture that emerges from our results of section 2. The three cones of flows between

critical points that we find at finite, generic ω, collapse as ω → 0, leaving just a single cone.

In the ω → 0 limit, the IR endpoints of the new, ω 6= 0 cones are pushed all the way out

to infinity (or the boundary of the disks in the parametrisation of section 2), and so are

the flows they dominate in the IR. A transition thus occurs at ω = 0, turning ω > 0 flows

between superconformal points into ω = 0 Coulomb flows. This transition, that would

render AdS-interpolating solutions into smeared brane solutions, should be also interesting

to investigate from a higher-dimensional perspective if continuous uplifiting formulae for

ω 6= 0 were found.

It is also interesting to observe the behaviour of the cosmological constant along generic

flows inside given cones, plotted in figure 8. The cosmological constant as a function of

the radial coordinate along a flow develops increasingly longer plateaux, dominated by

the values of the cosmological constants at limiting G2 points, for flows with trajectories

increasingly distant from the direct flow and closer to the G2 points. These plateaux are

a required ingredient in, for example, holographic models of walking technicolour (see [46]

for a review). Phenomenology, however, requires a confining phase in the IR for these

models, which our CFT-interpolating flows of section 2 obviously lack. Interestingly, the

second-order, non-supersymmetric Coulomb branch flows of the n = 1 model considered in

section 3 also display similar plateaux dominated by the non-supersymmetric SO(7) point.

Although these models run to infinite values of the scalar fields, they do not lead the dual

theory into confining phases either.

It would be worth determining whether the (large N) field theories dual to the family

of supergravities of [31] display these interesting phases, or if slightly modified supergravity

models do. It would be also interesting to extend our analysis into other regimes of the

dual field theories, like finite temperature and chemical potentials.
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Figure 12. Representative graphs of the potential between quark-antiquark as a function of their

separation, for n = 1 (left), n = 4 (left) and n = 5 (right).

A Wilson loops in the ω = 0 Coulomb branch

In order to further probe the phenomenology of the different cases we are treating we

will focus now on the potential between a test quark-antiquark pair, which is obtained on

the gravity side with the expectation value of a Wilson loop of a string hanging from the

boundary into the bulk, on a background given by any of the ω = 0 flows of section 3.2.

We will assume the string to be extended along a coordinate, say x1 = x1(r), and at the

boundary the two extrema will be separated by a distance LQQ̄. The string then hangs

into the bulk coordinate.

Following the general treatment of [47] we can calculate the interdistance LQQ̄ and the

associated energy density EQQ̄ with the metric (2.9). Actually, it is simpler to exploit the

monotonicity of the scalar ϕ to trade the r integral for a integral on ϕ with the aid of (3.12),

which technically gives stability to the numeric integrations that need to be performed. In

this approach the integrals are regulated by subtracting the energy of two straight strings

that hang from the boundary to the IR of the geometry, with a constant separation LQQ̄.

We find three different possible behaviours of the energy EQQ̄ as a function of the separation

length LQQ̄. For each of these we plot a representative profile in figure 12.

A common feature of all cases is the behaviour for strings that only probe the UV part

of the geometry, associated to short interquark distances LQQ̄. Then the potential between

quarks is governed by the AdS4 result, and in particular

EQQ̄ ∼ 1

LQQ̄
. (A.1)

As in the case of the spectrum of the marginal scalar operator, it is the IR that differentiates

between the different cases:

1. For n < 4 we have the behaviour in the left-most graph in figure 12. We observe

that for small LQQ̄ there are two possible settings: a short string probing just the

UV part of the geometry and a long string that extends deep into the bulk. The

latter setting has positive EQQ̄ and is energetically disfavoured. These two branches

meet at a certain value LQQ̄ = L∗, but before reaching that separation the energy

of the quark-antiquark pair reaches zero, at LQQ̄ = Lc < L∗. For LQQ̄ > Lc the

configuration with two straight strings hanging from the UV into the IR is favoured,

which is interpreted as the signal of screening of the quark charges.
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2. In the n > 4 case, represented in the right-most graph of figure 12, the relation

between EQQ̄ and LQQ̄ is bijective. The energy is a monotonically increasing function

of LQQ̄ that approaches zero as a power when the interquark distance is very large.

The power is n-dependent, and given by

EQQ̄ ∼ L
4

4−n

QQ̄
for n > 4 and large LQQ̄. (A.2)

3. When n = 4 the relation between the interquark potential and distance is also bijec-

tive. However, now a string that hangs all the way down to the IR of the theory and

comes back to the UV will have a finite distance between its extrema. Configurations

corresponding to hanging strings are depicted by the thick line in the center graph

of figure 12. We observe that this thick line ends at a certain LQQ̄ = Lc. For in-

terquark distances larger than this critical one the only existent configuration is that

of two straight strings hanging independently. Therefore this case represents perfect

screening of the quarks, but in a different manner to the n < 4 situation.
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