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Introduction

The objects studied in this thesis are Hamiltonian spaces and it is assumed
that the reader is familiar with them as explained in e.g. [Can, VII-IX] or
[McSal, §5]. The usual contents of first year graduate courses in differential
geometry and algebraic topology are also assumed. We did our best effort to
explain or to provide useful references to anything beyond that, including some
of the notions that appear in this introduction.

Let (M,w,G, 1) be a Hamiltonian space where both M and G are com-
pact and connected. Since the moment map p : M — g* is equivariant with
respect to the coadjoint action on g*, the action on M restricts to p=1(0). If
0 is a regular value of u this action is locally free and M /G = p~1(0)/G is
an orbifold which inherits a symplectic structure from M. In rational coho-
mology there is an isomophism HZ(u~1(0)) ~ H*(M//G), called the Cartan
isomorphism. Also, the inclusion ~1(0) < M induces a ring homomorphism
H} (M) — HE(p~1(0)) in G-equivariant cohomology. Composing it with the
Cartan isomorphism we get the Kirwan map,

k2 HE (M) — H*(M)G).

In [Kir] Kirwan shows that x is a surjective map. A brief sketch of her proof
goes as follows: take a G-invariant inner product on g and use it to identify g
and g*. Then p can be thought as taking values on g. Using the norm defined
by the inner product we can define a G-invariant smooth function f: M — R
by f(p) := ||pu(p)||?. This function has the property that x~'(0), which equals
f71(0), is its minimum level. The function f is not Morse-Bott in general, but it
is minimally degenerate —as described in [Kir, §10]— which is sufficient to prove
that the stable manifolds of the gradient flow of f with respect to an invariant
Riemannian metric form, in a sense, a stratification of M (see [Kir, 2.11]).
Using this stratification Kirwan shows that f is equivariantly perfect, meaning
that if C is a component of the critical set of f and My = f~!(—o0, f(C) % ¢),
for sufficiently small € > 0 the equivariant cohomology exact sequence of the
pair M4, M_,

o HE(Mo M) = HE(M,) — H(M-) = -

xiii
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splits into short exact sequences. Then, by induction on the critical levels, it
follows that H} (M) — H(f71(0)) is surjective. Since f~(0) = p~1(0) this
map is nothing else than the map induced by the inclusion p~1(0) < M, and
surjectivity of s follows.

Kirwan’s proof does not define, neither explicitly nor implicitly, a particular
choice of right inverse of k. We now describe a geometric construction that
defines a right inverse of k. Let 2m = dim M, d = dim G, consider the action
of G x G on M x M given by (g,h)(p,q) = (g-p,h-q) and let

K2 HY (M x M) — H*(M)/G x M)|G)

be the Kirwan map for this action. A class § € Hé(;nc_d) (M x M) such that x2(5)
is Poincaré dual to the homology class [Ay;yaxnmyal € Hopm—a) (M )G x MJ/G)
defined by the diagonal is called a biinvariant diagonal class. Using Kiinneth
on both the source and the target spaces of k2 we can interpret 2 as k ® k.
The image of the biinvariant diagonal class 0 under the map

Am—d) PDor)gid 27D
D BA ) @ BEOM) 2 @y HY MG @ HE(M)
k=0 k=0

can be interpreted as a degree preserving linear map ¢5 : H*(M /G) — H{(M).
Here PD : H*(M//G) — H*™=)=*(M//G)" denotes Poincaré duality. It turns
out that /5 is a right inverse of x: if 6 = Y &; ® n; is any decomposition and
a € H*(M//G) we have that

=5 ([

and hence
wote) =3 ([, o nte))utn) =a.

where the second equality is given by the fact that >~ k(e;) ® k(n;) is Poincaré
dual to the class defined by the diagonal in M /G x M //G. The lack of unique-
ness of a right inverse of x is reflected in this construction in the fact that in
general there exist many different biinvariant diagonal classes. On the other
hand, if we manage to give a direct definition of some biinvariant diagonal
class & then, by the preceding argument, we obtain a new proof of Kirwan
surjectivity and at the same time we get a “natural” choice of right inverse of
K.

When G is abelian the coadjoint action is trivial and then symplectic re-
duction M//.G = pu~(c)/G can be taken at any regular value ¢ of u. We
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get the corresponding Kirwan map k. : H5(M) — H*(M//.G). A class that
is biinvariant diagonal for all regular values simultaneously is called a global
bitnvariant diagonal class. In [Mun] a global biinvariant diagonal class is con-
structed geometrically using the moduli space of gradient flow lines of each
component of p. It turns out that to do so it is sufficient to focus on the case
G = S', the result for a general abelian Lie group following from that case.
Note that a great advantage of working with G' = S is that p itself is a Morse-
Bott function. Let us explain the the geometric idea behind the construction
in [Mun]:

Denote by X the vector field generated by the infenitesimal action of S!
on M and take J an invariant almost complex structure compatible with w.
Then py = w(-,J(-)) is a Riemannian metric on M and —JX is the downward

gradient vector field of p with respect to this metric. Finally let £/% denote
the flow of —JX. The submanifold of M x M defined by

Ao ={(p,g) EM x M: 3teR, acS st.qg=a-&¥(p)

satisfies the following properties:

1. Tt is St x Sl-invariant.
2. It has dimension 2m + 2.

3. The intersection Agi N (u~1(c) x u~1(c)) is the preimage of the diagonal
under the projection u~t(c)xu=1(e) — MJ/.S'x M /.St for every regular
value ¢ of pu.

Using multivalued perturbations —more on that in a moment— Ag: is com-
pactified and taking intersection pairing with this compactification one gets a
cohomology class

51 € HZ'2 (M x M).

Property 1 allows to define an equivariant cohomology —instead of ordinary
cohomology— class. Property 2 makes the class have the right degree. Property
3 makes dg1 to be mapped to the Poincaré dual of [Ays g1, a7/.51] under K2
This shows that dg1 is a global biinvariant diagonal class.

This thesis should be regarded as a continuation of the work carried out
in [Mun]. The main tool to construct the global biinvariant diagonal class
are multivalued perturbations of the gradient flow equation: to properly com-
pactify Ag1 some transversality conditions on the (un)stable manifolds defined
by the flow £/X are needed but they are impossible to achieve in general if
we require invariance —property 1— to hold after compactification. However,
the only obstruction is due to the presence of finite non-trivial stabilisers of
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the action of S' on M; if the action is semi-free standard perturbations are
sufficient to get transversality and invariance simultaneously. In the general
situation where finite non-trivial stabilisers do exist, we need to make use of
multivalued perturbations to achieve the same result. Although multivalued
perturbations are not a new concept, to our knowledge they were not described
in detail for the gradient flow equation before [Mun]. One of the purposes of
the present text is to describe them at a slower pace with the humble hope that
this work can be useful to anyone with the wish of learning this topic. After
some necessary tools are given in Chapter 1, we devote Chapter 2 to standard
perturbations, which provide a benchmark for Chapter 3, where multivalued
perturbations are presented.

Chapter 4 contains the new results of this thesis. Our first main contribu-
tion is the geometric construction of a linear map

A Hi o (CPY) — HETZE73H (M x M)

where S! x S acts on CP! by (6,()[z : w] = [0z : (w] and on M x M by
0,¢)(p,q) = (0 -p,C-q), with the property that A\(1) = dq1 and that plays
a crucial role in the description of biinvariant diagonal classes of Cartesian
products. The geometric idea behind the construction of A is the following;:

The manifold Agi € M x M which was defined previously can be identified
with the image of the map

Fi: MxRxSt — M x M
(pt,a) — (pa-&X(p)

Define also the map

Fy: MxRxS' — CP!
(p,t, ) — [1:2ta]

Both Fy, Fy are equivariant with respect to the action of S x S on M xR x S!
given by (0,¢)(p,t,a) = (0 - p,t,(ad). Morally speaking A is constructed by
finding a suitable compactification of M x R x S to which the action of S x S!
and the maps Fp, F5 extend. Then A is set to be an analogue in equivariant
cohomology of the map Fj o F, where Fj = PD~! o (F}), o PD is the shriek
map associated to Fi. To give a proper sense to this definition of A we need to
address compactification issues that are dealt with multivalued perturbations
(precisely because we want to preserve S' x Sl-equivariance). According to
this approach (1) should be understood as F|(1), which loosely speaking is
an equivariant Poincaré dual of im F; = Agi, so it does make sense that
A1) =dq1.
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In [Mun] no explicit computations of biinvariant diagonal classes are carried
out. By further studying the map A we get results that give tools to compute
global biinvariant diagonal classes in certain situations:

One can show that
H,;lXSl ((C-Pl) = Q[tltha u]/(u - tl)(u - tz)

for some degree 2 classes u, t1,ts. The classes t1, to are the standard generators

of
H*(B(S' x S')) ~ H*(BS') ® H*(BS') ~ Q[t1] ® Q[t2] = Q[t1, 2]

and the class u can be identified with the Euler class of the tautological bundle
over a certain projective bundle. The second main contribution of this thesis
is the following result:

Theorem. Let M, N be Hamiltonian S'-spaces and let XM, AN be their
respective lambda-maps. Then

1OAMAN (1) = (1 4 )M (D) @AV (1) = AM () @ AV (1) = AM (1) @ AN ()

2. AMXN (1) = t18,AM (1) @ AN (1) — AM (1) @ AV (u)

where A\M*N s the lambda-map of the product Hamiltonian space M x N.

In particular, the first formula lets us compute a global biinvariant diagonal
class of M x N in terms of the lambda-maps of its components.

The last question we address in Chapter 4 is uniqueness of global biinvariant
diagonal classes. By means of a very hands-on computation we show that for
M = CP'x -". xCP" and the S'-action given by

n—1
0([z0 : wol, - -, [2Zne1 : wn_1]) = ([B20 : wol, ..., [0%  zp_1:wn_1]),
global diagonal biinvariant classes form an affine space which has strictly pos-

itive dimension in general.

We finish the thesis with a brief epilogue were we recap the ideas behind
some of the results and give some thoughts on what directions can be taken in
the future.






Chapter 1

Toolkit

This chapter’s purpose is to provide some background on three topics: equiv-
ariant cohomology, branched manifolds and pseudocycles. It is not our goal
to cover them in detail but rather to equip ourselves with a set of tools that
will be used in the chapters to follow. Having this idea in mind some core
results are stated without proof while some other minor results may receive
more attention because they are used later on. Even the readers familiar with
these topics are suggested to take at least a brief look to this chapter, because
we fix here some notations. On the other hand, any reader who wishes to learn
any of the three topics should find here enough content to get a first grasp of
them and will be given references were they are treated thoroughly.

1.1 Equivariant cohomology

Throughout this section G will denote a compact and connected Lie group.
A smooth manifold M acted by G is called a G-manifold. We will work only
with compact, connected and oriented G-manifolds. If the action is free, M/G
is a smooth manifold, but otherwise it may contain singularities. Let H*(-)
denote singular cohomology with respect to a ring of coefficients that will only
be specified when necessary. The idea behind equivariant cohomology is to
construct a cohomology H¢ (M) that captures information of the action. In
particular, if the action is free one wants H%(M) = H*(M/G). The literature
is full of excellent references on equivariant cohomology that the reader can
consult. Some suggestions are [GuSt] or the lecture notes [Lib]. For the rela-
tion between equivariant cohomology and moment maps, good references are
[AtBo2] and [GGK]. For a broad and deep treatment of equivariant formality
see [GKM].



2 1. Toolkit

Let EG — BG be the classifying bundle of G, which is a G-principal
bundle. The group G acts freely on the contractible space EG. We can form
a new bundle

MXGEG—>BG

with fibre M.

Definition 1.1. The equivariant cohomology of M is defined to be
Hi(M) := H*(M x¢g EG).

Remark 1.2. If the action of G on M is free, then M — M/G is also a
principal bundle and we can form the bundle M xg EG — M/G with fibre
EG. Since the fibres are contractible we get H (M) = H*(M/G), which is a
property we wanted equivariant cohomology to satisfy.

The group G has a faithful linear representation, which means that it can
be embedded as a Lie subgroup of U(n) for n large enough [BrTo, II1.4.1].
Let EG} be the space of orthonormal n-frames in C**! for & > n. Then
g € G CU(n) acts on v € EGy, by matrix multiplication. The resulting action
is free and we denote by BGy = EG}/G the corresponding quotient. We then
get principal bundles 7 : EGp — BGj. The inclusion map

€L . EGy — EGk_H
(Uo,...,vk) — (Uo,...,’l)k,())

is G-equivariant and defining by : BGy, — BGjy1 by bi(m(v)) := mpt1(ex(v))
we get commutative diagrams

€k
EG, —— EGg
Tk Tk+1.

BGk T) BGk+1
k

The direct limit of the principal bundles 7 is the classifying bundle of G. In
this sense we say that the bundles EGy — BGy approximate EG — BG. For
a fixed degree d the maps b¢ : HY(BGjy11) — HY(BG},) are isomorphisms for
all k large enough, so H*(BG) is the inverse limit of the H*(BG},). Then, by a
computation on spectral sequences we get the following stabilisation argument,
which asserts that HZ (M) is the inverse limit of H*(M xg EGy):
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Lemma 1.3 (Stabilisation). Let M be a G-manifold and let EGy, — BGy, be
principal G-bundles approzimating the classifying bundle EG — BG. Given a
fixed degree d, the map

ik: MXGEGk — MXGEGk_H
[(m,0)]  — [(m, ex(v))]

duces an isomorphism
il HY(M xg EGy1) — HYM xg EGy)

for all k large enough. Thus an element of Hg(M) can be defined uniquely
from an element of HY(M x ¢ EG},) provided that k is large enough.

Example 1.4. If G = S', ES} is just the (2k + 1)-sphere and the quotient
BSI% = §%+1/81 — CP* is the k-dimensional projective space. Then the
classifying bundle of St is S — CP> and H*(BS';Q) ~ Q[t], where ¢ can
be taken to be the Euler class of the tautological bundle.

Equivariant cohomology is functorial: suppose that M, N are G-manifolds
and that f: M — N is a G-equivariant smooth map. Then

M xg EG — N x¢ EG
[p, 9] —  [f(p), 9]

is well defined. The morphism it induces in singular cohomology gives a mor-
phism
Ja+HG(N) — Hg(M)

in equivariant cohomology.

Example 1.5. Let us compute some examples of equivariant cohomology:

1. If G acts on itself by left translations, the action is free and transitive, so

HA(G) = H*(G/G) = H*(pb).

2. The most simple example of a non-free action one can think of is G acting
on a point. Then

H{(pt) = H*(pt xq EG) ~ H*(BG).

Therefore, for example, Hg, (pt; Q) ~ Q[t] which shows that, in general,
equivariant cohomology is non-zero for degrees as large as one wishes.
This differs notably from usual cohomology and prevents some relevant
results such as Poincaré duality to hold.
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Definition 1.6. Let M be a G-manifold. The morphism
ey H(BG) — HG(M)

induced by M — pt in equivariant cohomology is the characteristic morphism!
of M.

The characteristic morphism gives H%(M) an H*(BG)-module structure,
so HE (M) is an H*(BG)-algebra.

Remark 1.7. Let Cg be the category with G-manifolds as objects and G-
equivariant smooth maps as morphisms. If f : M — N is such a morphism,
f& + HS(N) — HE(M) commutes with characteristic maps, and thus it is a
linear map of H*(BG)-modules. Since f¢ is also a ring homomorphism we
conclude that equivariant cohomology is a contravariant functor from Cg to
the category of H*(BG)-algebras.

The inclusion of M as the fibre of the bundle M xg EG — BG induces a
morphism
rac Ho(M) — H* (M)

in singular cohomology that we call the restriction morphism of M.

Definition 1.8. A G-manifold is equivariantly formal if its restriction mor-
phism is surjective.

Example 1.9. Let us see a couple of examples, one of a non equivariantly
formal manifold and one of an equivariantly formal manifold:

1. Let T = S'x S! be the 2-torus an consider the diagonal action of S* on T,
which is free. Then H}, (T) ~ H*(T/S") ~ H*(S'), so HL, (T;Q) ~ Q.
However H!(T; Q) ~ Q2, so the degree 1 piece of 77 cannot be surjective.
Therefore T' is not equivariantly formal.

2. Consider the action of S on CP! given by 6]z : w] = [0z : w]. Note that
BS' = CP> and that the composition rgp1 o copr of the characteristic
map with the restriction map is just the map induced by the inclusion
CP! < CP>, so in rational cohomology we get the surjective map

reprocepr s Q] — Qt)/¢
t — t

Since the composition is surjective we also have that r¢cp1 is surjective.

!The characteristic morphism can also be interpreted as the map induced in singular
cohomology by the projection M xg FG — BG.
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1.1.1 Rational equivariant cohomology

Throughout this section the coefficient ring is assumed to be Q and we will
write it every time in order to emphasize this fact. Using rational coefficients
gives us the possibility to use the Leray-Hirsch theorem and, in particular, the
Kiinneth isomorphism. One first important consequence of this is the following:
if M is equivariantly formal the restriction map of M is surjective and a direct
application of Leray-Hirsch gives

Proposition 1.10. Let M be an equivariantly formal G-manifold and let sps
be a section of the restriction map rpr. The map

H*(BG;Q)® H*(M;Q) —  HE(M;Q)
B p — em(B) — sn(p)

is an isomorphism of H*(BG;Q)-modules.

We can use this result to prove an equivariant version of the Kiinneth
isomorphism. First we will need a lemma:

Lemma 1.11. Let M, N be equivariantly formal G-manifolds. Then M x N
is also an equivariantly formal G-manifold.

Proof. The projection mp; : M x N — M induces maps
Tyt H(M;Q) — H* (M x N;Q)
in singular cohomology and
TG He(M;Q) — Ho(M x N; Q)

in equivariant cohomology. These maps commute with the restriction maps:
Thr OTM = TMxN © WM’G. In the same way the projection 7 onto IV satisfies
TNOTN = I'Mx Now}"v@. From these facts we deduce that the following diagram
is commutative:

TMArN

HEG(M;Q) ® Hi(N;Q) —— H*(M;Q) ® H*(N;Q)

* * * *
ﬂAI,GVWN,GJ( J/“M\’T"N

* . * .
HG’(MXNaQ) M XN H(MXN7Q)
Since M, N are equivariantly formal, rj;, 7y are surjective maps, so the top
arrow is surjective. The right hand side vertical arrow is the Kiinneth isomor-
phism. Hence the composition of both is a surjective map, implying that the
bottom arrow, ryrx N, is also surjective. O
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Proposition 1.12 (Equivariant Kiinneth). Let M, N be equivariantly formal
G-manifolds. Then there is an isomorphism of H*(BG;Q)-algebras

Heo(M x N;Q) ~ Ho(M; Q) @p+(pa;0) Ho(N; Q).

Proof. Since the maps 7} , Ty  are homomorphisms of H* (BG; Q)-algebras,
the map

h: HE(M;Q) @p-(pag) HE(N; Q) — HE(M x N;Q)
memn T = Ty g

I

is a well defined homomorphism of H*(BG;Q)-algebras. From Lemma 1.11 we
know that M x N is equivariantly formal. Using this fact we derive that the
source and target spaces of h are isomorphic as H*(BG; Q)-modules:

H(M x N; Q) ~

Y B*(BG:Q) ® H*(M x N;Q)

@ H*(BG;Q) ® H*(M;Q) ® H*(N;Q)

~ (H*(BG;Q) ® H*(M;Q)) ®pu+(pc,g) (H*(BG;Q) @ H*(N;Q))
(3)

~ HEH(M;Q) @+ (Bayn) HE(N; Q)

where (1) is given by M x N being equivariantly formal, (2) is the usual
Kiinneth isomorphism and (3) is given by M, N being equivariantly formal.

We shall now see that h is surjective: if sys, sy are sections of ry;, 7y,
-1
sMxnN = (Tyq = TN,g) © (Sm @ sn) o (T — Ty)

is a section of ry7x n. Now, given a € Hf (M x N;Q), by Proposition 1.10 and
Kiinneth there exist unique 5 € H*(BG;Q), p € H*(M;Q) and v € H*(N;Q)
such that

a=cyxN(B) = smxn(Typ — TNV).

But then

a=cuxn(B) = (T = Tna)(sup ® syv) = h(B - (smp @ snv)).

Since the restriction of h to each degree piece is a surjective map between finite
dimensional linear spaces of the same dimension, A must also be injective. [J

We now move to another result derived from using rational coefficients: the
very definition of equivariant cohomology guarantees that if the action is free
there is an isomorphism H¢(M;Q) ~ H*(M/G;Q). This isomorphism can
be extend to a bit more general situation, namely when the stabilisers of the
action are all finite.
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Lemma 1.13. Let I be a finite group. Then H*(BI';Q) ~ Q.

Proof. We shall see that H,(BI'; Q) ~ Q and the result follows by duality:

Let w : EI' — BI' be the classifying bundle of I" and let & > 0. Let
s =>";¢i0; € Sp(BT';Q) be a singular k-chain such that 0o = 0. Then

&::Zqi > 6i € Sp(ET;Q)

(2 WO&Z’:O'Z'

is a k-chain such that d& = 0 and such that m.(&) = |I'| - @. Since ET is
contractible there exists 5 € Sk41(ET;Q) such that 98 = &. Then On.(3 =
@ = |T|-a, s0 [|T'] - o] = 0 € Hi(BT'; Q). We deduce that multiplication by |T'|
on Hy(BT'; Q) is the zero map and it must be the case that Hy(BT;Q) =0. O

Remark 1.14. If we take a ring of coefficients different from Q, this lemma
does not hold in general: we cannot expect the cohomology of the classisfying
space of a finite group to be isomorphic to the coefficient ring. For example,
take I' = Z/(2) as the finite group and take Z/(2) as the coefficient ring. The
classifying bundle of Z/(2) is S*° — RP* but H*(RP*°;Z/(2)) is isomorphic
to the polynomial ring? Z/(2)[x].

Proposition 1.15 (Cartan isomorphism). Let M be a G-manifold and suppose
that the action has finite stabilisers. There is an isomorphism

HG(M;Q) ~ HY(M/G; Q).

Proof. Let m : M x¢ EG — M % M /G denote the natural projection. We
shall see that 7* : H*(M/G;Q) — H{(M;Q) is an isomorphism.

Taking a G-invariant tubular neighbourhood for each G-orbit in M gives an
open cover of M. Choose a finite subcover Vi, ..., V,. Then the sets U; := p(V})
form a good cover of M/G. We will use induction to see that

™ H (U1U...UUs;Q) — HH(V1U ... UV Q)

is an isomorphism for all s =1,...,n.

Let us start by the case s = 1: let V be a tubular neighbourhood of an
orbit Op, in M, then U = V/G is contractible and hence H*(U; Q) ~ Q. Then
we must check that also HE(V;Q) ~ Q. We have isomorphisms

HE(V;Q) ~ Hi(0p;Q) ~ HA(G/Gp; Q) = HY((G/Gp) xq EG;Q).

2This can be computed by identifying S — RP* with the sphere bundle associated to
the tautological bundle O(—1) — RP*° and using the corresponding Gysin sequence.
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Now, (G/G)p) xg EG ~ (EG xg G)/G)p ~ EG/G, ~ BG,. From both facts
we deduce that H5(V;Q) ~ H*(BG)p; Q). Finally, from Lemma 1.13, we get
H*(BGy; Q) ~ Q because Gy, is finite.

Induction step: suppose that H*(U1U...UUs_1;Q) ~ HE(V1U...UV,_1;Q).
Using this fact and the case s = 1 we have a new isomorphism

H*(U1U...UUs-1;Q)® H*(Us; Q) ~ Hr(V1 U ... UV,_1;Q) @ Hi(Vs; Q).
The induction hypothesis also gives an isomorphism
H* (U1 U...UUs1) NUs;Q) ~ HE(VAU ... U Vi) NV Q).

Considering the Mayer-Vietoris sequences for Uy U...UUg and V1 U ... U V;
and using the five lemma we get the desired result. O

In the other chapters we deal mainly with circle actions. We now compute
explicitly an example of S'-equivariant rational cohomology that will be used
several times:

Example 1.16. Consider the action of S' on CP" given by
Olz0:...:2zp) = [Hjozo AT I 9j”zn]
where jo, ..., j, are integers. Let us compute HZ, (CP™;Q): the bundle
CP" xg1 ES' — BS!
is the projectivisation of the complex rank n + 1 vector bundle
V =C""! xq1 ES' — BS?,
S0, as a consequence of the Leray-Hirsch theorem,
H (CP™ Q) ~ H(BSS Q)a)/ (2" — er(V)a"~ 4 -+ (=1)"ea(V),

where ¢1(V), -+ ,c,(V) € H*(BSY; Q) are the Chern classes of V and z is the
Euler class of the tautological bundle Op(y)(—1) — P(V).

We know that H*(BS';Q) = Q[t] where t is the Euler class of the tau-
tological bundle Ocpe(—1) — CP>® ~ BS'. There is a line bundle splitting
V=Wo- &V, with ¢;(V;) = jit. Then

Ck(V) = O’k(q(Vo), o ,Cl(Vn)) = O’k(jo, - ,jn)tk,

where oy, is the k-th symmetric polynomial in n + 1 variables. Therefore

n n

a"—c1 (V)" (1) (V) = Y (1) on (o, - . -, gn)t"2" ™ = [ (z—sit).
k=0 =0

Finally, we get Hg, (CP";Q) ~ Q[t,2]/(x — jot) - - - (x — jnl).
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1.1.2 The equivariant diagonal class

We devote this last section on equivariant cohomology to the construction of
a particular class that we will use in Section 4.4. In order to carry out this
construction we need to review shriek maps. We consider again any ring of
coefficients, that we will not write.

If M is a compact, connected and oriented manifold of dimension m we
denote by
PDy: H*(M) — Hp—x(M)
a — o~ [M]

the isomorphism given by Poincaré duality. Let N also be a compact, connected
and oriented manifold and let n = dim N. If f : M — N is continuous, we can
define the shriek® map

f'=PDy' o f.o PDy : H* (M) — H*T""™(N),
where f, : H. (M) — H.(N) is the map induced in singular homology by f.

Lemma 1.17. Leti: M — N be and embedding and let T be a closed tubular
neighbourhood of i(M) inside N. Then i' equals the composition

-1

H*(M) -5 H*t"="™(T,0T) = H*t""™(N,N \ M) -5 H*t"~™(N),

where t is the Thom isomorphism, e~ is the inverse of the excision isomor-
phism and g is the natural map in the exact sequence of the pair (N, N \ M).

Proof. We assume without loss of generality that M is a submanifold of N and
that ¢ is the inclusion. If we denote by if/l, ZTJY the obvious inclusions we have
that i = i%¥ 0i?, and hence i' = (i)' o (iT))".

Note that T' can be regarded as the total space of a rank n —m disk bundle
m : T — M with base space M. We shall prove that (Lf/[)! is precisely the
Thom isomorphism of this bundle:

Since oL, = idys and i1, o m ~ idy we have that 7, (i1,), are mutually

. . . . . I . oy
inverse isomorphisms and so are 7*, (i%,)*. Hence (i1,)" is a composition of
isomorphisms and therefore it is an isomorphism too. The Thom class of the

disk bundle is defined by

7= PD; (i}, [M] € H"™(T,dT),

3Depending on the source this map is also called transfer, umkehrungs or just push-forward.
We take the name and the notation from [Bre].
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or, equivalently, 7 ~ [T'] = (i,).[M]. Then the Thom isomorphism is the
composition

t: H*(M) " H*(T) =% H*™""™(T,0T),
so we need to show that this composition coincides with (i1,)". If « € H*(M)
and 8 = m*a —and hence (i1,)*8 = a— we have that

PDr()e) = (i

I
J
)
~
=
(
2

so (i%,)"(a) = 7*a — 7, which is precisely the Thom isomorphism.

To finish the proof note that the equality g o e™! = (i¥)" follows from the

commutativity of the diagram

H*=m(N, N\ M) —2— H*t"~™(N)

H*T"=™(T,0T) ~|PDy
PDT ~
Hyp—i(T) Hp—(N)

(i5)*

O]

Lemma 1.18. Let P a compact connected and oriented manifold of dimension
p and let V,W be connected submanifolds of Pof dimensions v,w. If VW
intersect transversally, the diagram

o)

HY (V) — s fg+p=v(p)

* *+p—v
HY(VAW) —— H* P~ (W)

(i aw)

induced by the inclusion maps is commutative.
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Proof. Let T be a tubular neighbourhood of V inside P. Then 7o =T NW
is a tubular neighbourhood of VN W inside W. Put d = p — v. We get the
commutative diagram

H*(V) —— gH(T,9T) —5 H**(P,P\ V) —— H* (P)
@Y w)* | (i7,)" ] Leg Lagy.
HY(VAW) —— H Ty, Ty \ V) » HH (W, WA\ V) —— HFW)

=

By Lemma 1.17 the top arrow is (i)' and the bottom arrow is (i{¥,;,)", which

proves the result. O

Let M be a G-manifold of dimension m. Denote by tp : M — M x M
the diagonal embedding and let EGy, — BGj be G-principal bundles approx-
imating the universal bundle EG — BG. For each k& we have an induced
map

ing M xqg EG — (M x M) xg EGy,

where the action of G on M x M is the diagonal action. We get shriek maps
Uag t HY (M xg EGy) — H*T™((M x M) x¢ EGYy,),
which we want to see that stabilise: take the inclusions
(in)k : M xg EG, — M xXg EGjy1,

(iMXM)k: : (M X M) Xa EGk — (M X M) XaG EGk_H.

Applying Lemma 1.18 to P = (M x M) xg EGi11, W = (M x M) xg EGy,
and V = Ay Xg EGp41 we get that the diagram

!
UA k41

H*(M x¢ EGpy1) —— H*T™((M x M) xg EGj41)

(iM)Zl J(iMxlw)z

H*(M XaG EGk) — H*+m((M X M) XaG EGk)
‘A

commutes. By means of stabilisation —Lemma 1.3— we get a well defined equiv-
ariant shriek map

Ua gt He(M) — HE™™(M x M).

Using this map we can define the object claimed at the beginning of this section:
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Definition 1.19. Let M be an m-dimensional G-manifold. The equivariant

cohomology class
i) € HE (M x M)

is called the equivariant diagonal class of M.

Remark 1.20. Note that the equivariant diagonal class is obtained by stabil-
isation of the classes

L!A,k(l) = (PD(A}IXM)XgEGk © (LA,k)* © PDMXGEGk)(l)
= (PD(—A;XM)XGEGk o (tar)«)[M xg EGY]
—1
= PD(MXM)XQEGk[AMXM Xaq EGk]

1.2 Branched manifolds

We switch now to a completely different topic. In this section we introduce
branched manifolds, a generalisation of smooth manifolds which appears natu-
rally in our context. This notion is by no means new: the basic definitions are
inspired by those in [Wil, §1]. Another source is [Sal, §5.4], where branched
manifolds are defined with a weighting from the very beginning. However, we
will only use weightings on compact one-dimensional branched manifolds with
boundary —the so called train tracks—, which is sufficient to our needs.

1.2.1 Smooth ramifications

We begin by defining the basic building blocks we will need to define branched
manifolds:

Definition 1.21. A smooth ramification of dimension n > 1 and rank r» > 1
is a triple (X, V,7) where

e X is a topological space
e VCX

e m: X — D" is a continuous map to the standard open disk in R™
satisfying

L my : V. — 7(V) is a homeomorphism and 7(V') is a smooth manifold
with boundary

2. there exist r sets D1, ..., D, subject to the following conditions:
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(a) X=DiU---UbD,

(c) mp, : Di = D™ is a homeomorphism

Figure 1.1: A smooth ramification

Later on we will use the following property of the local structure of a smooth
ramification:

Proposition 1.22. Let (X, V,m) be a smooth ramification of dimension n and
rank v and let x € X satisfy w(x) € On(V). Then the reduced local homology
of x satisfies

s "ok =
Hy(X, X\ {z}; Q) ~ { E)Q Zoftherw?se '

Proof. By excision we can assume that X is contractible and that V is home-
omorphic to the half-disk. Then the reduced homology of X vanishes. Using
this fact on the long exact sequence of relative homology of X and X \ {z} we
find out that there is an isomorphism Hj,(X, X \ {z}; Q) ~ H,_1(X \ {z}; Q).

If r =1 then X ~ D™ and hence

B if k=
Hp (X \{2};Q) ~ { E)Q 1otheeriLSe ’

This proves the proposition for r = 1. We will prove the remaining cases by
induction on r. There are two key observations:
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(i) (X":=DoU...UD,,V,mx) is a smooth ramification of dimension n and
rank r — 1.

(ii) V' \ {x} is contractible because V' is homeomorphic to the half-disk and
x e dV.

Using the Mayer-Vietoris sequence for the sets D1\ {z} and X"\ {z} —whose
union is X \ {z} and whose intersection is V' \ {z}-, excision and observation
(ii) we get an isomorphism

Hy (X \ {2};Q) > Hp-1(D1 \ {z};Q) @ Hy—1 (X" {z}; Q).
Now from observation (i) and induction it follows that

3 roif k=
Hy1 (X \ {2};Q) ~ { E)Q i)therw?se

as we wished to show. O

It is also convenient to make the following definition:

Definition 1.23. Let (X1, V1, m),..., (X, Vs, 7s) be smooth ramifications of
dimension n. We say that its fibred product X; Xpn ... Xpn X is smooth if
Omiy(Viy) - th Om;, (Vi) for all {dq,... 05 € {1,...,s}.

1.2.2 Branched atlases

In this section we define branched manifolds. Alike the common definition of
a smooth manifold we make use of atlases:

Definition 1.24. A branched n-atlas on a topological space M is a collection
of pairs {(U;, h;)}, called branched charts, where

e {U,;} is a collection of open subsets of M such that | J; U; = M

o h;:U; = Xj1 Xpn -+ Xpn Xjs, is a homeomorphism from U; to a smooth
fibred product of smooth ramifications (X1, Vi1, mi1), ..., (Xis, Vis, Tis;)
of dimension n

subject to the following condition: let m; : X;1 Xpn - -+ X pn X;5, — D" denote
the projection, then if U; N Uy # () there exists a diffeomorphism

Qi - (7'(@' o hi)(Ui N Ui/) — (ﬂ'i/ o hi/)(Ui N Ui/)

such that my o hy = @;r; 0 5 0 hy.
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Two branched atlases on the same topological space are equivalent if their
union is again a branched atlas. This is an equivalence relation and so we can
make the following definition:

Definition 1.25. An n-dimensional branched manifold is a second countable
Hausdorff topological space M together with an equivalence class of smooth
branched n-atlases.

On branched manifolds we find a special type of points that we do not find
on genuine manifolds:

Definition 1.26. Let M be a branched manifold. We say that x € M is a
branching point if there exists a branched chart (U, h) such that x € U and if
h:U— X1 Xpn -+ xpn X, with (X, V}, ;) smooth ramifications of rank r;,
then x € 9V} for some j such that r; > 2.

We denote by M~ the set of branching points of a branched manifold.
Observe that if z € M \ M~ is a not branching point, there exists a chart
(U,h) with z € U and U ~ D". Since (U,h) is a chart in the usual sense,
we deduce that the complement M \ M~ of the set of branching points is a
genuine manifold. The connected components of M \ M~ are called branches
of M.

On a genuine manifold M of dimension n all the points have the same
reduced local homology,

] if =
Hyp(M, M\ {z};Q) = { ((? z)therw?se '

However, from Proposition 1.22 it follows that branching points have more
complicated local homology. Therefore local homology can be used to distin-
guish branching points from non-branching points.

1.2.3 Tangent bundle and smooth maps on branched manifolds

On branched manifolds we can also define a notion of tangent bundle. In order
to do so we start by defining the tangent bundle on a smooth ramification:

Let (X, V,m) be a smooth ramification of dimension n. Its tangent bundle
is defined to be pull-back TX := #*(T'D™). Similarly, the tangent bundle on
a smooth fibred product X; Xpn -+ Xpn X of smooth ramifications is also
defined to be the pull-back of T'D™ under the projection.

Since branched atlases are modelled on smooth fibred products of smooth
ramifications we can now define the tangent bundle on a branched manifold:
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let M be a branched manifold with atlas {(U;, h;) }ier. If € U; we define the
tangent space of M at = as T}, ;)hi(U;). We can glue together these tangent
spaces onto a tangent bundle on M by means of the transition functions @;;.

We are also interested in defining smooth maps on branched manifolds. To
our purposes it will suffice to assume the target manifold is a genuine smooth
manifold.

Definition 1.27. Let M be a branched manifold with atlas {(U;, h;) }ies such
that h; : U; — Xj1 Xpn -+ Xpn Xisi with (Xij, Vij,ﬂ'ij) a smooth ramification
of rank 7;; (so that Xi; = Dyj1 U---U Djjp,;). Let N be a smooth manifold. A
map f: M — N is smooth if

1. The map

flih.--,kS-: D — N
y f((7rz'1|Dml )W), - (771‘51-|Disiksl_ )"t (w)

is smooth for all ¢ € I and for all k;j € {1,...,r;}.

2. For each z € U;, the maps flil,...,ks- for various choices of k1, ..., ks, have
the same germ at (m; o h;)(z).

Note that if z € U;, then each w € T,M determines a unique vector
W € Tizon)(z)P™ If f: M — N is a smooth map from a branched manifold
M to a smooth manifold N, its differential at « € U; is defined by:
w o dimohy) @)y, ()

which is well defined because if also x € U/, then

def(w') = dixyon )@ iy .ar, ()
- d(m/ohir)(x)fiilfl...kg_, (d(mohi)(x)%'i(@))
- d(mohz‘)(w)(fli//l...k;:/ ° piry) (W)
= dimon)@) I3, i, ()

for some ki ...ks, and the germ of f/%lm/,—C at (m; 0 hy)(x) is the same as the

germ of flil.“ks'

With the notions of smooth map, tangent bundle and differential of a
smooth map at hand, many other common notions of manifolds can be gen-
eralised verbatim to branched manifolds. Those of submanifold, immersion,
embedding, submersion, regular value, transversality and orientability are ex-
amples of such.
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1.2.4 Train tracks

Branched manifolds as we defined them have no boundary but, as in the usual
situation, allowing charts to be modelled on half-spaces we can extend our def-
inition to get a notion of branched manifold with boundary. As it happens for
genuine manifolds, the reduced local homology of a boundary point vanishes.
As a consequence, we can decompose M into the union of three disjoint subsets
which can be distinguished by their reduced local homology:

e The boundary oM
e The set of branching points M~

e The complementary of the two sets above, M \ (OM U M~), which is a
genuine manifold without boundary. The connected components of this
set are called branches and the set of branches is denoted M5,

In this section we are concerned with the following objects:

Definition 1.28. A train trackis a compact one dimensional oriented branched
manifold with boundary.

The following picture shows a train track with its branching points in orange
and its boundary points in blue:

S

Figure 1.2: A train track.

If b € T8 is a branch, either b is diffeomorphic to a circle or b has two
extremes h(b),t(b) € 0T UT™, called the head and the tail of b according to
the orientation of b. In these terms we make the following definition:
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Definition 1.29. A weighting on a train track 7" is a map w : T — Qs such
that for all z € T it holds that

Z w(b) = Z w(b).

h(b)=x t(b)=x

The following picture is an example of weighting on the previous train track:

Figure 1.3: A train track with a weighting.

Lemma 1.30. The boundary set 9T of a train track is the disjoint union of
the sets
OTT ={z €dT :3bc TP s.t. h(b) =z},

OT~ ={x cdT :3be TP st t(b) = z}.
Proof. A point z € 97T is not a branching point, so there exists a unique branch

b € TP such that z is an extreme of b. According to if x = h(b) or = = t(b), =
lies in the first or the second set. O

The following result is the generalisation of the fact that compact one di-
mensional manifolds have an even number of boundary points:

Proposition 1.31. Let T be a train track. For x € OT let b, € TP denote the
unique branch such that T is an extreme b,. If w is a weighting on T, then

Z w(by) = Z w(bg).

zedT+ x€dT—
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Proof. Note that the total weight of the quiver satisfies both

Z w(b) = Z Z and Z w(b) = Z Z ),

beTB x€dTUT= h(b)=x beTB x€dTUT = t(b)=x

from where it follows that

xedTUT= =z t(b)=x
So we get
Z ( Z w(b) — Z w(b)) + Z < w(b) — Z w(b)) =0.
z€dT \ h(b)=z t(b)=x €T~ \h(b)=z t(b)=x

Since w is a weighting, the second term of the sum vanishes and it follows that

Z ( Z w(b) — Z w(b)) = 0.

z€0T \ h(b)==z t(b)=x

The proof concludes by observing that

Z Z w(b) = Z w(b;) and Z Z w(b) = Z w(by). O

2€0T h(b)=x €T+ 2€dT t(b)=x x€dT—

1.3 Pseudocycles

The last part of the toolbox chapter deals with pseudocycles. If f: D — M isa
smooth map where D is compact and oriented of dimension d, this map defines
naturally an element f.[D] € Hy(M;Z) of the integral singular homology of
M. In the theory of pseudocycles the compactness condition is substituted
by a weaker condition. All along this section we take M to be a compact,
connected and oriented manifold.

Definition 1.32. Let f : N — M be a smooth map. The omega-limit set of
f is the set

Qp={pe M: IF{gj}j>1 € N with no converging subseq. s.t. p= lim f(g;)}.
- .]*)OO

A smooth map ¢ : W — M is said to be an omega-map of f if Qp C p(W).

Remark 1.33. Actually we let the source space W of an omega-map have
several —but a finite number of- connected components, not necessarily of the
same dimension. In that case when we talk about the “dimension” of W we
will be referring to the maximum of the dimensions of its components.
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Remark 1.34. When the target manifold is known we usually denote by (f, N)
the smooth map and by (p, W) the omega-map.

Definition 1.35. Let D be an oriented manifold of dimension d. A smooth
map f: D — M is a d-pseudocycle of M if there is an omega-map ¢ : W — M
of f such that dimW < d — 2.

Definition 1.36. Two d-pseudocycles (fo, Do), (f1,D1) are bordant if there
exist a smooth map f : D — M, where D is (d+ 1)-dimensional manifold with
boundary such that:

1. 9D = Dy — Do and fip, = fo, fip, = f1,
2. There exists an omega-map ¢ : W — M of f with dim W < d — 1.

Bordism gives an equivalence relation: we denote the set of its classes by
B.(M). This is a Z-graded Z-module with operation given by disjoint union of
pseudocycles: the inverse element is given by reversing the orientation and the
neutral element is the empty pseudocycle. It turns out that there is a natural
isomorphism of graded Z-modules between B*(M) and H.(M;Z). A detailed
proof of this fact can be found in [Zin] (see also [Kah]):

Theorem 1.37. There exist natural homomorphisms of graded Z-modules
M H (M;7Z) — B.(M) and ®M : B,(M) — H.(M;Z),
such that ®M o UM — idy, (v:z) and UM o oM — idg, (M) -

Remark 1.38. If N is another compact, connected and oriented manifold, a
smooth map h : M — N induces a map h5 : B*(M) — B*(N) via [f] = [ho f]
because 240 = h(€2f) and, hence, hof is a pseudocycle of N. This construction
commutes with the map h, : H.(M;Z) — H,(N;Z) induced in cohomology
under the correspondences of the theorem: ®Y o hB = h, o ®M and, hence,
\I/*N ohy = hf o \Iliw In other words B, and H,(;Z) are equivalent as functors
from the category of compact, connected and oriented manifolds to the category
of Z-graded Z-modules.

1.3.1 Strong transversality and intersection pairing of
pseudocycles

We need some transversality results for pseudocycles. We begin defining the
right transversality notion in this context:

Definition 1.39. Let f : N - M, g : P — M be smooth maps. We say
that f and g are strongly transverse if they are transverse and Q2 N g(P) = 0,
F(N)NQy = 0.
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Lemma 1.40. If f : N — M, g: P — M are strongly transverse maps, then
CS(f,g) is a compact manifold of dimension dim N + dim P — dim M .

Proof. Since f, g are transverse, C'S(f,g) is a manifold of the aforementioned
dimension. To see that it is compact we use the extra condition of strong
transversality:

Suppose that (z;,y;) € CS(f,g) has no convergent subsequences. Then
either z; € N or y; € P have no convergent subsequences. Say it is 2;. Then
z = lim; f(x;) € M is a point of Q. On the other hand y := lim; g(y;) € g(P).
Since Q5 N g(P) = () we have that « # y. However, since f(z;) = g(y;) for all
7, their limits have to coincide. This is a contradiction. The same argument

proves the case where y; has no convergent subsequences. O

For the seek of completeness we now prove a couple of general results on
transversality that the reader may be familiar with:

Lemma 1.41. There exists a finite-dimensional linear subspace A C C*°(TM)
such that the evaluation map

ev;‘: A — T,M
X — X,

is surjective for all p € M.

Proof. Let m = dim M. Take an atlas {(U;, ¢;) }ier of M. Then, for every i € I
there exist vector fields X*!, ..., X*™ € C®(TM) such that X}',... X" is
a base of T,M for all p € U; (one only needs to pull-back coordinate vector
fields by 1);). Since M is compact we can take a finite subcover U;,,...,U;, of
the open cover {U; }icr. Let Aij, ..., Aiy be a partition of unity subordinate to
this subcover. Define A to be the vector space generated by the vector fields
of the form )\inif7k = Y7k for j=1,...,Nand k =1,...,m. We claim that
A satisfies the desired conditions:

Let p € M and v € T, M. There exists j such that p € U;; and A\;;(p) # 0.
Since p € Uij there exist real numbers ry, ..., r,;, such that v = rlX;ﬁ’l 4+

i5,m
rmXp . Then

1 , ,
v = ev r1Y3’1+...+rdyj,d). 0
(. )

If X € C®(TM) is a vector field and &Y is its flow, then exp X := &¥
is a diffeomorphism of M. If A C C*°(TM) is as in the lemma, the set
A={expX : X € A} C Diff(M) admits a smooth manifold structure with
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tangent spaces isomorphic to A. In these terms the differential of the evaluation
map
ev;f‘ A — M
n — n(p)

is precisely ev;‘. From the lemma it follows that ev:

9 is a submersion.

Lemma 1.42. Let f: N — M, g: P — M be smooth and let A C C>*(TM)
be as in Lemma 1.41. Denote A = exp A. There exists a residual subset R C A
such that for alln € R, f and no g are transverse.

Proof. The differential of the map

H: NxPxA — M x M
(z,y,m) > (f(x),(nog)(y))

i8 ) H (1, 0,0) = (do (), dy (10 9)(0) + dyev (w)).

Let us show that H is transverse to Apsxar: suppose that f(z) = (nog) =: z
and that a,b € T,M. Since ev;‘%y) is a submersion there exists w € T;.A such

that dnevﬁy) (w) = b —a. Then (a,b) = (a,a) + d ., H(0,0,w).

Now, since H is tranverse to the diagonal, we have that H _1(A MxM) 1s a
smooth submanifold of N x P x A. Consider the projection H ' (Aprxnr) — A.
From Sard’s theorem it follows that the regular values of this map form a
residual subset R C A. Then, given n € R, for all (x,y) € N x P such that
f(x) =n(g9(y)) =: z and for all X € A there exist u € T, N, v € T,,P such that
dyf(u) = dy(nog)(v) + X,. Hence

imd, f +imdy(nog) =T.M,
which proves that f and 7 o g are transverse maps. ]

With suitable conditions, this result can be generalised to obtain strong
transversality:

Lemma 1.43. Let (f,N), (g, P) be smooth maps to M and let (o, W), (v, Z)
be respective omega-maps such that the values dim W 4 dim P, dim N + dim Z
and dim W +dim Z are all strictly smaller than dim M. Let A C C*°(TM) be
as in Lemma 1.41 and take A = exp A. There exists a residual subset R C A
such that for allm € R, the maps f and no g are strongly transverse.

Proof. From Lemma 1.42 we deduce that there exists a residual subset R C A
such that for all n € R the following pairs of maps are transverse: (f,g),

(w,mog), (f,mo~y) and (¢,m0o7).
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The transversality of the second pair tells us that C'S(p,n o g) is a smooth
manifold of dimension dimW + dim P — dim M < 0, so it must be empty.
Thus (W) N (nog)(P) = 0. Since ¢ is an omega-map of f it also holds
that QN (no g)(P) = 0. Similarly, from the third pair we get deduce that
J(N) N Qg = 0 and from the fourth that Qf N Qyeq = 0.

Finally we have that

Qfﬂgfoﬂggz(izzg } = Qfﬁ((?’]Og)(P)UQnog) Zﬁiﬁfﬂmz (Z)’

and f(N) N Qyeq = 0 is proved in the same way. O

From this result it follows that we can always assume two pseudocycles of
complementary dimension to be strongly transverse by composing one of them
with a generic diffeomorphism. Then we can make the following definition:

Proposition 1.44. Let (f, D), (g, FE) be strongly transverse pseudocycles of M
such that dim D + dim E = dim M. The value

frg= > vizy),

(z,y)eCS(f,9)

where v(z,y) is the intersection number of f(D) and g(E) at f(x) = g(y), is
an integer that only depends on the bordism classes of f and g.

Proof. Since f and g are transverse, the intersection numbers v(x,y) are well
defined. Moreover, since f and g are strongly transverse and of complementary
dimension, according to Lemma 1.40, C'S(f,g) is a finite set, so the sum that
defines f - g is finite and hence f - g is an integer number.

Let (¢, E') be a pseudocycle and let (§, E) be a bordism between g and ¢/
Lemma 1.43 shows that we can take g strongly transverse to f. Then, from
Lemma 1.40 it follows that C'S(f, g) is a compact and oriented 1-dimensional
manifold. Its boundary is C'S(f,¢') U—CS(f,g) because OF = E'UE. There-
fore f-g = f-¢'. This proves that f-g only depends on the bordism class of g
but not on g itself. A symmetric argument shows that it only depends on the
bordism class of f but not in f itself. O

Remark 1.45. Since the number f - g does not depend on the bordism class,
we shall write it [f] - [g] from now on.

Given a € Hy(M;Z) we can consider the homomorphism

I,: Hpyg(M;Z) — Z
b — UM (q). UM(p) -
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Hence I, can be seen as an integral cohomology class modulo torsion:
I, € Hom(Hy,—¢(M;Z);Z) ~ H™Y(M;Z)/Tor.

For integral (co)homology this is not a gain because we can take PD;/ (a) €
H™49(M;Z) and we do not lose any torsion information: note that when (f, D)
is a cycle of M —i.e. D is compact— then Ipum s = PD]T/I1 f«[D] or, more briefly,
oM [f] = f[ D).

On the other hand, for rational cohomology things are different because
there is no torsion: via the natural inclusion of Z in Q we can think

I, € Hom(H,,—¢(M;Z);Q) ~ H™ 1(M;Q).

Then any rational cohomology class is a linear combination with rational co-
efficients of elements of the form Ig 4 with 8 € By (M).

Remark 1.46. The notions of omega-limit sets and strong transversality can
be generalised to branched manifolds and the transversality results proved here
also apply in that case. We will use this in Chapter 4.

1.3.2 Pseudocycles and products of G-manifolds

It is very convenient to our purposes to understand how do pseudocycles behave
with respect to Cartesian products of manifolds and also with respect to G-
manifolds. We study these situations here.

Proposition 1.47. Let (f x h, D) be a pseudocycle of M x N. Then (f, D) is
a pseudocycle of M and (h, D) is a pseudocycle of N.

Proof. Let mys, my denote the projections from M x N onto M, N. Then
mpo(f xh)=fand myo(fxh)=h are pseudocycles (see Remark 1.38). [

For the converse of this proposition to hold we need to add some extra
conditions:

Proposition 1.48. Let (f, D) with omega-map (Wy, @) be a pseudocycle of M
and let (h, D) with omega-map (Wp,~) be a pseudocycle of N. Then (f x h, D)
is a pseudocycle of M x N with omega-map (¢ x v, Wy x Wy,) provided that
dim Wy + dim W), < dim D — 2.

Proof. Let (p,q) € Q¢xp. Then there exists d; € D with no convergent subse-
quences such that

(f x h)ld;) = (f(ds), h(d;)) — (P, @)-

Therefore f(d;j) — p and h(d;) = ¢, s0 p € Qf C p(Wy) and g € Qp, C v(Wy).
In other words €27y, is contained in the image of ¢ X v : Wy x W), - M X N.
Since dim Wy x W}, = dim Wy +dim W}, < dim D—2, f xh is a pseudocycle. []
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Proposition 1.49. Let M be a G-manifold and let (f, D) be a pseudocycle of
M with omega-map (@, W). Assume that G also acts on D and W and that f
and @ are equivariant maps. If P is a compact smooth manifold where G acts

freely, the map
f(;: DXGP — MXGP

[d,p] > [f(d),p]

is a pseudocycle with omega-map

©aG WXGP — MXGP
[w,p]  — [p(w),p]

Proof. The maps fg, pg are smooth maps between smooth manifolds because
G acts freely on P and they are well-defined because f and ¢ are equivariant.

Since

dimW xqg P dimW 4+ dim P — dim G
dimD —-2+dimP —dimG

dim D xg P — 2

Al

we only need to show that Q. C im¢gq:

Let [m,p] € Q. Then, there exist [dj,p;] € D xg P with no converging
subsequences satisfying
L£(d3), pil —[m, pl.

Thus there are g; € G such that g;f(d;) = m and gjp; — p. In particular
f(gjd;) — m because f is equivariant. We will see that the sequence g;d; € D
has no convergent subsequences, implying that m € {1y. Hence, there exists
w € W such that o(w) = m, and we conclude that pg([w,p]) = [m,p].

It only remains to justify why g;d; has no convergent subsequences: since
G and P are compact, the sequences g; € G and p; € P have some convergent
subsequence with limit g € G and p’ € P, respectively. Assume that g;d; had
limit d. Then [d;, p;] would converge to [¢~'d, p'], giving a contradiction with
our assumptions. ]

Now we prove a result that is, in a way, a combination of the two previous
results:

Proposition 1.50. Let M, N be G-manifolds. Let (f,D) with omega-map
(Wt, @) be a pseudocycle of M and let (h, D) with omega-map (Wh,v) be a
pseudocycle of N. Let G act on D, Wy and Wy making f, h, ¢ and v into
equivariant maps. If P is a compact smooth manifold where G acts freely and
dim Wy + dim W), < dim D — 2, the map

fgxhgt DxqgP — (MXGP)X(NXGP)
[d.p] +—  ([f(d),p],[h(d),p])
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is a pseudocycle with omega-map

(pxMa: (WpxWp)xgP — (M xgP)x (N xgP)
[(a,0),p] —  (lp(a), pl, [v(b),p])

Proof. The proof of this result is not an immediate combination of propositions
1.48 and 1.49: from Proposition 1.49 we deduce that fg, hg are pseudocycles
with omega-maps g, vg respectively. We cannot apply 1.48 to conclude that
fa % hg is a pseudocycle because dimension count fails: €2, xp,, is contained
in the image of the map ¢g X g, but the dimension of the source space of this
map is too large. We shall see instead that €y, is contained in the image
of (¢ x 7)ar

Let ([m,p], [n,p']) € Qfoxng- Then there exists [d;,p;] € D xg P with no
converging subsequences such that

(fG X hG)([djapj]) = ([f(dj)vpj]v [h(d ) p]]) 7([171,,]9], [nvpl])'
Therefore there exist g;, g} € G such that

{ggf(d) flgjd;) —m, 9;p; =P,
g;h(d;) = h(gjd;) = n,  gip; ="~

Since neither g;d; nor gjdj are have convergent subsequences (see the argument
at the end of the proof of Proposition 1.49) we deduce that m € Qy and n € Qy,,
so there exist a € Wy, b € W), such that p(a) = m,v(b) = n. From this we
deduce that [m, p] = [p(a),p] and [n, p'] = [y(b),p'].

Now, since G is compact taking subsequences if necessary, we can assume
that g; — g, gj = 4. Slrnllaurly7 since P is also compact we can assume that
pj — ¢. Then gg = p and ¢'q = p/, from what it follows that p’ = ¢'¢~ Lp.
Hence

[n,p'] = [v(b), 9’9~ "p] = l9(g") " v(b), p] = [¥(g(g")~"b), D).
)~

In conclusion, we have ([m, pl, [n,7']) = (¢ x v)a([(a, g(g')~1b), p]). O

One final result relates pseudocycles and shriek maps:

Proposition 1.51. Let M, N, D be oriented and connected manifolds of di-
mensions m,n,d and let f : D — M, g : D — N be smooth maps. Consider
the commutative diagram

D

fog

X

M+——— MxN —— N

™M TN
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Assume that M, N are compact and that (f X g, D) is a pseudocycle of M x N.
If D is also compact, for « € H*(N;Z),

F'g*(@) = PDy/ (man)(mya ~ 7N f x g]) € H**™ (M Z).

Proof. The proof is quite straightforward if we realise that f. = (mar)«(f X g)«
and ¢* = (f x g)*ny. Then

f'gta = PD}} fu(g*a ~ [D))

Dyt (man)o(f % g)u((f x g)*mha ~ [D])
Dy (man)«(miver ~ (f % g)«[D])

= PDy/ (ma)«(ma ~ ®MN[f x g])

O]

Remark 1.52. To define f'g* we need D to be compact, but the expression
PDy; (mu)«(miva ~ @V [f x g])

only needs f x g to be a pseudocycle. Therefore it can be taken as a generali-
sation of f'¢* when D is not compact.






Chapter 2

Standard perturbations

A Morse-Bott pair (f,V) on a smooth manifold M is formed by a Morse-Bott
function f and a gradient-like vector field V' for f. This chapter consists of
two parts. In the first part we describe the moduli space of broken gradient
lines of (f, V). This moduli space admits a smooth stratification provided that
the flow of V satisfies certain transversality conditions. We prove that these
conditions are generically satisfied. In the second part we study the particular
case in which the Morse-Bott function is the moment map of a Hamiltonian
circle action on a symplectic manifold. In this context it is natural to ask V to
be invariant under the action. We show that it may be impossible to find an
invariant V' satisfying the desired transversality conditions, but that the sole
obstruction to this fact is that the action has finite non-trivial stabilisers.

2.1 Gradient lines in Morse-Bott theory

2.1.1 Stratification of the moduli space of broken gradient lines

Let M be a compact and connected smooth manifold of dimension m and
let f: M — R be a Morse-Bott function. The set F' of critical points of f
decomposes into finitely many connected submanifolds of M. We denote them
Cy,...,Cy in such a way that f(Cy) > --- > f(C,) and we let ¢; = dim C;.
Given p € C; the Hessian of f at p satisfies ker H,, f = T},C; and the dimension
k; of the space where H,, f is negative-definite is called the index of C;.

Definition 2.1. A vector field V € C®°(TM) is a gradient-like vector field for
fif

1. Forpe M\ F, d,f(V,) > 0.

29
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2. For p € C; there are coordinates (z1,..., ;) in a neighbourhood U of p
such that

2 2 2 2
f:f(p)_$ci+1_"'_mci+ki+xci+ki+1+"’+$m

throughout U.

A pair (f, V) formed by a Morse-Bott function f and a gradient-like vector
field V for f is called a Morse-Bott pair.

The (un)stable submanifolds of (f,V) are defined as follows: if & is the
flow of —V then
V. T v '
Si T {p eM: tlg—nooé:t (p) € 02}7

UY ={peM: lm & (p)eCi}.

The corresponding projections s} : S} — C;, w) : UY — C; are submersions
(see [HPS, 4.1] for the proof of the fact that S}, U} are submanifolds and that

sV uY are submersions). Also, dim S} =m — k; and dimU) = k; + ¢;.

A gradient line of (f, V) is the result of following the flow of V' from a point
of M for a certain amount of time. We want to parametrise such objects. The
result will turn out to be a non-compact manifold. To compactify it we will
need the notion of broken gradient line:

Definition 2.2. An oriented broken gradient line of (f,V) is a pair (K,b),
where K C M is compact and b € K, such that either K = {b} or, if not, then:

1. K N F is finite.

2. There exists a homeomorphism h : [0,1] — K, smooth on h (K \ F),
such that V¢ € hig' (K \ F), 3A > 0 s.t. W (t) = =AVi, 1)

3. Either b = hx(0) or b= hg(1).

The point b is called the beginning of (K,b). Similarly, we define the end of
(K, b) to be the point

b if K ={b}
e=1{ hg(l) it K#{b and b=hg(0)
hi(0) if K #{b} and b= hg(l)

In the first case we say that (K,b) is point-like, in the second case that it is
descending and in the last case that it is ascending.
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The following figure depicts a typical broken gradient line:

hk(0) 0
Cyy
C,
Ci, hx
K
Cir—l
C;,
hi(1) 1

Figure 2.1: A broken gradient line.

We denote by M5V the set of all broken gradient lines of (f,V). We can
define a distance on M7V as follows: a Riemannian metric p on M determines
a distance d, on M and the corresponding Hausdorfl distance df,{ between

subsets of M. On M’V we take the distance
d((K,b), (K',V)) = dIN (K, K') + d,(b,V).

The topology defined by this metric does not depend on the choice of p. Our
goal is to find a smooth stratification on M5V

Definition 2.3. Let X be a topological space. A smooth stratification of X is
a disjoint union
X =] X,
oEX

where

1. Each X, has a structure of smooth manifold compatible with the topol-
ogy induced by the topology of X.
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2. There exists a partial order in ¥ such that

X, S X,u | X

T>0
Given I C {1,...,n}, define
MV = (Kb e MY ieT & KNG # 0},

the set of broken gradient lines with breaking points at those C; with ¢ € I.
Then there is a disjoint union

MV =] mMPY

Ig{lzvn}

In order to achieve the first condition of smooth stratification it is necessary
to further split them into smaller subsets: we can write

MPYV = MV UMY UMY

according to the elements of M{’V being descending, ascending or point-like.
Note that if #I > 1 an element cannot be point-like, so M{’V splits only
into ascending and descending elements. On the other hand observe that the
following maps are homeomorphisms:

MY — M\F My — G
({b},0) — b ({b},b) — b

Remark 2.4. ./\/lﬁv is homeomorphic to M}CTV via (K,b) — (K, e), where e is
the end of (K, b). Its inverse is defined in the same way. These transformations
consist in flipping the orientation of the broken gradient line.

We will describe the smooth stratification on MYV after a series of lemmas.
In all of them we write

ey : R — M
t — &
for the integral curve of —V starting at p.

Lemma 2.5. Mé’v is homeomorphic to the (m + 1)-dimensional manifold
Rx (M\F).
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Proof. The map
MY — Rx(M\F)
(K,0) — ((¢))"H(e),b) 7
where e denotes the end of (K, b) is continuous with continuous inverse given
by
(t,p) — (i ([min{0, ¢}, max{0, £}]), p). O

The set /\/léc’v is the space of ‘genuine’ gradient lines. It is open inside

MV

Now we move on to characterising Mj IV for #1 = 1. Let I = {i}. Since

sV, u) are submersions it follows that S} x ¢, U} is an m-dimensional manifold.

We have the following result:

Lemma 2.6. M{;‘}C is homeomorphic to C; and M{Z}i, M{Z}T are homeo-
morphic to (S} xc, UY)\ Ac,xc, -

Proof. We already showed the homeomorphism MEY - = C;. Consider now
the map

M, — (Y xa, U\ Aoxe,
(K,b) +— (b,e) '

where e is the end of (K,b). It is well defined because since any (K, b) € M?: 0 } f
is not point-like, then e # b. It is a homeomorphism with inverse defined as
follows: given (p,q) € (SY x¢, UY) \ A¢g,xc, we have that

lim gpl‘)/(t) = lim gp,‘l/(t) =: /.

t——+o0 t——o0

Define
K = ¢} (Rx0) U {¢} U g} (R<o)

and send (p, q) to (K, p). Finally, since ./\/l{ W = M{ y, see Remark 2.4— we
get all the desired homeomorphisms. O

Finally we characterise the case #I > 1: let f(F) = {ai,...,a,} with

a; > ... > a, be the image of the critical set F under f. Fix regular levels
Ya*l,...,Y_ p and Yo, YoP of f such that a; > f(Y,)) > f(Y,D,) > aina
fore=1,...,v—1. The followmg figure depicts these levels in green and F in

red:
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+
v

fH(a2)

az

Y+
-1 t { fay_o
f ((J,,,,Q) )/(;72
Y+
f_l(aufl) Y:;'lll
Yo
fHa)

Figure 2.2: Auxiliary regular levels.

Lemma 2.7. Let I = {iy,... i} withr > 1 and f(C;y) > --- > f(C;,.). Then
Mﬂv and M}CTV are homeomorphic to the fibred product

1%
WY = 8V xe, (UYNSLNY

14 |4
f(CiQ)) XCiy " XCyy_y (U;._,NS;, Ny,

7)) i Ui

Proof. Given (K,b) € Mﬁv denote by yJK the only point in K N Yf—ECi-)’ The

J
continuous map

(K’b) — (bvyé(v"'ayf/{(?e)

where e is the end of (K, b) admits a continuous inverse constructed as follows:
14

for (p1,...,pr41) € Wy~ we define

¢; = lim ‘P;/j(t): lim goXJ,H(t)ECij (j=1,...,7)

t——+o0 t——o0

and

K(p1,.--,pr+1) = 901‘3/1 (RZO)U{&}U‘PXQ R)U- - 'u{gr—l}l—]%p;‘o/r (R)U{KT}U@;H(RSO)-

Then the inverse is given by sending (p1,...,pr+1) to (K(p,,..p,.1)P1). This
shows that the set of descending broken gradient lines is homeomorphic to
W}c V. The same is true for ascending lines thanks to Remark 2.4. O



2.1. Gradient lines in Morse-Bott theory 35

In general WI’V is not a smooth manifold unless some transversality con-
dition is satisfied. For i > j, consider the open subset of Y, defined by

vy, ={pec Y, : Jtst. & (p) € Yaj}

a;a;j
and let 1/1;/1,%, : Ya‘i/aj — Y;JT be the map defined by following the flow ¢V.

Definition 2.8. Let I = {iy,...,4,} with » > 1 and f(Cyy) > --- > f(C;,).
The pair (f,V) is I-regular if the map H{’V from

SPY =S < (U Y e, qe) X (S5 N Y, ) %
X UL 0 Y e o) < (SN Yo, ) X UL

to

T = (Ciy xCiy) x -+ - x (Ci, X Ci, ) % (Vo) X Yiien ) %% Ve, ) <Y, )

(3

defined by sending (p1,q1,- - ,pr,qr) to
(SX(]H),UX(CH),'“{/SX(pr)aUX(QT)7 v
Vi) 1) (D) P20 Vpc,p(ci,)(@r=1):Pr)

is transverse to

AI::AC‘XC' X'-‘XAC,XC‘ X Ayt + X oo X Ay + .
R} i XV Y, *Yrey) Yie;, ) Y,

The pair (f, V) is regularif it is I-regular for every I C {1,...,n} with #I > 1.

Remark 2.9. Note that the regularity of (f, V') does not depend on the choice
of the auxiliary regular levels (figure 2.2) because following the flow ¢V gives
a diffeomorphism between any two regular levels with no critical points in
between.

The following lemma shows why regularity is the transversality condition
we need:

Lemma 2.10. Let I = {i1,...,i,} withr > 1 and f(Cy) > -+ > f(Cy). If
(f,V) is I-regular, then

1. (H{’V)_I(AI) is a smooth manifold of dimension m —r + 1.

2. Wf’v is homeomorphic to (H{’V)_I(AI)'
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Proof. Since H}c’v is transverse to Ay, we have that (H{’V)_l(AI) is a smooth
manifold of dimension dimS{"" — dim A;. We have

r r—1
dimSY = (m = ki) + 30 (m = ki, = 1)+ D (hi, e, = 1) + (ki + i)
j=2 j=1
= Zcij +rm—2(r—1)
j=1

while dim Ay = 377 ¢;; + (r — 1)(m — 1). The difference of the two values is
m — r + 1, which proves the first part of the lemma.
The homeomorphism claimed in the second part is

HEDHA)  — oW
(p1,q15--spri@r) —> (P, Pr Q1)
with inverse given by sending (p1,...,pr+1) t0

(Ph (Qﬁ]‘{(cil)f(c ))_1<P2)a <oy Pr—1, (w,‘v/(cr,l)f(c”))_l(pr),pr,pr+1). O
Now we can describe the smooth stratification structure of the moduli space

of broken gradient lines:

Theorem 2.11. If (f, V) is a reqular Morse-Bott pair, then M5V is a compact
topological space that admits a smooth stratification with strata

° Mg’v of dimension m + 1.

)

A Mﬁvv-/\/l{%v for non-empty I C {1,...,n}, of dimension m — #I + 1.
hd M{X_ forie{1,...,n}, of dimension c;.

Proof. That the strata are smooth manifolds of the claimed dimensions follows
from the lemmas. The described strata are indexed by the set ¥ that contains
the following elements:

e The emptyset ().
e (I,]),(1,1) for non-empty I C {1,...,n}.
e ({i},—)forie{l,...,n}.
On ¥ we define a partial order according to the following rules:
e D<oforaloeX\ {0}

e ({i},}) < ({i},—) and ({i},1) < ({i},—) for all i € {1,...,n}.
e (I,]) < (J,))and (I,1) < (J,7) for all I,J # 0 such that I C J.

Since gradient lines converge to broken gradient lines [AuBr, Appendix A],
the second condition to have a smooth stratification is also satisfied and M¥V
must be compact. O
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2.1.2 Perturbations of the gradient-like vector field

Regularity is essential to get a smooth stratification of the moduli space of
broken gradient lines. The existence of regular gradient-like vector fields is not
obvious. In the present section we prove that for a fixed (f, V') regularity is
achieved for a generic choice of a perturbation of the gradient-like vector field

V.

Let (f,V) be a Morse-Bott pair. The first thing we want to do is to perturb
V in such a way that the result still is a gradient-like vector field. In order to
do so we need to impose some control on what perturbations can be taken. In
particular we set a perturbation zone as follows: fix 5 > 0 and take Z,,, ..., Z,,
regular levels of f such that a,—1 > f(Zs,) + 58 > f(Zas,) — B > a; for every
i=2,...,v. Take Z = [~ ((f(Za,) — B, f(Za,) + B)) a band around each
of these regular levels and define the perturbation zone as the disjoint union
Z' = \Ji—y Z,,,. Note that that the closure of Z’ is contained in M \ F. The
following figure depicts Z’ in blue and F' in red:

f(Zu,/,l)

f(Za,)

f~Hav)

Figure 2.3: The perturbation zone.

The reason to define Z’ as we did may be clearer after the following result:

Proposition 2.12. Let E be a vector field supported on Z' such that

sup |df (E)| < inf df (V).
z! z!
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Then V + E is a gradient-like vector field for f.

Proof. We shall see that V + E satisfies the two conditions described in Defi-
nition 2.1:

Let p € M \ F. From the hypothesis it follows that |dpf(E,)| < dpf(Vp)
or, equivalently, d,f(V},) — |dpf(Ep)| > 0. Therefore

dpf(V + E)p) = dpf(Vp) + dpf(Ep) > dpf(Vp) — |dpf(Ep)| > 0.

This shows that V + E satisfies the first condition. The second condition is
satisfied because V + E coincides with V near the critical set F. O

Using arguments similar to those in Lemma 1.41 we can construct linear

subspaces
Lo, C{E €C*(TM): supp E C Z }

such that for all z € Z,, there is a neighbourhood U, C Z; such that {E, : E €
L,,} generates T, M for all x € U,. We take Lgi a neighbourhood of 0 € L,
such that for all E € LY it is satisfied that supy, |df (E)| <infz, df (V). Then
V + E is a gradient-like vector field for f for any F € Lgi.

For ¢ € M\ F and 7 > 0 such that f(q) > f(Z,) + 0 and such that
F(& (@) < f(Za,) — B define

yr: L) — M
E — )"

Our next goal is to prove that do®, ; is surjective, and hence that ®,, is a
submersion in a neighbourhood of 0 € Lgi. The geometric idea behind the
definition of this map and the result we pursue is that if an integral curve of
V' crosses the perturbation zone, then there is a perturbation that deviates the
curve into any desired direction. Put in precise terms, the surjectivity of do®, -
is equivalent to the fact that given any v € Tev (qM there exists E € Lgi such

that v = %B:OgﬁsE(q). This holds because & ¥ (q) = @, ,(sE).

To prove that do®, ; is surjective we will use the following convexity result
in R*:
Lemma 2.13. Let
g: [a,b] — RF
s (91(s),---, gk(s))

be a continuous map. The average of g,

1 b b
Ay = — (/a gl(s)ds,...,/a gk(s)ds) € R,

is contained in the convexr hull of im g.
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Proof. First of all note that since g is continuous and [a,b] is compact, the
image im g is compact. Then the convex hull C'H (im g) is also compact.

Now, given N > 1, take x; = a+jb77“ for j = 0,...,N. This defines a
partition of the interval [a,b]. The expression

TR
AgN = N Zg(wj)
j=1
satisfies the following two properties:

1. Ay n is the barycentre of the points g(z1),...,g9(zn).

2. (b —a)Agy N is the right Riemann sum of g associated to the partition
z9 < --- < TN.

From the first property we deduce Ay n € CH(g(x1),...,9(zn)) € CH(img)
and from the second one that Ay = limy_,o Ay n. Combining both deductions
with the fact that C'H (im g) is compact we get that A, € CH (img). O

Now we can prove the claimed result:

Proposition 2.14. Given g € M\ F and 7 > 0 such that f(q) > f(Za,) + 5
and f(&Y (p)) < f(Za,) — B, the map

Pgr: L) — M
E — &%)

satisfies that do®g ; is surjective and hence it is a submersion in a neighbour-
hood of 0 € Lgi.

Proof. Let go}]/ : R — M the integral curve of —V starting at q. The intersection
@y ([0,7]) N Z,, consists of a unique point that we denote by z. Let 7. > 0 be
the value that makes z = w}l/(a). Let § >0 and let n, : O, CR™ ! — Z, be
a coordinate neighbourhood of z in Z,, centred at 0. The map

t: (=0 =T, T+6—7,) xO, = M

defined by «(t,u) = & (n.(u)) is an embedding provided that § and O, are
small enough. Moreover, im¢ is a neighbourhood of ¢} ([0,7]) in M and the
integral curves of d.=1 (V) are of the form (¢,ug) for some constant ug € O,.

In these coordinates it is satisfied that ¢ = (0,...,0), =V = 8%1 and

cp}z/(t) = (£,0,...,0). Also, for E € L) we have E = Y7, g%% for some
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smooth functions g%. Hence, the integral curve of V 4+ E beginning at q is
defined by

{ ve(0) = (0,...,0)
'YIE(t) = (17 0,... 70) + (g%(’YE(t)), T 79?(7]5(75)))

In particular @}1/ = p.
Given a small 6 > 0 and s € (—d,0) consider the curve in Lgi defined by
ap(s) = sE. Then

d

Ao®yr ((0)) = (Byr 0 ap)(0) = 7o

Vs (T)-

In view of this equality we are interested in computing sz (t). Note first that
ng = sg% and therefore that

Yop(t) = (1,0,--,0) + s(gp(ysp(t)), - - 95" (vsB(1)))-
If s > 0, consider the function

[0,s] — R
ro— gp(we()

From the mean value theorem to get gk (vsp(t)) — gk (10(t)) = s(gk o vrr)'(c)
for some fixed ¢ € [0, s]. This can be written more succinctly as

9E(vsE(t) = gh(0(t)) + O(s).

For s < 0 we apply the argument to the interval [s, 0] to get the same result.
Substituting in the expression of 7., (t) we get

Yep(t) = (1,0,...,0) + s(gp(10(t) + O(s), ..., g (30(t)) + O(s)).

Integrating, and using the initial condition to determine constants, we find out
that

200 = (0.0, )+ [ abu(r)dr + 0. [ aBOu(rr +06)).
This means that
s = ([ abeotrir ["gaoenar.... [

%\s:(]
To conclude the proof we only need to see that any vector in R™ is of this
form for some E € Lgi. Observe that if gp denotes the map with component
functions g% what we obtained is precisely
d
ds |s=0

T

g (o(r)dr ).

’YSE(T) = TA9E°’707
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where A0, € R™ is the average of gg o vp. Hence all we need to do is to
prove that

L), — R™

a

E — Agpoy

is onto.

From the construction of LY it follows that there exists [a,b] C (¢} )~*()
and E1,...,E,, € Lgi such that for all ¢t € [a, b],

(BV)gy (b (Em)y ) = Ty iyM.

From this we get functions gg, ©70,...,98,, © 70 : [0,7] — R™, all of them
supported on (¢} )~ (Z}, ). Multiplying them by a plateau function with small
support contained in [a, b] we can assume that all these functions are supported
on [a,b] and that the cones

Cj={ r: A>0, z€im(gg, 0ovy)} CR™
are such that C; N Cj = {0} for any j # j' in {1,...,m}. We have that
AQEJ-O’YO € CH(im (gEj 0v)) C Cj

thanks to Lemma 2.13. Since the cones have pairwise zero intersection it must

be the case that Ag, oy, ..., Agy, oy, are linearly independent in R™. ]
As in the previous section we take auxiliary regular levels Y, ,..., Y~ |
and Y1, ..., Yl of f. We choose them so that, for i =2,...,v,

ai-1> f(Yy ) > f(Za,) + B and f(Za,) — B> f(Y,) > as.

Hence they are away from the closure of Z’ as it is shown in the following figure
(which essentially combines figures 2.2 and 2.3):
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Figure 2.4: Auxiliary regular levels away from the perturbation zone.

Remember also from the previous section the notation

Y/ ={pey, : Itst. &/ E(p) € Ya‘;

a;a;
for ¢ > j and the map walj;E Ya‘l/j; E — Y, defined by following the flow

¢VFE . Since there are no critical levels between Y, and Y,I we have that
Yy 4 =Y, for any E € L) and therefore ¢y "B : Y, — Y;'. Given

a;—104 @;—1

peEY, | We have the following:
Lemma 2.15. Let p € Y, . The differential of the map

U,: L) — Y,h
E o wrh )

at 0 € Lgi is surjective and hence ¥, is a submersion around that point.

Proof. Let t, g > 0 be the value satisfying satisfying 1JJV+1 o (p) = 2; J;E (p) and
define
op: L) — R
E — tp7 E

Take the map
Gp: Lgi xR — M
E — &)
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Then its restrictions to each factor are G,(-,t) = @, and Gp(E,-) = chJFE
Note also that ¥, (E) = G,(E, 0p(F)). From these facts it follows that

do\I’p(e) = dO(I)p,tp,E (6) — doO'p(6) . (V + E)T/’V+E (p)’

a;—1a4
which rearranging gives

do®p,1, () = doWp(e) + doop(e) - (V + E)lpgﬁ?a (p)'
Since gradient-like vector fields of f are transverse to regular levels we have
that

Torm, M = Turre, Y @V +E)yrrs, )-

a;_q1a;

From this fact and the equality above We deduce that doW,(FE) is just the
projection of do®,, () onto T Ve (o ) . Since do®p ¢, ,, is surjective so it
’ ”‘7, 194

must be do¥,. O

By compactness of regular levels, shrinking Lgi a bit if necessary we have
that ¥, is a submersion for all p € Y~ . Define

PQLM@...@L%'

The last result we want to prove in this section is that for a generic choice of
E € P, (f,V + E) is a regular Morse-Bott pair. In preparation for this we
introduce a bit more of notation:

We combine all the possible (un)stable manifolds of a critical component
into the single manifolds

Si={(p,E) e M x P peSl-VJrE},

U :={p,E)eMxP: pecU/TF}.

and consider the natural projections s; : S; — C;, u; : U; — C; defined by
si(p, E) = sV TE(p), ui(p, E) = u) T (p) respectively. Similarly, for i > j
define

Yo, = {(p, B) € Y, x P: pe Y [P}

a;a;

and let w(li(lj : Yaiaj - Ya—; be defined by @Z}aia]’ (p, E) = wc‘ﬁf{f(p)

As usual let I = {i1,...,4,} be such that r > 1 and f(Cji,) > --- > f(C;,).
Let S{ denote the fibre bundle over P with total space

Siv xp (Uin N Yy, )f(Cip) XP (Sin N (Vg ) X P)) xp
-xp (Ui, N Yf(CiT.,l)f(Cir)) xp (S, N (YfJECiT) x P)) xp U,
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and define HJ : 8/ — 7/ by

VAE
::H{ (e

H{(plaqlv"' 7pr7qr;E) p1,4q1,- apﬁqr)-

Since the map resulting from restricting H { to the fibre over F is precisely
the map H{’VJFE, if we prove that H}c is transverse to Aj, then by Sard’s
theorem there exists a residual subset R C P such that for all £ € R the map
H { VHE s transverse to A;. This is precisely the definition of (f,V+FE) being

I-regular. Then, the only remaining thing to prove is

Theorem 2.16. H}c is transverse to Aj.

P’I"OOf. Let (p17QI7"'7p7’7qr;E) be such that H{(phqh"wp?“aqT;E) S AI-
This is
st P ) = ul (@) = a8 P (o) = 0l P (gr) =2

V+FE V+E
@Z)f(al)f(ciz)(%) =D2y... 7¢f(gir_l)f(CiT)(Q7”—l) = Pr-

We need to show that given
041751 S Tmlcip ey amﬁr S Tmrcim

+ +
Y2, 22 € Tp2Yf(Ci2)7 s Yy Zr € Tp’“Yf(Ci,«)’

there exist
Y1 S Tazlcila e S Txrcim

+ +
(o € TP2Yf(Ci2)’ NGNS TPrYf(Cir)’
and
(v1, w1, ..., v, wisE) € T(p17Q1:-~~7pr:QT§E)SIf

such that (a1, B, ..., Br,Y2, 22, - - -, Yr, 2r) equals

(717717 <oy Yrs Ury C27 427 M 7C7"7 C’f') + d(pl,ql,.,.,pr,qr;E)H[f(Ul7 Wiy -y Up, Wr; 6)'

Note that d( H{(vl,wl, ooy Up, Wy €) equals

P1,q15,Prqr; )

(d(pl,E) Siy (Ula 5)7 d(ql,E)uli (wla 5)7 sy d(pr,E)Sir (Ur; 5)7 d(qr,E)Uir (w’l‘7 5)7
dig, )Y (Ci)) £(Cry) (W15E)5 02, - - dg, y BYYr(Cy ) f(Cip) (Wr—1, ), Ur).

Putting it all together we see that our task is to solve two sets of equations:

{ aj = 5+ dip;,p)si; (v),€)
Bi = v +d, Bui;(wj,€)
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forj=1,...,r and

{ vi= Gt dg ¥, re)Wi-1,€)
zj = G+

forj=2,...,r.
We start solving the first set of equations. First of all choose v; = 0. Now
observe that
V+E
d(p,,m)8i;(vj,€) = dp, 5777 (vj) + dpsi, (pj, ) ).

If j =2,...,7 we have that p; € YfTCij) and then s;.(pj,-) is constant because

any F € P vanishes between Y;EC_ ) and Cy (recall figure 2.4). Therefore its
ij
differential vanishes and we just need v; such that d,, SZ+E (vj) = aj, which

exists because sZ*E is a submersion. With this we determine wvo, ..., v,. With

an analogous argument we determine wy, ..., w,—1. However, we still need to
find v; and w,.

Now we solve the second set of equations, which involves the already chosen
v2,...,0 and wy,...,w,_1 but not v, w,: we take (; = z; — v; and then we
only need to solve

Yi— 2t = dgym¥re, ) Wi-1e)
= dy Vi@, ey @ie) F debse, s (@1 ().

So we need to find € solving simultaneously the equations

dpvsic,, )1, (0-1,)(E) = 45 = 2+ 05 = dgy URET e, ) (wi-1)
for j = 2,...,r. The right hand side, which is already determined, will be
denoted by 7; to simplify notation.

We shall find an ¢; solving each equation separately and then properly
combine them into a single e: note that we can write £ = (Fs,...,E,)
with E; € Lgi in a unique way. If we are able to find ¢; € T B, P;; solving

de,, Yy, )5 @-15)(€5) = nj, then

e:=> (0,..., & ,...,0)
=2
is a solution for all the equations above.

Let t; > 0 be the unique value such that §¥+E(qj_1) €Y 1

J

. Then

V+FE
Vi;_1i; (€-1,) = Yi;—14 (§t9+ (gj-1),°);
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which in the notation of Lemma 2.15 equals ¥ (VHE . According to the same
t

o (gj-1)
lemma, we get that dEijwf(Cij,l)f(Cij)(qﬂ'—h']> is surjective, so there indeed
exists and €; such that dEij wf(Cij,l)f(Cij)(qJ'—lv )(ej) = nj.

Recall that to conclude the proof we still need to find suitable v; and w,..
The equation to solve for vy is

ar = dp, s} P (v) + dpsi, (p1,7)(e),

which can be rearranged to

deZJrE(vl) = dpsi, (p1,-)(€) — a1

with the right-hand side already determined. Since SXHE is a submersion there

certainly exists v; solving it. The argument to find w, is analogous. O

2.2 Hamiltonian circle actions

Let (M,w,S', 1) be a Hamiltonian S'-space. The following properties are
well-known and widely found in the literature:

Proposition 2.17. The following assertions hold:

1) The moment map p is a Morse-Bott function with Crit(y) = MS".
2) The connected components of M5" are symplectic submanifolds of M.
3) Each critical component of u has even indez.

4) Each level, reqular or critical, of u is connected.

Proof. E.g. [Ati, 2.2, 2.3], [Aud, IV.1-IV.3], [Can, Hmwk. 21], [McSal, 5.47,
5.51]. O

Since p is a Morse-Bott function we can study its moduli space of broken
gradient lines with respect to a suitable gradient-like vector field V. The mo-
ment map is invariant and it is only natural to want all the constructions to
be invariant under the action. In particular we would like V' to be invariant as
well. However, this has a serious drawback: it may be impossible to find an
invariant gradient-like vector field V' such that (u, V') is a regular Morse-Bott
pair if the action on M has finite non-trivial stabilisers. The following example
illustrates this situation:
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Example 2.18. Consider the symplectic manifold
M ={((z0: 21 : 22), (wp : w1)) € CP? x CP' : zywp + zyw; = 0},

which can be identified with the blow up of CP? at a point. Endow M with
the Hamiltonian S'-action given by

0((z0: 21 : 22), (wo : wy)) = ((0z0 : 012 z9), (wo : 92w1)).
The moment map is

|20|? — |21 ]2 2[wy |
2012 + 212 4 |22/ |wol? + w1 |

w:((z0: 210 22), (wo : wy)) —

Recall that the critical points of u coincide with the fixed point set M S' In
this example it consists of four isolated points.

Let V be an invariant gradient-like vector field for p. The following ta-
ble contains some information about the critical set of p and the (un)stable
manifolds with respect V:

Critical component C; | u(C;) | dim S} | dim UY
Ci={(1:0:0,[0:1)}| 3 0 4
Co={([0:0:1],]0:1])} 2 2 2
C3={([0:0:1],[1:0])} 0 2 2
Co={([0:1:0],[1:0)}| -1 4 0

The S!'-action restricts to the sphere B = {(0:0: 1)} x CP! C M, which
contains Cs, C5 but not C1, Cy. The stabiliser for any non-fixed point of B is
{—1,1} ~Z/(2). Let p € B be a non-fixed point and let

a_1: M — M
((z0: 21 : 22), (wo : w1)) +—— ((—z0:—21:22), (wp : wy))

be the map defined by the action of —1 € S* on M. Writing Tw»M ~T,B&N,B
we get dya_1 = (id, —id). Therefore any S'-invariant vector field -in particular
V- must be tangent to B. Hence there exist integral curves of V' connecting
Cy and Cj3 or, equivalently, Uy N SY # 0.

Now let Y5 = pu=1(3/2),Y," = p71(1/2) be auxiliary regular levels. Since
there are no critical levels in between we have that Y2‘,/0 =Y, . In order to have
regularity we need
HY3% 1Sy x (U3 Yy ) x (S NYGH) x Uy — (Cax Co) x (Cs x Cs) x (Y x Ygh)
to be transverse to Ay 3y. Since C, C3 are 0-dimensional this is equivalent to
the fact that Sy N Y™ and ¢ ,(Uy NY;") intersect transversally inside Yj'.
The dimension of the former two is 1 and the dimension of the latter is 3, so
transversality happens only if the intersection is empty, but this is impossible
because Uy N SY # ().
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2.2.1 Semi-free actions

The last example shows that invariant regular Morse-Bott pairs may not exist
if the action of S' on M has finite non-trivial stabilisers. In this section we
prove that this is the only possible obstruction: if the action is semi-free it is
always possible to achieve both invariance and regularity. To show this we will
use similar techniques to the ones in Section 2.1.2, taking care that everything
remains invariant —or equivariant— with respect to the action.

Let us start by stating clearly the set-up and the notation to be used: let
(M, w) be a compact connected symplectic manifold of dimension 2m, endowed
with an effective and semi-free Hamiltonian S!-action. Denote by p: M — R
the moment map. Fix an invariant almost complex structure J compatible with
w and let py := w(-, J(-)) be the corresponding invariant Riemannian metric
on M. Let p

2mit
Xp = dt\tzoe
be the vector field generated by the infinitesimal action. Then dy = txw and
the gradient vector field of p with respect to py is JX. In particular JX is an
invariant gradient-like vector field for p. We denote by £/X the flow of —JX
and by go]iX the integral line of —J X starting at p, i.e. cpIJ,X(t) =&/ X(p).

p

We want to prove that (u, JX ) is regular for a generic invariant pertur-
bation JX of JX. The perturbation JX will be of the form EX, where
E € C*(End TM) is a perturbation of J as an invariant almost complex
structure compatible with w. To understand what properties such an F needs
to satisfy we make a brief digression on symplectic linear algebra: let (W, o)
be a symplectic vector space and let I € End(W) be a complex structure on
W compatible with o, meaning that

1. I? = —idy
2. o(+,I(+)) is a positive inner product on V.

Linearising these two conditions, i.e. applying them to I + se with s € R,
e € End(W) and making the linear terms on s vanish, we get

1. el +Ie=0,
2. e+e* =0.

Here, e*? denotes the o-dual of e, which is defined by o(e*?(-), ) = (-, e(+)).
Therefore the vector space

D={ecEnd(W): el +Ie=0, e+¢e" =0}
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can be viewed as the space of infinitesimal deformations of I as a complex struc-
ture compatible with o. Indeed, if e € D and s is sufficiently small, I exp(sel)
is a complex structure compatible with o. Going back to the manifold context,
this discussion implies that the sections of the vector bundle

D={ecEndTM: eJ+Je=0, e+e™“ =0}

should be regarded as the perturbations of J as an almost complex structure
compatible with w. Then the perturbations of J we will consider are equivariant
sections of D.

Recall from Section 2.1.2 that we need two things in order to apply the
results proved there to the present context:

1. A perturbation zone where the perturbations have to be supported in
order that the property of being a gradient-like vector field is preserved
(as in Proposition 2.12).

2. A surjectivity result like Lemma 1.41 in order to get submersions as in
Proposition 2.14 and Lemma 2.15.

As in former sections let

- C1,...,C, be the connected components of the critical set of p labelled so
that 5(Ch) > -+ > p(Cp)

- ag > ... > a, be the points in p(F) and Z,,, ..., Z,, be regular levels such
that a;—1 > u(Z,,) > a; and take 5 > 0 such that

ai—1 > p(Za;) + 8> u(Za,) — B> a;

for every i = 2,...,v. Finally let Z := p~'((1(Za,) — B, 1(Za,) + B)) and
define the perturbation zone by Z' = (Ji_, Z,,,.

The surjectivity result is

Lemma 2.19. There exists a finite dimensional subspace A C C*°(D) such
that for every p € M and every in v € T,M \ {0} the evaluation map

evpy: A — T,M
EF — Ep(v)

1S surjective.
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Proof. Using compactness and partitions of unity as in Lemma 1.41 the result
follows once we have proved that there is a finite dimensional subspace A, C D,
such that
A, — T,M
e — e(v)
is surjective. Let us prove this fact:

Fix a basis {u1,...,um,v1,...,0m} of T,M such that J, is represented by

the matrix
j 0 Id
= \-1d 0

and such that w, is represented by IT = —Iy. That such a basis exists is a
well known result (see e.g. [Can, Hmwk. 8]). In this basis the induced inner
product wpy(-, Jp(-)) is represented by the identity matrix.

Consider now the endomorphisms of 7),M that in the chosen basis are
represented by the matrices

T

T T T T T T T
P = uju; + Uiy — VU7 — VU5, Ql‘j = UV + ujv; + ViU + vju; .

Both endomorphisms belong! to D,. Let
U:)\lul+"‘+)\mum+ﬂlvl+"‘+ﬂmvm-
If A2 + p? # 0 we have that

o I NQu — P
(v) = u, SRBCE: (v) = v;.

LAiPsi + piQii
2 A+

Otherwise, i.e. if v is orthogonal to both u; and v;, take j such that )\J2+ u? #0,
which exists because v is not zero. Then

Al + Qg AiQij — 1P

2 2 (U) = Uq, 2 P}

(v) = v;.

This shows that the vector space A, generated by the matrices P;;, );; satisfies
the required conditions. O

Following the steps of Section 2.1.2, the next thing we want to do is to
construct suitable finite dimensional vector spaces

Lo, C{E € C®(D): supp E C Z,, }.

'In the chosen basis, a matrix Ey represents an element of D, if and only if Folo+IoFo =0
and EX Iy + IyEo = 0, which is equivalent to Eo = EY and Eo = IoEolp.
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In particular we want the elements of L,, to be § Linvariant, so we make
the following construction: given z € Z,, and ¢ > 0, define the set

5(2,6) = {expl’(v) : v e€T.M, |v| <6, ps(v,X:) = 0}.

Let also R(z,6) = S'-S(2,9). If § is smaller than the injectivity radius of the
metric p; (which we assume) then S(z,d) is a slice of the S!-action, meaning
that at all p € S(z,0) the orbit through p and S(z,d) intersect transversally.
Also if ¢ is small enough, R(z,0) is a solid 2m-dimensional torus contained in
Zg,

Figure 2.5: The solid torus R(z,J).

Fix §, > 0 small enough so that R(z,0,) is a solid torus contained in
Z}, and so that there exist sections E',... , ES € C*(5(z,6.),D) satisfying
T.M = (El(u),...,E(u)) for all z € S(2,8,) and u € T, M \ {0}. This can
be done thanks to the surjectivity Lemma 2.19. Now we want to extend these
sections to equivariant sections in C*°(M, D) supported on R(z,d,):

Let n, : S(z,0,) — [0,1] be a smooth function supported on the interior
of S(z,9.) and such that 7,(z) = 1. Then the sections n,FE? are supported
on S(z,0,). Since the action on R(z,d,) is free?, they extend uniquely to
equivariant sections in C*°(R(z,0,), D). Finally we extend them by zeroes to
all of M. We denote by W, C C*°(M, D) the vector space generated by the
sections 7, E7.

The union of the sets Ji’, (2,0,) N Z,, as z runs over all points of Z,, is
an open covering of Z,,. Since Z,, is compact there exists a finite number of
points {z;} C Z,, such that Z,, is contained in the union of the interiors of
the sets R(zy, 0, ). We define

Lo, i=Wo, @& W,,.

2Here is where we use that the the circle action on M is semi-free.
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The elements of L,, are S L_equivariant and supported on Z(’li. Now take Lgi -
La, a neighbourhood of 0 such that for all E € LY it is satisfied that

sup |[du(EX)| < inf du(JX) = inf ||J X%
VAR zZh. Z/li

a; 7

The inequality is a condition analogous to that of Proposition 2.12, while the
equality is given by the fact that JX is the gradient vector field of p with
respect to py.

IfP= ng SRRRN Lgy now we can prove everything as we did in Section
2.1.2 to conclude that

Theorem 2.20. There exists a reqular subset R C P such that for oll E € R
the Morse-Bott pair (u, (J + E)X) is regular.



Chapter 3

Multivalued perturbations for
Hamiltonian circle actions

Let (M,w, S*, 1) be a Hamiltonian space. If X is the vector field generated by
the action an J is an invariant almost complex structure we have that (u, JX)
is a Morse-Bott pair. The main result in Chapter 2 was to prove that if the
action is semi-free we can perturb J in such a way that the Morse-Bott pair
is regular. However, Example 2.18 shows that if the action is not semi-free
—it contains finite non-trivial stabilisers— it is in general not possible to achieve
both regularity and invariance simultaneously. The technique developed in this
chapter, multivalued perturbations, solves this problem.

The order of exposition in this chapter is somehow reversed from that of
Chapter 2. We first review our construction of perturbations in the semi-free
case and explain what modifications are required for the general case, leading
to what we call multivalued perturbations. Once this is done we will study
again the moduli space of broken gradient lines and see what changes are
needed in order to multivalued perturbations to fit in. Chapter 2 is in the
end a particular case of what it is studied here and will be a good guideline
to understand what steps we are following. Many of the results of the present
chapter have a counterpart in Chapter 2 and for this reason the references to
that chapter are frequent.

3.1 Understanding the problem

A significant part of the notation to be used in the present chapter is borrowed
from Chapter 2. Let us make a reminder of this notation to have it collected
in a single place for a better reference:

53
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Our setup is the following (see the introduction of Section 2.2):

e (M,w,S', ;1) is a Hamiltonian space where M is compact and connected
of dimension 2m.

e J is an invariant almost complex structure compatible with the symplec-
tic form w and py = w(-, J(+)) is the corresponding Riemmanian metric.

e X is the vector field generated by the infinitesimal action.

From this, several facts are derived and some more notation is introduced (see
Proposition 2.17):

e 1 is a Morse-Bott function and JX is a gradient-like vector field for pu.
We denote by &/ the flow of —J X at time t € R and by gng the integral
line of —JX starting at p € M.

e The critical set F of y coincides with the set of fixed points M~ ' We de-
note its connected components C1, ..., Cy so that pu(Ch) > ... > p(Cy).

We also set a perturbation zone (see the beginning of Section 2.1.2):

e a; > --- > a, are the critical values of y, i.e. u(F)={ay,...,a,}.

® Loy, .., 0, are regular levels of p and 8 > 0 is a positive number such
that a;—1 > u(Zy,) + 8 > u(Zy,) — B> a; for every i = 2,..., v.

o We define 2}, = u~'((u(Za,) = B.1(Za,) + B)) and Z' = Uty Z,.

e To simplify some notation, in the present chapter, we set Z = |J;_y Z,

it

With all these elements we define certain solid tori of M where perturbations
of J are to be defined (see figure 2.5 and the text afterwards)

e For z € Z,, and 0 > 0, let
S(z,6) = {exp?’(v): ve T, M, |v| <4, pslv,X,) =0}

If § is small enough S(z, §) is a slice of the action and R(z,8) = S*-S(z,d)
is a solid torus contained in Z,, .

e The vector bundle D = {e € End TM : eJ + Je =0, e +¢e™ = 0}
parametrises perturbations of J and, from Lemma 2.19 it follows that if
§ is small enough there exist sections E',..., E% € C*(S(z,6), D) such
that T, M = (El(u),..., ES(u)) for all z € S(z,6) and u € T, M \ {0}.
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e We fix § = §, such that all these conditions are satisfied.

At this point, in Chapter 2, we extended the sections E’ to equivariant
sections of C*°(M, D) supported on R(z,d,). To do so we used that the action
is free on R(z,6,) which was a consequence of S! acting semi-freely on M. In
the present chapter the semi-freeness condition is dropped, so we need to do
something else. What we will do now is to define a covering R¥(z,d,) of the
torus R(z,d,) which carries a free action of S'. It is on this covering that we
will extend the sections. Let

R#(2,6.) :={(0,p) € S* x R(2,68,): 0-peS(z06.)}.

Note that the set {6 € S1: 6-5(2,6,) = S(z,0,)} coincides with the stabiliser
of z. Let 0, be the number of elements of the stabiliser of z. Then the projection
to the second factor

7 : R%(2,6.) — R(2,4,)

is an 0, to 1 map. Moreover, the map 7~ 1(S'-2) — S!-2 can be identified with
the map S! — S that sends # to 6°-. From this we deduce that 7=1(S? - 2) is
connected and hence so is R*(z,d,). Therefore, R”(z,6,) is also a solid torus.
Consider the action of S' on R¥(z,d,) defined by a - (6,p) = (ab,a - p) for
a € S'. This action is free, and with respect to it, 7 is equivariant.

Let n, : S(#,6;) — [0,1] be a smooth function supported on the interior
of S(z,0,) and such that 7,(z) = 1. Then the sections 7, E’ are supported on
S(z,4,). Consider (n,E7)# € C®({1}xS(z,d,),7*D) be their pull-backs under
7. Since the S' action on R¥(z,d,) is free, they extend uniquely to equivariant
sections in O (R#(z,6,), 7*D). Finally W, C C®(R#(z,,), 7*D) will denote
the vector space generated by the sections (1, E7)%.

Now it is a good moment to stop and compare the present situation with
what we did in Chapter 2 for semi-free actions. In Section 2.2.1, the gradient-
like vector field JX was perturbed by adding a vector field of the form EX
where F is an invariant perturbation of J supported on the perturbation zone
7' and such that sup’, |[du(EX)| < inf’ || JX||?. In this chapter we change our
point of view a little bit and instead of focusing on which are the vector fields
we use to perturb JX we focus on the integral lines of such. The following
section is devoted to such objects.

3.2 Perturbed gradient segments

We define here the notion of e-perturbed gradient segment, which is basically a
portion of an integral curve of a vector field resulting from adding an arbitrary
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small perturbation —the parameter € > 0 determines how small-to —JX. Then
some properties of such segments are given in a series of lemmas leading to the
final result, which states that if € and § are small enough the intersection of
an e-perturbed gradient segment with the torus R(z,d) behaves in a controlled
manner (in particular it is connected).

Definition 3.1. Let ¢ > 0 and let A C R be an interval. A smooth map
v: A — M is an e-perturbed gradient segment if there exists a vector field Y
supported on Z’ such that

1. ’yl(t) = —(JX + Y)'y(t)
2. supy [du(Y)] < e.

3. supy |[Y|? <e.

We shall define two quantities that are going to be used along this section,
namely

s := inf ||JX||? S = sup | JX|*
Z, Z/

The first of the lemmas shows that if we take € small enough, an e-perturbed
gradient segment is monotonically decreasing along u, implying in particular
that it is an embedding and its image is an embedded simply connected curve.
The following picture shows the wrong and the right behaviour:

X v Growth of p

Figure 3.1: e-perturbed gradient segments with respect to the growth of p.

Lemma 3.2. Let e < s. If v: A — M is an e-perturbed gradient segment,
then (o) < 0.
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Proof. Since JX is the gradient vector field of p with respect to pj we get
(mo)(t) = dv(t)M(V/(t))
= dypm(—(JX +Y) ())
= _d'y(t( X)) = dyyu(Yoey)

= —NIX)wl? —d (YM)
< —ITX)yl? +|d7(t 1Y)l
< —s+e¢

< 0

O]

Suppose now that an e-perturbed gradient segment crosses the perturbation
zone Z'. We can then control the length of the interval in which it is defined
provided that € is small enough:

Lemma 3.3. Lete <s. If y: A — M is an e-perturbed gradient segment such
that B := 7_1(Z(’11_) s mon-empty, then B is connected and

E(v(B)) <1B| < sup u(y(B)) — inf u(y(B))
S+ 3¢ s—¢ ’

where E(y(B)) is the energy of v(B).

Proof. We show that B is connected by contradiction: if tg < t; < to were
elements of A such that tg,t2 € B but such that v(t1) ¢ Z,,., then either

pOr(t) <infp < p(y(t2))  or  u(y(ta)) > Sup 1. 2 1(y(to))-

aj

Both cases contradict the fact that p o~ is monotonically decreasing stated in
Lemma 3.2. The following picture illustrates the situations we just described:

X X v

Figure 3.2: The intersection of an e-perturbed gradient segment with Z, .



58 3. Multivalued perturbations for Hamiltonian circle actions

Also in Lemma 3.2 we proved that (uo+)'(t) < e —s. Then

/Bs—edt</B—(M0fy)’(t)dt,

which implies

|B|(s — €) < p(y(inf B)) — p(y(sup B)) = sup(u(y(B)) — inf(u(v(B)),

where the last equality follows from the fact that v is monotonically decreasing
along p. This already proves one of the two inequalities.

The other inequality is also obtained from integrating along B, in this case
the estimate ||7/(¢)||?> < S + 3¢, which is obtained as follows:

VO = = (X +Y)0l?

= pi((JX +Y) ), (JX+Y) )

= [[(TX)y@lI? + V50 17 + 2(0.0) 0 (T X)), Vo)
1CTX ) |1+ 1Y) 1P+ 2d 0 (Y n))
1T X)) |12+ 1Y) 17+ 2ldy @Yy )]
S+e+2e
S+ 3¢

A A

Another property of e-perturbed gradient segments is that if they are close
to the orbit S! - z, then the square of the distance function is convex. This is
stated with precision in the next lemma:

Lemma 3.4. Let z € Z. Define f: A — R by

f(t) :=inf{6*: ~(t) € R(2,6)}.

There exist €,0 such that if v: A — M is an e-perturbed and g(t) < 62, then
g s strictly conver.

Proof. We take local coordinates around z adapted to the action as follows:

Consider L C T, M the span of the vectors X, and JX,, which are tangent
to the orbit S! -z and the curve 7% respectively. Let also U C L+ be a small
neighbourhood of 0. For small n > 0 consider V = (—n,n) x (-n,n) x U.
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V4
- n
n :
v
/1 p7X

Figure 3.3: Local coordinates for a Hamiltonian S'-action.

Then ¢ : V — M defined by c(t,0,u) = &% (e - expp”’ u) is an embedding
and (V) is a neighbourhood of p in M. If we take the metric dt? + d6* + du?
on V, where du? is the restriction of (ps), to U, we have that the integral
curves of de=1(JX) on V are of the form ~(t) = (¢,6p,u0) for some constant

(007’&0) € (_77777) xU.
In these coordinates O = {0} x (—n,n) x {0} C V coincides with :~1(S*-2).
If dy is the distance on V induced by the chosen metric we have that
go(t) == do(a(t), 0)* = t* + ||ug]|?

and then ¢ (t) = 2. Now let d be the distance on V induced via ¢ by the distance
dp, on M. If ) and € are small enough the function g, (t) = d((: = 0 7)(t), 0)?
satisfies g(t) > 1.

From the generalised Gauss lemma for submanifolds [Gray, lemma 2.11] it
follows that, for p € M, if d,,(p, S' - z) is small enough then

dy,(p,S*-2) =inf{: p € R(2,0)}.
So if g is small enough then g = g,. O

We prove one last lemma which gives conditions for an e-perturbed gradient
segment not to get in and out of a torus several times:

Lemma 3.5. Let ¢ < s. If oo > 0 there is some 0 < 61 < dg such that if
v:A— M is an e-gradient segment and z € Z then

YCH(y~(R(z,61)))) € R(z,d),

where CH denotes the convex hull.
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Proof. Let 03 < do be such that for any z € Z we have R(z,02) C Z,. If 62 is
small enough, the infimum of the distances between the boundaries OR(z, d2/2)
and OR(z,d2) for z € Z is a strictly positive number d > 0. Let §; < d2/2 be
such that for any z € Z we have

sup p— inf p<2d ST ¢f

R(2,61) R(2,61) VS +3e

We will now prove that §; satisfies the conditions of the lemma even replacing
0o by d2. To do so we will argue by contradiction. Suppose that v: A — M
is an e-perturbed gradient segment such that for some z € Z there exists
to < t1 < tg such that y(to),v(t2) € R(z,d1) but v(t1) & R(z,d2) as shown in
the following picture:

12 v(to) p(7y(to))
. L P
t
b v(t2) n((t2))
8R(27 (51)
aR(Z, (52)

Let B = [to,tg]. Then

L) = [ o= [ @l [ o 2

On the other hand, using the relation between length and energy and both
inequalities of Lemma 3.3 we get

<mwm»—mme§5+%)

LB < |Bl- B(B)) < |BI(S +3¢) < PR =

Combining both expressions we conclude

VS + 3¢

§—¢&

2d < (1(v(to)) — p((t2))),

which is a contradiction with the choice of d;. O
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The previous lemmas are the tools needed to prove the following result,
which characterises the intersection of an e-perturbed gradient segment with
the torus R(z,d) when ¢ and § are small enough:

Proposition 3.6. There exist positive £,6 > 0 such that if v: A — M is an
e-perturbed gradient segment and z € Z, then

1. v Y(R(2,0)) C A is connected.

2. If ) # v(A) N R(z,0) C OR(2,9), then v~ *(R(z,6)) consists of a unique
point.

Proof. Take ¢ < s and ¢y satisfying Lemma 3.4 and let §; be the corre-
sponding value given by Lemma 3.5. Take § = 0;. By Lemma 3.5, B :=
CH (v Y(R(z,9))) satisfies v(B) C R(z,8y). Therefore, according to Lemma
3.4, the function g : B — R defined by

g(t) = {inf ¢ : (1) € R(2,Q)}

is strictly convex. As a consequence the maximum of g is attained at one of
the extremes of B. That is

g(t) < max(g(inf B), g(sup B)), Vt € B.
Since both 7 (inf B),y(sup B) € R(z,d) we have that
g(inf B), g(sup B) < 6%

Combining this with the inequality above we get that g(t) < 62 for all t € B.
Hence 7(t) € R(z,6) for all t € B. In other words, B C v '(R(z,4)). This
means that y~1(R(z,§)) coincides with its convex hull, so it is connected. This
proves the first part of the proposition.

In the particular case in which the intersection is contained in the boundary,
we have that ¢ = 62. This is a contradiction with g being strictly convex on B
unless B consists of a single point. Since the convex hull of v~ '(R(z,6)) is a
single point, this set must be a single point itself. O

Suppose that the gradient line v := (cp‘q]X )jo,] : [0,7] — M intersects the
interior of R(z,6,). Take U C R(z,0,) a connected and simply connected
neighbourhood of im~y N R(z,d,), which exists thanks to the deduction before
Lemma 3.2 and Proposition 3.6. Choose a lift o : U — R#(z,éz). IftEeWw,
is sufficiently small we can define vz : [0,7] — M by

{ ve(0) = ¢
V() = —(J + TEo(y(6) Xy(0)
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where 7D 5 D is the natural projection: the composition
U R*(2,6,) B mD5SD

is an element of C*°(U, D). We need E to be small in order that yg(t) stays
in U for all t € y71(R(2,6,)). Then, for E € WY, a small neighbourhood of 0
in W,, we can define the map

Py W2 — M
E +— ~p(t) "’

The same arguments as in the proof of Proposition 2.14 show that do®,  is
surjective. Hence, shrinking W0 if necessary, we can assume that O, is a
submersion.

If F is sufficiently small, vg is an e-perturbed gradient segment. Namely
we need sup; |dy () 1 (TEy (450 Xyp@)| < € and supy |7 Eq (o) Xypm I < €.
We shall then define the following norm on W,:

IE|: = = sup  (IdpulTE ) Xp)| + 17 E(g ) Xpll)-
(0,p)€R(2,02)

The union of the sets ]?i (2,0,) N Z as z runs over all points of Z is an
open covering of Z. Since Z is compact there exists a finite number of points
z1,...,2¢ € Z such that Z is contained in the union of the interiors of the sets
R(z,9,,). To simplify the notation let R; = R(z;,6,), RZ# = R#(zi,ézi) and
i Rl# — R; be the projection.

Take € small enough so that all the results in this section hold and such
that the ball B(0,e)|, is contained in W?. Define

P:={(BE1,...,E) €W, @ - ®W,, : |Eill., < e/l Vi}.

This is the space of perturbations we will work with. In particular, we make
the following definition:

Definition 3.7. Let P = (Ey,...,Ey) € P. A P-perturbed gradient segment
is a tuple (7,7#, - ,vf) where

1. v: A— M is a curve on M.

2. 'yl# IR — RZ# is a lift of the restriction of ~, i.e. m; o ,y# = 7 on

KA
7 'R;.
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3. The equation

is satisfied.
Remark 3.8. We have in particular that v is an e-perturbed gradient segment.

Remark 3.9. P-perturbed gradient segments admit an S'-action given by

because the invariance of m; makes 6 - %.# into a lift of 6 - v and the equation is
preserved by the equivariance of J and FE;.

3.3 The moduli space of perturbed broken gradient
lines

In this section we generalise the results of Section 2.1.1 where we studied
moduli spaces of the form MHJTE)X where E was a suitable perturbation of
the almost complex structure J. We define analogues of these spaces and we
study their structure. Similarly to what happened in Chapter 2 these analogous
moduli spaces admit a stratification indexed by the number of breaking points,
but they have the structure of a branched manifold as a consequence of the
different possible choices of a lift.

Definition 3.10. Let P € P. An oriented P-perturbed broken gradient line of
(1, JX) is a tuple G = (K; Ky, ..., Ky b) where K C M is a compact subset,
each K; C R;% is a compact (possibly empty) subset and b € K such that
either

0 it b € R;

K = {b} and K; = { (v} st m(0F) =b ifbeR;

or, if not, then:
1. KN F is finite: let K NF = {c1,...,¢} with p(c) > -+ > p(er) (note
that K N F may be empty).

2. There exists a homeomorphism hx : [0,1] — K and P-perturbed gradient
segments
(v A — M,’yzl,...,'ylf;), k=0,...,r

such that
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e Ag is of the form [tg, +00) and hjt oy : Ag — [0,h'(c1)) is an
increasing homeomorphism.

e If0 <k <r A, =Rand hi! oy : A — (hg'(cr), bt (cry1)) is
an increasing homeomorphism.

e A, is of the form (—oo,t1] and hit oy : A, — (hit(c,),1] is an
increasing homeomorphism.

and such that

imyg%j if inf p(R;) > p(cr)
K; = imfy,ffj if p(ex) > sup pw(Rj) > inf p(R;) > p(cpt1), 0 <k <.
im~ if () > sup u(R;)

3. Either b = hx(0) or b = hg(1).

The point b is called the beginning of G. Similarly, we define the end of G
to be the point

b if K ={b}
e={ hg(1) it K#{b and b=hg(0)
hic(0) if K #{b} and b=hg(l)

In the first case we say that (K,b) is point-like, in the second case that it is
descending and in the last case that it is ascending.

Remark 3.11. The picture one should have in mind is the same as in figure
2.1, but now with the pieces of K between two breaking points being the image
of a P-perturbed gradient segment that lifts to the sets Kj;.

Remark 3.12. If K N F = () then the parametrisation is given by a single P-
perturbed gradient segment with g : [tg,t1] — M such that the composition
hit o0 : [to,t1] — [0,1] is an increasing homeomorphism.

Denote by dj the distance on M induced by the Riemanninan metric p;.
We can pull p; back to R}# by means of 7;, and this induces a distance d;; on
Rf. Let d(K;) := sup{d;(z, 6R}¢) : x € K;}. Given two P-perturbed broken
gradient lines G = (K; Ky,...,K;,b) and G' = (K'; K1, ..., K;;V') define

¢
d"(G,G") = df (K, K') +d;(0,0) + Y _ dif (K, Kj)(d(K;) + d(K])),
j=1
where the superscript H denotes de Hausdorff distance between subsets. This

defines a pseudodistance in the set of P-perturbed broken gradient lines be-
cause there exist G # G’ such that d*(G,G’) = 0. This happens when K = K’
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and for each j such that K; # K} both K; and K are contained in 8R}¢,
which according to the second part of Proposition 3.6, means that each of
them consists of a unique point. We denote by (QP ,d) the metric space ob-
tained from this pseudodistance, i.e. G¥ is obtained by identifying G and G’
if d*(G,G") = 0 and for [G],[G'] € GT we take d([G], [G"]) := d*(G,G"). The
bracket notation will be dropped from now on, and by abuse of notation G will
represent any element of its class.

We shall now define a stratification of G¥. The following definitions resem-
ble those in Section 2.1.1: given I C {1,...,n}, define

GF={(K;--)eGl: ielTe KnC; #0).
and split this set into
G =G, UG UG

according to its elements being descending, ascending or point-like. Note that
if #£1 > 1 there are no point-like elements while there is a homeomorphism

Gy = {({b}s0,- ,0:b): beCi} ~C;
because if b € C; it cannot belong to any R;.

Remark 3.13. (cf. Remark 2.4) Qﬁ and ng are homeomorphic via
G=(K;Ky,...,Kp;b) = (K5 Ky, ..., Kyse),

where e is the end of G. The inverse is given by the same expression. These
transformations consist in flipping the orientation of the P-perturbed gradient
line.

Remark 3.14. In Remark 3.9 we defined an S'-action on P-perturbed gradi-
ent segments which makes

0-(K;Kyq,...,Kp;30)=(0-K;0-Kq,...,0-Ky;0-b)

into an S'-action on G (if K # {b} we only need to take hg.r = 0 - hx). The
sets Qﬁ, g}’} and Q}D_ are invariant under this action.

We shall begin studying Gj'. If G = (K;...;b) € Gj is such that K # {b},
then, according to Definition 3.10, G is parametrised by a single P-perburbed
gradient segment with first component v := g : [to, t1] — M such that hx(0) =
v(to) and hg (1) = ~(t1). With this notation consider the map (cf. Lemma
2.5)

af Gy — R x (M\ F)
G=(K;-30) — (v () =77 (b),b) "
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where it is implicitly understood that if G is point-like then v~ 1(e)—y~1(b) = 0,
although ~ is not defined. Note that the image of a descending element is
(t; — to,b) while the image of an ascending element is (tp — ¢1,b). This is
well defined because the difference t; — tg does not depend on the chosen
parametrisation . Another obvious observation is that this map does not
depend on K1,..., Ky, so it is not injective in general: loosely speaking, given
an element of R x (M \ F)), it has as many preimages as choices of lifts we can
make. Therefore it is important to identify the points where the number of
lifts we can take changes:

Definition 3.15. An oriented P-perturbed gradient line G = (K;...;b) is
said to be tangent to R; if ) # K N R; C ORj, which by Proposition 3.6 is a
unique point.

It is precisely a these tangent points that the number of lifts varies. We
illustrate this in the following figure, where o; denotes the number of elements
of the stabiliser of z;:

#
1

# 4
1 1

R; : R; E R;
K ! K ! K !

If K does not intersect If K is tangent to R;, If K intersects the inte-
R;, there is a unique there are o; choices for rior of R;, there are o;
choice, namely K; = (. K; but all of them are choices for Kj.
identified because they
belong to 8R}¢.

Figure 3.4: Lifts of a perturbed gradient line.

The figure shows that if G is tangent to R;, in a neighbourhood of G in gé’
there are elements with only one choice for K; and elements with o; choices
for K;. Not surprisingly G will turn out to be a branching point as explained
in Section 1.2. The following proposition describes the local structure of g{ :
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Proposition 3.16. Let G = (K;---;b) € gé’ and let

o Ag be the set of j such that K intersects the interior of R;

o Ay be the set of j such that K is tangent to R;

If Av = 0 —if G is not tangent to any Rj- let N = 1. Otherwise, if Ay =
{j1,---,Js}, let N = 0j, ---0;,. There exist open subsets Wi,..., Wy C R x
(M \ F) and continuous maps ¢y : Wy — G such that

1. of o pp : Wy — R x (M \ F) is the identity on Wy

2. o1(W1)U---Upn(Wy) is a neighbourhood of G in G .

Proof. For each j € Ag, let UJ# C R;% be a small open neighbourhood of K;
such that 7; : U]# —U; =m;(U ]# ) is a diffeomorphism of open manifolds with
boundary and let o; be the inverse.

Similarly, for each j € Ay, choose ¢; € (KN R;) —there are o; choices—
and let U ]# - Rf be a small open neighbourhood of g; such that the projection
mi: U J# —Uj :=m;(U ]# ) is a diffeomorphism of open manifolds with boundary.
Let o; be the inverse of this diffeomorphism.

Now let B C M be an open neighbourhood of K such that B N R; C U;
for every j € AgUAy. On B we define the vector field

V=I|J+ Z ﬁ'j (Ej)gj X
JEAOUAy

where, remember, P = (Ey,...,Ey). Then all the integral curves of —V are

e-perturbed gradient segments.

Assume G = (K; Ky,..., Ky b) is descending. Then it is parametrised by
an e-perturbed gradient segment (7 : [tg,t1] — M, ’yf&, - ,yf) with v(tg) = b.
Note that « is an integral curve of —V.

Now, for every (¢,p) in a sufficiently small neighbourhood W of (¢; — to, p)
in R x (M \ F) there is a unique integral curve 7, : [0,¢{] = M of —V such
that 7;,(0) = p. Define K;, = im~;,. Taking W small enough we can
assume that K;, N R; is non-empty if and only if j € Ag U Ay. In this case let
Kip; =0j(Kip N Rj). Otherwise let Ky, ; = 0. Define

(p(tap) = (Kt,p; Kt,p,la cee >Kt,p,f;p)7



68 3. Multivalued perturbations for Hamiltonian circle actions

which is an element of gqﬁ because it is parametrised by the P-perturbed

gradient segment (’yup,’y;# ,fyfp ;) where, if j € AgUA; —so K;, N R; is

ol
non-empty—, ’yfp’j : ’yt_’pl(Rj) — R;-éﬁ equals 0 0 7 p.

Since aég(Kt,p; ...;p) = (t,p) we have that aéD o ¢ is the identity on W.

If Ay = 0 this already proves the first claim (for descending elements)
because there are no choices involved. Otherwise for each j € Ay = {j1,...,Js}
we can make o; choices for a total of 0j, ---0j, = N choices. Namely, the set
Qi := 7 1(K N R;,) has o, points and for each of the N elements of the form
q:=1(q1,...,q9s) € Q1 X --- X Qs =: Q we can construct a neighbourhood By,
a vector field V,, an open subset W, and a map ¢,.

Analogous arguments prove the first claim for the cases in which G is either
ascending or point-like.

In order to prove the second claim observe that thanks to Proposition 3.6,
if @ = (K';Ky,...,K;;V) e géD, each intersection K’ N R; is connected, so if
G’ lies near G, the compact K’ must be the image of an integral curve of V;
for some q € Q. O

From this proposition we deduce that gé” is a 2m + 1-dimensional branched
manifold (this concept was explained in Section 1.2) with G being a branching
point if and only if Ay # (. If G is not a branching point, i.e. it lies on a
branch, we make the following definition:

Definition 3.17. The weight of G € géj \ (Qéj)’< is the rational number
HjGAo OL]-‘

Remark 3.18. The intuitive idea behind this definition is that when a branch
reaches a branching point and it splits into o; branches its weight is equally

distributed among the new branches. This notion will be used in Chapter 4 to
define weightings on certain train tracks (see Definition 1.29).

We move forward on to studying the structure of Q’F; . The techniques we

use are very similar to those in Proposition 3.16. Compare also with Lemma
2.6.
Proposition 3.19. There is homeomorphism gfi}_ ~ ;. Otherwise, given
G = (K;---;b) € gﬁ} not point-like define Ao, Av and N as in Proposition
3.16. Then there exist 2m-dimensional submanifolds Wi,..., Wy C M x M
and continuous maps gy, : Wi — gg}i (resp. gfm) such that

1. If bipy p1)s €(po,p1) @T€ the beginning and the end of ¢y (po,p1) then

Wi — M x M
(po,p1) +— (b(pOJ)l)’e(vapl))

1s the identity on Wi.
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2. p1(W1)U---Upn(Wn) is a neighbourhood of G in gij (resp. gg}T).

Proof. We already proved the existence of a homeomorphism gf’i}_ ~ (.

Suppose now that G = (K;...;b) is descending. Then G is parametrised
by
{ (70 : [to, +00) — Mﬁ#p e »78%@) with ~o(to) = b
(02 (=00, ta] = Moafy, . 0fy) with yi(h) =e
such that lim;_, o0 Y0(t) = limy— oo 11 (¢) € Ci.

Define @, B, and V; as in Proposition 3.16. Then vy,vy1 are gradient lines
of the vector field —V;. Let &, be the flow of —V,, which is defined on B, and
take the corresponding (un)stable manifolds of C;:

Sy={pe By lim (€)u(p) € Ci)
Ug={peBy: tli{noo(fq)t(p) € Ci}.

For every (po, p1) in a small enough neighbourhood W, of (hx(0), hx (1)) =
(b,e) in Sy x¢, U, there exist unique integral curves 7, : [0,400) — M,
Ypy ¢ (—00,0] = M of =V, such that 7,,(0) = po, Vp, (0) = p1. They satisfy

¢i = lim '7}70( ) = tlir_nooﬁ}'pl (t) € ;.

t—+o00

Define

Kpo,pr) = imype U {ei} Uimyp,.
Taking W, small enough we can assume that K, )N R; is non-empty if and
only if j € AO U Ay, In this case let K, ) = 0j(K; N R;). Otherwise
let Ky py),; = 0. Define

P0,P1)

©q(p0,P1) = (K(po.p1)s Koot > Koo 63 )-
Using the homeomorphism

0,1 — Kpo,p)
po (tan(mt)) if 0<t<1/2
t o e if t=1/2
Yp (—tan(m(1 —1¢))) if 1/2<t<1

hK(po,m) :

and the same arguments than in Proposition 3.16 we can see that ¢4(po, p1)
is an element of gf E The definition of hK( 1) already shows that the first
claim of the proposition is satisfied. The second part is again proved by the
same arguments as in Proposition 3.16.

Reversing the proof or by means of Remark 3.13 we get the result for
ascending G. O
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Finally we study the case in which #I > 1. The result we want to prove
is the analogue of Lemma 2.7 and again we will face some transversality issues
that will need to be addressed. To do this we need to take auxiliary regular
levels Y, ,--- Y, and Y[ ... Y;" of usuch that, fori =2,...,v (cf. figure
2.4)

ai-1 > p(Yar,) > supp > inf pu > u(¥eh) > a;.

Assuming some transversality conditions on P that will be discussed later, the
proposition is

Proposition 3.20. Let I = {iy,... i} withr > 1 and u(Cyy) > -+ > p(C;,.).
Given G = (K;---;b) € Qf define Ay, A1 and N as in Proposition 3.16. Then

there exist (2m —r+1)-dimensional submanifolds Wy, ..., Wxn C M x M
and continuous maps o : Wy — Gf, (resp. Giy) such that

Lo If or(Po, - s pr) = (Ko, pryi---) and Ko oy NY,E = {y;}, then

Wi — Mx " xM
(p07"'7p7‘) — (hK(p pT)(O)7y27"’7y7'7hK<p0 pr)(l))

..........

1s the identity on Wi.

2. ort(Wh)U---Uopn(Wn) is a neighbourhood of G in Qﬁ (resp. Qﬂ).

Proof. The proof is almost identical to that of Proposition 3.19:
Suppose that G is descending. Then it is parametrised by

(Y0 : [to, +00) = M,Ad . ....7d,)  with yo(to) = hic(0) = b
(vk:(—oo,—l—oo)—)M,’y,fél,...,’yfg) for 1<k<r-1
(7’/‘ : <—Oo,t1] - M7 ’Yfla s 77?6) with ,.)/T(tl) = hK(l)

such that limy, 4o Ye—1(t) = limy— oo Y& (t) € Cj, for k=1,...,7.

Define @, B, and V; as in Proposition 3.16 and &, as in Proposition 3.19.
Consider the (un)stable manifolds

Siwa =10 € By lim (€0:(p) € G},

t—
Uipq ={p € By : tljl_noo(fq)t(P) €y}
and let
Wig = Siiq XCyy (Uirg N Sigq N YfJEca, )) XCyy
2
(Uir—hq N SiT,q N YfJECz‘T)) Xy, Uir,qa

' Xcirfl
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. . . . . 1 .
which is a (2m —r+1)-dimensional submanifold of B, x s x B, provided that
some transversality conditions are satisfied.

For k=2,...,r, let y,ﬁ( be the unique point in K N Yatk. Then for every

(po, - - -, pr) in a small enough neighbourhood W, of (h (0),y&, ...,y hi(1))
in Wy, there are unique integral curves v,, : R>g — M, v, : R<g — M,
Yo : R = M (0 < k < r) of =V, such that 7,,(0) = po, 7p,.(0) = p, and
(im~y,, ) NY:" = {py}. For k=1,... 7 they satisfy

lg+1
tlg-noo Vpkfl(t) = tlzr—noo Vpk (t) =1cr € Ciy,-
Define
K(po,m,pr) = imyp, U {eifu---u im~p, , U {erbU m vy,

Taking W, small enough we can assume that K, )N R; is non-empty if

and only if j € Ag U A;. In this case let K )5 = 05(Kpg,..p) N Ry)-
Otherwise let K, ,.; =0. Let
Pq(P0s -+ 2r) = (Ko, )5 Kpo,opr) 1o+ - s Ko, pr),65 P0)
and consider the homeomorphism
hK(pO ,,,,, o) 0,1] — K(po ----- Dr)
Ypo (tan (5 (r + 1)) if 0<t< TJ%I
Y (ban(m(r +1)(t — 2EE)) if ko <t < B
¢ — Pk 2(r+1) r+1 r+1
Yo (—tan(F(r+1)(1 =) if 7 <t<1
Ck if t= r—&-il
where 0 < k < r in the definition at the intervals (ﬁkl, ﬁﬁ) and 0 < k <rin
the definition at the points %

The same arguments of propositions 3.16, 3.19 conclude the proof for de-
scending G. The result also applies for an ascending G by means of Remark
3.13. O

The validity of this proposition is subject to the fact that the fibred products
Wr 4 are indeed submanifolds. Note that B, does not depend on P, but the
vector field V; does and hence so does W ,. For that reason let us write qu
and let 55 be the flow of —qu . We define (un)stable manifolds

st ={peB,:

k9

(&)e(p) € Cip 3,

lim
t——+o00

Ul g =1{p€By: [lim (£):(p) € Ci,}
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and the fibred product

Wi, =88, xe,, UOF,nSE meJECiQ)) Xy

11,9 11,9 12,9
P P + P
’ Xcir—l (Uirflvq n Sirvq N Yf(CZT)) XCiT Uir,q’

Similarly to Definition 2.8, let

P ._ QP P P P +
Stq = Sivg X Ui 4N Yf(Cil)f(CiQLq) X (S N Yf(Ciz)ﬁ) Ko

11,9

P P P ¥ P
X Ui g MY, e X i N Y00 % Ving

where Y ={pe B,NY, : Jtst. (ﬁf)t(p) € Y;JT} and also let

a;aj,q

Tr:= (Ciy x Cy)) x -+ x (Cy, x Cy,) x (Y;F ><Y+)><--~><(Y;;><Y+)

1112 (li2 Qi

and
Ap:= Aci1 xCiy Ko X Acirxcir X AY:{Q XY:;Z XX AY:;T XYanr'r'

Define the map qu : qu — 71 in the same fashion as in Definition 2.8. If this
map is transverse to Ay, then the preimage (H f q)*1 (A7) is a smooth manifold
homeomorphic to Wf ; (see Lemma 2.10).

We can apply arguments analogous to those of Section 2.1.2 to prove that
for a generic choice of P € P the transversality condition above is satisfied: let

Siva ={(,P)€VyxP: peSE 1},

Uipg =10, P) € Vg x P : pesz;"q}

and also let Yo,q4, 4 := {(p,P) € (V,NY ) xP: p¢€ Yaljaqu}. Finally we
consider the fibre bundle over P defined by

1

SLq = Si1,q Xp (Uh,q N Yf(cr. )f(Ci2)7q) Xp (Siz,q N (Yf—i(_CQ) X 73)) Xp e
coe Xp (Uirth N Yf(CiT,l)f(Cir)»q) Xp (Simq N (Yf—i(-CiT) X 'P)) Xp Uir,q-

Let Hr g4 : Siq — 17 be the maps whose restriction to the fibre over P is the
map H f = Then Theorem 2.16 shows that Hy , is transverse to Ay and, as a

consequence, for a generic choice of P € P, the map H f 4 18 also transverse to
Aj.



Chapter 4

Biinvariant diagonal classes

Following the notation used in previous chapters let (M, w) be a compact con-
nected symplectic manifold of dimension 2m, endowed with an effective Hamil-
tonian S'-action with moment map p: M — R. Let J be an invariant almost
complex structure compatible with w and py := w(-, J(:)) be the correspond-
ing Riemmanian metric. Finally let X be the vector field generated by the
infinitesimal action and let & := &/ denote the flow of —JX at time .
Consider the ST x S! actions on M x M and CP! defined respectively by

(0,0)(p.q) = (0-p,C-q),
(0,0)[z : w] = [0z : Cw].

where we are identifying S' with the complex numbers of norm 1.

The first part of this chapter is devoted to constructing an H*(B(S! x
S1); Q)-module homomorphism

A Hi i (CPY) — HEFPZE72(M x M).

that we will call the lambda-map. We will deal first with the easier case in
which the S'-action on M is semi-free (as in Chapter 2) to provide a model
for the general case in which the action has non-trivial finite stabilisers (as in
Chapter 3). For semi-free actions the lambda-map can be defined with integer
coefficients while in the general case it will be defined with rational coefficients.

Later we introduce some objects called global biinvariant diagonal classes,
which allow to recover Kirwan surjectivity [Kir] in our context. The lambda-
map will be used to construct such objects: A(1) turns out to be a biinvariant
diagonal class. By further studying the lambda-map we can get some extra
results, notably we can describe a global biinvariant diagonal class of a product
manifold in terms of the lambda-maps of its components. Finally, we address
the question of uniqueness of global biinvariant diagonal classes; we will show
that they are not unique in general by means of very explicit computations.

73



74 4. Biinvariant diagonal classes
4.1 The lambda-map for semi-free actions

In this section we assume that the action of S' on M is semi-free, and so we
can apply the results of Chapter 2. In particular there exists a space P of
Slinvariant perturbations of J and a residual subset R C P such that for all
E € R, the Morse-Bott pair (i, (J+ E)X) is regular (Theorem 2.20). Then for
E € R the moduli space of broken gradient lines ME := M JTE)X gatisfies
the conditions of Theorem 2.11. According to this theorem M¥ admits a
stratification indexed by the critical components of p. In this section we denote
by ¢F the flow of the vector field —(.J + E)X at time ¢.

Endow D := M x R x S with the S x St-action

(9’ <)(pa ta O[) = (0 P, ta CO[Q_)
Lemma 4.1. The maps

fE - D — MxM
(p,t,Oé) — (p7a£tE(p)) ’

g: D — CP!
(p,t,a) +—— [1:2%q]

are ST x S'-equivariant.

Proof. First we have

FE(0,0)(tp,0)) = [5(0p,t,¢ad)

On the other hand,
g((97 C)(tvpv a)) = g(@p,t,(aé)

6 :2'¢al
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The S x Sl-principal bundles S?**1 x §2k+1 _ CP*¥ x CP* approximate
the classifying bundle of S* x S!. Consider the spaces

Dk =D X Ggly g1 (52k+1 X S2k+1),

(M x M)y, := (M x M) xg1,g1 (SZF+1 x §2+1)
Cpkl .= CP! X g1y gl (52k+1 X S2k+1)'

Since the maps f¥, g are S' x S'-equivariant they induce maps

Dy,
> N
CPy; (M x M)y,

What we want to do is to construct a map in equivariant cohomology by
stabilisation of the maps ( ka )!g};. Since Dy, is not compact we cannot define
( f,f )! directly and we will need to rely on pseudocycles. We shall first study
how to define an S' x S'-action on broken gradient lines which have at least
one breaking point:

Let I = {i1,... 4} # 0 with u(Cy,) > --- > pu(C;,). For (K,b) € MF¥ we
define

e KT:={peK: plp)>Cy}
e KT:={peK: up <C,}
e KV:={pe K: uCi) > ulp) > unC)}

so that KT consists of the points of K above the top breaking point and K~
consist of the points below the bottom breaking point, while K% consists of
the points in between (see figure 2.1). If (K, b) is descending let K = K and
K. = K~ and viceversa if (K, b) is ascending. If (K, b) is point-like, just take
K, = K. = {b}.

Given (,¢) € S' x S! consider the set Koy = 0Ky U KU (K,. Then
(K(p,c),0 - b) is also an element of M (compare with Definition 2.2):

If (K,b) is point-like, then K = {b} and b is a fixed point of the action, so
(Kp,),0 - b) = (K,b). Otherwise we have that Ky N F = KN F and that
the map

hK(H,C) : [0, 1] — K(&C)
0-hi(t) if hg(t) € Ky
t hi(t) if hi(t) € K°
C-hi(t) if hg(t) € K
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satisfies all the required conditions because the flow ¢¥ is Sl-equivariant. Fi-
nally we have that 6 -b = 0-hk(0) = hg, ., (0) if (K,b) is descending and that
0-b=0-hg(l) = hkg,,, (1) if (K,b) is descending.

In this way we have defined an action of S! x S! on M}E which moreover
preserves descending, ascending and point-like elements. Then the map defined
by

7 : MP, — MxM
(K,b) —  (bye)

is S1 x Sl-equivariant and the same holds for the analogous maps I' ’IET, re .

We use these maps to prove

Lemma 4.2. For E € R, the union of the maps Fﬁ, FJIET, FJIE’; 1§ am omega-map
of fE:D — M x M and as a consequence f¥ is a pseudocycle.

Proof. Let (p,q) € Qpe. If p € C; is a fixed point, then ¥ maps the whole D
to (p,p) € Ac,xc;, = im Fﬁ},' Otherwise, p and ¢ are the extremal points of a
broken gradient line (K, b), so either hx(0) = p and hg (1) = ¢ —in which case
(p,q) € im '} for some I or viceversa —in which case (p,q) € im'}; for some
1.

We have seen that Qs is contained in the union of the images of the
smooth (because E € R) manifolds Mﬂ, MJIET, MPE _all of which have at most
dimension 2m. Since dim D = 2m + 2, we have that f¥ is a pseudocycle. [

Lemma 4.3. The omega-limit-set of the map g : D — CP' is contained in
{[1:0],[0:1]}. As a consequence the union of the two maps c* : {pt} — CP!
defined by ¢t (pt) = {[1: 0]} and ¢ (pt) = {[0: 1]} is an omega-map for g and
g s a pseudocycle.

Proof. Let (pj,t;,;) € D with j > 1 be a sequence without convergent sub-
sequences but such that

g(pj,ti, o) = [1:25a;] — [z w] € CP!.
J
Suppose that [z : w] # [1:0],[0: 1]. Then [z : w] =[1 : w/z] with w/z # 0 and
2licc; — w/z. Hence 2% = |2% | — |w/z|. This implies that ¢t; — logy |w/z|.
Since both M and S' are compact, the sequences pj and a; have subsequences

converging to some p € M and a € S! respectively. Then (pj,tj, ;) has a
subsequence converging to (p,logy |w/z|,a) € D, a contradiction. O

Corollary 4.4. For E € R, the map f¥ x g is a pseudocycle. Also the maps
ka, gr and f,f X g are pseudocycles for every k.
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Proof. Proposition 1.48 applies to f¥ x g because since 1, is contained in the
image of 0-dimensional manifolds, ;& , is contained in the image of manifolds
of the same dimensions as those that contain Q;x.

Since ;r is contained in the images of S I x S'-equivariant maps and
St x ST acts freely on the compact manifold S2*+1 x §28*1 by virtue of Propo-
sition 1.49, we have that f,f is a pseudocycle. The same arguments apply to
assert that gy, is a pseudocycle because the maps ¢, ¢~ are trivially (S! x S')-
equivariant.

Finally, ka X gr. is a pseudocycle thanks to Proposition 1.50, which applies

for the same dimensional reasons we used to prove that f¥ x ¢ is a pseudocycle.
O

We prove one last result, that will imply independence on the choice of a
perturbation:

Lemma 4.5. There exists a residual subset R C P such that the bordism class
of f,f X g does not depend on the choice of E € R' N R.

Proof. Let E € P. Since the sets Mﬁ, M%, ME admit S* x Sl-actions we
can consider the set

E E 2k 2k
MI\LJC = MN« X g1y g1 (S +1 x S +1>

and similarly we get M%k and M?_,k.

According to Lemmas 4.2, 4.3 above and Proposition 1.50, the omega-limit
set of f,f X g is contained in the union of the images of the maps

M7 M, — (M x M), xCP}
[z,s] — ([TF(2).s],[[1:0],5])

and the images of the analogous maps I’ﬁfw F?rkv Ff{k, Fffk, Ffjk. Here s

denotes an element of %1 x §2*+1 and the superscript + denotes if we are
taking either [1: 0] or [0 : 1] in the second component, following the notation
c* of Lemma 4.3.

Consider now the manifold
MILk = {([l’,s],E) : EeP, [.7), 5] € Mﬁ,k}
and the map

Fi Mu,k — (]\4><]\4)]€><(CP]€1

ILk "
([x,s],E) — Pﬁ:f:k([wvs])
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In an analogous way, define manifolds Mryq, M;_j and maps FfT7k,Fﬁ7k.
All these manifolds project on P. Not surprisingly we denote these projections
by 1k, Ttk Tr— k- We also take mp, @ D x P — P to be the projection
to the second factor. By Sard’s theorem there exists a residual subset R’ C
P of regular values of all these projections. Given Ey, E1 € R take a path
¥ : [0,1] — P transverse to all the projections and such that ¢(0) = Ep and
(1) = E7. We claim that the map

B CS(?Tk,I/J) — (MXM)kX(Cpkl
([, sl (), ) — (7 x gi)([, 8])

is a bordism between kaO X g and kal X gg: under the diffeomorphism

CS(Trk,i/J) — Dk X [0 1]
([z,s],9(8),1) —  ([2,s],1)

the map B is identified with the map ([z,s],t) — (f;/)(t) X gr)([z, s]), which
when applied to ([, s],0) gives (fl,iLJO X gx)([z, s]) and when applied to ([z, s], 1)
gives (£ x ge) [z, 5]).
Finally Qg is contained in the union of the images of the maps
05(7'(‘[¢7k,’l,[1) — (MxM)kaPkl
(le,sh o)) — T @)

and the images of the analogous maps defined on C'S(7rq 1, ) and CS(mr— i, 1)).
]

Consider, for E € RN R’, the diagram

Dy,
fE
g [f,fxgk I
(M X M) 7"(MxM)k (M X M)k X CPk T CPk

where (a1 ar), and T p) are the projections. Since fk X g is a pseudocycle,
according to Proposition 1.51 the map

Ap o HY(CPL Z) — H* ™2™ 72(M x M)y; Z)

defined by

MxM)yxCP}
o~ <I>( e

[fk X gk])

Me(@) == PDy gy, (T (M)« (T pr
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provides a substitute for ( f,f ) g5 This map does not depend on the choice of E
thanks to Lemma 4.5. Finally using the stabilisation of equivariant cohomology
—Lemma 1.3— on the maps \; we get a map in equivariant cohomology

A Hin 1 (CPYZ) — HEPZE2 (M x M Z)

that we call the lambda-map.

4.2 The lambda-map for general actions

In this section we drop the condition that the action of S' on M is semi-free so
the right framework to work with is that of Chapter 3: there we constructed
a space P of multivalued perturbations of J and for P € P we defined the
space GI of oriented P-perturbed gradient lines (Definition 3.10). The rest
of Chapter 3 was devoted to proving that, for a generic choice of P € P, G¥
admits a stratification parametrised by the critical set of i and that the strata
are branched manifolds

We will follow the same steps as in Section 4.1, where the role played by
D = M x R x S will now be taken by géD x S1. Since this is not a manifold,
but a branched manifold, we cannot apply the theory of pseudocycles directly
and we will need to be careful when doing so. In particular the lambda-map
will be defined in equivariant cohomology with rational coefficients.

Let S x ST act on gé’ x St via
(97 C)(Gv a) = (9 : G7 Caé)a

where the Sl-action on QéD is the one described in Remark 3.14.

Remember that if G € géj is not point-like, it is parametrised by a unique
gradient segment with first component v : [ag,a1] — M such that hg(0) =
v(ap) and hx (1) = y(a1) (see Remark 3.12). In these terms define the maps

P g{xsl — MxM
(G,a) +— (bya-e)’

where e is the end of G and

g¥: G xSt — CP!
(G,a) +—— [1:2%a]’

where t = 0 if G is point-like, t = a1 — a¢ if G is descending and t = ag — aq if
G is ascending.

Lemma 4.6. Both ¥ and g* are S' x S'-equivariant maps.
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Proof. If b, e are the beginning and end of G, then the beginning and end of
-G are §-b,0-e. The equivariance of f¥ follows:

fP(Q-G, CO&Q_) = (00, Caé@-e)
= (67 C)(bva : 6)
= (0,0f7(G, ).

Note that if GG is not point-like then 6 - v parametrises 6 - G, so in any case
we have _ 3
g"(0-G,Caf) = [1:2!¢Caf]
[0 : ¢2ta)
= (0,0)[1: 2]
(0,Q)9" (G, ).
O

Let (g{ x S = (gé’ x S1) xg1yg1 S2FHL x §2k+1 " From the lemma it
follows that we have well-defined maps

(Gg xS
2N
cp} (M x M),

If we keep following the pattern of Section 4.1 we see that our next goal
is to define an St x S! action on G¥ \ g{ , which consists of those perturbed
gradient lines with a least one breaking point. Let I = {iy,...,i,} # () with
w(Ciy) > - > p(Cy). If G € GE it must be the case that G = ({b};0,...,0;b)
for some fixed point b, so we will take the action to be trivial on point-like
elements. Otherwise let G = (K; K1, ..., K;;b) and for (6,¢) € S' x St define
Ky as in the Section 4.1. If G is descending we let

0 - Kj if inf,u(Rj) > N(Ch)
Kiweo =1 ¢ K; if suppu(R;) < p(Ci,)
K; otherwise

while if G is ascending we make the same definition interchanging 6 and ¢. Then
we have that (K ¢); K1 g,0)s-- -5 Ko o,0);0 - b) is also an element of GP. We
have thus defined an S! x S! action on GF that preserves point-like, ascending
and descending elements that makes the map
Iy : Gh — MxM
(K;...;b) —  (bye)
and the analogous Fﬁ, I'P into S! x S'-equivariant maps.

The two lemmas that follow study the omega-limit sets of ¥ and g” and
are analogous to Lemmas 4.2 and 4.3:
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Lemma 4.7. The omega-limit set of f¥ : gé’ x 81— M x M is covered by the
images of the maps Fﬁ, I‘ﬂ and Fi.

Proof. The proof is totally analogous to that of Lemma 4.2. O

Lemma 4.8. The omega-limit set of g* : gé’ x S1 — CP! is contained in

{[1:0],[0:1]}.

Proof. Let [z : w] € CPY. Then, there exists (G},;) € Gf x S', a sequence
with no convergent subsequences such that g (G}, a;) —[z : w]. The only way
j

such a sequence cannot converge is that G; is not point-like for an infinite
number of j and that, for these terms, the parametrising curve [ag;, a1;] = M
is such that limj a1; — ag; = +oo. Then lim;[1 : 2997 %iq;] = [0 : 1] and
limj[l : QGOj_aljaj] = [1 : 0] ]

At this point we cannot follow the steps of Section 4.1 anymore. The reason
is that although we have control over the omega-limit sets of the maps ¥, g”
we cannot say that they are pseudocycles because they are defined on branched
manifolds and we have not developed a theory of pseudocycles in that case.
All the necessary ingredients to define the lambda-map are provided by the
following theorem:

Theorem 4.9. Let { : W — (M x M)y be a (¢ + 2m — 2)-pseudocycle and let
h:V — CP} be a (4k + 2 — q)-pseudocycle.

Take also D C C°°(TCP}) and E C C®(T(M x M)y) as in Lemma 1.41
and let D =exp D and € =exp E. Forn € D, v € £ consider the diagram of
Cartesian squares

CS(fi o mypons v 0 £) W

’YOZ

P P
7Tno h

f
CS(gF moh) —== (GF x 8", ——— (M x M)y, .

9

1
_
v - cp}

There exists a residual subset R C P x D x € such that for every (P,n,v) € R

(1) CS(gf,noh) is a branched manifold of dimension 2m + 4k + 2 — q.
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(2) S(h,E,P,'n,'y) = CS(f;f o erijoh,’yoﬂ) is a finite set.

(3) For any x = ([(G,a),s],v,w) € Spopny: G € Gp is not a branching
point. Then we let w(z) be the weight of G (Definition 3.17). We also
assign a sign to x as follows: if y := (f,fowfoh)([(G,a), sl,v) = (yol)(w),
the differential at x of the map

(fEombn) x (vol): CS(gf,moh) x W — (M x M)y, x (M x M)y

induces an isomorphism between T(CS(gE,n o h) x W) and its image
Ty ) AMx My x(MxM),- We define o(x) = £1 depending on whether this
isomorphism preserves (+1) or reverses (—1) orientations.

(4) The linear map

w] — erS(;L,e,p,W)Cf(w)w(x)

is well defined on bordism classes of pseudocycles, i.e. it does not depend
on the choice of €. Moreover it only depends on the bordism class [h], but
not on the particular choice of h (hence the notation). It neither depends
on the choices of P,n,~v, D, E.

Proof. The proof of this theorem relies on strong transversality techniques
(Section 1.3.1) but applied to branched manifolds instead of usual manifolds.
We will also use train tracks (Section 1.2.4) to prove most of point (4):

Applying Lemma 1.42 to g,f and h we deduce that for a generic n € D, the
maps gi and 7o h are transverse. Then C'S(g!,m o h) is a branched manifold
and its dimension is

dim (G}’ x SY)j, + dimV — dim CP} =
=2m+4k+2) + (dk +2—q) — (4k +2) .
=2m+4k+2—q

This proves (1).

To prove (2) we apply 1.43 to the maps f,f ) ”7173011 and £ to assert that for a
generic v € £, the maps f,f o ”7173011 and 7y o £ are strongly transverse. Note that
to do so we need some dimensional relations to hold: from Lemmas 4.7, 4.8
and equivariance we can construct omega-maps for ka o ”7173011 of codimension 2
and since £ is a pseudocycle it also admits a covering map of codimension 2.
Now, thanks to Lemma 1.40, CS(ff o 7r7173, ~vo/)is a compact smooth branched
manifold of dimension

dim CS(gf,noh) + dim W — dim(M x M) =
=2m+4k+2—-¢q)+ (¢+2m—2) — (4m+4k) =0.
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Being compact and 0-dimensional means that it is a finite set.

The claim in (3) follows from the fact that the set of branching points
(Q’éD )™ has zero measure.

Now we shall see that L, does not depend on the choice of a repre-
sentative in [¢]. The proof of this fact is very similar to that of Proposition
1.44: let (¢, WW') be a pseudocycle bordant Wlth ¢ and let (£, W) be a bordism
between ¢ and ¢. By Lemma 1.43 fk o 7rn and «y o { are strongly transverse

maps for a generic choice of v € £&. Then CS(ff o 7r ,yol) =:T is a com-
pact branched manifold of dimension 1. Since it is oriented, T is a train
track. Let S := Sy, 1,pnq) and " := S, ¢ pyy)- Then 0T = S" — S because

oW =W —W. Reversing the orientation of T if necessary we get that
t={zeS: o) =1}u{zes: ox)=-1},
T~ ={rxeS: ox)=-1}u{zes: o) =1}

Finally note that T carries a weighting (see Definition 1.29) induced by the
weights on QéD as in (3). Applying Proposition 1.31 we deduce that

Z w(z) + Z w(z) = Z w(z) + Z w(z

reS zeS’! €S zeS’!
o(z)=1 o(z)=-1 o(z)=-1 o(z)=1

which collecting in terms of S and S’ gives

Z w(zx) — Z w(z) = Z w(z) — Z w(z).

zES €S zes! zes’
o(x)=1 o(z)=-1 o(z)=1 o(xz)=—1

From this we conclude that

TE€S xeS’

which is what we wanted to prove.

To show independence from the choice of a rsepresentative in [h] we do
something very similar: if A’ is a pseudocycle and h is a cobordism between h
and I/, for a generic 7 € D we have that C'S (g,f ,M o0 B) is an oriented compact
branched manifold and that C'S( f,f ) 717]730 i o/) is a train track with boundary
St 0,Pny) — S(ht,Py)- APplying the same arguments as above to this train
track we get the desired result.

We also use train tracks to prove independence from 7, v and P:

Let 70,71 € € be generic and satisfy (2). Take a path v : [0,1] — & such
that 1(0) = 70,%(1) = 71 and such that ff o 777]730}1 and

L: Wx[0,1] — (Mx M)
(w,t) > (Y(t) o O)(w)
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are strongly transverse maps: we can do so because the dimensions of the
omega-limit sets of L and f,f o ﬂ,lijoh are controlled (in the fashion of Lemma
1.43), thanks to ¢ being a pseudocycle in the former and from Lemmas 4.7,
4.8 in the latter. Then C’S(f],iD o Tpon, L) is a train track with boundary
Sth,e,Pny1) — S(ht,Pmyo)- Using the same arguments on train tracks as above
we get independence of v € £.

Independence of 7 is proved very similarly: let ng,n1 € D be generic and
satisfy (1). Take a path v : [0,1] — D such that ¢(0) = no, ¥ (1) = 1 making
glf and

H: Vx[0,1] — cp}
(v,t)  — (¥(t) o h)(w)
into transverse maps. Then CS(gf, H) is a smooth branched manifold and
the projection mf; : CS(gt , H) — (G5 % S*) is smooth. If we take ¥ so that
f,f o ﬁg and «y o £ are strongly transverse maps (which we can, controlling
dimensions of omega-limit sets as above), then CS(ff ok, v o) is a train
track with boundary S(4¢ Py, ) — S(h,e, P ,y)- This shows independence of 7.

Finally, once again independence of P follows in a very similar way. Take
Py, Py € P and let ¢ : [0,1] — P be a a path such (0) = Py and ¢ (1) = P;.
Define

G={(z.t):te0,1,zc (G x5}

and consider the maps
g: G — CP! f: G — (MxM)y
@t — %) @) — %

Taking v properly we get that C'S(g,noh) is a smooth branched manifold, and
we have a projection 7 : C'S(g,noh) — G, and also we have that C'S(for, yof) is
a train track with boundary S, ¢ p, 5.4) — S(h,¢,Py,n,7)- This shows independence
of P.

The only remaining thing to do is to prove that L, ; is independent of the
choice of D and E: if D’ also satisfies the conditions of Lemma 1.41, then so
does D" := D + D’. Applying the result to D" = exp(D”) instead of D we
see that L, does not depend on the choice of elements within (a residual
subset of) D”. Since D" contains both D and D’ := exp D', we can assert that
Lip) 1 does not depend of any choice within these two sets. The same applies
to E. O

In this theorem, given a bordism class [h] € Bygy2—q(CPL) we have con-
structed a linear map L) : Byram—2((M x M)g) — Q. Recall from Section
1.3 on pseudocycles the equivalences

gM M (M % M) Z) — Bo((M x M)y)
1 .
o."F . B.(CP!) — H,(CP\;Z)
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Then Ly, 0 g MM Hyvom—o((M x M)y;Z) — Q is linear and we can
view it as

Lo 0 WM € IRV % M) Q).

1
Also @fp’“ [h] € Hypt2—q(CPL;Z) and via intersection pairing of pseudocycles
we get a cohomology class

I cpr € Hq(CPkl;Q)-
@, *[n]

Since the elements of the form I cp1  with 5 € B, (CPL) generate H*(CP}; Q)
2, *(8)

we get a correspondence

At HY(CPL Q) — H*T2m=2((M x M); Q)

T o . Loxo \IJSKMXM)k ,

@, *(B)

Finally, by means of stabilisation in equivariant cohomology —Lemma 1.3— we
get a map

A H§«1X51<(CP1;Q) — H;ngh_Q(M X M; Q):

which we call the lambda-map.

Remark 4.10. Before going on we shall justify why we used different tech-
niques to define the lambda-map for the semi-free and for the general case: for
the semi-free case we could have used ideas related to the intersection pair-
ing as well, but that would have made us lose information contained in the
torsion. Moreover, being able to use the correspondence between bordisms
of pseudocycles and integral homology we were able to make a more direct
construction. Trying this more direct construction in the general case would
be possible if there was a theory relating bordisms of pseudocycles defined on
branched manifolds and rational homology. Such a result may be achieved if we
define branched manifolds always with a weighting as in [Sal] and try to make
an analogous construction to that in [Zin] for such more general pseudocycles.
However, this is far from the scope of our work.

4.3 The Kirwan map

From now on will consider a general action of S1 (i.e. not necessarily semi-free)
and all cohomologies will be taken with rational coefficients.

Let ¢ € R be a regular value of the moment map p. The S!'-action on
p~1(c) has finite stabilisers and by the Cartan isomorphism (Proposition 1.15)
we have that H}, (u1(c)) ~ H*(M//.S"), where M//.S* := p~*(c)/S" is a
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common notation for the symplectic quotient. The inclusion p~!(c) «— M
induces a map Hgi (M) — Hgi(u~'(c)), which composed with the Cartan
isomorphism gives rise to the Kirwan map

Kt Hi (M) — H*(MJ/.S%).

This construction is valid for any Hamiltonian action of an abelian group.
In particular for the S'x S! action on M x M defined by (0,¢)(p, q) = (0-p,(-q),
whose moment map is (p,q) — (u(p),u(q)). If ¢ € R is a regular value of p,
then (c, c) is a regular value of this action and there is a natural identification
(M X M)/ (ce)(S* x SY) >~ MJJ.S* x M//.S*. The corresponding Kirwan map
is of the form

Koyt Hinygr (M x M) —s H*(M[).S* x M//.S").

Definition 4.11. Let ¢ be a regular value of u. A cohomology class 8 €
Hg’lnx 5?1 (M x M) is a biinvariant diagonal class for c if k(. ) (3) is the Poincaré
dual of [Apy s1xn/.51]- We say that 3 is a global biinvariant diagonal class
if it is a biinvariant diagonal class for all regular values of pu.

Remark 4.12. Since the action of S* on y~!(c) may contain non-trivial finite
stabilisers, M//.S! is not a smooth manifold in general, but only an orbifold.
Nevertheless, Poincaré duality still holds for orbifolds. The details can be found
in [Sat] (note that Satake refers to orbifolds as “V-manifolds”).

Using the isomorphism Hy(—; Q) ~ H*(—; Q)" we can view Poincaré dual-
ity as taking values in the dual of the cohomology, i.e.

PDyyost s H¥(M oSy — H*™ 27 (M) .S")".
Using the natural identification
(M x M) xg1yg1 B(S* x 8Y) ~ (M xg BS') x (M xg BS")

and Kiunneth we have

2m—2
HZM2 (M x M) EB HZ'27P(M) @ HE, (M).
Consider the map
2m—2 2m—2

@ H'727P(M) @ HE (M) — @ HP(M/.S")Y ® HE, (M),

defined by (PDj/ g1 © kc) ® id. In this way for any regular value c of the
moment map p and for any degree 2m — 2 equivariant cohomology class 8 of
M x M we get a degree preserving linear map 12 : H*(M//.S') — Hg (M).
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Lemma 4.13. If § is a biinvariant diagonal class for c, then 15 is a right
inverse of kKe.

Proof. Let B =3 ¢;®@n; € H (M)® HE, (M) be any decomposition. Then we

get Kee)(B) = X ke(€i) @ ke(n:). Since (3 is Poincaré dual to [Ayry, s1xary.s1],
for any a € H*(M/.S') we have

([, 00 el retm =

On the other hand

and applying k. we get

o= ([

Therefore (k.o 12)(a) = a. O

a — Kc(Ez')) Fe(1i)-

We have defined biinvariant diagonal classes and we have seen that they
provide right inverses of the Kirwan map. However we still do not know if
biinvariant diagonal classes exist. The lambda-map now comes into play to
prove that they do exist:

Theorem 4.14. \(1) is a global biinvariant diagonal class.

Proof. To simplify notation we will write A := Apr/ g1p7/,51 and we will omit
subscripts and superscripts for PD, ®, and ¥, which should be clear from the
context.

Take k large enough so that A(1) = A\¢(1) and so that we have isomorphisms

H23 (M x M) ~ H*™2((M x M)y),

HE 8 (0 (e) x pH(e)) = HP 2 (0 (o) x n™H(e)w)-

Consider the maps

(o) x pt(e)) s (M x M)

y

MJ.S' x Mj.S*
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where the vertical arrow, defined by [(p, q), s] — ([p], [¢]), induces the Cartan
isomorphism in degree 2m — 2 cohomology. Then

F(e,e) (A1) = ((vi) ™ 0 25 0 M) (1)

and therefore to the result is equivalent to proving that
(ve)*PD ™ A w5t s yest] = (k0 M) (1).

Let us first compute the right hand side of this equation: the cohomology
class Ag(1) can be seen as a morphism

Yk - HQm_Q((M X M)k;Z) — Q

and then the cohomology class (¢ o A)(1) is identified with the map ¢ o ().
Given a € Hapmo((p=1(c) x =1 (c))x; Z) we shall compute (¢ o (1)x)a.

If ¢d denotes the identity on (CPk?, then its bordism class is identified with
the fundamental class of CP,: ®,[id] = [CP;]. Then Iy j;q = PD7'[CP;] =1
and from the definition of the lambda-map it follows that ¢ = Ljjg x © V.

Let us compute Ly;q) 1, using Theorem 4.9: C'S (gfiD ,id) is the graph of g,f and
therefore the projection 7, : CS(g¥,id) — (Gg x S1)x is a diffeomorphism,
so for a (2m — 2)-pseudocycle ¢ of (M x M) we can identify CS(f{" o7k, ¢)
with CS(fF, ). Hence Lq x([€]) is obtained by counting points of CS(f},¢)
with signs and weights. In other words, L;q ([f]) = #,CS(fF, 0) where #,,
denotes counting with weights.

If h, is a (2m — 2)-pseudocycle of (u~1(c) x p~1(c))x such that ®,[h,] = a,

then

(pro(te))a = (ko (tr))Pulhal
= ka’(q)* [Lk © ha])
= (L © Uu 0 Ptk © hal
Liiay kltr © hal
#wCS(flfa Lk © hq)

where (1) is given by the fact that ¢ is a pseudocycle of (M x M) and the
functoriality of ®., (2) is the expression we found out for ¢y and (3) follows
from the computation in the last paragraph.

— I

®)

In conclusion, the cohomology class (tx)*Ax(1) is identified with the map

@0 (tk)e : Homo((u™t(e) x p= Mo Z) — Q
a — #wCS(f,f,Lkoha) ’

where h,, is any pseudocycle such that ®.[h,] = a.
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On the other hand the cohomology class (Uk)*PD_l[AM//CslxM//Csl] seen
as a map from integer homology to the rationals is defined by sending a to
the intersection number of im (v o hq) and Az g15p7/.51- That this value
coincides with #,,CS( f,f , Lk © hg) follows from the fact that

op(im 770 (7 (e) X 7 (e))r) = Agyyesiryest

which we shall now prove:

By equivariance we only need to see that if (p, ¢) € im fZN(u= (c) xu=1(c))
then p and ¢ are in the same S'-orbit: since (p,q) € im f¥ there exists a € S*
such that p and « - ¢ are the beginning and the end of a P-perturbed gradient
line, but since u(a - q) = p(q) = wu(p) the perturbed gradient line must be
point-like and p = « - ¢, so p and ¢ are in the same S'-orbit. ]

Corollary 4.15 (Kirwan surjectivity). The Kirwan map k. is surjective for
every reqular value ¢ of .

Proof. Given any regular value c of i the theorem asserts that A\(1) is a biinvari-

ant diagonal class for c. Then, according to Lemma 4.13, l? D s a right-inverse
of k. and hence k. is surjective. ]

Remark 4.16. Kirwan surjectivity was originally proved by Kirwan in [Kir] in
a more general context; namely for the action of any compact and connected
Lie group. The techniques we used are rather different from hers but have
the advantage that a right-inverse of the Kirwan map is made explicit. Our
techniques are much more similar to the ones in [Mun|, where Kirwan surjec-
tivity is recovered in the same context as ours by means of the construction of a
global biinvariant diagonal class. The upshot here is that the global biinvariant
diagonal class we obtained is just A(1) and we can get extra results by further
studying the lambda-map.

4.4 Biinvariant diagonal classes of product mani-
folds

We have seen that the lambda-map provides a global biinvariant diagonal class
and, as a consequence, Kirwan’s surjectivity at every regular level. To do so we
just needed to compute A(1). In this section we compute the global biinvariant
diagonal class of a product Hamiltonian space in terms of the lambda-maps of
its components. To do so it is convinient to study in detail the source space of
the lambda-map, which is the equivariant cohomology ring H%, ¢ (CP).
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Let (M,wyr, SY, puar) and (N, wy, ST, ) be Hamiltonian spaces and let
(M X Nvﬂ_}kaM +7T7VWN7517,U/M +/*LN)

be their product Hamiltonian space (here 7, 7y are the projections). We
would like to relate the lambda map AM*N of the product space with the
lambda maps MM, AV of its components.

Let tp : CP' — CP! x CP! denotes the diagonal map. In Section 1.1.2 we
constructed an equivariant version of the shriek map induces:

st t Hiny g1 (CPY) — HZ2, (CP! x CPY),

By means of equivariant Kiinneth we see that the target space of L!A7 glygl can
be identified with

*+2

P Hii 61 (CPY) @pecpooxcp=) Hat -l (CPY).

q=0

If we apply AM ® AV to an element of this space we obtain an element of

*+2

2m—2 *+2n—
P HETZETH (M x M) @pcpexcpe) Hat a1 “(N x N)

q=0
which again in terms of equivariant Kiinneth can be seen as a subspace of
H;ngnf+")_2(M X M x N x N). In these terms we can think
M Ny ! 1 +2(m+n)—2
()\ ®A )OLA,SIXSI:H;qXSl((CP)—>H;‘1Xg711 n) (MXNXMXN)
The result we want to prove is
Theorem 4.17. We have that (AM @ AV) o [’!A,Slxsl = A\MXN,

Remark 4.18. Before doing anything else, we need to be careful on how we
take perturbations: if Jys, Jy are almost complex structures compatible with
wpr, wn respectively, then Jys x Jy is an almost complex structure compatible
with my,wy + mywn. Moreover if Dy, Dy and Dyrxn are the bundles of
infinitesimal perturbations of Jys, Jy and Jys x Jn, the bundle 7}, Dy &7y Dy
is a subbundle of Dy« n. We shall take a perturbation zone Z’ around a union
of regular values Z in M x N such that its projections onto M, N are valid
perturbation zones too: if (p,q) € Z we need that p and ¢ are not both fixed
points. Then if ¢ is small enough, the projections of the solid torus R((p, q),0)
on M, N are also valid tori. Recall that perturbations are supported on a
finite number of tori the union of which contains Z. From there and the
relation of bundles above we can construct a space of perturbations Py« n on
M x N that gives rise to spaces of perturbations Py, Py and such that each
Prrxn € Puxn gives Py € Py and Py € Py. It is in this framework that
we shall prove the theorem.
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Proof. Asin the remark take a perturbation Py« n € Parxn and the associated
perturbations Py, Py. In Section 3.3 we defined the moduli space of perturbed
broken gradient lines G*™ associated to M. To simplify notation we will write
GM .= géDM x S'. At the beginning of Section 4.2 we defined S' x S'-equivariant
maps g™, fPM from GM to CP! and M x M respectively. Again to simplify
notation let us write g™, fM for these maps. The bundles

By = ST % §2H1 — By, := CP* x CPF

stabilise to the universal bundle of S! x S'. Hence we can form the associated
bundles Q,i\/" , (CP,%, (M x M)y over By and we the corresponding associated
maps g,]g\/[ , f,ﬁ\/l (these notations are taken again from Section 4.2). The very
same concepts applied to NV and M x N respectively let us define g{g’,g}j,f,gv
and ngN, MxN fM><N

Consider the two diagrams

MXxN
P

C’S(g,iWXN,h) ™ gMXN —— (M x N)x (M x N))g

M XN
‘ [gk x y

|4 - CP}

LNV f;ivj i
J Jgé”w}f
1% o CP/! xp, CP}

where h : V — (CPk1 is a pseudocycle. According to Theorem 4.9 the first
diagram is the one used to define the successive approximations )\iw XN of the
lambda map AM*¥ . The same construction of Theorem 4.9 applied to the
second diagram gives rise to (A\M ® AlN) o L!AJﬁ.

Once again according to Theorem 4.9 the spaces we need to study are the
images of fMXN o mp, and (f,i‘/l o gé\/[) 0 T, ,oh- Their respective target spaces
are identified under the diffeomorphism

X: (MxN)x(MxN)) — (MxM),xp, (INxDN)
[((p.a), (0, d)), sl — (2.0 8], [(q,4), 5])
Therefore the result we are now proving will be completed if we are able to see

that the images of f,iwx omy, and (fM ogi)o Ty poh are identified under x.
To see this we will construct a diffeomorphism

X:CS(g N, h) = CS(g x gf,uakoh)
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between their source spaces such that

fM><NO7T
CS(gM*N . h) - (M x N) x (M x N))
)ZJ/: NJ{X
CS(gi" x gr'ytakoh) (M x M) xp, (N x N)g

(FI = f)om. g pon
commutes.

Let (G,a) € GM*N_ If G = (K;...;b) then G := (mar(K);...;7a(b))
with the suitable lifts is an element of GM. The same construction can be
done for the projection on N. If G is point-like define tg := 0. Otherwise G
is parametrised by a curve v : [to,t1] = M x N. Define tg := t; — to if G is
descending and define tg := tg — t; if G is ascending. Then ([(G, a), s],v) €
CS(g2"N h) if and only if h(v) = [[1: 2!¢a], s]. We define

X([(Ga a)a S]a U) = ([(WMG’ a)v 5]7 [(WNG’ O‘)a 5]7’0)7
which is an element of C’S(f,iP X g,f, LAk © h) because tr,,¢ = trya = tg. We
shall now construct the inverse of x:

The elements of C'S(gi x g, ta 1 o h) are those of the form
([(G,0), 8], [(G" ), s],v) € G x G x V

such that [s] = [s'] and h(v) = [[1: 2!¢a], s] = [[1 : 2tc" /], §].

Since s, s’ € S?**1 x §2k+1 are in the same orbit and the action of St x S!
on this space is free, there exists a unique (6,¢) € S* x S! such that (6, ()s = s'.
Then
[1:2'a], sl = [[1:2'a], (6,¢)s] = [(8,Q)[1 : 2'¢" ], 8]

and hence
[1:2'¢a) = (0,Q)[1: 2% /] = [0,2'' (o] = [1 : 2" 0C).

Therefore we have that 2/¢a = 2'¢’(a’ and in particular [2!¢| = |2¢’|, from
where we deduce that tg = to and then that o = 6o/, so o/ = (af. Now we
have that (G, /) = (G',¢af) = (0,¢) - (G, @) according to how the action of
St x St on GV is defined.

Finally we have that [(G’,a/), s'] = [(6,¢) - (0G', ), (0,¢)s] = [(0G', a), s].
Since A can be any element of S! and tocr = ter we end up finding out that
CS(gM x g, 1ak o h) is the set of elements of the form

([(G,a), 5], [(G", ), 5], v)
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where a € S1, s € §2FFT1x §%+1 4 € V and G, G’ are perturbed curves of M, N
with no breaking points such that t; = tg and such that h(v) = [[1: 2/¢q], 5].
Given an element of this set let G = (K;...;b) and let G' = (K';...;b). Let
GxG = (KxK';...;(bV)) with the lifts chosen according to those of G and
G’. Since tg = tg, if G, G’ are not point-like then hyy i gives to G x G’ the
structure of a perturbed gradient line of M x N. The construction implies that
the projections of G x G’ are precisely G and G’. Moreover, tgxq = tg = tgr SO
((GxG',a), s],v) is an element of C'S(ga'*™ | h). This finishes the construction
of the inverse of y.

Now if G € GM*N has beginning and end (b,b'), (e,e’) € M x N we have
that

(XOfMXNOTrh)([(Gva)vs]aU) = X([(bvb/)v(a'eaa'elvs])
= ([(baa'6)73]7[(17,70"6/)78])

and that
((f2" o fiV) o g yon 0 X)([(G, @), 5], 0) =

= (M x £ ><i<w ).l (im0, )
— ([(ba-e) s} [V oo &, 8])

This shows that x o fMXN o, = (fMo f,ﬁv) 0 Ty, oh © X and the proof is
completed. O

4.4.1 The cohomology ring H}, ¢ (CP')

The source space of both the lambda-map and L!A g1, g1 is the cohomology ring

Hé o (CP?). In this section we compute it in detail —also giving a geometric
interpretation of the classes that generate it— and we study its image under
L!A7 g1yg1- Combining this with the last theorem we will get formulas for a
global biinvariant class of a product Hamiltonian space.

From equivariant cohomology we know that
H;'lXSl(CPl) = H*(CPI X g1y 51 (SZk—f—l % 52k+1)’
where
T (C_Pl X g1 51 (SOO % 500) —y CP® x CP™®

is the fibre bundle induced by the S* x S! actions on CP' and on its universal
bundle.

Let p1,p2 : CP>® x CP* — CP™ denote the projections to each factor
and let O;(—1) = p;Ocp=(—1) be the pull-back of the tautological bundle
Ocpso(—1). If 81,89 € §°° C C*, the fibre of the bundle

P(O1(~1) ® Oa(—1)) —s CP® x CP™
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over the point ([s1],[s2]) is P((s1) & (s2)), where (s;) is the 1-dimensional
complex subspace of C* generated by s;.

We can identify P(O1(—1) @ O3(—1)) with CP! x g1,61 (S x S*) via
[as1, bsa] — [[a : b], (s1,s2)]-
From this identification we get that
H%i, 1 (CPY) =~ H*(P(O1(~1) ® Oa(—1)))

and we can compute this cohomology in terms of Chern classes: the total Chern

class of O1(—1) ® Oz(—1) is
c(01(-1) & Oz(—1)) c(01(=1))e(O2(-1))

= (1+T1)(1+T2)

= 14+ (n+ 1)+,

where 71, 70 are the pull-backs, under pi, ps respectively, of the Euler class of
Ocps(—1). Then we have

01(01(—1) D 02(—1)) =T + T2, 02(01(—1) D 02(—1)) = T172.
From the Leray-Hirsch theorem we deduce that

H*(P(O1(—1) ® O2(—-1))) Q[t1, to, ul/(u? — (t1 + to)u + tita)

Qlt1, ta, ul/(u = t1)(u — t2) ’

R

where u is the Euler class of the bundle Opo,(—1)e0,(-1))(—1) and t; =
w7, to = m*15. In conclusion we have that

H;1><Sl ((CPl) ~ Q[tl,tg,u]/(u — t1)(u - tg).

To study the image of L!A. g1 g1 We will use its approximations L!A7 i induced
by the diagonal inclusion ¢ , : (CPk1 x CP* — (CP xCP"); as we did in Section
1.1.2. As usual let CP}l = CP! xg1,g1 (S%+1 x §2K*+1). We can carry out the
exact same construction as above to compute the approximations H *(CPkl) of
H51><51 ((C.Pl)

Let p1,ps : CP* x CP* — CP* be the projections to each factor and let
0;(=1) = p;Ocpr(—1). There is an identification P(O;(—1) @ Oy(-1)) ~ CP}
and

H*(CPY) = Qlu, b, 2]/ (8541, 577, (u — 1) (u — £2))

where u is the Euler class of Op(o, (~1)@:0,(~1)))(—1) and t1, t2 are the pull-backs
under pi, p2 of the Euler class of Ocpr(—1).
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Let 51,52 € S?F*1 C CF1 and let HY = {(s°,...,s) e C*1 . HO = 0}.
Then

o: P(O1(~=1)®02(-1))) — Opo,(—1)a0s(~1)))(—1)
s1 bso

(VR

[as, bsa) —
51

0
asy

is a well-defined meromorphic section with no zeroes and poles in the union of
P ={[0:1]}g14g1 (S % 241y and Q = CP x g1 g1 (SPHNHO) x 26+,

From this we deduce that PD(u) = —[P] — [Q].
If s € S?¢*1 then
CPF — Ocpr(—1)
s

[s] +— 50

is a meromorphic section with no zeroes and pole locus P(H?). Hence the
Poincaré dual of the Euler class is PD(c1(O(CP¥))) = —[P(Hp)]. Now observe
thatQ = 7 (p; ' (P(Hy))), and since 7 and p; are submersions we have that

—PD'Q] = —PD ' [n Y p(P(Hp)))]
—m*pi PD~{P(Hp)]
= 7pici(Ocpr(—1)) = t1.

From this we obtain that u = —PD[P] + t;.
Under the diffeomorphism

(CPY xc PY)y —  CP! x¢peycpr CPL
[(z,9), (s1,82)] —> [, (s1,82)]; [y, (51, 82)]]

we can think of ¢a ; as the map

LA cp} —  CP} x¢peycpr CPE
[, (s1,82)] == [, (51, 82)], [, (51, 52)]]

By Leray-Hirsch and Kiinneth, there is an isomorphism

H*(CPk) ®H*((CP’9><(CP’“) H*((CPk) — H*(Cpkl X(CP’“X(CP’“ (CPI;L)
a® B — T — w53

where 71,72 : CPl X¢prycpr CPL — CPL are the projections.

In these terms we have

Lemma 4.19. Forj =1,2, L!A,k(tj) = th!A’k(l).
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Proof. Let @ : CP} x¢prycpr CPE — CP* x CP* be the projection. Then

L!A7k(7T*,O;fCI(O(CPk<_1)))
a7 er (Ocpr (1))
ﬁ*p;q(o(cpk(—l)) ~ LA,k(l)
W;W*P;Cl'(ocpk(—l)) ~ L!A,k:(l)
W;fj —ia k(1)

thA,k(l)

L!A,k(tj )

—~
[
~—~

—~
N
~

where we used m = Toay in (1), # = mom; in (2) and Kiinneth in the last
equality. O
In view of this result we are also interested in computing:

Lemma 4.20. i) (1) = (i +12)(1©1) —u®1-1®u,

Proof. Note that

L’Mu) = (PD o (tag)« 0 PD)(1)
PD7 1o (1ar)«[CP}]
PDYup x(CPY)]

= PD_I[A(CPklx(CPkl]

Consider the bundle 7 : CP} — CP* x CP*. In [Grah, theo. 4.1] there is a
description of how to compute the Poincaré dual of [Ag PIxC Pkl] as an element

of H*(CP! X¢prycpr CPL) in terms of this bundle:

The cohomology of the base is H*(CP* x CP*) ~ Q[ry, mo]/(rF, 751
and the cohomology of the total space is

H*(CPY) ~ Q[t1, to, u]/((u — t1)(u — to), thH1 ¢h+1y,

Consider 1 = yo = u and z2 = y; = 1 as elements of H*((CPkl). Then
both sets {x1,z2} and {y1,y2} restrict to a basis of the cohomology of the
fibre. Let z;; = m'(v;y;) and consider the matrix Z = (2;;). According to the
aforementioned theorem, Z is invertible and, if (Z71)! = (a;;), the class we are
looking for is Y~ a;jz; ® y;.

For dimensional reasons 7'(1) = 0. Since 7' is integration along the fibre
and v is the Euler class, we have 7'(u) = —1. Finally,

7 (u?) = 7 (b + to)u — t1ta) = (t1 + t2)7 (1) + titarw (1) = —(t1 + t2).
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7 (—01 —(tl_Jlr t2)> 7

(77 = (t1_+1t2 —01) '

Then the class PD™1[A PIxC Pkl] coincides with

Then

and therefore

(t1+t2)(ze@y) + (D71 @1+ (-1)12 @y = (L +12)(1® 1) —u®1-1®u
and the result is proved. ]

Remark 4.21. By the usual stabilisation argument in equivariant cohomology
—Lemma 1.3— we see that

L!A,Slxsl(l) =t +t)(1®1])—u®l-1u

in terms of equivariant Kiinneth. This is the equivariant diagonal class —see
Section 1.1.2— for the S' x S'-action on CP!.

The last generator of the cohomology of H*(CP}) for which we have to
compute its image under L!AJ{: is u. Let us do it:

Lemma 4.22. L!AJC(U) =tit(1®1) —u®u.
Proof. Recall that u = t; — PD~![P] where
P ={[0:1]} xgi.g (S x $%1) C CRy.
From the two previous lemmas we have that
tag(t) =tia (D) =B+ tit2)(1®1) —t1(u® 1) — t1(1 @ u).
Let us now compute L!AJC(PD*l[P]). We have
(

Uax(PD7Y[P]) = (PD7'o(tax)« o PD)(PD7'[P])

= PD iax(P)]

= PDil[P XCPkxCPk P]

= PD7Y(P x¢prxcpr CPL) N (CPL Xepryepr P
= PD '[r{(P)Nmy ' (P)]

= PD7'm {(P)] — PD '[ry ' (P)]

= miPD7'[P] — m3PD7[P]

= #1®1) -twel)-t(leu) +udu

The difference of the two expressions gives L!AJC(U) =tite(1®1) —u®u. O
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From the three previous lemmas and by means of stabilisation in equivariant
cohomology —Lemma 1.3— we have, in terms of equivariant Kiinneth, that

° L!A,Slxsl(l) =t +t2)(1®])—uxl-—1®u
o L!A751><Sl(tj) = (t? +tits) —tj(u®1l) —t;(1®u) for j =1,2
o gisi(w) = tibb(1®1) —u®u

Now, using these formulas we get the following immediate corollary of The-
orem 4.17:

Corollary 4.23. Let (M,wyr, S*, puar) and (N,wy, S, pun) be Hamiltonian
spaces and let XM AN be its corresponding lambda-maps. If \M*N s the
lambda-map of its corresponding product Hamiltonian space, we have the fol-
lowing formulas:

LOAMAN(T) = (1 + £2)AM (1) @ AN (1) — AM () @ AV (1) — MM (1) @ AN (u)
2. AMAN () = 11,0 (1) @ AN (1) — AM (1) @ AN (u)

Remark 4.24. In particular we get a formula to compute A *¥ (1), which is
a global biinvariant diagonal class of M x N, in terms of A™ and \V.

4.5 Non-uniqueness of global biinvariant diagonal
classes

In Theorem 4.14 we proved that given a Hamiltonian space (M,w, S*, i) there
exists an element § € HE.’I“X 521 (M x M) which is a global biinvariant diagonal
class. It is a natural question to ask whether such a class is unique or not.
In this section we prove that this is not true in general. To do so, we carry
out some hands-on computations of biinvariant diagonal classes that might be

illustrative.

Fix a basis (ef,..., egq> of HE, (M) for ¢ =0,...,2m — 2. Given a regular
value ¢ of i, by means of integration on M //.S' we get a pairing
I? Hg,l(M) QHAIM) — Q
2m 2—q

6 ®6 2m—2—q) .

— fM//cs1 Ke(€f) — Kele;

Let
2m—2

BeHE2 (M x M)~ @ 2m2q
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be a biinvariant diagonal class for the regular value ¢ and let bgj € Q de-

note the coefficient of el ® eJQm 279 ip the expression of 8 in terms of the

chosen bases. Since k() (8) is Poincaré dual to the diagonal class, for any
a € H*™=279(M //.S') we have the relation

S, ( /M//Csl ko(e?) — a) he(€2"270) = a, (4.1)

Z‘?j
In particular, for @ = k.(e;”™>"9) we obtain
DIl @ T Rl = Rl (42)
0,
Applying [, /oS! ke(e}) — - —i.e. Poincaré duality w.r.t. s.(ef)— to both sides
of the equality we get
Z bLId(ed @ eI (el @ 5™ TH ) = I8(ef @ €] TET). (4.3)

These equations can be expressed in a much more compact way in terms of
matrices: define the dy X dam—2_q matrices AZ with entries Id(e ® e?m_Q_q)
and BY with entries b{;. Equation 4.3 is equivalent to AY(BY)IAL = AL, In
other words, (BY)! is a pseudoinverse’ of A4. Conversely, if equation 4.3 is
satisfied, we get equation 4.2 by applying the inverse of Poincaré duality w.r.t.
ke(el). Then equation 4.1 is satisfied for classes of the form a = k.(c), but
from Kirwan’s surjectivity —Corollary 4.15— these are all the possible classes.

In summary, we have proved the following result:

Proposition 4.25. A class 8 is bitnvariant diagonal for a reqular value c if
and only if AY(BI)'AY= A4, ¢q=0,---,2m — 2.

Remark 4.26. Since I¢ is symmetric we get A2™~279 = (A49)!. Transposing
AZm=274 = AZm=2-q(p2m=2-a)t A2m=2-4 ypegults into A4 = AIB*M 27944, so
both (BY)! and B?*™~279 have to be pseudoinverses of A

The set P(A) of pseudoinverses of a matrix A is an affine space with un-
derlying vector space Z(A) = {B : ABA = 0}. We call the elements of
Z(A) null-pseudoinverses of A. More in general, if Ai,..., A, is a collection
of matrices with the same number of rows and columns and P(Ai,...,A4,)
denotes the space of common pseudoinverses of all these matrices, we have

'In the literature the notion of ‘pseudoinverse’ varies. To us a pseudoinverse of a r X ¢
matrix A is a ¢ X r matrix B satisfying the equation ABA = A. This coincides with the
notion of {1}-pseudoinverse in [BeGr, §1.1].
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that —if it is not empty— it is an affine space with underlying vector space
Z(A1,...,An) = Z(A1)N---NZ(A,,), the space of common null-pseudoinverses.

Going back to our particular setting, we first observe that if ¢, are two
regular values of y with no critical values in between, M /.S and M //,S! are
diffeomorphic and IZ = IY. Therefore to prove that (B9)" is a pseudoinverse
of A? for all regular values c it suffices to prove that it is a pseudoinverse of AZ
only for a finite number of regular values ¢y, ..., c,. We fix such regular values
and to make the notation shorter we write A for AZ.

In Theorem 4.14 we proved that the image of 1 under the lambda-map is a
global biinvariant diagonal class, so if LY are the matrices representing A(1) in
the chosen bases we have LY € P(A{,..., A%) and hence P(A{,..., A?) is an
affine space with underlying vector space Z(AI)N---N Z(A%).

We need to find a way to compute the matrices A7. We will use the main
result in [Kal], which asserts that if the fixed point set of action F is finite —or,
equivalently, if the fixed points are isolated—, then

_ ao(p)
/M//c51 Hele) = D w(p)

w(p)>0

where the sum is taken over the points of F. Here w(p) denotes the product
of weights of the infinitesimal action on T, M, while ag is a certain smooth
function associated to the class a. This formula is obtained using a version of
equivariant cohomology that we have not explained: similarly to how de Rham
cohomology recovers the usual cohomology (with real coefficients) there is a
complex which uses differential forms, called the Cartan complex, that recovers
equivariant cohomology. The function o turns out to be the 0-form associated
to « in this complex. An excellent reference for these topics is [GuSt].

Let S act on CP™ by
Olzg: -+t 2] = [gjOZO Ce gjnzn]

where jg < ... < j, are integers. To have isolated fixed points we need these
numbers to be pairwise different; we take them in increasing order only for
convenience when making computations. In Example 1.16 we showed that
there exist degree 2 classes x, ¢ such that

H (CP") ~ Q[t, z]/(x + jot) - - - (x + jnt).

Hence odd degree cohomology vanishes. The function associated to t is the
constant function 1, while the function associated? to x is pr. The function asso-
ciated to a product of these classes is the product of their associated functions.

2In the Cartan complex, x is the class of the equivariant symplectic form 1 @ w — 7 ® p
and t is the class of 7 ® 1. See [Kal, §5] for the details.
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Since the polynomial giving the relation has degree 2n+2, if 0 < ¢ < n—1 there
are no relations between generators of Hgff (CP™), so {t9 19 e, ... txd~1 29}

is a basis of H;? (CP™). The fixed points are
po=01:0:---:0),...,p,=(0:---:0:1),
which satisfy w(p;) = ji, w(pi) = [Tkzi(Jx — Ji) = w;. Finally take regular

values ¢; such that jo < ¢ < j1 <+ < jn-1 < ¢p < jn. Kalkman’s formula
gives

/M// g (") =3 )

Using this formula, we observe that if 77 %z® is an element of the basis of
H;?((CP”) and " 1797bgb is an element of the basis of H>™~1=9(CP") we
have that

n
Igg(tqfaxa ® tnflqubxb) — Ke, (tnflfafbanrb) — Z Jk 7
' M//e, 8" — wy

so we can compute explicitely the matrices A?q and look for their common
pseudoinverses.

Example 4.27. Let us make all the computations for the case CP?. We will
show that in this case there is a unique global biinvariant diagonal class:

For CP? we have bases {1} of Ho,(CP?) and {t,z} of H2,(CP?). The
matrices A, AY are of dimension 1 x 2. Concretely

A=[10(1@t) I(1®x)] and A =[I(1®t) I (1®)].

Let us compute them using Kalkman’s formula:

11 1
LAl®t)=—+—=—— 1
BLE_ R (e A=l
Blea)=2+ 20 o
w1 w9 wo
1
Llet)=— 1
02 Wit A)=—[1 j].
— w
162(1®$)—w72 2

We now want to find a 1 x 2 matrix B = [b(l)l b(l)Q] satisfying both
AY(B)!AY = AY and AY(BY)tAS = AY. Since AJ(B%) and AY(B%)! are 1 x 1



102 4. Biinvariant diagonal classes

matrices, these equations are equivalent to AJ(B°)* = A9(B%)T = [1] These
can be wrapped up in the system

L jo| [0hh] _ [~wo

1 jo| |89, wy |
which has as a unique solution B® = (js — jo) {— J1 1]. Using the symmetry
explained in Remark 4.26 we get that there is also a unique matrix B? satisfying
the required equations and that it must be B2 = (B")!. As a conclusion we

find out that
(o—jo)(l®z+z@1l—Hh(l®t+tx1l))

is the unique global biinvariant diagonal class.

We can carry out similar computations also for the S'-action on a product
of projective spaces. Let us study in more detail a very particular case, which is
very suited for computations and eventually provides an example where global
biinvariant diagonal classes are not unique:

Let S! act on CP'x -*- xCP? by
0([20 : wol, .- ., [2no1 : wn_1]) = ([020 : wo),- .., (0% zZn_1: wn_1]),

i.e. the action on the i-th component is given by [92izi : w;]. The equivariant
cohomology ring is

H% (CP'x ZUXCPY) ~ Q[t, wo, - - s Tne1]/ (o+t) 20, - -, (Tn1 42" ) @n_1)

so a basis of H2(CP'x -". xCP') is given by t? and the elements of the
form xy, Tk, with 0 < b < --- < kg < n—1. We order these elements
lexicographically with respect to the alphabet ¢, zq,...,T,_1.

The critical points are those of the form (po, ..., pn—1) with p; being either
[1:0] or [0:1]. So we have 2" critical points, which can be encoded using
n-bit strings:

o . o 0 if Di = [0 : 1]
b—bo bn,1 with bz—{l if pzz[lo]
Let o(b) = (=1)b0F+bn—1 he the signature of b and let b € Z be the integer
represented by the string b, - - - by as a binary number. Define also the value
en = %n(n —1). The moment map and the product of weights of the linearised
action at the critical points are given by

I
—

n

pb)=> 2 =b

-
I
o
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and
w(b) =o(b) -2

respectively. They can be computed from the moment map and the product
of weights on each factor: p is the sum of u;(p;) = 2'b; and w is the product
of wz(pz) = (—1)bi A

We have 2" critical values whose images under y are precisely 0, ...,2" —1.
Consider the regular values ci,...,con_1 defined by ¢; = (2§ — 1)/2. Then
p(b) > ¢; if and only if b > j. Now we take the elements of the chosen basis
of Hg?_Q((CPlx Y. XCP') and compute the integrals of their images under

ke; by means of Kalkman’s formula:

/M// P (" =273 a(b),
€j

b>j

Be: (T, + - T = 27 a(b) - Tt b
/M//c].Sl g( k1 kn, 1) % ( ) Hé_l Mke( ke)
= 27 ) o(b) - [T}=; 2~by,
ij%l
D IR (R y

b>j

With these formulas we can show an example where global biinvariant
diagonal classes are not unique:

Example 4.28. Let us study the action we just described for the case n = 3.
The chosen basis of H*(CP! x CP! x CP') is {t?, 2, zox1, o2, 22, 2172, 73}
We start by computing the relevant values in the formulas above:

The first table gives the signatures of b:

b ol 1234 ]5]6]T7
o) || +1 | =1 —1|+1|—=1[+1|+1|~-1

Since n = 3 we have that e, = 3. The second table gives the values of the
exponents —e, + k1 + kg according to the values of k1, ko:

ki, ko 0,0(0,110,2]1,1]1,2|2,2
—en+ki+ko|| -3 —-2|-1]-1 0 1




104 4. Biinvariant diagonal classes

Now we write a table that gives the value of by, by, in function of b (rows)
and ki, ko (columns):

br, bk, 1 0,010,1(0,2|1,1|1,2|2,2
0 0 0 0 0 0 0
1 1 0 0 0 0 0
2 0 0 0 1 0 0
3 1 1 0 1 0 0
4 0 0 0 0 0 1
) 1 0 1 0 0 1
6 0 0 0 1 1 1
7 1 1 1 1 1 1

From these three tables we can extract all the necessary information to
make the next table, which we call T7, the rows of which are again labelled by
b, while the columns are labelled by t? and xy, 71, according to the order given
above. The column under #? contains the values 27¢*¢(b) and the column
under xy, 71, contains the values 2~ +tFi+k25(b)b,, by, :

Ty t2 x% ToT1 | ToTa :E% T1T2 CL‘%
0 1/8 0 0 0 0 0 0
1] -1/8|-1/8 0 0 0 0 0
2 || —-1/8 0 0 0-1/2 0 0
3 1/8 1/8 1/4 0 1/2 0 0
4 | -1/8 0 0 0 0 0] -2
b} 1/8 1/8 0 1/2 0 0 2
6 1/8 0 0 0 1/2 1 2
7 -1/8]-1/8|-1/4|-1/2| —1/2 —1] -2

We write down one more table, T5, the columns of which are again labelled
by the elements of the basis while the rows contain the values 1 to 7, corre-
sponding to the regular values ci,...,c7 (taken as in the discussion for the
general case). Each entry of the table will contain the value of the integral
over M/, St of ke; applied to the element indicated by the column. From
Kalkman’s formulas, the only thing we have to do to obtain the row labelled
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by j in T3 is to add up the rows labelled j,...,7 in T7:
Ty 12 :c% ToT1 | ToT2 x% T1To x%
1] -1/8 0 0 0 0 0| O
2 0 1/8 0 0 0 0| O
3 1/8 1/8 0 0 1/2 0] 0
4 0 0-1/4 0 0 0] O
5 1/8 0-1/4 0 0 0] 2
6 0-1/8|—-1/4|-1/2 0 0] 0
7T -1/8|-1/8| —-1/4|—-1/2|-1/2| —-1|-2

According to the general discussion the basis chosen for H?(CP! x CP!' x CP!)
is {t, zg, r1, z2}. The table T contains all the necessary information to compute
the matrices A? that represent

I? : HX(CP! x CP! x CPY) ® H*(CP' x CP! xCP!) — Q

7

in this basis. If T5(j, k) represents the (j, k)-th entry of T5 we have that

TQ(jv ]-) _TQ(j72) _%TQ(]¢5) _%T2(]a7)

A2 = - 2<j72) TQ(j72) T2(j73) TQ(ja4>
J *% 'TZ(jv 5) TQ(ja 3) T2(j7 5) TZ(ja 6) ’

—2 'T2<j7 7) TQ(.774) T2(j7 6) T2(.ja 7)

where the coefficients in the first row and column are determined by the rela-
tions that define the cohomology ring.

We get the matrices

-10 0 0 0 -1 0 0
1l 0000 1| -1 10 0
2+ 2 _ -
Al_s 0000’A280000’
000 0 0 0 0 0
1 =1 =2 0] 0 0 00
1l -1 1 00 110 0 -2 0
A2 = - A2 = -
378l =2 0 4 0|77 8]0 -2 00}
0 0 00 0 0 00
1 0 0 —4] 0 1 0 0
1 0 0 -2 0 111 -1 -2 -4
2 _ 2 _ =
AE’*S 0 -2 0 0 > Ag sl0 -2 0 o0
-4 0 0 16 | 0 -4 0 0
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1 1 2 4
1 1 -1 -2 —4

2 _ 1
Ar_g 2 -2 —4 -8
4 —4 -8 —16

Now one can prove that a matrix (B2)! is a common pseudoinverse of
A%, ..., A2 if and only if B? is of the form

8 8 4 a
8 0 4 2
2 —
B = 4 4 0 1
b
b2 1 2421
The rows of Ty are precisely the matrices Af,..., A%, The only matrix (B*)

that is pseudoinverse to all of them satisfies
B*=-[8 842 4 2 1].

Finally, the matrices AY,..., AY are given by transposing the rows of T and
hence the only matrix (BY) that is a common pseudoinverse to all of them is
precisely B* (this is the symmetry explained in Remark 4.26).

Putting together all the information we obtained, we conclude that a class
is a global biinvariant diagonal class if and only if it is represented by the
matrices B = (B*)!, B2, B* in the chosen bases. In particular the affine
space of global biinvariant diagonal classes has dimension 2, which proves the
non-uniqueness of such classes in general.

Remark 4.29. For the actions on complex spaces we described, having isolated
fixed points maximizes the number of critical values, so it is the situation in
which we have the most number of pairings Igi. The larger this number, the
more difficult it is for a class to be a global biinvariant diagonal class, because
the matrices representing it have to be common pseudoinverses to a larger
number of matrices. Thinking the other way around, actions with isolated
fixed points are the ones in which the space of global biinvariant diagonal
classes is smallest. The example we computed shows that even in this optimal
situation uniqueness is not achieved.



Epilogue

This epilogue is a concession to the not-so-methodical part of the usual math-
ematical thought process. The classical definition-proposition-proof pattern
is put aside —up to a certain point— and a more descriptive tone is adopted.
The reader should expect the kind of instances that mathematicians sometimes
think or verbalise more than those that they usually write down.

The goal of these few final pages is to review some of the ideas that appeared
throughout the thesis in a less formal but hopefully more intuitive way. These
intuitions and thoughts give some clues on how our results could be extended
to more general situations.

Biinvariant diagonal classes in Kirwan’s original set-up

Consider a Hamiltonian space (M?™,w, S, 1) and denote by X the vector
field generated by the infenitesimal action. Take J an invariant almost com-
plex structure compatible with w and denote by ¢/ the flow of the vector
field —JX. Already in the introduction we explained that the geometric idea
behind the construction of a global biinvariant diagonal class was to consider
the submanifold

Ag ={(pq) eMxM: IHteR, ac S st.q=a-&%@p)},
which satisfies the properties
1. It is S x Sl-invariant.

2. It has dimension 2m + 2.

3. The intersection Agi N (u~t(c) x p~t(c)) is the preimage of the diagonal
under the projection u~t(c) x p=t(c) = M//.S' x M//.S*.

We also explained that property 1 allows to define an equivariant cohomol-
ogy —instead of ordinary cohomology— class, that property 2 makes this class

107
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have the right dimension and that property 3 makes the class to be mapped to
the Poincaré dual of the diagonal class. The big deal, however, was to find the
right compactification for Agi: we used broken gradient lines, which require
certain transversality conditions. In order to preserve these conditions and get
invariance at the same time we needed multivalued perturbations.

One natural question is how these techniques could be adapted to the
case originally studied in [Kir], where the Hamiltonian space is of the form
(M?™,w, G, 1) with G any compact and connected Lie group. Let d = dim G.
Recall also from the introduction of this thesis that if 0 is a regular value of p,
the action of G on p~1(0) is locally free and M //G = ~1(0)/G is an orbifold.
The action of G in general does not restrict to any other regular level because
w1 is an equivariant map and not invariant as it happens when G is abelian. Fix
a G-invariant inner product on g to identify g and g*. Then p can be thought
as taking values on g. Using the norm defined by the inner product we define
a G-invariant smooth function f : M — R by f(p) := ||u(p)||*. Let J be an in-
variant almost complex structure compatible with w and let p; = w(-, J(-)) be
the corresponding Riemannian metric. Finally let V7 f be the gradient vector
field of f with respect to py and denote by ¢/ the flow of =V f. In [Ler] it is
proved that for all p € M, lim;_, 1 &/ (p) consists of unique point, so

So={peM: lim &(p)ep'(0)}
is the stable set of the critical level f=1(0) = u=1(0) of f. Let m: Sop — p~1(0)
be the projection given by following the flow &7.
Proposition 1. The set
Ac={(p,q) € Sox Sp: g€ G s.t.m(q) =g 7(p)}

satisfies the following properties:

1. 1t is G x G-invariant.

2. It is a (2m + 2d)-dimensional submanifold of M x M.

3. The intersection Ag N (= 1(0) x p=1(0)) is the preimage of the diagonal
under the projection p~(0) x u~1(0) — M//G x MJ|G.

Proof. That A¢g is G x G-invariant is a consequence of the equivariance of 7:
if 7(q) = gn(p) and ¢', g" € G, then w(¢"q) = ¢"g(¢")~'m(¢'p).

We will see later that Sy is a smooth manifold and that 7 is a submersion.
Since f~1(0) is the minimum of the function f we get dim Sy = dim M = 2m.
Moreover the smooth map

F: S()XSO — M//GXM//G
(p,q) — (G-7(p),G-7(q))
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is transverse to the diagonal and thus Ag = F‘l(AM//GxM//G) is a smooth
submanifold of dimension 4m — (2m — 2d) = 2m + 2d. This holds even with
M /G being an orbifold [BoBr].

The last property follows from the observation that if p,q € p~1(0) then
7(p) = p and m(q) = q. O

This proposition suggests that Ag is a good candidate to construct a bi-
invariant diagonal class. Again compactification is the most difficult part.
For S'-actions we had the advantage that the moment map is a Morse-Bott
function and therefore gradient lines converge to broken gradient lines (recall
Theorem 2.11). Unfortunately, the function f is not Morse-Bott in general so
we cannot apply this. The problem arises because we have limited control on
how gradient lines converge to critical points: the connected components of the
critical set are not smooth manifolds in general, although its stable sets are
[Kir, 10.16] and following the flow gives a retraction from each stable manifold
to its corresponding critical set [Ler|. Similar results do not seem to exist for
unstable sets, which is a serious drawback if one wants to apply a technique
similar to broken gradient lines.

Another approach would be studying if the inclusion ¢ : Ag <— M x M is
a pseudocycle and then define the cohomology class by intersection pairings of
pseudocycles. For ¢ to be a pseudocycle we need to have control over its omega-
limit set. In [Kir| the stable manifolds of the flow of f are well studied and it
is proven that they define a stratification of M in a sense [Kir, 2.11]. Moreover
all the strata are of even dimension, so the non-dense strata have all at least
codimension 2. From this stratification one could construct a stratification of
the closure of Ag. However, even the stratification on M is not known to have
any good convergence behaviour like e.g. being Whitney [GoMa]. This was
already pointed out by Kirwan in the footnote at the end of the introduction
chapter of [Kir].

However we still have many good reasons to assert that Ag is a sensible
choice. We shall prove some results to support this statement. We will explain
our set-up first: let G = G exp(ig) be a reductive complex Lie group with G a
maximal compact subgroup and let (M,w, J) be a Kahler manifold. Suppose
that G acts holomorphically on the complex manifold (M, J) and that the
induced action of G on the symplectic manifold (M, w) is Hamiltonian. Let
be the moment map for this Hamiltonian action and define f = ||u||? as above
by means of an invariant inner product on g. In [Kir, 7.4] it is proved that
So={g-p: g€ G, pcpu1(0)} and that there is a natural homeomorphism

M//G: So/G

Hence there is a natural correspondence between A s/ ax n /g and Agy /G xS, /G-
We have the following result:
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Proposition 2. In the described Kdhler setting, Ag is the preimage of the
diagonal under the projection

S() X S() —>50/G X So/G,
i.e. Ag={(p,q) € SoxSp: g€ G s.t. q=g-p}.

We prove the proposition as consequence of a set of lemmas which are all
proved, at least implicitly, in [Kir, §6,7] (see also [MFK, 8.3]). For n € g let
X) = %| o €Xp(tn)p be the vector field on M induced by the infinitesimal
action of 7. The Lie algebra of G is g @ ig and the vector field induced by the

infinitesimal action of 7 is JX".

Lemma 3. For allp € M, (V’f), = 2JX}®.

Proof. Take n1,...,n4 an orthonormal basis of g and define the functions
;- pha o0 M by pg(p) = (u(p), nk). Then we have

d d
u(p) =" mr(p)ne and f(p) = (k(p))>.
k=1 k=1
Therefore
d d
dpf =2 Z p(p)dppus; = 2 Z Nk(P)Wp(ng> )= Wp(QXg(p)7 )
=1 =1

But on the other hand
dpf = (ps)p(-s (vjf)p) = wp(, J(VJf)p)-

Hence —J (V7 f), = 2X}, P and applying J to both sides the result is obtained.
]

Lemma 4. For everyp € M, the integral curve of =NV f through p is contained
in the G-orbit of p. That is {&/(p): t € R} C G -p.

Proof. We have that

d

TN J _ u(& (p))
$|t=06t (p) =—(V f)gg(p) = _2JX§ ;

7 (p)

is an element of € Tey ) (G-p) because JX*& ) is induced by the infinitesimal
action of iu(&/ (p)) € ig. O

Lemma 5. For every p € p=(0), G-pnu=t(0) =G - p.
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Proof. To begin with, we will see that if n € g and exp(in)p € u~*(0), then
exp(in)p = p. Define h : R — R by

h(t) = (u(exp(itn)p),n)-

Then h(0) = (u(p),n) = 0 and h(1) = (u(exp(in)p),n) = 0, because p and
exp(in)p are in u~1(0). By Rolle’s theorem there exists s € (0,1) such that
1 (s) = 0. The function h is the composition of the curve «y : t — exp(itn)p with
the function (u(-),n). Note that +/(t) = JXg(t) and that dg(u(-),n) = we(X7, ).
Then, by the chain rule

0 = h,(S) = 7(s< () >( (S))

_ 77
= w9 (X T X))
= ( 2] s)g XW(S))
= I Xl
Hence JXeXp(an)p = 0, which means that the 1-parameter subgroup expinR

fixes exp(isn)p and so it also fixes p. In particular exp(in)p = p, as we wanted
to show.

Now let g € G be such that gp € p=1(0). Then, since G = G exp(ig),
we have that gp = gexp(in)p for certain ¢ € G and n € g. We have that
exp(in)p € u~1(0) because p~1(0) is G-invariant. From what we have seen
previously we know that exp(in)p = p and then gp = gp. O

Lemma 6. For every p € Sy, w(p) € G - p.

Proof. By Lemma 4, {¢/(p) : t € R} C G - p, so that 7(p) is in the closure
G - p. Hence, either 7(p) € G - p or dim G - 7(p) < dim G - p. Let us see why
the second fact is impossible: since 7(p) € p~1(0), we know that the stabiliser
Gr(p) is finite, and by Lemma 5 so is Gy(,). Therefore

dim G - 7(p) = dim G — dim Gy = dim G > dim G - p. O
Finally we prove Proposition 2:

Proof. Let p,q € Syp. By Lemma 6 there exist k,h € G such that 7(p) = kp
and 7(q) = hg. We check both inclusions:

C) Suppose that (p,q) € Ag, so there is g € G such that 7(q) = gm(p). Then
g=h"'m(q) =h'gr(p) =h"'gk pe G-p.
D) Suppose that there exists g € G such that ¢ = gp. Then
(g) = hg = hgp = hgk'7(p) € G - (p).
We get 7(q) € G - 7(p), so by Lemma 5 7(q) € G - 7(p). O
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When the Kéhler manifold is a nonsingular complex projective variety and
G acts linearly, the corresponding GIT quotient coincides precisely with Sy/G
(see [Kir, §8], [MFK, ch. 8] for the details). In this algebraic set-up, thanks to
Proposition 2, it turns out that Ag is very similar to set that Mundet i Riera
uses at the very beginning of [Mun] as an inspiration to study the symplectic
set-up.

At this point one believes that the amount of evidence clearly points to
Ag as the right object to be studied if one wants to construct a biinvariant
diagonal class in Kirwan’s original set-up. As it has already been explained,
the remaining challenge is to find a right way to compactify it.

Biinvariant diagonal classes in other set-ups

Kirwan surjectivity it has nowadays been generalised to several other frame-
works:

e If A is the space of connections of a G-principal bundle over a Riemann
surface, in [AtBol] it is proved that A may be treated as infinite dimen-
sional symplectic manifold and that the action of the gauge group G on
A is Hamiltonian. The corresponding moment map p sends a connection
A to its curvature. Therefore 1 ~1(0) is the set of flat connections. The
symplectic quotient A//G is a finite dimensional orbifold that we call the
moduli space of flat connections. This work is actually previous to [Kir]
and in it Atiyah and Bott already consider the map ||u||?.

e Consider a Lie group G and let LG be its loop group. Let X be a
symplectic Banach manifold on which LG acts in a Hamiltonian way.
Then we have a moment map g : X — Lg* and the symplectic quotient
X /LG, which coincides with p~1(0)/G, is a finite dimensional orbifold.
By means of the inclusion p~!(0) < X and the Cartan isomorphism we
get a Kirwan map H{(X) — H*(X//LG). In [BTW] it is proved that
this infinite dimensional version of the Kirwan map is surjective.

Studying Symplectic Banach manifolds with Hamiltonian LG-actions
has also another motivation: they are in correspondence with quasi-
hamiltonian G-spaces as described in [AMM]. These spaces arise from
the idea of defining moment maps taking values on G instead of g*.

e In [HaLa] a K-theoretic version of Kirwan surjectivity is given. Similarly
in [HaSe] the result for loop groups from [BTW] is also translated to
K-theory.



Epilogue 113

In all these cases the techniques used are similar to the ones in [Kir]. It
is then reasonable to wonder how techniques alike biinvariant diagonal classes
can be adapted to those other situations. One approach to the loop group case
that might be promising is the following:

According to the results in [BTW], if LG acts on a Banach manifold X in
a Hamiltonian way there are finite dimensional manifolds X,, approximating
X and smooth maps f, : X, — R approximating f = ||u|?> such that the
functions f,, are minimally degenerate in the sense of [Kir, §10] and hence they
induce surjective maps H:(X,,) — He(f,1(0)). It is also shown that all these
maps being surjective implies Kirwan surjectivity.

In the simpler case LG = LS, one might try to construct approximations
U+ X — R of p and see whether they induce surjections

kn: Hy (Xn) = Ha (1, 1(0)).

Although the manifolds X,, are not expected to be symplectic as explained in
[BTW], it seems possible that the maps p, can be taken to be Morse-Bott
anyway. Then the techniques developed in this thesis should be reproducible
in order to construct a biinvariant diagonal class d,, € H;fhxrgf("d(Xn x Xp)
for each k,. An obvious question then would be what kind of object do the J,,
induce on Hg,, ¢ (X x X) and how to interpret it from the point of view of
quasi-hamiltonian S!-spaces.
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