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Stability of vortex lines in liquid 3He-4He mixtures at zero temperature
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At low temperatures and3He concentrations below;6.6%, there is experimental evidence about the
existence in liquid helium mixtures of stable vortices with3He-rich cores. When the system is either super-
saturated or submitted to a tensile strength, vortices lose stability becoming metastable and eventually com-
pletely unstable, so that their cores freely expand. Within a density functional approach, we have determined
the pressure-3He concentration curve along which this instability appears at zero temperature.
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The structure, stability, and dynamics of quantized vo
ces in superfluid4He have been extensively studied eith
experimentally or theoretically~for a systematic review se
Ref. 1, and for recent work, see for example Refs. 2–7,
references therein!. However, less work has been done in t
case of3He-4He solutions.1 An interesting aspect of the vor
tex structure in these mixtures was disclosed by Willia
and Packard,8 who provided experimental evidence that
diluted 3He-4He solutions at low temperature (T), stable
vortices present3He condensation onto the core.

In this work we address the problem of the stability o
vortex line in 3He-4He mixtures as a function of pressu
(P) and 3He concentration (x). In particular, we will discuss
the implications that the existence of3He-rich vortices may
have on the critical supersaturation of isotopic helium m
tures, and will determine theT50 vortex spinodal line as a
function of x.

The interest in studying the stability of vortex lines
negative pressures stems from recent attempts to describ
phenomenon of quantum cavitation in liquid4He.3 In par-
ticular, it has been found2 that atT50, vortex lines become
unstable atP;28 bar, whereas the spinodal point is atP
;29.4 bar,9 thus quantitatively showing that vorticit
raises the spinodal line~see also Ref. 3!.

In 3He-4He mixtures the situation is more complex. I
deed, a vortex may become unstable either increasing
3He concentration or submitting the solution to a tens
strength that may originate a negative pressure. A chara
istic of the zero temperatureP-x phase diagram that make
more intrincate the study of vortex lines in this system is
existence of a demixing linePd(x), experimentally deter-
mined from saturation up to 20 bar.10 A recent calculation11

has found that the line continues down tox; 2.4% andP
;23.1 bar, which is theT50 spinodal point of pure
3He. The existence in the negative pressure, metastabl
gion of this equilibrium line between pure3He and the mix-
ture, affects the description of cavitation caused either
bubble growing11,12 or by vortex destabilization.
550163-1829/97/55~17!/11092~4!/$10.00
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Instabilities caused by supersaturation were studied
Ref. 13 within the so-called hollow core model~HCM!
adapted to helium mixtures by replacing the hollow by
3He-rich core. This study was carried out at positive pr
sures, where the model works better. We have predicted
at P50, vortices become completely unstable forx.8.2%.

Although HCM might seem too crude a model, at positi
pressures and close to the demixing line it bears the b
physical ingredients, so it can be used as a useful guid
understand the appearance of unstable vortices. Let us
recall that within HCM, the total energy per unit vorte
length as a function of the core radiusR reads13

VHCM5SR1VR21E0ln~R` /R!. ~1!

It is the sum of anS ‘‘surface term,’’ plus aV ‘‘volume
term,’’ plus a kinetic energy term. When the vortex is in t
stable phase all three terms are positive and only stable
tices may exist.

On the contrary, in the metastable phase the factorV in
the volume term becomes negative. Depending on whe
the system is underpressured or supersaturated, this fac
proportional either to the differenceDP between the pres
sure in the hollow and in the bulk or to the differenceDm
between the chemical potential of3He in the mixture and of
pure 3He.12 As a consequence, the stable vortex becom
metastable and there exists a critical vortex configuration
which the potential barrier has a maximum located at a c
radiusRc . The potential barrier vanishes at the saddle c
figuration when the metastable vortex becomes critical,
the vortex core freely expands. For a givenx, it happens at a
pressure we shall call vortex spinodal pressure.

These arguments can be made quantitative within the d
sity functional approach. To this end, we resort to the den
functional of Refs. 11,12 which describes the basic therm
dynamical properties of liquid helium mixtures at zero te
perature. This approach, phenomenological in its very
ture, has proven to be a very robust way to address
11 092 © 1997 The American Physical Society
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description of the vortex structure in pure4He, comparing
well with microscopic approaches.2 We would like to point
out that recent attempts to microscopically calculate the v
tex structure5–7 have just addressed two-dimensional, pu
4He vortices, and that the description of quantized vorti
in helium mixtures is not within their reach.

For the sake of simplicity, we address the problem o
vortex line. Using cylindrical coordinates and taking the vo
tex line as thez axis, the density profiles depend on ther
distance to thez axis and are obtained solving the Eule
Lagrange equations

dv~r3 ,r4!

drq
50, q53,4, ~2!

wherev(r3 ,r4) is the grand potential density functional
11,12

to which we have added a centrifugal term\2r4n
2/

(2m4r
2) ~Ref. 2! associated with the superfluid flow. W

choose the quantum circulation numbern51 because it cor-
responds to the most stable vortex,14 m4 is the

4He atomic
mass, andrq are the particle densities of each helium is
tope.

For givenP and x, Eqs. ~2! are solved imposing that a
long distances from thez axis, rq equals that of the meta
stable, homogeneous liquidrq

h @x is simply r3
h/(r3

h1r4
h)#,

and thatr4 and ther derivative ofr3 are zero on thez axis.
Notice that the metastable and critical configurations are
lutions of these equations for thesame Pandx conditions.
The barrier height per unit vortex length is

DV52pE rdr @v~r3
c ,r4

c!2v~r3
m,r4

m!#, ~3!

whererq
c andrq

m are the particle densities of the critical an
metastable vortices, respectively. It is worth to note t
DV is a finite quantity: there is no need to introduce anyr
cutoff as it would have been unavoidable if we had descri
either configuration separately.

Depending on the situation of the metastable vortex in
P-x plane, there may exist two different kinds of critic
configurations. To illustrate it, we show in Fig. 1 theP-x
phase diagram atT50 ~Ref. 11! and three selected meta
stable configurations labeled 1 to 3. The grey zone repres
the stable region and the dashed line is the demixing l
Configuration 1 is underpressed, configuration 2 is sup
saturated, and configuration 3 is both. In all three cases,
metastable configuration corresponds to a rather com
vortex filled with 3He whose radius increases with increa
ing x. This is not the case for the critical vortex. Indeed,
configuration 2 is in the supersaturated region, the crit
vortex may have a largeRc radius if that point is close
enough to the demixing line and its core is filled with almo
pure 3He. Rc diverges at the demixing line and alsoDV.
Since configuration 1 is underpressed and undersaturated
critical vortex also has a large radius provided point 1
close to theP50 line, but its core is almost empty, with th
surface covered by3He ~Andreev states!. Rc diverges at the
P50 line, and alsoDV. As configuration 3 is underpresse
and supersaturated, it may have two possible critical confi
rations, one bearing the characteristics of configuration 1
another bearing those of configuration 2. The one with low
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DV will be preferable. It is worth noting that, at negativ
pressures, irrespective of which kind of critical configuratio
has a lower barrier and triggers phase separation, for conc
trations belowxcr , the maximum solubility value atP50,
the system will eventually evolve towards an homogeneo
mixture state at zero pressure,15 whereas for concentrations
above that value, the system will undergo a demixing p
cess that will drive it to a zero pressure state made of a p
3He phase in equilibrium with a saturated3He-4He mixture.
At positive pressures, metastable vortices in the supers
rated region~point 2, for example! can only cause demixing.

We have plotted in Fig. 2 the critical and metastable de
sity profiles corresponding to a type 1 configuration withP
521.66 bar,x51% @Fig. 2~a!#, and to a type 2 configura-
tion with P50.91 bar,x58% @Fig. 2~b!#.

Figure 3 shows the barrier height per unit length as
function of P for x51 to 9 %. For the sake of illustration
we display forx54%, the barriers corresponding to the tw
kinds of critical vortices already discussed: the dash
~solid! line is DV for empty- ~filled-!core configurations.
Notice that these curves have different slopes because
diverge at different pressures, the former atP50, and the
later atP5Pd(x). For a givenx, theP value at whichDV is
negligible defines a point along the vortex spinodal curv
That curve is the solid line in Fig. 1.

Figure 4 shows the core radius of the saddle configu
tions as a function ofx ~solid line!. Following Ref. 6, we
have defined that radius as ther value at which the superfluid
circulation currentr4

c(r )/r has a maximum. We have found
that metastable vortices in the mixture have a core rad
larger than in pure4He.2 This is in agreement with the ex-
perimental findings for stable vortices.1 Also shown in that
figure is the radius of the stable vortex atP50 ~dashed line!,
which is actually metastable abovex56.6%. Notice that the
vortex spinodal line shown in Fig. 1 may be used to obta
the core radius of the saddle configuration as a function
the pressure instead ofx.

The above results have implications on the critical sup
saturation degreeDxcr of isotopic helium solutions at low

FIG. 1. P-x phase diagram atT50. The grey zone represent
the stable region. The dashed curve is the demixing line, wh
ends at theP523.12 bar,x52.43% ~cross!, and the solid curve is
the vortex spinodal line.
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temperatures. Recent experiments16,17 have foundDxcr be-
low ;1%, whereas classical nucleation theory yie
;10%.13,18The microscopically calculated spinodal line19 is
about the same value. Within the HCM, we have argue13

that the rather small degree of supersaturation experimen
found could be due to destabilization of3He-rich vortices.

FIG. 2. ~a!: vortex profiles forx51% andP521.66 bar.~b!:
vortex profiles forx58% andP50.91 bar. The solid lines repre
sent the total particle density and the dash-dotted~dashed! lines, the
r4 (r3) densities. Critical~metastable! configurations are denote
asrc (rm).

FIG. 3. Barrier height per unit vortex length as a function
P for the indicated3He concentrations. Atx54%, the dashed line
corresponds to empty-core configurations, whereas the solid
corresponds to filled-core ones.
s

lly

The density functional approach yieldsDxcr values around
2% ~we recall thatxcr; 6.6 %20!. This is shown in Fig. 5 for
P50, 0.5 and 1 bar. A discrepancy with experiment st
exists. It is unclear whether considering more realistic vort
geometries, such as vortex rings, could bring theory close
experiment. Other possibilities to improve on the agreeme
such as vortex destabilization due to quantum tunnel
through, or to thermal activation over the barrier, seem to
ruled out. The former because of the extremely sm
quantum-to-thermal crossover temperature21 and the latter
because of the large mass of the critical vortex.13

Vortex destabilization at negative pressures may a
have implications on the phenomenon of cavitation in iso
pic helium solutions.11,12Realistic calculations22 indicate that
for a 3He concentration as small asx;1%, cavitation driven
either by quantum or by thermal fluctuations triggers pha
separation if the system is submitted to a tensile strength
8.2 bar. If there are metastable vortices in the mixture,
present calculations show that for much smaller tens
strengths, of about 5.2 bar, the solution undergoes ph

e

FIG. 4. Solid line, radius of the saddle vortex core. Dashed lin
radius of the stable vortex atP50.

FIG. 5. Barrier height per unit vortex length as a function ofx
for P50, 0.5 and 1 bar. The corresponding criticalx values are
8.46, 8.74, and 8.97 %, respectively.
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separation. A delicate question is whether3He atoms have
enough time to diffuse into the vortex core on the time sc
of current cavitation experiments23 when their concentration
is too small.
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