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Incompressiblémagio states that result from many-body effects in vertically coupled quantum dots sub-
mitted to strong magnetic fields such that only the lowest Landau level is relevant are studied within an exact
diagonalization calculation fdl=3, 5, and 6, electrons. We find that the sequences of total angular momen-
tum M for which these incompressible states exist depend on the interplay between the interdot hopping
paramete\; and the interdot distana® Ford of the order of the magnetic length and for all valuea\pf we
conclude that, in contrast to previous claims, these incompressible states appear at magic Whweghfdo
not differ from those obtained for a single dot: naméWy=N(N—1)/2+ N, wherej is a positive integer
number. For large interdot distance and simultaneously small interdot hopping parameter, new sequences of
magic values oM are observed. These new sequences can be easily understood in terms of a transition regime
towards a system of two decoupled single dots. However, important differences in the nature of the incom-
pressible ground states are found with respect to those of a single dot.
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I. INTRODUCTION tonian of the system. In Sec. lll, after identification of the
incompressible states of interacting electrons, we begin with
Much effort has been devoted to understand the magi@ review of the results previously obtained for single dots
incompressible state@S’s) of two-dimensional electronic and show next our main results for double dots, which cover
nanostructures. This is due to the fact that they are closelg Wide range of input parameters. Finally, in Sec. IV we
related to the states that determine properties like superco§ompare our findings with previous results in the literature
ductivity or the quantum Hall effectQHE),*? which are and draw our conclusions.
striking examples of the nontrivial behavior that strongly in-
teracting electronic systems may disptdyFinite systems Il. HAMILTONIAN
like quantum dotgQD’s) provide simpler physical realiza-
tions of strongly interacting electronic systems where differ-,. . : . :
ent models can be tested. When they are submitted to stro a vertical _conf|gur.at|o)1 conﬁned_ to theXY plane by .
magnetic fields, the projection of the system to the lowest ual parabollc potentials ?”d submlttgd to a strong magnetic
Landau level(LLL ) becomes a good approximation which ield directed along an arbitrary direction. The Hamiltonian
greatly simplifies theoretical studies in general and, in par-Of the system reads
ticular, makes exact diagonalization calculations feasible. _
Much work has been done on single QD’s in the LLL regime H=Ho*Hi+Hee, @
yielding a reasonable understanding of the nature of theiwhereH, is the single-particle part which contains the ki-
IS's>6 The search for IS's with well-defined properties netic contribution, the confining potential, and the Zeeman
which may produce a fractional QHE that is experimentallyterm. We adjust the input parameters in such a way that
observable led to analyses of double-layered systefds. Landau level mixing is negligible. Then, in second-
Double quantum dotsDQD’s) in a vertical configuration quantization formalism is given by
submitted to strong magnetic fields provide a finite system in
which the existence of IS’s is expected. However, the addi- Ho=aM+BN—AS, 2
tional degree of freedom, together with the two new, . ore
parameters—namely, the distance between the dots and the
tunneling strength—may give rise to new phenomenology.
For instance, Yangt al? suggest an experiment to test the a=
guantum coherence of a special stable two-level system built
in a DQD submitted to an adjustable interlayer bias voltage,
which demo_nstrqtes suitable condition; for serving as quan- 8= ém (4)
tum computing bits. Moreover, correlation effects can be ex- 2
perimentally detected in the far-infrared ran@€R) using
. o . o and
uniform electric fields with nonvanishing component along
the vertical direction as the generalized Kohn theorem, under A,=uggB (5)
such a condition, does not apph. '
This paper is organized as follows. In Sec. Il we describewq being the confining potential frequenay, the cyclotron
the model used in our calculation and analyze the Hamilfrequency given byw.=eB/m*c (m* is the effective elec-

We consider two identical two-dimensional quantum dots

(\/a)cz+4w0§—wc), 3)

N|
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tron mass,B the magnetic field, an@ and c the electron 1. INCOMPRESSIBLE STATES IN THE LLL
charge and the speed of light in vacuum, respectjyely, A. Single QD

=efi/2mc the Bohr magneton, ang the Landefactor (we '
will consider |g|=0.44 whenever the Zeeman term is in-  Before studying the IS's in DQD's, we briefly review pre-

cluded. M=3N . ma! a, is the total angular momentum, Vious work on single QD’s and its consequences. For a QD
|

. 7 + : _an IS with total energyE and characterized byM,S) is
andN is the total number of electrona,, creates a single identified as the one which has the following singular

pal’ticle State, and’i refers to the three indexes that CharaC'propert)}A: the lowest excited state with quantum numbers
terize the single-particle wave functions: angular momentum¢n + 1 S) has energy + . That is to say, the energetically

spin, and isosping or a associated with symmetric and an- most favorable way to excite an IS increasing its total angu-
tisymmetric combinations of wave functions concentrated iNgr momentum by one unit is by moving the system as a

each dot: right and left The tunneling term is given by whole—namely, by increasing by one unit the angular mo-
mentum of the center of mags.m,) only and leaving the

H,=— ﬁx, (6) internal structure unchanged. This characteristic was nicely

2 recognized analyzing the Coulomb contribution to the total

whereA, is the energy gap between the symmetric and anti_enlergy of a full E[)olfarllzetd %15[1) af_ka fupctltt)n)gf. ?‘hpe”t%d"
symmetric states in the noninteracting system atwelNg cal arrangeément of platealsieplike structurgin the other-
wise decreasing curve signaled the values of the magic an-

—N, is given by the balance between symmetric and anti- lar momenta? Eurthermore. the variation of the maanetic
symmetric states. Finally the two-body interaction part of thed! - ' variatl 9

L R field (or the confining potentialdid not drive the ground

Hamiltonian is given by state(g.s) through all neighboring values &fl but through

1 3 the sequence of magic values offly.

Hefezz 2 > Vi(malia;amavk’ This scenario corresponds to the regime characterized by
ijkl A=1 ! a filling factor lower or equal to 1, defined'4s

VIR = (i VYLK, (@) CN(N-1)

where the index\ is used to distinguish between the three v 2M (10
different possibilities(i) V(=0 when only one change of a

single-particle isospin takes placéj) V@=1(v, +V,)  which involves the minimum possible value of the total an-
when both isospins remain unchanged, afiid) V(3  gular momentum for a full polarized QD given By,

=1(V,;,—V,|) when both isospins are chang€d/,, andV,, =N(N—-1)/2(the “compact statef and the angular momen-
are the intradot and interdot Coulomb potentials, respectum M of the magic state. Some care must be taken for low
tively, which are given by values ofB for which the assumption of the LLL regime is

not fulfilled. A suitable way to check this condition is by

making sure that the energy of the highest single-particle
V”_E ®) occupied state is much smaller thax1=(ﬁ/2)(\/wcz+4w02

+w.), Which is the energy gap between Landau levels for

and noninteracting electrons. The filling factor refers to the num-
5 ber of sublevels occupied within the LLL. There are two
V. = e 9) sublevelg(spin up and downin the case of a single QD and
" e(r2+d?)v?’ four (two for spin and two for isospinn the case of a DQD.

_Ingeneral, for regimes in which several sublevels are occu-
d being the distance between the dots alongzttigection,r pied, the filling factor of a QD is not well defined. g.s.’s
a two-dimensional vector, argthe dielectric constant of the which are not related to IS’'s are also possible under such
host semiconductor. We have assumed Diadistributions  multiple-sublevel occupancy.
along thez direction and have taken as a basis Slater deter- The sequence of magic filling factors depends on the
minants built up from Foch-Darwin single-particle wave number of electrons; foilN=3 the values ofv are v

functions projected on the LLE The diagonalization can be =143 % . or forN=4 they arev=12,2,1, ..., in

performed in separated subspaces characterized by thrgg cases related to the magic angular momentum given by
well-defined quantum numbers: the total angular momentum

M, the total spirSalong the direction of the fielg, and the 1 _

parity P related to the reflection symmetry with respect to the M=3N(N=1)+]N, (11

plane midway between the ddt® defined asP=(—1)*?

for evenN and P=(—1)**Y’2 for odd N]. We will define  wherej is a positive integer number. It turns out that analysis

the set M,S,P) as a configuration. of the Coulomb contribution to the total energy as a function
The eigenstates within each configuration are determinedf M gives exhaustive and precise information about the

by He .t H; alone, and the role of the constant term given bymagic values of the angular momentum and hence about the

H, is to shift the eigenenergies as a whole without changingnagic filling factors. The magic values ™ are the initial

their relative order. values of the plateaus. However, no information about the
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FIG. 1. (@) Coulomb plus tunneling contribution to the total FIG. 2. The same as Fig. 1 fdi=6.

energy as a function df1 for N=5, S=N/2, and parityP=1, for
several values of the tunneling gag;=0 (curve a), A,
=2.2 meV(curveb), andA;=11 meV (curvec). (b) The same as
(a) for P=—1. The triangles point to the beginning of the plateaus.
We have takeB=5 T, d=20 A, andfw,=2.6 meV.

in Figs. 1 and 2 foN=5 andN=6, respectivelyenergies
are given in units oli=e?/ elg). Figures 1a) and 2a) cor-
respond to parityP=1 and Figs. (b) and 2b) to P=—1.
All four cases refer to fully polarized systemS=5/2 for

total spin of the IS's comes from the previous analysis. In thd\ =5 andS=3 for N=6). For each value dfl, the energy
N=3 case, for a QD, the sequence of g.s.’s is always fuldisplayed is the lowest within the configuratioM (S,P).
polarized 6,=3/2) if the Zeeman term is included in the The absence of plateaus can be understood as follows. Since

Hamiltonian (with |g|=0.44) or, in contrast, oscillations be- A.=0, the number of electrons in each dot is a well-defined

tweenS,=3/2 andS,= 1/2 were obtained if no Zeeman term number. Hence, in order to increase the total angular momen-
is included in the calculatiol:'5 However, in the last case, tUm by one unit, the angular momentum of either dot must

the changes in spin and angular momentum do not appeQre .incregsed by one unit, which unavoidably increases the
simultaneously. typical distance from the electrons of one dot to the ones of

the other dot and, therefore, decreases the interdot Coulomb
energy.
B. DQD for d~Ig According to Figs. 1 and 2, it is necessary to include a
For a DQD we have a richer parameter space to be exsizable tunneling contribution in order to obtain a sequence
plored as, in addition to the parameters of a single @D, of plateaus, which, furthermore, only occur fée=—1. In-
andd also enter the Hamiltonian, which open new possibili-deed, from a series of calculations fd=5 (not shown in
ties for IS’s to exist. We will focus on the phase diagramFig. 1), which correspond to a variation df, from 0 to 2
(A¢/d) for standard values of the remaining input param-meV by small steps, we see a number of plateaus gradually
eters. Due to the fact that Coulomb interaction and changesppearing as\, increases. We find that from;=2 to 0.8
in parity are coupled processes in a DQD, we define theneV the sections frorvl =10 toM =11 and fromM =15 to
“interaction” energy as the Coulomb plus the tunneling con-M =16 are exact plateaus. Fdr,=0.4 meV they are ap-
tribution (C+T). proximately flat and forA;=0.2 meV they disappear. How-
Ford~Ig, wherelg is the magnetic length given Hy  ever, in all cases the curves are abruptly decreasing before
= JhIm* (w3+4w5)'? the pure Coulomb contribution to M =10 and between magic values. That is to say, we do not
the total energy¢=B=A,=A,=0) as a function oM isa find any extra value of magiM different from those given
decreasing function without plateaus as is shown in cuaves by Eq. (11).
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decreasing terraM, which would produce kinks at the tran-
sition points, as is shown in the inseE{s — BN vs B). In
brief, the full spin and isospin polarization appears to be a
well-defined attribute of these IS’s, which result from many-
body effects.
As shown in Fig. 8a) the interaction energy appears to be
degenerated at the magic values with respect to the three
In order to obtain information about the spin and parity of Possible spln polarizations. Since the curves that belong to
the IS’s, we calculated the Coulomb plus tunneling contribuS=3 and3 have lower energy at the end of the plateaus, the
tion for all possible configurations. Figure @or N=5) final balance of energy depends critically on the relation be-
shows that the sequence of plateaus appear only when tfi&een this difference of interaction energy, the kinetic, and
system is fully polarized in spin and have parf= —1 the Zeeman terms. That is to say, an IS that is the g.s. for a
(similar results were obtained fod=6). Furthermore, al- 9given value ofB andw, will remain as g.s. aB increases or
though the parityP=—1 for N=5 can be obtained from ®o decreases only if
different values ofX—i.e., X=Ng—N,=5, 1, or —3, the
occupancy of the single-particle states for such incompress-
ible g.s. turns out to b&X=>5 only; namely, the system is EC”( M’E’l) ~Ecur
always fully spin and isospin polarized. This suggests that
the g.s.’s that are 1S’s will not present variationsSor P as  or otherwise the new g.s. will be a compressible and not fully
B increases. This last suggestion was confirmed, for a Zeespin polarized state &l +1. Hence, a8 or w, changes, the
man contribution different from zero, by an explicit calcula- g.s. can be driven into compressible zones in contrast with
tion of the g.s. vsB, which turns out to be always fully spin the results obtained for single QD’s.
and isospin polarized. Figure 4 displays the total energy of The single-particle occupancies of thevalues for the
the g.s. as a function of magnetic field. The arrows point tdirst three 1S's forN=5, calculated aB=4, 7, and 9 T,
the places where the angular momentum jumps from oneespectively, are shown in Fig. 5. The first g.s. =10
magic value to the next one, leaving the spin and parity(v=1) is the compact fully polarized state which belongs to
unchanged. In the inset we shdgy ; — BN in order to com-  a one-dimensional subspace and, as a consequence, no cor-
pare with other publications which omit the-dependent relation is involved as one Slater determinant produces the
term. The nearly monotonous functionBfis due to the fact exact solution. Moreover, the density is a “dome”-shaped
that, in the absence of spin or isospin transitions, the intereircular symmetric distribution without any structure. Bs
action energy has a negligible influence in the plot and hencgrows, the angular momentum changes fidno M + N; alll
the evolution of the system is driven by the monotonoushe electrons jump together moving away from the origin,
increasing termBN which is much more important than the forming a ring. The dimension of the g.s. subspace increases

0.00 4.00 8.00 12.00 16.00 20.00
M

FIG. 3. (@) Coulomb plus tunneling contribution to the total
energy as a function d1 for N=5 and parityP=—1 for all the
possible values of the spi (b) The same aga) for P=1. We
have takerB=5 T, d=20 A, #w,=2.6 meV, andA,=2 meV.

3
M + 1,5,1) <a+A, (12
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FIG. 5. Total occupancy of the single-pgrticle angular momen- FIG. 6. Coulomb plus tunneling contribution W& for N=3.
tum statgsn for N=_5. The values oB conS|d.ered correspond to FromA to B the tunneling gap is 0.0, 0.0680.1061, and 0.229,
the magic valueM =10, 15, and 20, respectively. We have taken respectively. Inset: phase diagram used. We have takep

d=20 A, fi0p=2.6 meV, and\;=6 meV. =26 meV,B=15T,d=10 A, S=3/2, andP=1 (I5=65 A).

and as the relative weights of the different Slater determi- 7812 ) . )
nants within the expansion of the g.s. become significant fof@S€"~~For a double layer the incompressible statel is

different elements of the bases; namely, the correlation be2PServed for values af about the magnetic lengfhFurther-
comes important. more, agl increases, the state exhibits a phase transition to a

compressible one. The difference between the two cases
) comes from the fact that, as was previously discussed, when
C. DQD: Phase diagramA,/d A~0 Mg and M, are well-defined quantum numbers, the

So far we have explored the situatidn-1g. In order to  increase by one unit d#l means the increase ®g or M
get the complete scenario of IS’s in a DQD, we have alsgbut not both, changing, in a DQD, the relative position of
investigated in detail the remaining regions of the phase dia-
gram (A,/d).

In Figs. 6—9 we follow, forN=3, the variation of the
interaction energy v/ [E(C+T)/M] asd and A, change. i

From A to B (Fig. 6), as was just discussed for the case
d~Ig, the plateaus emerge As grows from zero until they 0.80 —|
are well defined af;=0.11u; that is to say, for values d¥l
given by Eq.(11) the system evolves from compressible to
incompressible states. Fdrclose to zerdat the left of point
B) andA, large, all the electrons are in the symmetric state.>
As a consequence, the interaction energy of a single QD car 4
be reproduced with high accuracy by the addition of the con-&
stant contributionA;X/2 to the energy of the DQD in this 040 —
region.

From A to D (Fig. 7), tunneling between the two dots is
not allowed. Starting from a curve without plateaus for small
distances ¢~ 10 A), we move across the transition regime
with a gradual formation of new plateaus Mt=Mgz+ M :
whereMgz and M| are the magic numbers of single QD’s.

We come close to poinb at d=1000 A which shows the 0.00 T T T T [ T ] T
features of two decoupled dots wilh= 1 (with no contribu- 0.0 4.0 8.0 120 16.0 200

tion to the Coulomb ternand N=2 (with magic numbers M
M=1,3,57...),respectively. This regime in which tunnel-  FIG. 7. The same as Fig. 6 far,=0. FromA to D the interdot

ing is forbidden has been previously studied for double lay-distance is: 10, 50, 500, and 1000 A, respectively. Inset: phase
ers, and special attention has been devoted to ithel diagram used.

1.00 | | | | |

0.20 —
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120 P T N P FromB to C (Fig. 8), although the distance grows, the
sequence of magic numbers typical of a DQD does not dis-
appear due to the relative large value Xf (A;=0.229).
An exceptional case appears fdr-500 A atM =1 (for N
=5 the analog exceptional case appearMat4). It turns
out to be the only IS within the LLL regime which does not
fulfill the general rule of being fully spin and isospin polar-
B ized. The subspace associated with the appropriate configu-
ration[i.e., M=1, S=3/2, P=1)] is one dimensional and
- the only Slater determinant in the bases has one electron in
the symmetric state and two electrons in the antisymmetric
state(or X=—1). Itis the only IS with no single-dot analog.
Our interpretation of the fact that thiel=1 magic value
appears only for relatively large distances is as follows: for
large tunneling and smatl, the system is closer to a single
dot with N=3 than to a DQD of the same number of elec-
g C B trons (as discussed beforeThus M=1 can only appear
when the Coulomb interdot interaction weakens relatefl;to
-0.40 . I . I . | , i , and DQD properties different from those of a single QD may
0.0 40 6.0 12.0 16.0 200 arise. Notice, however, that for thd =1 state to be a g.s.
M such a low magnetic fieldor large confining potentialis
. required that the LLL regime assumption would not apply
_FIG. 8. The same as Fig. 6 fa¥,=0.22. FromBto Cthe  anymore. Finally, even for values ofas large as 1500 A
interdot .dlstance is 50, 100, 500, and 1000 A, respectively. lnset(being+B=65 A), we did not find the transition from DQD
phase diagram used. to two decoupled single dots.

the electrons in each dot and so decreasing the Coulomgl From D to C (Fig. 9, the tunneling increases and the

. . . _ stem of two decoupled QD’s with a period of two typical
interaction which prevents the formation of a plateau. How-g¢ o N =2 single dot evolves into a DQD, reproducing the

ever, this is not the case for a double layer in which the Shifberiod of 3 typical of arN=3 DQD. During the transition
of charge due to the change of angular momentum does n@tere is a narrow interval of values a, for which the

change the relative interlayer distribution of charge, allowinge (¢ +T) vs M curve has no plateausxcept for theM = 1
for the appearance of plateaus. For latjéhe two layers  case. That is to say, an initially incompressible g.s. would
decouple and hence one would expéor total v=1) two  eyolve into a compressible state and again into a I3 as

v=1/2 IS’s. However, since a fractional QHE oF=1/2 is  increases. This evolution takes place as the system changes
not observable for a single layer, these states were not idefrom two decoupled single dots to a DQD.

0.80 —

0.40 —

E(C+T)/U

0.00 —

tified in Ref. 8. Compressible regions have been obtained before by Ron-
tani et al!® for DQD with finite width. They consider the
0.40 ! ' ! ! | ! | ! evolution of the g.s. of the system Nf=6 asd increases for
A, exponentially decreasing wittl, which is equivalent to
i B ¢ L the evolution along a trajectory from to D in our phase

diagram. They obtain a small zone of compressibility in the
middle, related to the transition from a regime where the
system behaves as a unique coherent system to a regime of
well-separated QD’s. We observe the same qualitative behav-
B ior along theB-C trajectory (which is different to theirgs
although we do not obtain the same magic values.
— The transition from DQD to two decoupled single QD’s
as A, decreases has been observed before by Partoens and
Peeter¥ by means of a current spin density functional
calculation.

We have also studied thB to C evolution for N=5
which shows the same qualitative behavior. Bsis ap-
proached the structure of plateaus can be understood in terms
B of the IS of two decoupledN=2 andN=3 single QD’s,
although the analysis is much more intricate than forhe
=3 case.

0.30 —

0.20 —

E(C+T)/U

0.10 —

0.0 20.0

IV. DISCUSSION

FIG. 9. The same as Fig. 6 fat=1000 A. FromD to C the We have investigated in detail the existence of IS’s that
tunneling gap is 0.0, 0.018 0.035, 0.08Q1, and 0.106, respec-  result from the Coulomb many-body effects in a DQD for the
tively. Inset: phase diagram used. entire phase diagrami¢/d).
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An important point in our analysis is the criterium used to ¢, L l L l ! l L l L
identify 1S’s. First we want to emphasize that in contrast to
the case of a single layer for which the integer QHE is asso-

ciated with gaps of single-particle origin and the fractional i E (total) /U R
QHE is associated with gaps involving many-body effects,
for double-layered systemgand thus in accordance for A s A °

DQD), single-particle as well as many-body regimes can be4 |
related to the QHE at the same filling factor by the tuning of
appropriate sample paramet&fBhe IS’s we are interested in
are those associated withe interactions(coupled with tun-
neling and thus signaled somehow in the variation of the
interaction energy wittM. As discussed in the previous sec-
tion, we define the interaction energy as the Coulomb plus E(C+T)/U
tunneling contributions and require IS’s to preserve the inter-2° 7]
action energy when the angular momentinis increased
by one unit. We want to stress that this is not equivalent to
identifying magicM from the kinks of the lowest energies of 7 A
each configuration as a function bf or from the kinks of
the variation of the absolute g.s. energy as a functioB, afs
has been used in the literatifé®to identify correlated IS's. 00 s I S R S B R
Our criterium is equivalent to the one used by Laughlin in 0.0 5.0 10.0 15.0 20.0 25.0
Ref. 1 for the single layer, as we discuss below. The Hamil- M
tonian is separable into the c.m. and the relative coordinates ki 10. coulomb plus tunneling contributiglower curve and
and, as a consequence, the total angular momentum can Rga| energy(upper curvi as a function oM for N=5. The solid
analyzed aM =M. , +M¢ and the energy ao=Ec triangles point to the actual magic valueswhereas the open tri-
+Einternai- FOr three two-dimensional electrons, Laughlin angles point to cusps which could be mistaken by them. The values
obtains that thenternal energy as a function of theelative  of B, w,, d, andA, are the same as in Fig. 3.
angular momentum has downward cusps at spénialgio
values M=3,6,9,12...). These magic values appear to be
related to mcompressmlhty. th_e area of the system defm(_aq 85roof. On the other hand, there is no guarantee that down-
the area of the triangle determined by the correlated position

of the electrons within these states changes discontinuous&"’lr(ljE cusps ||'f\1/|the curvﬁu?t vsM aLetreIf]lted fé)latea,\bljs n
as pressure is applied. At the downward cusps, €Ec+1 vs M curve. It is enough to have>Ec. (M)

EinternaI(Mrel)<EinternaI(Mrel+1) for the Iowest-energy _EC+T(M—|T1) ata nonn_]aglqw to obtain there a dOWI’].-
states of each configuration. They are the only states fof/@rd peak inE; vs M which is not related to a plateau in
which the increase ofl,.; by one unit requires a positive Ecit VS M.

amount of internal energy. In order to show that our Ford~Ig the fact that the magiM follow Eq. (11) is in
criteriumt® is equivalent to Laughlin’$, notice first that conflict with the claim made in Refs. 17 and 18 that extra
Ec.7(M) only depends onM,, and M,,<M. Since magic values foM (depending on the value on the tunneling
Ec.1(M) is defined as the minimal energy among those ofstrength exist in this regime. The authors of Refs. 17 and 18
the states with total angular momentw it implies that it identified I1S’s with downward cusps of the total energy as a
is the minimal energy among all states with relative angulafunction of M—i.e., the interaction energiour curve with
momentumM ;<M. Hence, givenM and E; (M —1), the addition of the single-particle contribution. In Fig. 10 we
Eci7(M—=1)#E¢ . 1(M) implies Ecit(M—1) show the two possibilities foN=5. It is clear from the
>Ec,1(M) and furthermoré =M, . SinceEc, 1 reduces upper curve that some downward cusps, which would be
to Ejnternal for a single layer, ifEc, (M —1)>Ec (M), identified as 1S’s by the criterium of Refs. 17 and 18, do not
then Ejhiernal(Mrei—1)>Einternal(Me)) for Mg =M. actually correspond to IS’s in our criterium.

Namely, negative slopes in our plots imply negative slopes in In order to make sure that the discrepancies with Refs. 17
Laughlin’s. If, on the contraryEc (M —1)=E¢, (M), and 18 are only due to the different criteria to identify 1S’s,
thenM ¢, has not changed arM contains at least one unit of we have reproduced their resultsee Fig. 1L To be more
c.m. angular momentuni., (M) being the minimal en- precise, we performed the calculation fd=3 and the same
ergy with total angular momenturi, it implies that any input parameters as those used in Ref. M&=@, B=15T,
state withM ;=M has larger energy thada: (M —1). If, d=200 A, wy=3 meV, andA,=0.2 meV). In Fig. 11a)

in addition,Ec, (M —2)>Ec, (M —1), as is always the the interaction energy contribution versMsis shown. Due
case in our plots, theM — 1 contains only relative angular to the low value of the tunneling contribution, the plateaus
momentum, as shown above. Then, for the single layetthat will appear, for larger values df,, atM=3, 6, and 9
Eci7(M—1)=Ec. (M) implies  Ejnerna(M;ei—1)  are still not visible and the only ones that already appear are
<Einternal(Me1) for M, o= M. Namely plateaus in our plots M =12 and 15. If the kinetic contribution is added, it comes
imply positive slopes in Laughlin’s, which concludes our out that the g.s. is aM =5 [see Fig. 1lb)] at the lowest
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fulfill the assumption of the LLL regime are required.

(iv) For d~Ig, it is not possible to obtain IS's if the
tunneling is small.

(v) For smallA,, asd grows, the DQD evolves into two
decoupled single QD’s. New magic values appear which
correspond to the addition of magic numbers of two
decoupled QD’s.

(vi) An IS atM will remain as the g.s. under changesBof
and/orwy if the condition

Ecit(M)—Ecir(M+1L)<a+A4; (13

is fulfilled. In general, however, the variation Bf wg, or d

can drive the g.s. from incompressible into compressible
zones of the phase diagram. This behavior differs from the
well-known properties of a single QD for which the variation
of the g.s. a8 or wy changes is driven through incompress-

0.20 . I T | T I , I . ible states only, skipping all nonmagic valueshéf
0.0 40 8.0 120 16.0 20.0 (vii) Whenever the g.s. is fully spin and isospin polarized,
M it is an IS. In other words, the IS’s are the only possible

FIG. 11. (@) Coulomb plus tunneling contribution Wé for N g.s. for » lower than 1. However, fo>1 other g.s.s

_ - - are possible.
=3. (b) The same as iff@) for the total energy. The input param- . . .
eters are given in the text. The solid triangles point to the actual Before closing, let us briefly elaborate on the last point.

magic valuesM whereas the open triangles point to cusps Which'\IOtiCe Fhat the follqwing situations are also possibfa)
could be mistaken by them. g.s.’s withM that fulfills Eq.(11) and are not IS’s due to the

fact that fromM to M + 1 there is no plateau. This condition
downward cusp of the total energy in accordance withcan be obtained for very low values af, for example, for
Ref. 18. N=5,M=10,B=5T, iwy=2.6 meV,A;=0.2 meV, and
A word of caution should be given here as a number ofd=20 A. (b) Ground states witivl not given by Eq(11) for
relevant papers exist in the literattfie’* which use the term  Which the system is not fully spin or isospin polarizéat
magic angular momenturio denote the angular momentum »>1) andE(C+T) has not a constant evolution frokh to
M which displays downward cusps in the curgg,(M). M+1. This is the case for example fod=5, M=13
The corresponding states enjoy enhance stability and ha’®=6 T, #w,=2.6 meV, d=20A, and A,=5.86
been the subject of intensive studies. In particular Refs. 19¢10° 3 meV). In the last cas€s=N/2 andP=—1; how-
and 20 provide characterizations of these states ranging frover,X# N.
small values oM, where the fractional quantum Hall regime  Notice also that the previously discussed states are not the
is sometimes identified, to large values\f where striplike  only possible g.s.’s within the LLL regime. For instance, if
structures and Wigner molecules seem to apfsse Ref. 21  the confining potential is strong enough, other types of g.s.’s
for a review and Ref. 22 for related work on layerslow-  are possible like the ferromagnetic, canted, and symmetric
ever, only a subset of these states fulfills our criterium ofstates(all of them with»=2) first studied in double layers
incompressibility and the maghd displayed in Eq(11) cor-  and latter recognized in DQE.
responds to this subset only. Finally, let us note that the correlation plays an increas-
Our conclusions can be summarized as follows. ingly important role as the magnetic field grows up. The
(i) The downward cusps obtained by Laughlin in Ref. linteraction energy and correlation effects can be experi-
turn out to be equivalent to the plateaux of the curvementally tested by uniform electric fields with nonvanishing
Ecit Vs M. component along thez direction due to the fact that
(i) All the incompressible states are fully spin and isospinunder this condition, the Kohn theorem does not apbly
polarized(except theM =1 case forN=3). Since a single and the FIR spectroscopy becomes sensitive to the internal
QD fully spin polarized and a DQD fully spin and isospin structure.
polarized are systems with no extra degrees of freedom aside
from angular momentum, we expect a similar behavior
for the electronic distance quantization as that obtained
in Ref. 1. We gratefully acknowledge C. Tejedor and L. Mafti
(i) An exceptional incompressible state was found forMoreno for the code used for the Hamiltonian diagonaliza-
d/lg=8 atM=1 andX=-1 for N=3 andM=4 andX  tion. This work has been performed under Grants No.
=1 for N=5. This is the only one that is not fully isospin BFM2002-01868 from DGESICSpair), No. FPA2001-3598
polarized and does not have a single QD analog. Howeveffom MCyT and FedefSpain, and No. 2001GR-0064 and
for it to be a g.s. values of the input parameters that do noNo. 2001SGR-00065 from Generalitat de Catalunya.

ACKNOWLEDGMENT

045306-8



INCOMPRESSIBLE STATES IN DOUBLE QUANTUM DOTS PHYSICAL REVIEW B8, 045306 (2003

IR.B. Laughlin, Phys. Rev. B7, 3383(1983. pA. Maksym and T. Chakraborty, Phys. Rev. Le6, 108
2R.B. Laughlin, Phys. Rev. LetE0, 1395(1983. (1990.
3The Quantum Hall Effeatdited by R.E. Prange and S.M. Girvin 15p, Hawrylak and D. Pfannkuche, Phys. Rev. L@, 485(1993.

(Springer-Verlag, New York, 1990 18M. Rontani, G. Goldoni, F. Manghi, and E. Molinari, Europhys.
“D. Yoshioka, The Quantum Hall EffectSpringer-Verlag, Berlin, Lett. 58, 555 (2002.

2002. H. Imamura, P.A. Maksym, and H. Aoki, Phys. Rev5B 12 613
°L. Jacak, P. Hawrylak, and A. WjRQuantum Dots(Springer- (1996.

Verlag, Berlin, 1998 4. Imamura, P.A. Maksym, and H. Aoki, Phys. Rev5B, 5817
7. Chakraborty, Quantum Dots (North-Holland, Amsterdam, (1999.
. 1999. . 197, Seki, Y. Kuramoto, and T. Nishino, J. Phys. Soc. J%#).3945
T. Chakraborty and P. Pietiteen, Phys. Rev. Lett59, 2784

(1996.
(1987. 20

C. Yannouleas and U. Landman, Phys. Re6@3115315(2002.

S.Q. Murphy, J.P. Eisenstein, G.S. Boebinger, L.N. Pfeiffer, anleP.A. Maksym, H. Imamura, G.P. Mallon, and H. Aok, J. Phys.:

K.W. West, Phys. Rev. Letf72, 728(1994).
9B. Partoens and F.M. Peeters, Phys. Rev. 184t.4433(2000. 22Ncg;1?§2; gﬂni[tgltoiﬁigogk(azo\?oﬁh s Soc 664 (2003
108, partoens and F.M. Peeters, Europhys. L%6t.86 (2001). 238. Das S S.S hd ’ .d LyZ.h ) ‘;? REE 86.72
1E Anisimovas and F.M. Peeters, Phys. Re%33233302(2002. - Das sarma, . sachdev, and L. zheng, Fhys. Res,
'2S.-R. Eric Yang, J. Schliemann, and A.H. Mac Donald, Phys. Rev, (1998. _

B 66, 153302(2002. L. Martin-Moreno, L. Brey, and C. Tejedor, Phys. Rev.@,

13N. Barbefa and J. Soto, Phys. Rev. @, 205325(2002). R10633(2000.

045306-9



