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Vertical diatomic artificial molecule in the intermediate-coupling regime
in a parallel and perpendicular magnetic field
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We present experimental results for the ground-state electrochemical potentials of a few electron semicon-
ductor artificial molecule made by vertically coupling two quantum dots, in the intermediate-coupling regime,
in perpendicular and parallel magnetic fields up toB; 5 T. We perform a quantitative analysis based on
local-spin density functional theory. The agreement between theoretical and experimental results is good, and
the phase transitions are well reproduced.
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I. INTRODUCTION

Semiconductor quantum dots~QD’s! are widely regarded
as artificial atoms with properties analogous to those
‘‘natural’’ atoms. Furthermore, systems composed of t
QD’s, ‘‘artificial’’ quantum molecules~QM’s!, coupled either
laterally or vertically, have recently been investigat
experimentally1 and theoretically.2–6 Transistors incorporat
ing QM’s ~Ref. 7! made by vertically coupling two well de
fined and highly symmetric QD’s~Ref. 8! are ideally suited
to study QM properties. We recently reported the ‘‘additi
energy’’ spectra at zero magnetic field for such QM’s as
function of interdot coupling strength.9

In this work we present experimental and theoreti
ground state electrochemical potentials for a diatomic QM
the intermediate-coupling regime corresponding to an in
dot distanceb53.2 nm for magnetic fields~B! up to about 5
T. We assume here that the quantum mechanical couplin
sufficiently strong that the QM can be regarded as a symm
ric ‘‘homonuclear’’ diatomic QM.9 We consider two different
configurations, one corresponding to an applied magn
field parallel (Bi) to the drain currentI d flowing through the
constituent QD’s, and the other corresponding to an app
magnetic field perpendicular (B') to I d ~see Fig. 1!. The
latter has received relatively little attention.5,10–13 We note
that the QM physics we discuss in both magnetic field c
figurations is particularly relevant to the subject of solid-st
quantum computing.10

The interpretation of the experimental results here
based on the application of local-spin density-functio
theory ~LSDFT!.6,14,15In the Bi case it follows the develop
ment of the method thoroughly described in Ref. 6, wh
includes finite thickness effects of the dots, and uses a re
ation method to solve the partial differential equations a
ing from a high order discretization of the Kohn-Sham~KS!
equations on a spatial mesh in cylindrical coordinates~axial
symmetry is assumed!. To describe the less-commonB'

case, a three-dimensional~3D! LSDFT code has been deve
0163-1829/2003/67~20!/205311~8!/$20.00 67 2053
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oped to handle configurations without any spatial symme
This work is organized as follows. In Sec. II we descri

the experimental setup; in Sec. III we outline the meth
used to implement LSDFT in our QM system and in Sec.
we give the experimental and theoretical results. The in
pretation of these results, and a short summary is prese
in Sec. V.

II. EXPERIMENT

The molecules we study are formed by coupling, quant
mechanically and electrostatically, two QD’s which individ
ally display clear atomiclike features.7,8 For the materials we
typically use, the energy splitting between the bonding a
antibonding sets of single particle~s.p.! molecular states
DSAS can be varied from about 4.5 meV~strong coupling! to
about 0.1 meV~weak coupling!.6,7 In this paper,b, the thick-
ness of the central barrier separating the two dots is fixe
3.2 nm (DSAS;3 meV). Because this corresponds to inte
mediate coupling, we can reasonably neglect a small m
match~of energy,DSAS) between the two dots, i.e., the QM
is assumed to be symmetric ‘‘homonuclear.’’9 Figure 1
shows~a! a schematic section of a submicron circular me
diameterD, containing two vertically coupled QD’s and~b! a

FIG. 1. ~a! Schematic diagram of mesa containing two vertica
coupled quantum dots and~b! scanning electron micrograph of
typical circular mesa.
©2003 The American Physical Society11-1



a
a
ci

t
d
ne

b

n-

de
ns
ee
n
th

-

’s
s

l
ni

y
di-
f an
of
of

era-

-

S
und

ns

nic
e
nt

F. ANCILOTTO et al. PHYSICAL REVIEW B 67, 205311 ~2003!
scanning electron micrograph of a typical mesa after g
metal deposition. The starting material, a special triple b
rier resonant tunneling structure, and the processing re
are described elsewhere.7,16,17Drain currentI d flows through
the two QD’s between the substrate contact and grounded
contact in response to voltageVd applied to the substrate an
gate voltageVg on the single surrounding gate. The o
structure we describe here (D; 0.5 microns! is cooled to
about 300 mK or less.

III. THEORY

To analyze the experiments we have modeled the QM
two identical QD’s stacked in thez direction~parallel toI d).
In this direction the QM is confined by two identical qua
tum wells of widthw and depthV0 separated by distanceb
53.2 nm. We have takenV05225 meV andw512 nm,
which are also appropriate for the actual experimental
vice. To improve on the convergence of the 3D calculatio
the somewhat ideal sharp double-well profile has b
slightly rounded off, as shown in Fig. 2. Given that the e
ergy profiles of real structures are never abruptly sharp,
rounding off is actually not unrealistic.

In the remaining two directions perpendicular toz the QM
is confined by a harmonic oscillator potentialVh5mv2(x2

1y2)/2 of fixed strength\v54.42 meV. This lateral con
finement energy has been determined forN56 electrons us-
ing a law18 that quantitatively describes the phases of QM
in the strong, intermediate and weak coupling regimes a
function of Bi for a number of electronsN between 12 and
36. Lacking a better prescriptionat smaller N, \v has been
kept fixed for allN analyzed here (N,7) instead of obscur-
ing the results by further introducing anad hoc Ndepen-
dency determined by a fitting procedure.19 In the following
we will denote byVcf(x,y,z) the total confining potentia
obtained by adding the double well profile to the harmo
oscillator potentialVh . We stress thatVcf(x,y,z) is axially
symmetric around thez axis.

FIG. 2. Double quantum well potential used in the calculatio
The electronic densityn(z) corresponding to theN56 QM for B
50 is shown.n(z) has been obtained by integrating the electro
densityn(x,y,z) over thex and y coordinates. The energy of th
occupied upper lying s.p. level is also represented by a horizo
solid line.
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As is well known, within LSDFT the ground state~g.s.! of
the system is obtained by solving the Kohn-Sham~KS! equa-
tions. In theBi case the problem is greatly simplified b
explicitly using the axial symmetry of the system. The ad
tional terms in the KS equations due to the presence o
arbitrary magnetic field are given below. The inclusion
these terms crucially does not break the axial symmetry
the KS Hamiltonian in theBi case.

In the symmetric gauge the vector potentialAW (rW) corre-
sponding to a constant magnetic fieldBW is written asAW

5(BW `rW)/2, and its contribution to the KS Hamiltonian is

Hm5
e\

2mc
BW •LW 1

e2

2mc2
AW 21gs* mBBW •SW , ~1!

wheregs* is the effective gyromagnetic factor,LW andSW , re-
spectively, are the orbital and spin angular momentum op
tors, and mB is the Bohr magneton. Writing BW
5B(sinuB ,0,cosuB) and introducing the cyclotron fre
quency vc5eB/mc, it can be easily checked thatHm
5HmR

1 iHmI
, with

HmR
5

1

8
mvc

2@x2cos2uB1y21z2sin2uB22xzsinuBcosuB#

1
1

2
gs* mBhsB, ~2!

HmI
52

1

2
\vcFsinuBS y

]

]z
2z

]

]yD1cosuBS x
]

]y
2y

]

]xD G ,
wherehs511(21) for s5↑(↓) with respect to the direc-
tion of the applied magnetic field.

We have used effective atomic units\5e2/e5m51,
wheree is the dielectric constant andm the electron effective
mass. In units of the bare electron massme , m5m* me . In
this system, the length unit is the effective Bohr radiusa0*
5a0e/m* with a05\2/mee

2, and the energy unit is the
effective HartreeH* 5Hm* /e2. For a QD in GaAs, we take
the following values: gs* 520.44, e512.4, and m*
50.067. This yields a0* ;97.94 Å andH* ;11.86 meV.
From now on we will write the equations in these units.

Equation~2! reduces to theBi case whenuB50, and to
the B' case whenuB5p/2. In the former, since@x(]/]y)
2y(]/]x)# is proportional to Lz , the problem remains
axially symmetric. A detailed description of how the K
equations have been solved in this geometry can be fo
in Ref. 6.

In 3D the KS equations read

F2
1

2 S ]2

]x2
1

]2

]y2
1

]2

]z2D 1Vcf~x,y,z!1VH1Vxc

1Wxchs1HmGCs~x,y,z!5esCs~x,y,z!.

~3!
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The expression in the brackets is the KS HamiltonianHKS,
and VH(x,y,z) is the direct Coulomb potential.Vxc

5dExc(n,m)/dnug.s., and Wxc5dExc(n,m)/dmug.s. are, re-
spectively, the variation of the exchange-correlation ene
density Exc(n,m) in terms of the electron g.s. densi
n(x,y,z), and of the local spin magnetizationm(x,y,z)
[n↑(x,y,z)2n↓(x,y,z). The exchange-correlation energ
has been taken from Perdew and Zunger,14 andExc(n,m) has
been constructed as indicated in Ref. 6. It is worth notic
that if BÞ0 then the s.p. wave functionsCs(x,y,z) are
complex, with their real and imaginary parts being coup
by Hm .

The KS and Poisson equations are solved on a 3D m
after discretizing them using seven-point formulas, and us
a two-grid version of the one-way multigrid method d
scribed in Ref. 20. The Poisson equation is solved usin
first order relaxation scheme.21 The required value of the
Coulomb potential at the mesh boundary is obtained b
standard multipole expansion up to eighth order. The
equations are solved using an imaginary time method,
volving the third-order expansion of the forward solution
the imaginary time diffusion equation21

]C

]t
52~HKS2e!C, ~4!

i.e.,

C~t1dt!2C~t![DC~t!

52dt~HKS2e!C~t!1
dt2

2
~HKS2e!2

3C~t!2
dt3

6
~HKS2e!3C~t!, ~5!

wheree5^C(t)uHKSuC(t)&. To further accelerate the sel
consistent solution of both the KS and Poisson equations
use the preconditioning smoothing operation described
Ref. 22. In the KS case, this means thatDC(t) has been
smoothed as proposed in this reference. The performanc
the code has been further improved by adding a ‘‘viscos
term,’’ i.e., Eq.~5! has been changed into

C~t1dt!2C~t!5DC~t!1aV@C~t!2C~t2dt!#.
~6!

A viscosity term has also been included in the solution of
Poisson equation. We have used a 45345367 mesh with
spatial stepsDx5Dy55.67 nm and Dz50.89 nm. The
large asymmetry between the spatial meshes is motivate
the sharpness of the confining potential in thez direction.
The heuristic viscosity parameteraV is fixed to a value of
0.8, and the time stepdt to the value of (Dz)2 in effective
atomic units. The stability of our results against the incre
of the number of mesh points and of the order of the form
las used to discretize the partial derivatives has b
checked, and atB50 we have used the results of the axia
symmetric code to test the results obtained with the 3D co
This is a rather stringent test, since in the 3D case we h
started the iteration procedure for solving the KS and P
20531
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son equations from random number wave functions. As
Ref. 6, we have also used as a test the comparison betw
the total energy calculated from a straightforward integrat
of the energy density with the expression in terms of the
energies derived from the KS equations. Finally, we ha
testeda posteriori the validity of the multipole expansion o
the Coulomb potential comparing the results with those
tained using fast Fourier transform techniques to evaluat

The accuracy of LSDFT for theB values of interest has
been assessed by comparing the results for a single QD
those obtained using the current spin-density functio
theory ~CSDFT!,23–27 which in principle is better suited to
high magnetic fields than LSDFT. Since CSDFT is a tw
dimensional~2D! theory,23 we have also compared our LS
DFT results with those obtained using the 2D-LSDFT whi
is implicit in any implementation of CSDFT, in particular se
that of Ref. 24. The low and high field borders of th
maximum-density droplet~MDD! phase using strictly 2D-
LSDFT and CSDFT, as described in Ref. 24, have been
tained for QD’s withN520, 28 and 36 electrons laterall
confined by a harmonic oscillator potential of energy\v
57.6N21/4 ~meV!. Such parametrization of the confining po
tential within LSDFT reproduces the experimental MDD28

The results are shown in Table I, together with the valu
obtained by using the present 3D-LSDFT for the same lat
confining potential. From Table I we can see that the ove
agreement between the three calculations is clearly good,
thus we can confidently use LSDFT in the present calcu
tions.

IV. RESULTS AND DISCUSSION

The experimental ground state electrochemical potent
for N53 to 6, as a function ofB, are shown in Fig. 3 for~a!
the parallel case and~b! the perpendicular case. What is a
tually shown is theB-field dependence of the third, fourth
fifth, and sixth current~Coulomb oscillation! peaks measured
by sweepingVg in the linear conductance regime for a sm
Vd.0.1 mV. It is clearly evident that the dependencies
parallel and perpendicular cases are very different—in p
ticular the former is stronger than the latter. We now attem
to explain the general appearance in both cases and, in
ticular, the features marked by the different symbols, by
ing the computational methods described in the previous
tion.

TABLE I. Comparison between two-dimensional CSDFT a
LSDFT, and three-dimensional LSDFT results for one single Q
L(R) denotes the left~right! border of the MDD phase in theN-Bi
plane.

2D-CSDFT 2D-LSDFT 3D-LSDFT
N L ~T! R ~T! L ~T! R ~T! L ~T! R ~T!

20 5.6 6.3 5.4 6.5 5.4 6.4
28 5.6 6.1 5.5 6.2 5.5 6.1
36 5.6 5.9 5.5 6.0 5.6 6.0
1-3
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A. The B i case

As in single QD’s, at lowB fields, upward kinks~cusps!
in the experimentalN electron g.s. QM electrochemical po
tentials as a function ofB are interpreted as changes in theN
electron g.s. configuration of the QM which arise from s
level crossings.8,28,29We have plotted in Fig. 4 the calculate
g.s. electrochemical potentialm(N), defined as

FIG. 3. ExperimentalB-field dependence of the third to sixt
Coulomb oscillation peaks~g.s. electrochemical potentials for
<N<6) in ~a! Bi case and~b! B' case.

FIG. 4. Theoretical ground state electrochemical potentials
the Bi case~dots! for N<6. The lines have been drawn as a
guide the eye. The vertical ticks along them(N) lines indicate
phase boundaries. The various states are identified by stan
spectroscopic notation discussed in the text.
20531
.

m~N!5U~N!2U~N21!, ~7!

whereU is the total energy of theN electron QM g.s., as a
function of Bi up to N56. To label the g.s. configuration
we have used the usual notation of molecular physics for
electronic orbitals.30 Upper case Greek letters are used
the total orbital angular momentum. We have also used
adapted version3 of the ordinary spectroscopic notatio
2S11Lg,u

6 with S being the totaluSzu and L being the total
uLzu. The superscript1(2) refers to even~odd! states under
reflection with respect to thez50 plane bisecting the QM
Even states are bonding~symmetric! states, and odd state
are antibonding~antisymmetric! states. The subscriptg(u)
refers to positive~negative! parity states. All these are goo
quantum numbers in theBi case and can be used to label t
different g.s.’s~’‘phases’’!. Following Refs. 4,27 we have
also calculated the ‘‘isospin’’ quantum number~the bond or-
der in molecular physics31! defined asI z5(NB2NAB)/2,
with NB(AB) being the number of electrons in bonding~anti-
bonding! s.p. states. This is an exact quantum number
homonuclear QM’s in a parallel magnetic field.

Given the complexity of real vertical QM structures an
the challenge in modeling them,3,4,9,27a comparison between
Figs. 3~a! and 4 reveals a rather good agreement betw
theory and experiment. As a guide, and consistent with
calculated states and the observedBi dependence, we indi
cate in Fig. 3~a! in simple box style30 the dominant g.s. con
figurations at or nearB50, and others at higher field whic
are stable over a relatively wide range ofBi . Up and down
arrows indicate spin-up and spin-down electrons, and bl
~gray! arrows represent electrons in bonding~antibonding!
s.p. states.29,30 For N53, 5, 6, nearB50, because the g.s.’
are close to each other, i.e. stable over a fairly narrow ran
we show two configurations which in practice are hard
resolve. Some of these involve the population of the low
antibonding state with a single electron, so isospin is n
maximal. AboveB51 T, however, all the antibonding state
are depopulated so isospin is maximal (I z5N/2), and filling
of the QM resembles that of a single QD. The identifiab
g.s. transitions in Fig. 3~a! are marked by black triangles. A
expected, most appear as upward kinks. A couple, see
kinks for N55 and 6, appear as downward kinks because
the g.s. transitions which occur at almost the sameBi in N
54 and 5, respectively.

Looking further at other details in Fig. 4, forN52, the
singlet-triplet transition occurs at about 4.6 T which is clo
to the experimental value17 of ;4.2 T ~not shown!. We have
found from the calculations a MDD configuration made
electrons filling just bonding s.p. states (MDDB), which has
a total angular momentumLz5N(N21)/2, and extends
from ;4.9 to ;9.5 T for N53, from ;5.1 to ;9.0 T for
N54, from ;5.4 to ;8.8 T for N55, and from;5.6 to
;8.3 T for N56. These results are at variance with those
Ref. 27, where an MDDB g.s. was found forN53, but not
for larger values ofN. The reason of this discrepancy may b
attributed either to the strictly 2D model used in their calc
lation to represent the constituent QD’s, or more likely
their particular implementation of CSDFT.32
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In Fig. 4 we can see that for the largerN values studied
here, the increase in angular momentum of the QM g.s. a
evolves fromB50 towards the MDDB is accompanied by
two isospin flips27 caused by electrons jumping from an
bonding to bonding states and vice versa. Phase transi
from 2 to 1 g.s.’s involveDI z51 flips, whereas those from
1 to 2 g.s.’s involveDI z521 flips, and both are clearly
seen in Fig. 4 forN55 and 6. Interestingly, they only hap
pen for Bi,2 T. We can see that after reaching thenB52
g.s.~i.e., a filling factor 2 QM state made of just bonding s
states!, which corresponds to the1Dg

1 phase forN54, to the
2Gg

1 phase forN55, and to the1I g
1 phase forN56, only

bonding s.p. states are occupied, and as a consequenc
QM reaches the MDDB state in a similar way to how a singl
QD reaches the MDD state, namely, by populating bond
s.p. states of higher and higher s.p. orbital angular mom
tum l values.33 In general, these isospin flips can produce
complex pattern in the s.p. spectrum as a function ofBi . As
an example of this complexity, we present in Fig. 5 the s
levels forN56 as a function ofl for different Bi values. It
can be seen in this figure that asB increases, the QM under
goes isospin flips. First, thel 50↑ antibonding s.p. state be
comes occupied, as shown in the panels correspondingB
50.5 and 1.2 T. After another isospin flip caused by t
depopulation of the same s.p. state, the QM reaches thnB

FIG. 5. Single particle energy levels as a function ofl for dif-
ferent values ofBi at N56. Upward~downward! triangles denote
↑(↓) spin states. Open~solid! triangles correspond to antibonding
~bonding! states. The horizontal lines represent the Fermi level.
value ofBi is indicated in each panel.
20531
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52 phase corresponding to the1I g
1 configuration (B53 T

panel!. From this phase on, the spin polarization stead
increases until the QM reaches the MDDB phase (B56 T
panel!.

B. The B� case

In the B' case, even if the experimental device is axia
symmetric about thez axis and the constituents QD’s ar
identical, the magnetic Hamiltonian~1! breaks the axial sym-
metry and the reflection symmetry about thez50 plane. As
a consequence, the s.p. states no longer have a well de
orbital angular momentum nor parity, and the bonding
antibonding labels strictly do not make sense. Crucia
within LSDFT, the only good quantum number is the sp
projectionalong the direction of the applied magnetic field
which we calls' , and the g.s. electrochemical potentials
a function ofB' are expected to be much smoother than
the Bi case.

The situation of aB' field5,10–13unlike theBi case, lacks
an analytical solution even for the case of noninteract
electrons. We show in Fig. 6 the calculated noninteract
s.p. spectrum as a function ofB' . At B50 ~and only in this
case!, the energy difference between the bonding and a
bonding l 50 s.p. states is justDSAS ~likewise for thel 51
states!. Also, the energy difference betweenl 51 and 0 bond-
ing ~or antibonding! states is just\v. Similar results have

e

FIG. 6. Energies of the nine lower-lying noninteracting s.p. le
els as a function ofB' . DSAS and\v are marked. For each symbo
the direction ofs' is indicated in the box.
1-5
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been reported elsewhere.5,13 The small splitting between spi
up and down states that originate from a common s.p. s
with well defined orbital angular momentum atB50 is due
to the Zeeman term.

As already noted, the even~bonding! or odd~antibonding!
character of the s.p. levels defining a QM state is strictly l
when a magnetic field perpendicular toI d is present. Intrigu-
ingly, however, the bonding/antibonding character presen
B50 is sometimes retained to a large degree by the
states at finiteB' values. We have indeed found that th
expectation value of thez→2z reflection operator

^Pz&5E drW C* ~rW !PzC~rW !5E drW C* ~x,y,z!C~x,y,2z!

~8!

is very close to61, as it should be for bona fide bondin
antibonding states, in many cases even for relatively la
values ofB' .

As an example of this, we show in Fig. 7 the energies
the occupied s.p. states as a function ofB' for N55 and 6.
Solid triangles represent ‘‘quasibonding’’ states with^Pz&
>0.95. Note that at 0 T forN55 the s.p. bonding state a
e;48.2 meV is twofold degenerate, and likewise for two
the N56 s.p. bonding states ate;52 meV. Open triangles
represent ‘‘quasiantibonding’’ states with^Pz&<20.95. Ac-
tually, there is only one such occupied antibonding s.p. s
for N55 at B50, and none forN56. All other open sym-
bols~circles and squares! correspond to s.p. states with neg
tive ^Pz& values larger than20.95, i.e., cannot really be
regarded even as quasiantibonding states.

The figure also shows that states that evolve froml 50
s.p. states atB50 retain a quasibonding character up to qu
high values ofB' ~at least up to 5 T!, whereas other states
that atB50 are l 51 s.p. states, do not. The quasibondi
robustness of the lower-lying s.p. states may be due to
small effect that the applied magnetic field has on states
arel 50 s.p. states atB50. TheB' evolution of what at 0 T
are the 2p states is rather similar forN55 and 6 with a
change from solid to open symbols nearB'54 T. Interest-

FIG. 7. Single particle energy levels as a function ofB' for N
55 ~left panel! and 6~right panel!. For each symbol, the directio
of s' is indicated in the box. States twofold degenerate are in
cated by32 symbol. Solid and open symbols are discussed in
text.
20531
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ingly, in spite of the lack of any spatial symmetry in th
system when a perpendicular field is applied, the s.p. lev
are still clearly distributed into shells as in the noninteract
case.5,13 Notice also the different splitting between↑ and↓
states. For saturated~zero! spin (N56 case!, this is essen-
tially due to the small Zeeman term, whereas for nons
urated spin (N55 case! the splitting is mostly due24 to the
spin-dependent part of the exchange-correlation energyWxc

term in Eq.~3!, and this effect is larger the higher the valu
of the g.s. spin. This explains the sizable splitting betwe
the two lower lying s.p. levels forN55 up toB';0.5 T and
the splitting of all the s.p. levels forN56 aboveB';3.5 T
~see also Fig. 8!.

The calculated g.s. electrochemical potentials are sho
in Fig. 8 as a function ofB' . Comparing with Fig. 3~b! it
can be seen that the agreement with experiment is good
3<N<6. We have indicated the value of the totalS' for all
the relevant g.s. phases. In theB50 to 5 T range, there are
someB' induced changes inS' , and these give rise to up
ward kinks @also marked in Fig. 3~b! by solid down tri-
angles#. Some downward kinks, identified by vertical arrow
in theN55 and 6 g.s. electrochemical potentials do not c
respond to changes in theN-electronS' . They are associated

i-
e

FIG. 8. Theoretical ground state electrochemical potentials
the B' case~dots! for N<6. The lines have been drawn as a
guide the eye. The vertical marks along them(N) lines indicate
phase boundaries. The value ofS' in each phase is given. We hav
indicated by vertical arrows downward kinks arising from s.p. le
crossings in theN21 electron ground state that do not produ
phase transitions in theN electron ground state.
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with s.p. level crossings between s.p. states of different^Pz&
value of theN21 electron system. This is the case forN
55 atB';1.5 T andN56 atB';0.75 T, as can be seen i
Fig. 8 @also marked in Fig. 3~b! by solid circles#. Because of
the lack of spatial symmetry in the system, we do not,
general, attempt to identify the~dominant! g.s. configura-
tions. The configurations shown in simple box style in F
3~b! are the dominant g.s. configurations at 0 T and they
expected to remain so for small values ofB' . The singlet-
triplet transition forN52 in Fig. 8 appears at;4.7 T, a
value comparable with that found in theBi case. TheB'

induced singlet-triplet transition in the experimental data
discussed elsewhere.13 It can also be seen that forN54,
Hund-first-rule-like filling occurs forB', 1.5 T, even if the
g.s. configuration is not strictly axially symmetric. Noneth
less, forN56 at B50 we have found an axially symmetri
configuration corresponding to a 2D harmonic oscilla
shell-like filling.

V. SUMMARY

We have thoroughly discussed the ground-state elec
chemical potentials of a few-electron semiconductor artific
QM in the intermediate coupling regime. A detailed compa
son between experimental data and LSDFT calculati
shows overall a good agreement for both parallel and perp
dicular magnetic fields. The agreement is even more rem
able since the frequencyv of the lateral confining potentia
has not been used here as a fitting parameter, but rather
been derived from a law strictly valid for larger values ofN.
Had we used an even smaller value ofv, the agreemen
would have been even better.

Any sensible comparison with the results of oth
calculations3,27 and with the experimental data should co
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sider the strong influence of the confinement on the ac
g.s. QM phases. Largev values~compared toDSAS) obvi-
ously favor the occupation of antibonding states. Con
quently, decreasingv might ‘‘wash-out’’ phase transitions
involving antibonding states. For example, see the2Pu

1

→2Du
2 transition forN55 or the 1Sg

1→3Pg
2 transition for

N56 in Fig. 4. We have checked that this is indeed the c
when theN dependent confining potential\v55.78N21/4

~meV! of Refs. 3,27 is used. The same is true for the2Su
2

→2Pu
1 transition forN53 ~these two states are practical

degenerate atB50). Thus, a comparison between theo
and experiment may help to find accurate and realistic va
for the effective lateral confining potential.

Analysis of theB' case has shown that theN52 singlet-
triplet transition sensibly occurs at a similarB value to that in
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exchange-correlation energy can dominate those cause
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