INHOMOGENEOUS RANDOM ZERO SETS.

JEREMIAH BUCKLEY, XAVIER MASSANEDA, AND JOAQUIM ORTEGA-CERDA

ABSTRACT. We construct random point processes in C that are asymptotically close to a given
doubling measure. The processes we construct are the zero sets of random entire functions that
are constructed through generalised Fock spaces. We offer two alternative constructions, one via
bases for these spaces and another via frames, and we show that for both constructions the average
distribution of the zero set is close to the given doubling measure. We prove some asymptotic
large deviation estimates for these processes, which in particular allow us to estimate the ‘hole
probability’, the probability that there are no zeroes in a given open bounded subset of the plane.
We also show that the ‘smooth linear statistics’ are asymptotically normal, under an additional
regularity hypothesis on the measure. These generalise previous results by Sodin and Tsirelson
for the Lebesgue measure.

1. INTRODUCTION

In this paper we are interested in random point processes that mimic a given o-finite measure
(v on the complex plane. This is by now well understood when  is the Lebesgue measure on the
plane, where the random point process is generated as the zero sequence of a Gaussian analytic
function (GAF) constructed through the Bargmann-Fock space (see [STO04, STOS, HKPVO09]).
Similar problems have been studied also in the context of complex manifolds. For example in
[SZ99]], [SZ08|] and [SZZOS]|] the authors study the distribution of zeros of random holomorphic
sections of (large) powers of a positive holomorphic line bundle L over a compact complex
manifold M.

We are interested in generalising these constructions to other measures. We do so by consid-
ereing zero sets of GAF’s defined through some generalised weighted Fock spaces adapted to the
measure u. For the case of the Lebesgue measure a crucial propety, which now we cannot expect
to hold, is the invariance under plane isometries of distribution of the GAF zero sets. On the
other hand, in our case the base manifold is not compact and consequently the space of functions
used to construct the GAF is infinite dimensional.

We show that some of the standard results in the situations mentioned above are valid for more
general (possibly irregular) measures. In particular, letting dn;, denote the counting measure on
the zero set of a GAF adapted to i and with ‘intensity’ L, we show that %dn 1, gets close to u as
L — oo (in a sense which is made precise in the theorems below). The possibility of proving
such results in a more general setting depends ultimately on a good control on the decay of the
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covariance kernel of the GAF or, equivalently, of the Bergman kernel of the generalised Fock
spaces (Section[2.2).
The regularity condition that we impose on the measure is the following.

Definition 1. A nonnegative Borel measure y in C is called doubling if there exists C' > 0 such
that
u(D(z,2r)) < Cu(D(z,r))

forall z € Candr > 0. We denote by C), the infimum of the constants C' for which the inequality
holds, which is called the doubling constant for p.

Throughout the paper we assume that p is doubling. When further regularity is required it will
be stated explicitly.

Let i be a doubling measure and let ¢» be a subharmonic function with © = A¢. Canonical
examples are:

e The radial functions ¢(z) = |z|%, where a > 0. The value oo = 2 corresponds of course
to the Lebesgue measure (up to a constant factor).

e The non-radial functions ¢(z) = | Re z|* + | Im z|°.

e More generally, any subharmonic, non-harmonic, (possibly non-radial) polynomial ¢.

Consider now the generalised Fock space
F2={feH(C): /|f(z)|2e_2¢(z)du(z) < +oo} .
C

The classical Bargmann-Fock space corresponds to ¢(z) = |z|?.

We find more convenient to write the norm of functions in ]:z in the following regularised
way. Define, for z € C, p,(2) to be the radius such that ;1(D(z, p,(z))) = 1. We shall normally
ignore the dependence on y and simply write p(z). Notice that if ¢ is sufficiently regular, then

1 / 1
A¢ = .
pQ(Z) D(z,p(z2)) pZ(Z)

Actually, for any subharmonic function ¢ with doubling Laplacian, f € H(C) and w € C

Ap(z) ~

d
[ pepemssm = [ jpepe i,
D(uw,p(w)) D(uw,p(w)) p(z)
with implicit constants independent of w and f. (Here m is the Lebesgue measure on the plane).

One inequality follows from Lemma|[I3|(a) and Fubini’s theorem, while the other can be proved
by contradiction: assume there exist f,, € H(C) and w,, € C such that

d
/ falPe®C =1 and / [ Ful2e22dp ™\, 0.
D(wn,p(wn)) P D(wn,p(wn))
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Then translating w,, to 0 and taking a limit (see [MMOQ3|, Section 3.4]) one can see that there
exist an holomorphic function f # 0 and a limit measure [ (also doubling) such that

[ e =0,
D(0,0(0))

This contradicts the fact that /i is doubling.

Therefore we can define the equivalent norm in . Q% as

d
\W@:Amﬁ%%wﬁ%_

The advantage of working with dm/p?, rather than dy, is that the metric p~2dz ® dz induces a
distance that controls the decay of the Bergman kernel of F2, something essential in our proofs.

Let (e,)n be an orthonormal basis for the space F; and (a,), be a sequence of indepen-
dent standard complex Gaussian random variables (that is, the probability density of each a,,
is L exp(—|z|?) with respect to the Lebesgue measure on the plane; we denote this distribution
Nc(0,1)). Consider the Gaussian analytic function defined by

g(z) = Z anen(z).

n

This sum almost surely defines an entire function (see for example [HKPV09, Lemma 2.2.3]).
The covariance kernel associated to this function is given by (note that E[g(z)] = 0 for all z € C)

K(z,w) = Elg(2)g(w)] = Y en(2)en(w)

n

which is the reproducing kernel for the space F, f, Moreover the distribution of the random
analytic function g is determined by the kernel K so it does not matter which basis we chose.

We are interested in studying the zero set Z(g), and a first observation is that since g(z) is a
mean-zero, normal random variable with variance K(z,z2) # 0 (see Proposition , g has no
deterministic zeroes. Furthermore the random zeroes of g are almost surely simple ([HKPV09,
Lemma 2.4.1]). We study the zero set Z(g) through the counting measure

1
ny= 5-Alog o]

(this equality is to be understood in the distributional sense). The Edelman-Kostlan formula
([Sod00, Theorem 1] or [HKPVO09, Section 2.4]) for the density of zeroes gives

Eng(2)] = ﬁA log K(z, z)dm(z).

We finally note that A log KC(z, z) ~ ﬁ (see Section which, as we have already noted, can
be viewed as a regularisation of the measure .

We will modify this construction by re-scaling the weight ¢, so that the zeroes will be even
better distributed. Specifically, let L be a positive parameter and consider instead the weight
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¢, = L¢ (and pr, = py,,). For each L we take a basis (e),, for the space F7 = ]—";L and define
(1) gr(2) = anef(2)

and

Ki(z,w) = Elgr(2)gr(w)] = ) e (2)ek(w).

The following result states that the corresponding zero set, suitably scaled, is well distributed
with respect to the measure p for large values of L.

Theorem 1. Let i) be a smooth real-valued function with compact support in C (which we always

assume is not identically zero), let ny, be the counting measure on the zero set of g, and define
the random variable n(y, L) = 1 [ tdny.

(a)
1 1
Blov. L)) - - [ vdu| S 7 [ 180 ldm(z),
2T L C
where the implicit constant depends only on the doubling constant of the measure Ju.

(b) If we restrict L to taking integer values then, almost surely,

1
n(w,1) = 5 [ v

as L — oo.

The proof of part (b) of this result uses an estimate on the the decay of the variance of n(1, L)
which is interesting by itself.

Theorem 2. For any smooth function 1) with compact support in C
1
V[n(y, L) = 75 C(A¢(Z))2PL(2)2dm(Z)-

Remark. We may estimate the dependence on L using (5)) to see that the integral decays poly-
nomially in L. If the measure 4 is locally flat (see Definition [3)) then we see that the variance
decays as L3, just as in [STO4].

In the special case ¢(z) = |z]?/2 (the factor 1/2 is simply a convenient normalisation) it is
easy to see that the set (%ﬁ (\/\%)n )22, is an orthonormal basis for the corresponding Fock space,

so that the construction just given corresponds to the GAF studied in [STO04|] and [STOS]. More

generally if ¢(z) = |2|*/2 and o > 0 then the set ((Lzl—aj)n);’f:o is an orthonormal basis for the

corresponding Fock space, for some c,,, ~ F(%n + 1)'/2 (actually ¢, = L) but the implicit
constants depend only on «, see the Appendix).

However, besides these special cases, we have very little information about the behaviour of
an orthonormal basis for F7. For this reason we also study random functions that are constructed

via frames.
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Definition 2. Let (X, (-,-)) be an inner product space. A sequence (z,), in X is said to be a
frame if there exist 0 < A < B such that

Allz)* <) [, z)* < Bl
forall x € X.

It can be shown that this implies that there exists a sequence (), in X (the canonical dual

frame) such that
T = Z(z, Tn) T,

n
and

1 1
gl < 3l < Gl

for all x € X. Thus a frame can be thought of as a generalisation of a basis that retains the
spanning properties of a basis although the elements of the frame are not, in general, linearly in-
dependent. (For a proof of the above facts and a general introduction to frames see, for example,
[ChrO3, Chapter 5].)

We will consider frames for 77 consisting of normalised reproducing kernels, k¢ (z) = %

(we ignore the dependence on L to simplify the notation). We consider frames of the form
(kx)aea,» where the index set A, C C is a sampling sequence (see Section for the defini-
tion). The advantage of this approach is that we have estimates for the size of the reproducing
kernel (Theorem [I4]), and so we also have estimates for the size of the frame elements. We now
define

) fr(z) = aska(2)
AEATL

where ay is a sequence of iid N¢(0,1) random variables indexed by the sequence Ay. The
covariance kernel for f; is given by

Ki(zw) = E[fr(2)fu(w)] = Y ka(z)ka(w)

AEAL

which satisfies similar estimates to X;, (see Proposition [17).

Since the proof of Theorem[I]uses only estimates for the size of the covariance kernel we may
state an identical theorem for the GAF defined via frames. However in this case we also have the
following stronger result.

Theorem 3. Let ny, be the counting measure on the zero set of the GAF [, defined via frames
@), ¥ be a smooth real-valued function with compact support in C, n(y, L) = % [ dny.

(a)
Blntv. D] - 5 [ v < 1 [180dnc)

where the implicit constant depends only on the doubling constant of the measure .
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(b) Let 6 > 0. There exists ¢ > 0 depending only on 9, 1) and p such that

3) —1‘>5}<e

“—fwd

as L — oo.

The proof of part (a) is identical to the proof of Theorem|[I|(a) (using the appropriate estimates
for the covariance kernel of f7). It is also easy to see, by an appeal to the first Borel-Cantelli
Lemma, that the large deviations estimate (3)) implies that in this case we also have almost sure
convergence exactly as stated in Theorem [1{(b). This result has an obvious corollary.

Corollary 4. Suppose that ny, is the counting measure on the zero set of the GAF f1, defined via
frames [2)) and U is an open bounded subset of the complex plane.

(a) )
as L — oo.

(b) Let 6 > 0. There exists ¢ > 0 depending only on §, U and p such that for sufficiently large

values of L
1o (U )
IP’{ LnL( )—1)>51 < emel”,
2

=1u(U)

Remark. As before, the large deviations estimate combined with the first Borel-Cantelli Lemma

implies that1n.,(U) — 5-4(U) almost surely when L is restricted to integer values.

We also show that the smooth linear statistics for our zero sets are asymptotically normal, for
large values of L, if the measure p is locally flat. We shall state and prove this result only for
the GAF defined via frames (that is (2)) but it is easy to verify that the proof works equally well
for the GAF defined via bases (1)) since it relies only on estimates for the size of the covariance
kernel.

Theorem 5. Let 1) be a smooth function with compact support in C let ny be the counting
measure on the zero set of the GAF defined via frames (2), and suppose that measure 1 is locally
flat (see Definition . Define n(y, L) = % [ wdny, as before. Then the random variable

Vin(y, L)]'/?
converges in distribution to N'(0,1) as L — oo.

A further measure of the ‘rigidity’ of the process is the ‘hole probability’, the probability
that there are no zeroes in a region of the complex plane. When we take ¢(z) = |z|?/2 then
the asymptotic decay of the hole probability for the zero set of the GAF defined via bases was
computed in [STOS], and the more precise version

Pn,, (D(z2,7)) = 0] = exp{ . %L%m + 0(1))}



INHOMOGENEOUS RANDOM ZERO SETS. 7

as L. — oo was obtained in [Nis10, Theorem 1.1] (we note that the author considers L = 1 and
discs of large radius centred at the origin, however the results are equivalent by re-scaling and
translation invariance). If ¢(z) = |z|*/2 and we consider the random function g, generated by
the basis (%)j’fzo then we can use [Nis11, Theorem 1] to see that

Pln,, (D(0, L)) = 0] = exp{ - %‘fzﬁaﬁu n o<1>)}

as L — oo and by an identical computation that

Pln, (D(0,7)) = 0] = exp { - %62#%2(1 +o(1)}

as L — oo (we omit the details), however we no longer have translation invariance.

Our first result in this regard says that we always have an upper bound of the form e~el?,

however we have no estimate for the lower bound in general.

Theorem 6. Suppose that ny, is the counting measure on the zero set of the GAF g;, defined via
bases (1). Let U be a bounded open subset of the complex plane. There exists ¢ > 0 depending
only on U and p such that for sufficiently large values of L

Pln,(U) = 0] < e

When we work with frames, because we have estimates for the pointwise decay of the repro-
ducing kernel, we can prove much more. In this case we show that we have the same upper bound
(with a different constant) and that the upper bound is sharp (up to constants) under additional
assumptions on the decay of the kernel ..

Theorem 7. Suppose that ny, is the counting measure on the zero set of the GAF f, defined via
frames (2)). Let U be an open bounded subset of the complex plane.

(a) There exist c,C' > 0 depending on U and 1, and T > 2 depending only on u, such that for
sufficiently large values of L

e L < Pln(U) = 0] < e
(b) If the reproducing kernel K, has fast L? off-diagonal decay ( Deﬁnition@) then we have T = 2
in(a).
Remarks. 1. The upper bound in this theorem follows directly from Corollary 4| (b).

2. In proving this result we will give upper bounds for the value 7 when we do not have fast L2
off-diagonal decay.

3. The kernel corresponding to ¢(z) = |z|*/2 has fast L? off-diagonal decay (see the Appendix).

While we have stressed heretofore that our work generalises the known cases in the complex
plane, we should point out that we draw many ideas from the study on manifolds. Theorem (I} for
example, is completely analogous to [SZ99, Theorem 1.1], although our proof is less technical.
We have also used many of the ideas from [SZZ08] in our proof of Theorem[d], where the authors
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also deal with the problem of having no information about a basis. As mentioned previously,
a key difference between the two settings is the compactness of the manifold M, which means
that the spaces of sections considered are finite dimensional with a control on the growth of the
dimension. There are also some recent results in a non-compact setting, see [DMS12]], however
the spaces considered are still assumed to be finite dimensional.

The paper is structured as follows: In Section 2 we give some technical results that shall be
used throughout the paper, and show that the covariance kernel for the GAFs defined via bases
and frames satisfy similar size estimates. In Section 3 we prove Theorems[T]and 2] In Section 4
we show that the smooth linear statistics are asymptotically normal, under some extra regularity
assumptions (Theorem [5)). In Section 5 we prove the large deviations estimates, Theorem [3]and
Corollary ] In Section 6 we prove Theorem [0 the upper bound for the hole probability for the
zero set of the GAF defined via bases. Finally in Section 7 we compute the hole probability for
the zero set of the GAF defined via frames, Theorem

The notation f < g means that there is a constant C' independent of the relevant variables such
that f < Cg,and f ~ g means that f < gand g < f. We frequently ignore events of probability
ZEerO0.

2. DOUBLING MEASURES AND FOCK SPACES

2.1. Technical Preliminaries. We will always assume that p is a doubling measure (Defini-
tion 1)) and that ¢ is a subharmonic function with u = A¢. Recall that p(z) = p,(z) is the radius
such that ;(D(z, p,(%))) = 1. Note that all of the constants (including implicit constants) in this
section depend only on the doubling constant C/,.

Lemma 8. [Chr91, Lemma 2.1] Let i be a doubling measure in C. There exists vy > 0 such that
for any discs D, D' of respective radius r(D) > r(D") with D N D" # ()

(5((5,)))7 S :((5,)) < (,5((11))/)))1/7-

In particular, x must charge all discs and is carried by a set of positive Hausdorff dimension.
However, not much more can be said: there are ‘exotic’ doubling measures that are carried by
sets of arbitrarily small Hausdorff dimension, see [Wu9§]|.

We make the following definition.

Definition 3. We say that a doubling measure . is locally flat if given any disc D of radius r(D)
satisfying ;1(D) = 1 then for every disc D’ C D of radius r(D’) we have

u&)') - (%)

where the implicit constants depend only on .

Trivially ¢(2) = |z|* gives us a locally flat measure, indeed the condition 0 < ¢ < A¢ < C
ensures that the measure A¢ is locally flat. Moreover there is always a regularisation of the
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measure A¢ that is locally flat (see [MMOO3], Theorem 14]), but we shall not pursue this line
of thought. We will use the locally flatness assumption principally in the statement and proof of
Theorem [5] otherwise we assume only that /4 is a doubling measure (except for a few instances
where it is explicitly stated otherwise).

We have the following estimates from [MMOO3|, p. 869]: There exist n > 0, C' > 0 and
S € (0, 1) such that

4) C7Hz2|™" < p(2) < C)z|° for |2] > 1
and
p(z) = p(Q)] < |z — (| for z,¢ € C.
Thus p is a Lipschitz function, and so in particular is continuous. We will write
D'(z) = D(z,rp(2))
and
D(z) = D*(2).

A simple consequence of Lemma [8]is that p(z) ~ p({) for ( € D(z). We shall make use of
the following estimate.

Lemma 9. [Chr91, p. 205] If & D(z) then

o5 ()

for some t € (0, 1) depending only on the doubling constant, C,,.

Doubling measures have some good properties from a potential-theoretic viewpoint. We will
need the following estimate.

Lemma 10. [Chr91, Lemma 2.3] There exists C' > 0 depending on C,, such that for any r > 0
2
| tog (T )dutc) < CulD(er)  zec
D(z,r) |Z - C’

We recall that p~2 can be seen as a regularisation of /.. We define d,, to be the distance induced
by the metric p(2)~2dz ® dz, that is

dW%%ﬁﬁAhﬁWlwmﬁ

where the infimum is taken over all piecewise C! curves v : [0,1] — C with y(0) = 2 and
7(1) = ¢. We have the following estimates:

Lemma 11. [MMOO3, Lemma 4] There exists 6 > 0 such that for every r > 0 there exists
C, > 0 such that

.O—1|Z_C| <d (Z <)<C’T|Z_C|

p(2) o(2) if |z — (| < rp(z) and



10 JEREMIAH BUCKLEY, XAVIER MASSANEDA, AND JOAQUIM ORTEGA-CERDA

« C! (|Z_ C|>6 <d,(z,()<C <ﬂ>2_6 if|z— | > rp(z)
e ) == 0
Definition 4. A sequence A is d,-separated if there exists 6 > 0 such that
. /
Algl d, (A, X)) > 0.

One consequence of Lemma|I1]is that a sequence A is d,-separated if and only if there exists
0 > 0 such that
A= X| = dmax(p(A), p(X))  A# N
This equivalent condition is often easier to work with. We shall make repeated use of the follow-
ing lemma.

Lemma 12. Let A be a d,,-separated sequence. Then for any ¢ > 0 and k > 0 there exists a
constant C > 0 depending only on k, €, and C,, such that

[z —¢* dm(z)
(a) /(Cexpde( 0 o) < Cp"(¢) and

(b) Z el YOHITS)

~ exp dE (z,A)

Proof. The proof of (a) is almost identical to [MO09, Lemma 2.7]. Lemma [ T|implies that there

exists € > 0 such that | (| c
o —
expd,(z,() Z exp <—) .
(02 p(C)

Let f(z) = 2= — 22<~" and note that for any y > 0

+oo
[ e =t
Yy

Splitting the integral over the regions D(¢) and C \ D(() and using Lemma [9 we see that

= ¢ dm() _ vor [T e 4
/cexpd;<z,o Bk 5p“>+/@\D(QP<O/(z<)f Ty

o(€)
dm(z)

+oo
sHO+tQ [ e | T

<t (14 [ e soutas)

We may estimate the sum appearing in (b) by the integral in (a) so the result follows. |

dx

for some positive a.

For doubling measures the pointwise growth of functions is controlled by the weighted L?-
integral of the function. This can be viewed as an analogue of the Bernstein-Markov inequality
for measures supported in compact sets.
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Lemma 13. [MMOO3, Lemma 19] For any r > 0 there exists C = C(r) > 0 such that for any
feH(C)and z € C:

@ [fPe <o [ pope2 0l
Ig@) p (C)d o
—¢ 2 2 —2¢(¢) 4T
O) V(AP < s /D PRGN
© Ifs >, |f(2))%e 2P < C,, £(0)Pe290) d’;”‘(f)_
D3 (2)\Dr (2) P?(¢)

We shall scale the measure y by a (large) parameter L > 1. We shall write ¢, = Lo, pr, = pr,.
dy, = dr, and Dj (2) = D(z,7pr(z)). Note that the measures 1 and Ly have the same doubling
constant, so we may apply all of the results in this section to the measure Ly without changing
the constants. It is clear from the definition

Li(D(z,pL(2))) =1
that pr(z) < p(z) for L > 1. Thus by Lemma 8| we have

5) < 2B <
~opr(z)
and
L~V < d(z, w) < [

~dp(z,w) ™
for some v < 1, where the implicit constants are uniform in z.

If the measure p is locally flat then we see that

(6) LIORNN;
pr(2)
and
d(z,w) 1

dr(z,w) L

2.2. Kernel estimates. In this section we show that the covariance kernel K for the GAF
defined via frames (2) satisfies similar growth estimates to the reproducing kernel K, which is
the covariance kernel for the GAF defined via bases (I)). We will do this by showing that it is
the reproducing kernel for a different (but equivalent) norm on the space 7. We shall state and
prove these results for the function K = K, but since the constants appearing depend only on
the doubling constant, they may be applied mutatis mutandis to K.

We first note that K satisfies the following estimates.
Proposition 14. [MMOO3||Lemma 21,[MOO09, Theorem 1.1 and Proposition 2.11],[CO11, p. 355]

There exist positive constants C' and € (depending only on the doubling constant for 1) such that
forany z,w € C
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(@) |K(z,w)| < CetB)to(w)o=d(zw)

(b) C~1e2() < K(z,2) < Ce??),

(©) C7/p(2)? < Alog K(z,2) < C/p(2)%

(d) There exists r > 0 such that |K(z, w)| > Ce? W) for all w € D" (2).

Remark. The off diagonal decay estimates in Theorem 1.1 and Proposition 2.11 of [MOO09Y]] differ
from the results just stated by factors involving p. This is because the authors study spaces with
a different norm; in [MMOO3], Section 2.3] it is shown that the class of spaces considered here
and in [MOQ9] is the same. However one can easily verify that minor modifications to the proof
in [MOQ9] give the result just stated in the spaces we are considering.

In order to ensure that the sequence of normalised reproducing kernels (k) ca form a frame,
we require that the sequence A is sampling. Sampling sequences in the Fock spaces we consider
have been characterised in terms of a Beurling-type density. The following definition appears in
[MMOO3]].

Definition 5. A sequence A is sampling for F, qf if there exists C' > 0 such that for every f € }"35

™ CTY PP <Ifl5 < C ) [F(V)Pe .

AEA AEA

Theorem 15. [MMOO3, Theorem A] A sequence A is sampling for F, j if and only if A is a finite
union of d,,-separated sequences containing a d,-separated subsequence \' such that
#(N' N D(z,rp(z))) 1

Dy, (A') = liminf inf 2
p () =liminfinf = 7 2

Recall that k(z) = K’(CC(;O@P/Q It is clear from Propositionthat [(kx, £)] = [f(N)|e?™ for

all f € F. Thus A is a sampling sequence for 7 if and only if

1£132 = > Kk £ forall f € 7,

AEA

that is, if and only if (ky)xen is a frame in 7.

We denote the (canonical) dual frame by (IQA) ach, and note that any f € F ; can be expanded
as

f= {f Rk

AEA
We introduce a new inner product on the space F; g given by

(f,9) = Z<f7 7@\)(97 /~€A>

AEA

and note that the norm ||f|| = (f, f)'/? is equivalent to the original norm || - || 72 (if A is
sampling).
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Proposition 16. The reproducing kernel for the (re-normed) space (F3, || - ||) is

w) = Z kA(Z)m

AEA

Proof. Tt is clear that, for each fixed w € C, K(-,w) = K, is in the space, so we need only
verify the reproducing property. Note first that (ky, ky) = (ky, k). This follows from the fact
that ]NC,\ = Sk, where S is the frame operator associated to (ky)aca, and S is self adjoint with
respect to (-, -). Now, for any f € F2,

(f, Kuw)) :Z<f k) Kw,k,\ ZZ Fokoa) (b, k) k/\/( )

AeA AEA NEA
= Z kv (w) Z<f7 kx) (x, )
NeEA AEA
= Z kv (w) <Z<f> kaka, if,\/>
NeA AEA
=Y kw(w)(f k) = f(w),
MNeA
which completes the proof. |

We now show that the growth and off diagonal diagonal decay of K are similar to that of K.

Proposition 17. There exist positive constants C, c and € (depending only on the doubling con-
stant for |v and the sampling constant appearing in (7)) such that for any z,w € C

(a) |K(z,w)| < Qe +o(w) g (zw)

(b) C~ BQQ5 < K(z 2) < Ce?) and

(© 15 (2,2) < Cop 1

(d) There exzsts r > 0 such that |K(z w)| > Ce?@eW) for all w € D (2).

Proof. We have (see [Ber70, p. 26])
VE(z,2) =sup{|f(z)| : f € F5 . If] <1}
~sup{|f(2)| : f € g, [Ifllr2 <1} = VK(2,2)
and so Proposition@implies (b). Similarly (again see [Ber70, p. 26])

dsup{|f'(2)]": feTg, f(z) =0:]lf] <1}

Alog K(z,2) = K(z.2)

~ Alog K(z, 2)

so that (c) also follows from Proposition
We note that for all w € D"(z), applying Lemma [13](b),

1
1K (w, 2)|e™) — |K(2,2)|e” | S —|IK( 2) | z2l2 — w]| S re?®

~ p(2)
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so that for sufficiently small 7, (b) implies (d).
Finally we have, by the estimates in Proposition

K(w,2)| < Z o (2) o (w)] < 2 He) Ze—d;(z,)\)—d;(kw)'

AEA AEA
Now
Z e—d;(z,)\)—d;()\,w) < 6—2_€d;(z,w) Ze—d;()\,w) S 6—2_€d2(z,w)
NNy (2,0)> S dyu(2zw) AEA

where we have used Lemma The remaining terms satisfy d,,(w, \) > 1d,(z,w) and may be
treated similarly. |

Remarks. 1. When we apply this result to K, it is important that the constants in the relation
I -l = Il - [+ are uniform in L, so that the constant C' appearing in the conclusion can be
taken to be uniform in L. It is not difficult to see that we can always do this. For each L we
chose a sequence A, and constants g < Ry which do not depend on L satisfying the following
properties:

e The discs (DY°(\))aca, are pairwise disjoint.

e We have C = Uycy, DI(N).

e Each z € C is contained in at most Ny discs of the form D" ()\) where N, does not
depend on z or L.

Applying Lemma(b) one can show thatif Ry is sufficiently small then } 0, ., [f(}) 26720\ ~
| fl| 72 where the implicit constants are uniform in L.

2. We have used only the fact that (ky)\ca is a frame, and the expression of the repro-
ducing kernel as an extremal problem, to show that K(z,z) ~ K(z,z) and Alog K(z,z) ~
Alog K(z, z). Our proof therefore carries over to any space where these properties hold.

We will sometimes be able to prove sharper results if we assume some extra off-diagonal decay
on the kernel /. The condition we will use is the following.

Definition 6. The kernel K}, has fast L? off-diagonal decay if, given C,r > 0 there exists R > (
(independent of L) such that

(8) sup e 20 / K1(2, ¢)Pe 201 dm((’g <e ¢
2eD" (o) C\DR(z0) 1219
for all zy € C and L sufficiently large.
Remarks. 1. If ¢(z) = |z|2/2 then since K1 (z,¢) = X% /272 it is easy to see that the K, has

fast L? off-diagonal decay. More generally if ¢(z) = |2|*/2 it can also be seen that K, has fast
L? off-diagonal decay but we postpone the proof to an appendix since it is long and tedious.

2. We also note that [Chr91, Proposition 1.18] shows that there exist ¢ with 0 < ¢ < A¢ < C
that do not satisfy (8), so that local flatness does not imply fast L? decay. To get the precise decay
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of the kernel in terms of the weight is a delicate matter; see [[Chrl3|] for recent developments in
the compact setting, where one gets fast off-diagonal decay only if one assumes that the weight
is real analytic.

3. PROOF OF THEOREMS [1] AND 2]

In this section we will prove Theorems [I] and 2] We will follow the scheme of the proof
of [SZ99, Theorem 1.1]. We begin by proving Theorem [l| (a). Recall that n, is the counting
measure on the zero set of the GAF defined via bases, ().

Proof of Theorem([I[a). Let ¢ be a smooth function with compact support in C. The Edelman-
Kostlan formula gives

1

Efn(v,0)] = 77

so that, by Proposition [T4]

1 1
Bln(v. 1) - 5 [ v = o7

/(Cw(z)AloglCL(z, z)dm(z)

/C A(z) (log Ki (2, 2) — 261,(2)) dim(2)

1
S 7 [180()ldm(e),

Proof of Theorem 2] We have (see [SZ08, Theorem 3.1] or [NS11, Lemma 2.3])

Vin(, )] = 73 / / A (=) A (w) T (2, w)dm(2)dim ()

where
oo

5 w) = 1 i |’CL(Z7w)|2 ! ~ |ICL(Z7w)|2
Tu(z,w) 1672 Z n? <ICL(Z,Z)ICL(w,w)) Koz, 2)Kp(w,w)”

n=1

Fix z € suppt, choose o > 2/~ where ~y is the constant appearing in (3), and let ¢ be the
constant from Proposition[14] Write

I = / AY(w)Jp(z, w)dm(w),
dr (z,w)>(alog L)1/¢
hzi/ (Ap(w) — Ap(2)) Jp (2, w)dm(w),
dr, (z,w)<(alog L)l/é

Is = / Jr(z, w)dm(w).
dr,(z,w)<(alog L)1/€

4AM@&@wWﬂMZA+5+AM@k

and note that
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Now, by Proposition [14} J;, (2, w) < e~9.®) < L= when dp,(z,w) > (alog L)'/ and so
s | () ldm(w) < LA
dr (z,w)>(alog L)1/€

Also, since d(z,w) = L7d,(z,w), we see that if z and w satisfy d,(z,w) < (alog L)'/ then
AY(w) — Ap(z) — 0as L — oo,

and so
|Io] < sup |Ap(w) = Ay (2)|Is = o(3).
dr, (z,w)<(alog L)1/€
Finally, using Proposition[I4]and Lemma|I 1] we see that

[z2—w]

I < / 1) dim(w) < / G dm(w) = py () / <V dm(0).
C C

C

Similarly, for r sufficiently small,
I3 2 / dm(w) = mr?pr(2)?,
Dj ()
that is, I3 ~ pr,(2)2. We thus conclude that (note that py,(2)? > L~=2/7p(z)? and a > 2/7)
1 1
Vin(v, D)) = 75 | AY(2) (I + I + A (2) ) dm(2) = =5 | Ap(2)*pr(2)*dm(2)
C C
which completes the proof. |

We will now use the results we have just proved for the mean and the variance of the ‘smooth
linear statistics’ to prove Theorem 1] (b).

Proof of Theorem|[l|(b). First note that

B | (n0.2) - 5 [ )| <E| (0. ) - Bl 1)) |
+ (E[nw, -5 | wdu)2.
Now Theorem 2] implies that

E[(n(4, ) ~ Eln(w, L)))*] = VIn(s, L)
~ L / (Ah(2))pi(=)2dm(2)
—2(147) N2 o(2)2dm( =
<L /C<Aw< ))2p(z)dm(2)

while (a) implies that

Bln(v,L)] - 5- [ vdu=O(L™).
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‘We thus infer that

1 2
E (nw, D=y | wdu) ] <
2m
which implies that
) 1 1 2 00 1 1 2
E - L)— — = E|l— L)— — .
> (gate D) %/wdu)] Sk (ot - oo o) | <-+oc
L=1 L=1
This means that
1 1
- L)— — d
pn(.L) = o= [ vdi =0
almost surely, as claimed. |

4. ASYMPTOTIC NORMALITY

This section consists of the proof of Theorem [5| As we have previously noted, we shall
consider only the GAF defined via frames (2). All of the results stated here apply equally well
to the GAF defined via bases (I), and the proofs are identical except that the estimates from
Proposition|17|should be replaced by the estimates from Proposition Our proof of Theorem 3]
is based entirely on the following result which was used to prove asymptotic normality in the case
é(z) = |z|* ([STO4, Main Theorem]).

Theorem 18. [ST04, Theorem 2.2] Suppose that for each natural number m, f,, is a Gaussian
analytic function with covariance kernel =, satisfying =,,(z,z) = 1 and let n,, be counting
measure on the set of zeroes of f,,. Let v be a measure on C satisfying v(C) = 1 and suppose
© : C — R is a bounded measurable function. Define Z,, = [.log(|fm(2)])O(2)dv(z) and
suppose that

Sz |Em (2, w) *O(2)O(w)dv (z)dv (w)

) T e LB P )
and that
(10) lim sup / |2 (2, w)|dv(w) = 0.
M= »eC JC
Then the distributions of the random variables
L —EZ,,
VZ,,

converge weakly to N'(0,1) as m — oc.

Remark. In fact in [STO4] the authors prove a more general result, but we shall only require the
form we have stated. We have also slightly modified the denominator in condition (9), but it is
easy to verify that this does not affect the proof (cf. [STO4, Section 2.5]).
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Proof of Theorem[3] We consider instead the random variable n(v, L) = [ ¢dn, since it is clear
that the factor L~ is unimportant. We first note that Green’s formula implies that

(0,1) = 5= | A0(:) log (2 ldm ()

which combined with the Edelman-Kostlan formula gives

f
21(6) = n(w 1) = Bjn(w. 1) = - [ Ao Jiog 1 E <§(Z>>|1 dmlz).
Write f,(z) = #(ZZ))I/Q O(z) = =AY(2)p(2)?* and dv(z) = Lxauppu(2 )d’?()'? where the

constant ¢ is chosen so that v(C) = 1. Note that

70(0) = / log | £1()|©(2)du(2)

so we need only check that conditions (9) and (10) hold to show asymptotic normality. Here

Er(z,w) = & G z)[fé(;(zu()w y72- Now, by the estimates of Proposition|17|and ().,

/|EL(Z,w)|dV(w) ~ 6_¢L(z)/|KL(z,w)|e_¢L(“’)dV(w)
C C
1/2
91(2) </|KL(Z7w>|2€2¢L<w> dm(ﬂ;)) V(C)1?
C

p(w)

. 1/2
Y L e o) (/\KL(z,w)PewL(w) dm(wi) ~ L7,
C pr(w)
where we have used local flatness (6) for the estimate (x), so holds. (In fact to prove it
suffices to use the estimate (5]).) Similarly

/|EL(z,w)\2dz/(w) ~
C

By a computation almost identical to that in the proof of Theorem 2] we also have
[ B wPeewi ) = [ (a0 o dn(
c? C
-1 2 (.\2
B an(:)

which verifies (9). (In both of these estimates we use (6) since the estimate (9)) is not enough, it
is here that our local flatness assumption is important.) |

| S

5. LARGE DEVIATIONS

In this section we prove Theorem [3]and Corollary @ We borrow many of the ideas used here
from [STOS]] and [SZZOS]|], but some modifications are necessary to deal with the fact that ¢ is
non-radial and we are in a non-compact setting. The key ingredient in the proof of Theorem [3]is
the following lemma.
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Lemma 19. For any disc D = D" (zy) and any § > 0 there exists ¢ > 0 depending only on 9, D
and | such that

[ Noglfao)] = one)ldm(z) < o1
D
outside an exceptional set of probability at most eeL?, for L sufficiently large.

We begin with the following lemma.

Lemma 20. Given a disc D = D"(z) and 6 > 0 there exists ¢ > 0 depending only on the
doubling constant such that

mas (log72(2)] - ¢L<z>>\ <L

—codu(D

outside an exceptional set of probability at most e for L sufficiently large.

Proof. Define fi,(z) = #@1/2 We will show that

7|
for L sufficiently large, which will imply the claimed result by Proposition[I7](b). We divide the

proof in two parts.

1. We first show that

max log | /()|

zeD

> 5L:| < efctm(D)L2

P [max|fL(z)| < e—éL] < e—cé,u(D)LQ
z€D

For each L define S, to be a d-separated sequence with the constant
R =inf{dp(s,t): s #tand s,t € Si}
to be chosen (large but uniform in ). Moreover we assume that

sSup dL(Z7 SL) < o0,
2eC

uniformly in L once more. Trivially
P |max|f.(z)| < e_‘;L} <P [|fL(s)y <eLforalls e DN SL]
z€D
and we now estimate the probability of this event. We write
ﬁﬂ SL = {81,...,SN}.
Note that for R; sufficiently small
DR1 (s;

Lu(D* (2)) )< N

]

uMz
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while for R, large enough
N
(D" (2)) Z (DF2(s;)) > N

so that N ~ Lu(D). Consider the vector

fi(s1)
£= :
frlsw)
which is a mean-zero /V-dimensional complex normal with covariance matrix o given by
K1(Sm, Sn)

T = R Sy S )2 L (8 80 ) V2

Note that 7, = 1 and || < e~ 9(5m:5m) 50 that if the sequence Sy, is chosen to be sufficiently
separated then the components of the vector £ will be ‘almost independent’. We write 0 = I + A
and note that

E Umn

m¥#n

max

< max Z A, (sns5m) < max/ e~ (snw)
"™ JC\BL(sn,R)

m#n
[e.e]
< / x%e dx

for some a, ¢ > 0 by an argument identical to that given in the proof of Lemma Thus by
choosing R sufficiently large we have || A|| < 1 and so for any v € CV

1
lovlloe = S [0]lec-

Thus the eigenvalues of o are bounded below by s and so if 0 = BB* then

IB7!2 < V2.

Now the components of the vector ( = B¢ are iid N¢(0, 1) random variables, which we denote
¢;> and moreover

¢l < B¢z < V2[[€]l2 < V2N|€] oo

This means that

P[Ifo(s)| < e foralls € DN Sy | < PG| < V2Ne  forall 1 < j < N

= (1 — exp(—2Ne_25L))N < e~ OuDIL?

for L sufficiently large, where ¢ depends only on the doubling constant (and sup,.c d(z, SL)),
as claimed.

2. For the second part of the proof we must estimate
Plmax |f1(2)] > €]
2€D
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and so we define the event
€ = {max|fr(z)| > "}
z€D
We write A, = A, N D? (%) and f, = > aci, @ka(z), and note that #A;, ~ Lu(D) as in the
first part of the proof. Consider the event

’)\—Zo|

pr(20)

If the event A occurs and z € D then, since dr,()\, 2) > C,dp (), 2) for some C, > 0, we have
by Proposition [17](a)

f(2) = fu(2)

A={lay| <L for A€ Ay \ A}

S X a0

K 1/2
L<Z7Z> AEAL\AL
L € JE
< )\ _ Z e*CTdL()\,Zo)
~ pr(20) Z | o
AEAL\AL
< L / = ZO|€—C$d2(C,ZO)dm_(Cz <L
PL(ZO) C\D7(20) PL(C)

where the final estimate comes from an argument similar to that used in the proof of Lemma|[I2]
and the implicit constant depends on 7. Hence the event .4 N &£ implies that

fr(z)

SL v 8L
Kp(z,2)1/? Z e CLze=

max
zeD

for L sufficiently large, where C' is another positive constant. Now a simple application of the
Cauchy-Schwartz inequality shows that

1/2 1/2 1/2
eI | D laal? DoIEP] < D lml ] Ki(z2)?
AEAL AEAL AEAL

and so

PANE] <P [max

2€D

_AEAL

- oL B
<P |lay]* > —— forall A € AL} = (exp— R
i #AL
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We finally estimate the probability of the event .A; using (3) and (@) we see that

logP[A] =1log |] (l‘exp< LQMpL(—zZoO)‘Q))

AeAL\AL
— 2
- 3 oo ()
AeAL\AL Pr %o
¢ —2)*\ dm(¢)
2= exp (_L2’
/C\D pi(z0) ) pr(C)?
—L2/’Y/ exp ( CL2+2/’)/’C ZO|2) dm(C)
E\D p*(z0) ) plC)?
(11) Z _COL2/76_01L2+2/7

where () and C'; depend on 7 and the doubling constant, and the final estimate uses an argument
similar to that given in the proof of Lemma|[[2] We finally compute that

PIE] < PENA]+PlA] < e " + (1 — exp{—Co L e L)) < =

for L sufficiently large and for any positive c. |

Lemma 21. Given a disc D = D" (z) there exist ¢,C > 0 depending only on the doubling
constant such that

/D log | f2(2)] — ¢1.(2)| dm(2) < Cr?p(z0)* (D)L

C

outside of an exceptional set of probability at most =) L® for L sufficiently large.

We will use the following result to prove this lemma.

Thg)rem 22. [Pas88, Chap. 1 Lemma 7] or [AC96, Theorem 1] If u is a subharmonic function
on D then, for all ( € D,

Q) = [ P aut)am(z) [ G(C2)aut:

- 1(1 — 2\2
-

- = (e - - [E52)

Proof of Lemma Applying Lemma [20] we see that outside of an exceptional set, we may find
¢ € D"/?(z) such that

where

and

~Lu(D) < log | fr(Q)] = ¢1.(¢)-
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Making the appropriate change of variables in Theorem 22]and applying the resulting decompo-
sition to the subharmonic functions log | f1| and ¢, on D we see that

log |£2(0)] — 62(C) = /D P (% ﬁ) (log |2(2)] — . (2))2m2)

~ /D & (%%) (2mdny(z) — Agr(2))

< [ P(C2 2 toglrute) - ontel) )

rp(20) Tp(20) r2p(20)?
~((—2y z2— z0>
+ | G|——,—— | AoL(z
1,6 oy i) 2o
since G is always positive. Now, since ¢ € D"/ 2(z), we have by Lemma
~ (¢ — % Z—Zo> / ~<§—Zo Z—Zo>
G , Aor(z) < G , Aor(z
Lo G i) 2= [ @ (g ) 2o
+ / €
D\Dr/2(¢)

<L 1 d Lu(D
S /DW(O Og(\C—z!> 1(z) + Lp(D)
< Lu(D)

wlw 7 N\ —
"
|
N
(e
N
|
N
()
~~
-
h
YamS
I
N—

and so

p (0w )
0 [ (2 L0 togfufw)] - ou(w) 5% + CLu(D)

for some positive C' depending only on the doubling constant. Noting that Pis also positive and

satisfies
ﬁ<C—zo7w—zo) ~1
rp(20) Tp(20)

for w € D and ¢ € D"/?(z;) we see that

oo (11 () e—trtwy LT(W) oat (| £ ()| o=@y dmw)
[ 1ol S < [ o () ) S+ L)
and so
o w)| — w —dm(w) og T w)le=erw) dm—(w)
| o8 1100)) = 000 S 5 [ 1o )l ) SE o+ L),

Applying Lemma 20] once more we see that outside of another exceptional set

/ 1og+<|fL<w>|e-¢L<w>>% < Lu(D)

which completes the proof. |
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We are now ready to prove Lemma

Proof of Lemma Given d > 0 we may cover D with discs (D7 (z;))_, such that p1(D"7 (z;)) =
d and z; € D. The Vitali covering lemma implies that we may assume that N < p(D)/§. Now,
applying Lemma 2] we see that outside of an exceptional set

N
| og 2} = ene)l amz) < 5L sl
j=1
We finally note that p(z;) ~ p(z0) and that Lemma 9]implies that
rj <67
for all 5. Thus
/ log | f(2)| — ¢r(2)| dm(z) < SLN§* < Lé*.
U

Appropriately changing the value of 6 completes the proof. |

Proof of Theorem |3 We have already noted that the proof of (a) is identical to the proof of The-
orem|I] (a). It remains to show the large deviations estimate (b). We first note that

0.2 = 5 [ wan] = 517 | [ AvI0g 172060 - 6u(e))dm)

1
<_ J—
< gepulavl | loglfi] = guldm

and so applying Lemma [19with &' = 6| [ ¢dp|/|| Av||« we see that

2

nw,L)—i/wdu‘ §5‘%/@/}dﬂ‘

—cL?

outside an exceptional set of probability at most e , as claimed. |

Proof of Corollary[d} Let > 0 and choose smooth, compactly supported 1/, and 1), satisfying

0 < <xuv < <1,

/C rdp > p(U)(1— )
and

/szdu < u(U)(1+9).
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(a) Applying Theorem 3] (a) we see that, for L sufficiently large,

E [%m(w} ~ (U) < E E / denL] — 5n(D)
<o [ vdn+ T [18lan(z) - 5ou0)
< 50+ [ 1802 jdm(2)

Similarly

B | 1nu)] - gou@) 2 @) - $ [ 180 dme).

Choosing first 6 small and then L large (depending on d) completes the proof of (a).
(b) Outside an exceptional set of probability e~°L” we have, by Theorem (b)

1 1
potia ) < (14 0)- [ad

We see that
1 1 2#( )
—np(U) < 7n(e, L) < (1+06) o= [ todp < (1+6)"——
L L C 2w
whence
n(U) <
PG 1<6.
27
Similarly
1
RACH IS
w® Lz -0

outside another exceptional set of probability e, which after appropriately changing the value
of 6 completes the proof. |

6. PROOF OF THEOREM

We will use some of the ideas from the proof of Theorem (4| here. We begin with a lemma that
is very similar to Lemma [20] It is clear that if we could prove an exact analogue of Lemma [20]
then we could prove a large deviations theorem, since it is only in the proof of this lemma that
we use the decay estimates for the frame elements. Unfortunately we are unable to prove such
a result, but the following result will be enough to prove a hole theorem. Recall that we write
D= DT<Z()).

Lemma 23. Given zy € C and d,r > 0 there exists ¢ > 0 depending only on the doubling
constant such that

max (log lgz()] — ¢1(2)) 2 9L
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outside an exceptional set of probability at most e~ P L2 for L sufficiently large. Moreover
there exists C' > 0 depending on ¢ and r such that for all zy € C and C' > C'

max (loglgr(2)| — é1(2)) < CL
outside an exceptional set of probability at most e, Jfor L sufficiently large.
Proof. The proof that
P | max (log|gz ()] = ¢1(2)) < 0L | < e

is identical to the proof of the first part of Lemma 20, we omit the details.

To prove the second estimate we use the following result, which is simply [HKPV09, Lemma 2.4.4]
translated and re-scaled.

Lemma 24. Let f be a Gaussian analytic function in a neighbourhood of the disc D(zy, R) with
covariance kernel K. Then for r < R/2 we have

IP’[ max | f(2)] >t] < 2e /8%

z€D(zo,r)

where o3, = max{K(z,2) : z € D(z,2r)}.

Let C; = min{¢(z) : z € D} and Cy = max{$(2) : 2 € D?"(z;)}. Note that

max{K(z,2) : z € D(z,2r)} < e*L.

Hence
P jmax (loglgr(2)] = ¢1(2)) = CL} <P {rggclgL(z)\ > elC+OVL
< 2exp{—d A CHC=CIIY < pmel?
forany c > 0if C' 4+ C; — Cy > 0. -

We may now immediately infer the following lemma. All integrals over circles are understood
to be with respect to normalised Lebesgue measure on the circle.

Lemma 25. For any zy € C and any 6,1 > 0 there exists ¢ > 0 depending only on §, j1(D) and
the doubling constant such that

/a  (loglgu(2)| = 01(2)) = oL

outside an exceptional set of probability at most e_CLQ, or L sufficiently large.
P p y larg
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Proof. It suffices to show this for small 6. Put x = 1 — §'/*, N = [276~"] and define z; =
zo + krp(z0) exp(352) and D; = D(z;,6rp(z)) for j = 1,...,N. Lemma 23 implies that
outside an exceptional set of probability at most Ne~“0r(D;)L?

(D) and the doubling constant) there exist {; € D; such that

log |92(¢;)| — ¢r(¢;) > —0L.

Let P(C, z) and G((, 2) be, respectively, the Poisson kernel and the Green function for D where
we use the convention that the Green function is positive. Applying the Riesz decomposition to
the subharmonic functions log |g; | and ¢, on the disc D implies that

< e~¢L* (where ¢ depends on 4,

N

oL <+ 3 (loglonl@) - 61(6)
— [ (toglane)l = ou(2) + | (iimcj,z)—l)(mg\gaaw—¢L<z>)
oD oD szl
_/D%ZG(Qj,z)(QdeL(Z) —AgbL(z))
< | (ol =02 + [ (530 P(Go2) = 1) (lozlan()] = 0(2)

N
1
[ 5 > 616 n(a)
Claim 26. There exists C' > 0 such that

/8 1oglau(2) = ou(2)| < Cu(D)L

outside of an exceptional set of probability at most el

Claim 27. [STO5, Claim 2] There exists Cy > 0 such that

max < Cyo'/?

z€0D

1 N
AT P(sz)_l
N2

Claim 28. There exists C; > 0 and 0 < « < 1/4 depending only on the doubling constant and
(D) such that

/ G(¢)y 2)Abi(2) < Cré°L
D

for § sufficiently small.
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Applying Claims 26 and [27 . we see that outside another exceptional set we have

( ZPCJ, ) 1) (loglas ()] - 62()| S 0L

while Claim [28]implies that

1 N
/D ~ ; G(¢, 2)A¢r(z) < C10°L.

Hence
/ (108 |g1.(2)] — 61.(2)) > —(5 + Cod™2 + CL6*) L > —5°L
oD

outside an exceptional set, and so the lemma follows. [ |

Proof of Claim[26] We use the same notation. Lemma [23]implies that outside an exceptional set
of probability at most e~ there exists ¢y € D"/2(z,) such that

log|91(¢;)] — ¢(¢;) = —pu(D)L.

Another application of the Riesz decomposition to the subharmonic functions log | g | and ¢, on
the disc D implies that

—pu(D)L <log |gr(Co)| — ¢r(Co)

= | PG (10glan(:)] = 612)) = [ Gl 2) rina(z) = Ao (2)
S/ap P(Co, 2)(log |gr(2)] — ¢r(2)) +L/DG(CO,Z)A¢(Z)‘

Now since ¢y € D"/?(z), we have by Lemma 10]
[ctaasse < [ Glansse s [ Gnad
D D"/2(¢o) D\D"/2(¢o)

S gy () 040
S uD)

and so
0< / P(¢o, 2) (10g |gz.(2)] — é1.(2)) + CLu(D)
oD

for some positive C' depending only on the doubling constant. Thus

| PGor (lan@le ) < | PG togt lan(2)le ) + CLu(D).

We note that for z € 9D and ¢, € D"/?(z) we have

(2
1
g (CO) ) >~
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and so

| Noglau()l = ou < [ toxtlan @) + Lu(D).

oD

Applying Lemma [20] once more we see that outside of another exceptional set

/8 o (las (2)le”) S L(D)

which completes the proof. |

Proof of Claim 28 To simplify the notation we move to the unit disc. We write p(w) = ¢ (2o +
r¢(20)w) for w € D and w; = ({; — 20)/7p(20) and note that 1 — |w;| < §%/4. We see that

L

1 —wyw

G((, 2)A =— | 1 A
[ 6800 = - [ 108 | Agw)
and we write
W — W;j 1—17r2 1 — |w,|?
B(r)={weD: | X" % |< :D< 5 J )
i(r) = {w ‘1—w_jw = 1 —r2w,;|? J 1 —r2w,;|?

for the hyperbolic discs of centre w; and radius 7. Fix some § < 1/4 and note that

/ log
D\B;(1-67)

Also, using the distribution function, we see that

/ log
B;(1-88)

1 —wjw

Ap(w) < —log(1 = §”)Ap(D) < 25°u(D).

w—wj

1 —wjw

Ae(w) = [ Ap(B 1= 8 N Bile e

w—wj

—log(1—6%)
-/ Ap(By(1 - §%))da
0

wf o A
—log(1-4”)

< 26°u(D) +/ Ap(Bj(e™))dx.

—log(1-47P)

Now the Euclidean radius of the disc B;(e~*) is given by

Vw1 —wy| 6
1—e2w2 Y 1—ew,; ™~ 6°
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which gets arbitrarily small, while pa,(w) =~ pa,(0) for all w € D. Applying Lemma [9to the
doubling measure Ay we see that there exists 0 < v < 1 such that

[ s [ (D)
o(Bj(e r < — ¢ T
—log(1-4°7) ’ 58 l—e 2x|wj|2

0o -y
S (- ijl)”/ ———dy
o8

(1 —e=*wy|)
1 -1
1— v
<=t [ O s o
0
where we have made the change of variables u = 1 — e~*|w;|. We therefore have

/ GG 2)Abi(z) S (571 + 6%)L

and the claim follows by choosing o = min{~/4, 8}. |

uYy

We are now ready to prove Theorem 6] Since we do not have any control on the dependence
of the constants on the bounded set U, we assume that U is the disc D.

Proof of Theorem|[6] Suppose that g7, has no zeroes in D. Recall that we use G((, z) to denote
the Green function for D. Applying Jensen’s formula to g7, and the Riesz decomposition to the
subharmonic function ¢, on the disc DD we see that

log |g(20)] — é1.(z0) = / (ogln()] = 6u(2) + L /D G20, 2)Ab(2)dm(2).

Choosing § = [, G(z, 2)A¢(z)/2 in Lemma shows that outside an exceptional set of prob-

—cL?

ability at most e we have

log |92.(¢o)| — ¢1.(¢o) > 6L.
Now Proposition [14]shows that

|gL(C0)| > €6L S eXp{—C’e%L} S G_CL2

Pllog |gL(Co)| — ¢r(Co) > 0L] <P K120, 20 ~

and so
Plny(D) = 0] < e,
which completes the proof. |

7. PROOF OF THEOREM[7]

We have previously remarked that the upper bound in Theorem [/|is a simple consequence of
Theorem {] we now prove the lower bounds. We will do this by first finding a deterministic
function A, that does not vanish in the hole and then constructing an event that ensures the GAF
fr is ‘close’ to hy. Since we can always find a disc D = D"(z,) contained in U, and we do not
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have any control on the dependence of the constants on U, we will prove the theorem only in the
case U = D. We begin by constructing the function A .

Lemma 29. There exists an entire function hy, with the following properties:

o Ihullry =1.
o There exists Cy > 0 depending on u(D) and the doubling constant such that

[P (z)]e?rE) > ek
forall z € D.

Remark. In the case ¢(z) = |z|> we may take hy, to be constant. More generally, if

C PL

then we can take h;, = C~ L. In general, however, it may not even be the case that

d
/ 672¢>_Z1
C p

Proof. Let Ks(z,w) be the reproducing kernel for the space ]-"52¢ and consider the normalised
reproducing kernel

is finite (consider ¢(z) = (Re 2)?).

’C(S (Za ZO)
Ks(20, 20)1/2.
Now since ps,,(zp) = coas d — 0 Proposition shows that there exists oy and C' > 0 (depend-
ing only on r and the doubling constant) such that

(12) [ks(2)]e**®) > C

forall z € D and all § < §y. Given any L sufficiently large we can find 6 € [dy/2, &) and an
integer NV such that L = NJ. We note that p;,(2) =~ p,(z) for all ¢ in this range (where the
implicit constants depend on dy) and so applying Proposition [[4]and () gives

/’k(; ’2N —2¢1(2 dm( ) LQ/'Y/(‘k (2 )‘eféqﬁ(z )2]\/ dm(z)

/)L(Z)2 ~ pou(2)?

< LZ/V/ d5s (z,20) \~) dm( ) < L2/fy'
C pts,u( )

Hence k;' is an entire function in F3 and we define i, = k3’ /||k}" 72 . We finally note that
L
(12) implies that for all z € D

|he(2)le ) = (lks(2)e "N |1k g2 2 CVLYY > em0F

k?g(Z) =

where Cy depends on ¢ and the doubling constant. |
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Proof of the upper bounds in Theorem[]} (a) Recall that (ky)ea, i the dual frame associated to
the frame (ky)xea, . Since hy, € F7, we may write b, = >, 2 (hr, ka)kx = Do) caky where

we define ¢\, = (hp, lz:,\> (and we ignore the dependence on L to simplify the notation). Note
that, for any 2 € D, we have

[fr(z)e ‘hL )+ > (ax — ks

AEA AEA

e~ ¢L(z) > o=Col _ Z lay — CA||;~C/\(z)|€—¢L(z)_

We therefore have
Pln. (D) = 0] > maxz |lax — cxl|ka(2)]e Pt < el
AEA
and we now estimate the probability of this event. First define

o = max{0, (+ )}

where ¢,y and § are the constants appearing in Proposition (3) and Lemma [TT] respectively.
Fix a large positive constant C'; to be specified, write

DL = DCILQT(ZO)
and define the event
|)\ - Zo|
pr(z0)

If £ occurs and z € D then, using an argument identical to that given in the proof of Lemma|l2]
we see that

A —
Y Ja-alk@e @ sp Y 2ol eae
)\GAL\DL AGAL\D pL(ZO)
< ) AaaYal Z ‘)‘ — Zoye—c’Lﬂdfb(zO,A)
XeA\Dp, p<20)

gpn [ Koal ()T dn
~ oo, P(%0) pr(C)?

“+o00
< Lo / e tPdt
C/CiseLo/

:{la)\—C)\|§L :)\EAL\DL}.

< 1e_COL

-2
for C sufficiently large, where o/ = max{1, ey}, and 5, and $; > 0 are some exponents that
depend on the doubling constant.

We define the event

& = {|GA

e—CoL

ol e A,

Z)\GALQDL},
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where (5 is a positive constant to be chosen. Note that for all z € C, &, implies that by choosing
(s sufficiently large

1/2 1/2
> la-alb@le @< (Y Ja-al) (X k)E) e
AeANDy, ANeALNDy, AeANDyp,
e—C()L

< Ki(z, 2)?e o) < %e_COL.

2

Hence
Pl (D) = 0] = PI&]PE,]
Recalling the definition of the coefficients c) we note that
dolel =l =1
PL
AEAL

and so the coefficients ¢, are bounded. This means that

|)\—Z[)|

pr(20)

when A € Ay \ Dy and L is large. We may therefore estimate IP[£;] similarly to (T1) in the proof
of Lemma 20| This yields P[&;] > 1/2 for large L.

Finally since #A; N Dy, ~ Lu(Dy) < L***/7 we have

|/\—zo|]

P — <L
“m al < 2p1(20)

} > P[w <L

—CoL

—2C0L
} > ( e >#AL0DL e

e
]P)[SQ] = H ]P)|:|(l)\ — C)\| < Om

AeALNDy, ~ Gov#AL N Dy
for some positive constants C' and c. Considering the two possible values of o completes the
proof of the lower bounds in Theorem where 7 = 2 + max{0, 5( — 1)}.

(b) We assume that the reproducing kernel K, satisfies the estimate (8). We will use the same
notation as before. Let C's and (4 be constants to be chosen and define the following events

A\ —
Ay :{la)\—C)\| SLl Z0| 2)\EAL\DCST(Z())}
pr(20)
e—C()L c
As ={ley —ay] < ANEA NDY ().
2 ={lex —an| < o /B D0 (o) L (20)}

We have already seen that the event A; implies that

~ 1
| T (e < Lo
MeAL\DL
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for z € D. We write A, = A, N (D \ D" (%)). Note that A; and (8) imply that, for z € D,
> lay = eallka(z)|e )

)\E[\L
1/2 1/2
< < Z lax —C)\|2> ( Z |k’)\(2)|2> e~ L)
)\EAL )\EAL
. _ dm(2)\"* _
< ety J i, \KL(z,¢)]e 20 e~ 9L(2)
C\D%"(29)) pr(2)?

1 —CoL
< _ 0

46

for an appropriately large choice of C and for all large L. By an identical computation to before
we see that A, implies that for all z € C

1
ay — cyl|ka(2)|e” < -e
> o ekl < gt
AEALNDEC37(29)

by choosing C} sufficiently large. It remains only to estimate the probabilities of the events .4,
and A5, which are again identical to the previous computation. This completes the proof. |

APPENDIX: THE CASE |z|*/2
We consider the space F7 when ¢(z) = |2|*/2 and we first note that for |z| < 1

p(z) =1
and that
p(z) ~ |27/

. . . 1/a)n . .
otherwise. We begin by showing that the set ((LC—Z));’LO:O is an orthonormal basis for some

choice of ¢,,, ~ F(%n + 1)1/ 2. Tt is clear that the functions 2" are orthogonal because ¢, (and
therefore pr) are radial, and so we need only compute the appropriate normalising constants

od
Iy = [ e 42
C

pr(2)?
Now it is easy to see that for |z| < p.(0)
pr(z) = pp(0) =~ L~

and that
PL(Z) ~ L—1/2|Z|1—a/2
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otherwise. Hence, using the fact that Lo, (0)* ~ 1, we have
odm(z)
n 2n fL\ |
o7 = [ s S
~ Lz/"‘/ |z|me L dmy(2) + L/ |z|2me EET 2| 2dm(2)
DL(0) C\D%(0)

Lpr(0)* )
~ L—Qn/a(/ u 1+(2n+2)/ e %du + / u?n/ae—udu)
0 L

pr(0)
9 1/2
—n + 1) )

~ [~2n/ep
o

It follows that, for some coefficients cq, ~ I'(2n + 1)'/2, the set ((Llc/a—ajyl)go:o is an orthonormal
basis for 77 and the reproducing kernel for this space is then given by

“— I'(an + 1)
is an entire function of order 1/a satisfying
E.1(x) < e

for all real positive x.

We now show that Ky, has fast L? off-diagonal decay, that is, given C, r > 0 there exists R > 0
(independent of L) such that

« « d
2
2€D7(20) C\D(20,2R) PL( )

for all zy € C and L sufficiently large (we have replaced D?(z;) by D(zg, 2R) to simplify the
notation in what follows). Choosing R sufficiently large we have

o w)|2e—Llwl® dm(w) 2_—L|w|® dm(w)
/(C\D(z02R)|ICL( wlle pr(w)? </<C\D(0R) Ka(zw)le pr(w)?
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and we note again that ¢, and p;, are radial. Thus, for any positive integers n and m,

OLd «
/ whwme vl —m(wz zénm/ |w\2”e_L|w| L|w|*2dm(w)
C\D(0,R) pr(w) C\D(0,R)

oo
= 27r5nm/ r2re I Lra=ldy
R

9 00
_ _ﬂ-(snmL—2n/a / u2n/ae—udu
(0] LR

2 p
_ Ty, L/er (—n +1, LRO‘)
(0%

«

where I'(a, z) = fzoo t*le~'dt denotes the incomplete Gamma function. Now, recalling the

expression for the kernel K, we see that
0 L2(m+n)/a

IC 2 et - sMmZznhyym, N
(K (z,w)] m;:() o F T
and so
/ |]CL(Z’w)’2€—L|w|adm—(U)) _ o L2(m+n)/azmzn/ W™ e Hl® dm(w)
C\D(0,R) pr(w)? = CamCan DR oL (w)?

0 L4n/a 2
~ Z W‘Z|2nLi2n/aF (—n + 1, LRa>
0 an =+ ) e

o~ (L))" T(Gn + 1, LR?)

- ; TEn+1) T(En+1)

We split this sum in two parts. Choose N = [§LR*] and note that for n < N we have, by
standard estimates for the incomplete Gamma function,

2 o
I <_n + 1,LRQ> ~ (LRQ)2TL/0¢67LR
(0%

as R — oo. Now Stirling’s approximation shows that

(LR%)e" _ (LR*)Y
I'(2n+1) ~ T(2N +1)
4 2N 9 1/2 e ZN+1
~[—-N —N+1
@) ) (o)
4 N
5 5 aN G%N
=N +1
< 2aNeal

— LR(1+l0g2)/2
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and so
2 «
F2n+1) ~

It follows that

ZN (L) DG+ 1, LB oo Z‘” (L2/2]2[?)"
e —_—
2p+1) TI'(2n+1) ~ — I'(2n+1)

— e_CLRaE§71<L2/a|Z|2)
5 echRo‘eLLz\(’"

n=0

To deal with the remaining terms we first note that
2 lo"
F(ETL + 1, LR ) <
F(2n+1)

for all n. We now choose R so large that

9 2/«
L2/o¢|Z’2 < e—4/aL2/aR2 < 6—4/a (—N+ 1)
«

for z € D"(2p). Note that another application of Stirling’s approximation yields, for any n > N,

9 9 9 2(n—N)/«
F(—n—l—l)ZF(—]\H—l) <—N+1) .
(0% (07 (0%

We conclude that for z € D"(2y) and R sufficiently large we have

(L2 D(En + 1L LRY) _ (L¥*[o])N o~ (L))"
F(Gn+1) T(En+1) ~TEN+1) £ (2N 1)/
_ (L)Y (1 L2222 )
(2N +1) (2N + 1)«
(L)Y
CTEN+1)

n>N

A final appeal to Stirling’s approximation yields

L2/a 2|2 N N /2 1/2 e %NJFl
(LZ/a| |2) N+ 1
(2N +1) o 2N +1

o N —1/2
AR SAE 2000 v
~ \(BN + 1) a

< 674N/a€2N/a

_ oY
_ LRY/2
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Retracing our footsteps we see that we have shown that

« d «@
/ |ICL(Z,w)|2€_L‘w‘ m<wz 5 —cLR® (1_|_ L|z| )
C\D(z0,2R) pr(w)

forall z € D"(2) and R sufficiently large. Hence

« « d
sup e Ll / IKr(z, w)|2 ~Lw|
2€D"(2) C\D(20,2R) pr(w)

dm(w) _ o

for an appropriately large R, as claimed.
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