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Fractional exclusion statistics and shot noise in ballistic conductors
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We study the noise properties of ballistic conductors with carriers satisfying fractional exclusion statistics.
To test directly the nature of exclusion statistics we found that systems under weakly degenerate conditions
should be considered. Typical of these systems is that the chemical pojensidh the thermal rangéu|
<3kgT. In these conditions the noise properties under current saturation are found to depend upon the
statistical parameteg, displaying suppressed shot noise for<f<1, and enhanced shot noise fox@
<1/2, according to the attractive or repulsive nature of the carrier exclusion statistics.
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[. INTRODUCTION der which conditions the noise properties of systems obeying

FES are expected to depend on the statistics of the carriers,

The concept of fractional exclusion statistidcGES was  thus shedding new light on the attractive or repulsive nature
introduced by Haldarfeas a phenomenological description ©f FES. To this purpose, we investigate the noise properties
of excitations with mixed statistical propertiéstermediate  ©f @ oné-dimensional ballistic system obeying FES with cur-

between fermions and bosoria strongly correlated many- €Nt voltage (V) characteristics ranging from linear to cur-
gnt saturation regimes. As prototype of a one-dimensional

body systems. FES is based on the assumption that' tr{)allistic system, we consider a perfectly transmitting channel

change of the pumber of avaﬂablg OT‘e'par“C'e states N &here the random injection of carriers from the contacts is
system, for a given volume and with fixed boundary condi- he only source of noise. Being related to the occupation

tions AD depends linearly on the change of the number o, ,papijities, this noise source is only present at tempera-
quasiparticles\N, i.e., AD=—gAN. Here,qg is the statisti-  y,res different from zero and it depends on the carrier statis-
cal parameter with the properties @f being independent of tics. Therefore, the above prototype represents the simplest
the number of quasiparticles afit) being determined solely system where to study the interrelations between FES and
by the interaction strength between particles. In spite of itspjse.
phenomenological ground, FES has been shown to be real- The content of the paper is organized as follows. In Sec.
ized by, or directly related to, several physical models, as, forl we detail the system under study. In Sec. Ill we analyze
instance,(i) models for strongly correlated particles in one the transport and noise properties for the case of strongly
dimensio~" and two dimension&? (ii) anyons'®!*and(iii)  degenerate conditions. In Sec. IV the case of weakly degen-
guasiparticle excitations in the fractional quantum Hall effecterate conditions are considered. Finally, in Sec. V we sum up
(FQHE) systemg?1° the main conclusions of the paper.

The quantum statistical mechanics of a generalized gas of
particles obeying FES was pioneered in Refs. 10,16,17. Il. SYSTEM UNDER STUDY

Since then, a series of works were devoted to the thermody- \we consider a standard two terminal experiment where
namic properties of this generalized syst€iif”In addition, two reservoirs are adiabatically inter-connected by a one-
transport properties have been widely investigated. The lindimensional channel with the following assumptiofis The
ear response of one-dimensional systems obeying FES haRannel is ballistic and perfectly coupled with the reservoirs
been addressed by means of the Landauer apprdachnd  acting as ideal contacts so that no reflections take place at the
the correlation function methdd.The nonlinear response for interfaces(ii) Each reservoir is in quasiequilibrium at a tem-
edge excitations in the FQHE in terms of FES has been alsperature T, and electrochemical potentiab. (iii) All the
analyzed® band bending occurs in the channel and the relative position
By contrast, the fluctuation properties of systems satisfyof the conduction band and the electrochemical potential
ing FES have received only a minor consideration. A signifi-does not change in the contacts, i.e., the chemical potential
cative attempt to this subject was presented in Ref. 25, wherg= ¢—E, with E¢ being the bottom of the conduction
a generalization of the first quantized Landauer approach tenergy band, is independent of the applied l§fas simplic-
conductance and noise was proposed for particles obeyingy we assume the same value for the two conjadikere-
FES. The application of the formalism to the case of stronglyfore, when the biaggV=¢,— ¢,, with —q the carriers
degenerate systems revealed that the effects of carrier statisharge(taken as negatiyeis changed, the potential can vary
tics on the noise properties is only appreciated in the transiexclusively inside the ballistic channel, and the contacts can
tion region between thermal and shot noise. Surprisinghpe excluded from consideration.
enough, the shot noise suppression factor was found to be The carriers in the system are assumed to satisfy FES and
independent of the particle statistics. Thus, no evidence ddire injected from the reservoirs into the channel in accor-
the “attractive” or “repulsive” nature of the different sta- dance with the corresponding equilibrium distribution func-
tistics was expected. tion. For a generalized gas satisfying FES, standard quantum
The aim of the present paper is, precisely, to analyze unstatistics shows that its equilibrium distribution function
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fq(e—u) satisfies the implicit equatioh'®*? [ HN M
e e —
[1-9fy(2]19[1+(1-9)f4(2)]* " 9=TF4(2)e”*eT, (1) 1= §fq;g ya ]
wheree is the carrier energykg the Boltzmann constant and ] wh,T=8 /-‘ T T T T
T the temperature. The limiting valugs=1 andg=0 cor- o 207 B // ]
respond to the Fermi-Dirac and Bose-Einstein statistics, re- = ./ S —————
spectively. Valuable approximations of the above distribu- ] /'// /~/ ]
tions are(i) under strongly degenerate conditiohge — ) 10 7 R i
=(1/g9)0(n—¢) with 6 the Heaviside function(ii) under 1 '//_/ 1
nondegenerate conditionsf (e — u) =exd —(e—w)/kgT ], o 7 ]

T rrvr v 1. v 11 1 1 1 T [ 1 1T 17T

which being the Maxwell-Boltzmann distribution is indepen-
dent ofg . Here, for the sake of convenience we will take 0.0 0.5 1.0 15 2.0
u>3kgT andu < —3kgT as synonymous of strongly degen- qviu

erate and nondegenerate conditions, respectively. These con-
ditions are well verified for all FES. Finally, we note that the
charge of carriersy, is here taken to be independent of car-
rier statistics to allow us focusing only on purely statistical
effects. To include the combined effect of fractional charg
and fractional statistics one only needs to substituby ge

in the final results.

FIG. 1. 1-V characteristics of the ballistic conductor for different
statistics under strongly degenerate conditions. Héges (2s
+1)gkgT/h and u is the chemical potential.

epotentials higher than the chemical potential. The occurrence
of current saturation is due to the fact th@t all carriers
injected from the contact at higher voltage are collected by
the opposite contact andi) all carriers injected from the

Ill. STRONGLY DEGENERATE SYSTEMS contact at lower voltage return back to the same contact. We

For the sake of simplicity we first consider the case ofanticipate, that the saturation condition plays a determinant

strongly degenerate conditiofise., u>3kgT). Under these role in evidencing the effects of the statistics on the noise
conditions, one can neglect long range Coulomb interactioR"OPerties of the system. As can be seen in Fig. 1, the main

effects on the fluctuatiorfd, thus simplifying considerably effect of the carrier statistics is to determine the slope of the
the calculations. ’ linear regime(i.e., the conductangeand the value of the

saturation current. The dependence of these quantities on the

statistical parameter can be obtained straightforwardly. In-

deed, from Eq.(2) the (differentia) conductance is given
Under the conditions that long range Coulomb interactionpy?3-2°

can be neglected, the average current flowing through a bal-

listic one dimensional channel can be writte*&S _di e

G=gy=Go | T-fy(e+av—p)lde=Gofg(av—p)

+ o0
|=(2s+1)%f0 [foe—n)—fy(e+aV—pu)lde, (2) (5)

thus yielding for thelinean conductancéwhenqV< )
wheres is the spin factorh is the Planck constant, and use

A. Transport properties

is made that¢,— ¢,=qV. For FES, with the help of the G®I=Gofy(— ). (6)
relation Under strongly degenerate conditions the conductance thus
-1 becomes
fg(Z)=kB—ng(Z)[l—gfg(Z)][l+(1—g)fg(2)]. () & ¢
eqdeg_ —~ _ —
which follows from Eg.(1), one can integrate the current G g (2s+ 1)gh' 0
equation obtaining thé-V characteristics in explicit form deq: .
Therefore G¢%%Yis found to depend inversely upon the sta-
1+(1-g)fg(—u) tistical parameter, in agreement with existing restitg®
I=lo[In 1-gfy(—w) For the saturation current we obtain the expression
1+(1—g)fg(qv—u)) q(+=
1-gf,(qV—r) (4) Is—(23+l)ﬁfo f(e—pu)de
Here, I5=(2s+1)(g/h)kgT=Gy(kgT/q), with Gy=(2s 1+(1-g)fg(—p)
+1)(g%/h). =loIn — , (8)
1-g g( M)

Thel-V characteristics given by E¢4) is plotted in Fig.
1 for different statistics and strongly degenerate conditiongvhich, under strongly degenerate conditions, leads to
given by u/kgT=8. In all the cases we found that the/
characteristics are linear for applied potentials lower than the | deg_ Geq,degﬁ —(25+1) qu 9)
chemical potential, while they tend to saturate for applied s q gh’
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104 T e — dfg(e—u)
= s (s— M)=ZGokBTga—M'u. (11)
/ / WkgT=8 1
Y N g=1,| This expression is reminiscent of that for the variance of the
I ' — §£1ﬁ mean occupation number at equilibriL(rﬁfg):kBT[afg(s

- —u)/du], whose validity for FES was proved in Ref. 18.
Note that, for the case of Fermi-Dirac statistics one fias

i T=0 i
06 - allg =2Gofep(1—frp), which shows the familiar termf(1

. —f), while for FES in general it is;=2Gq fq(1—gfg)[1
oa +(1—-9)fg]. Inall the cases witg>0, in the zero tempera-

ture limit the low frequency noise vanishes sindg
—1/g6(n—e), and hence the transport becomes fully co-
qVip herent.

The current fluctuations can be compute@as

0.4 0.6 0.8 1.0 1.2 1.4 1.6

FIG. 2. Renormalized-V characteristics of the ballistic conduc-
tor for different statistics under strongly degenerate conditibyis. boe
the saturation current. For comparison the resultsTfet0 are also S = J' [si(e—u)+s(e+qV—u)]de, (12
reported. 0

where we have used that the channel is perfectly ballistic and
transmitting and that, because of strongly degenerate condi-
ﬁi_ons, long range Coulomb interaction can be neglected. Af-
ter substituting Eq(11) in Eq(12), one obtains

The saturation current is a function of the statistical param
eter only through the value d&%99 and thus it also de-
pends inversely upon the statistical parameter. This depe
dence is due to the fact that for a given value gpthe
occupation number goes asglwhile the velocity of the _ _ e

injectped carries rema?ns the Ssgame for all the stati)gtics, once a o~ 2CoKeTLlg(— 1) +14(qV=p)]=2keT(G q+G)(.13)
value of the chemical potential is given. We remark, that if

the unit charge of carriers depends on the statistical paranWe note that, independently of carrier statistics, at thermal
eter asq=ge, then the value of the saturation current is equilibrium one always has

independent of carrier statistics.

It is worth noting that, a part from the values of the linear SP9=4kpT Gof 4(— ) =4kgTG®, (14
conductance and the saturation current, the effects of the ) ) ) -
carrier statistics is also manifested in the shape of the regiofus recovering Nyquist theorem, as it should be. In addition,
of transition between the linear and the saturation regimed!nder current saturation conditions one can neglect the con-
This effect is evidenced in Fig. 2, where we report the cur-fibution from one of the contacts and obtain
rent normalized to its saturation value as a function of the

applied voltage. For the sake of comparison, in this figure we S=2GokgTf(—p) (19
also plot thd -V characteristics af =0 which, with the used
normalization, becomes a universal function, independent of =2kgTG®, (16)

statistics, given by which corresponds to half of Nyquist thermal noise. Simi-

qV qV larly to the case of thé-V characteristics, the effects of the

— for —<1, statistics are noticeable in both the linear and saturation re-
A m (10) gimes throughG®%. In addition, the transition region be-
Islt_o q tween these two regimes also shows a slight but significant

1 for 7> 1. dependence on the statistics, as evidenced in Fig. 3. Here we

plot the low frequency spectral density of current fluctua-

As can be seen in the figure, the difference between thdons as given in Eq(13) normalized to its saturation value,
different statistics amounts to a few percent of the value ir@s a function of the applied potential, for strongly degenerate

the transition region. conditions. _ _
It is worth noting that, by using Eq$7), (9), and(16), the

saturation value of the current spectral density under strongly
degenerate conditions can be written as
As stated before, in the present structure current fluctua-

(kBT

B. Noise properties

tions originate solely from the randomness of carrier injec- sudeq 2GoksT

tion from the contacts. The carrier injection into the ballistic (S) g:Tzzq
region must be, of course, consistent with the statistics of the

quasiparticles. For the case of contacts at equilibrium, thisvhich can be interpreted as shot noise suppressed by the
consistency is satisfied by assuming that the low frequencgegeneracy factokg T/ .

current spectral density in the energy rangee(+de), is A convenient figure of merit of shot noise is the Fano
given bys,(e — u)de, with®>2° factor y defined as

ls, 17
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always less than 1, thus corresponding to suppressed shot
noise, independently of carrier statistics.

In a certain sense, the picture emerging from the previous
analysis is close to that presented in Ref. 25. Indeed, in both
cases the system displays thermal noise at low bias and sup-
pressed shot noise at higher bias, both limits being indepen-
dent of carrier statistics, and with the effect of carrier statis-
tics becoming only noticeable in the transition region
between low and high bias voltages. The difference between
- the present results and those of Ref. 25 is that in our case,
- e L L A being the channel ballistic, the shot noise is reached under

0.0 0.5 1.0 1.5 2.0 current saturation conditions wheqvV>u and displays a
qvin suppression factor equal kg T/ «, while in Ref. 25 because
. __ the channel is nonballistic, the shot noise is reachedfor

FIG. 3. Current_spectral den5|t_y at I_ow freqqency of the_ b_alllstlc<'u and displays a suppression factori, wheret is the

conductor as function of the applied bias for different statistics UN+ransmission of the channel.

der strongly degenerate conditions. The current spectral density is At first sight the previous results are somewhat surprising.
normalized to its value under current saturation conditions. Because of the sensitivity of shot noise to carrier correla-
tions, one would have expected a strong dependence of the
y:i (18) Fano factor on carrier statistics. In particular, one would
2ql” have expected some evidence of the attractive or repulsive
nature of different statistics in the results obtained for
In Fig. 4 we plot the Fano factor for different statistics as astrongly degenerate conditions. However, the weak depen-
function of the applied potential under strongly degeneratgjence of the noise properties on the statistical parameter
conditions. Here, at the lowest and highest potentials theyynd above is a direct consequence of the strongly degen-
Fano factor is independent of statistics. More precisely, inerate conditions assumed. This conclusion will be better
the former limit it decreases inversely with the applied volt-¢|arified in the next section where the case of weakly degen-
age according to Nyquist relation as erate conditions is investigated.

2.0

15

S/S?

1.0

(BI
— IV. WEAKLY DEGENERATE SYSTEMS
y=2 V; for qV/,u 1 (19)

Under weakly degenerate conditiofi®., u<3kgT), to
By contrast, in the latter limit the Fano factor is found to evidence the effects of carrier statistics on the noise proper-

saturate taking the value ties it suffices to consider the current saturation regime. This
limit offers the advantage that the effects of long-range Cou-

KgT lomb interaction on fluctuations can be neglected, thus al-

Y= for qV/u>1. (200 lowing us to resume results obtained in the previous section.

The general expression for the saturation current is given

Between these limits, the Fano factor displays a transitiod Ed.(8). We note that Undff nondegenerate conditides,
region which depends slightly on the carrier statistics. Weu<—3kgT) one has 137%%1of(—u)=1,explu/kgT),

note that the value reached byat the highest voltages is Which is independent of as it should be. For intermediate
values of the chemical potential, the valued ofollow Eq.

(8), thus interpolating between the non-degenerate and the

0.5 - T T T T T T T ]
IN=—2(kgT/qV) g1 |1 strongly degenerate values, given in K£9).
04 Furthermore, under saturation conditions the current spec-
il tral density is given in general by Eql5), and the Fano
03 - factor under saturation by
T fo(—u)
—
0.2 = g , (21
_ 7T 1+ (A-g)fy(— )
0.1 1-gfy(—n)
i where we have used Eg&8), (15), and(18). The previous
0.0 T T T T T results can be written explicitly in terms of the saturation
0.6 0.8 1.0 1.2 1.4 1.6 current, by combining Eqs(8), (15), and (21). One then
qviu obtains the following expressions:
FIG. 4. Fano factor of the ballistic conductor as a function of the 2GkeT
applied bias under strongly degenerate conditions for different o= o"B , (22
statistics. g+[expls/lg)—1]71
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1447 T T /If\ T T T T or smaller than one, respectively. By analyzing E2{) it
10 ; can be shown that for€g<1/2 one has
1'0__ v>1 for pu<pue, (28
. 0.8
- 4
0.6 Ys<1l for u>puc, (29
0.4

1 where . is the value of the chemical potential for which
0.2 - vs=1, and that can be calculated for each statistics from Eq.

0.0 ] (21). On the other hand, for 1#2g=<1 we obtain
. L LA BN LI B T T T T T T

T T T T T T
4321012 3 45 6 7 8
W T

v<1 forallu. (30)

FIG. 5. Fano factor of the ballistic conductor under current satu-  Therefore, for carriers following FES with<Og<1/2 we
ration conditions as a function of the chemical potential for differ- have proved their possibility to display enhanced shot noise

ent statisticskgT is the thermal energy. (vs>1), thus evidencing the positive correlatimunching
induced by the exclusion statistics. Remarkably, these posi-
/1 tive correlations are only manifested under weakly degener-
= i . (23 ate conditions and whep < u.. Under strongly degeneracy
-1 " . . -
g+[explls/lo)—1] conditions, the shot noise is always suppressed since the sys-

tem tends to a coherent transport, which implies noiseless
conditions. By contrast, for carriers following FES with 1/2
<g=<1 we have obtained always suppressed shot nojse (
<1), thus evidencing the negative correlati@ntibunch-
ing) induced by the exclusion statistics.

The above expressions gi& and y; as a function of ¢, q
(throughGg andl,), andg, and can be used to obtain direct
information on particle statistics. When the injection of car-
riers occurs under strongly degenerate conditigns.,
ulkgT>3, I/1;>1) we recover the results obtained in the
previous section, that is

V. CONCLUSIONS

(Sf)deg:—=2q(—) ls, (24 We have studied the noise properties of perfect ballistic,
9 K one-dimensional channels with carriers satisfying FES. We
T have found that the attractive or repulsive nature of the car-

(y,)de0= L' (25) rier statistics can be really appreciated only in the case of
M systems which are under weakly degenerate conditions, that

thus corresponding to suppressed shot noise, with a Farld with a chemical potentigk in the contacts satisfying the

factor independent of carrier statistics givenkyl/w. Fur- fﬁg?gﬂy ]f; Lfo?;k'g-ll—‘b T:der:, l(er_ldelr currerz]nt sat(l;ra;lotn regime
thermore, under nondegenerate conditiofi®., w/kgT is found to display enhanced shot nojse (

B - . >1), or suppressed shot noiseys&1) depending on
<73, Is/lo=<1) we can approximate Eqe22) and(23) by whether the statistical parameter is in the rangeg<1/2 ,

(Ss)nondea= pq| (26) or in the range, 1/Z2g=<1, respectively. These results show
! s’ that for particles with 82g<<1/2 the statistics tends to bunch
(y)nondea= 1 27) the carriers, while for particles with 1#&g=<1 it tends to

S H

antibunch them.

thus recovering full shot noise. This result is a direct conse- In the remaining range of values of the chemical potential
quence of the fact that the distribution function for nonde-(| 4| >3kgT) we have found that the effects of the statistics
generate conditions is the Maxwell-Boltzmann one. Obvi-on the noise properties are less pronounced. For the case of
ously, in this limit the results are independent of carrierstrongly degenerate systemg>3kgT) the information on
statistics. the particle statistics is mostly contained in the linear region

In the transition region between weakly and strongly de-of thel-V characteristics, and to a less extent in the transition
generate conditionéi.e., |u|<3kgT) one must use the full region between linear and current saturation conditions. In
expressions given in Eq$l5) and (21), or alternatively in  particular, independently of carrier statistics the system al-
Egs. (22) and( 23). Figure 5 reports the Fano factor under ways displays suppressed shot noise under current saturation
current saturation conditions versus the chemical potentiaconditions, with a Fano factoys=kgT/u<<1. On the other
as obtained from E(21), with the values of the distribution hand, for the case of nondegenerate systems { 3kgT),
function being computed from E@l). Here, the Fano factor the distribution function is well approximated by the
is found to depend significantly on particle statistics. In par-Maxwell-Boltzman distribution, and hence the results are in-
ticular, in the transition regiohu|<3kgT the “attractive”  dependent of the carrier statistics. In this case, under current
or “repulsive” nature of the exclusion statistics becomessaturation conditions the system displays full shot noise
manifest by the fact that the Fano factor takes values largeys=1.

165404-5



G. GOMILA AND L. REGGIANI PHYSICAL REVIEW B 63 165404

The present results suggest that to evidence the nature of ACKNOWLEDGMENTS
the FES one should consider situations in which the system
is under weakly degenerate conditions. This conclusion is This work has been performed within the framework of
expected to remain basically valid also for one dimensionathe EC Improving Human Research Potential program

channels with transmission less than one. through Contract No. HPMF-CT-1999-00140.
1F.D.M. Haldane, Phys. Rev. Lef7, 937 (1991). 15R.AJ. van Elburg and K. Schoutens, Phys. Revs® 15 704
23.B. Isakov, Int. J. Mod. Phys. 8, 2563(1994). (1998; see also, W. Zheng and Y. Yu, Phys. Rev. Lé#,. 3242
3Z.N.C. Ha, Phys. Rev. Let#3, 1574(1994; 74, 620(1995. (1997; Y. Yu, Phys. Rev. B51, 4465(2000.
4M.V.N. Murthy and S. Shankar, Phys. Rev. L&t8, 3331(1994. 163, |sakov, Mod. Phys. Lett. B, 319 (1994.
5Y.S. Wu and Y. Tu, Phys. Rev. Leff5, 890 (1995. 17Y.S. Wu, Phys. Rev. Letf73, 922(1994.
6Y. Hatsugai, M. Kohmoto, T. Koma, and Y. S. Wu, Phys. Rev. B 1A K. Rajagopal, Phys. Rev. Letf4, 1048(1995.
54, 5358(1996. 195 B. Isakov, D.P. Arovas, J. Myrheim, and A.P. Polychronakos,
C. Pgin and A. M. Tsvelik, Phys. Rev. Let82, 3859(1999. Phys. Lett. A212 299 (1996.
8R.K. Bhaduri, M.V.N. Murthy, and M.K. Srivastava, Phys. Rev. ?°S.B. Isakov and S. Mashkevich, Nucl. Ph504, 701 (1997).
Lett. 76, 165 (1996. 21K, Iguchi, Phys. Rev. Lett78, 3233(1997).
9M.K. Srivastava, R.K. Bhaduri, J. Law, and M.V.N. Murthy, ?>G. Su and M. Suzuki, Eur. Phys. J.83577 (1998.
cond-mat/9902158unpublishesl 23|.G.C. Rego and G. Kirczenow, Phys. Rev5B 13 080(1999.
10A . Dasniges de Veigy, S. Ouvry, Phys. Rev. Let2, 600(1994. 24V, Krive and E.R. Mucciolo, Phys. Rev. B0, 1429(1999.
11w, Chen and Y.J. Ng, Phys. Rev.®, 14 479(1995. 253 B. Isakov, T. Martin, and S. Ouvry, Phys. Rev. L&8, 580
2\W.P. Su, Y.S. Wu, and J. Yang, Phys. Rev. Lé#.3423(1996. (1999.

13Y. Yu, W. Zheng, and Z. Zou, Phys. Rev. 35, 13 279(1997. 26A. Greiner, L. Reggiani, and T. Kuhn, Physica2B2, 75 (1999.
1y.S. Wu, Y. Yu, Y. Hatsugai, and M. Kohmoto, Phys. Rev6B  2’G. Gomila and L. Reggiani, Supercond. Sci. Techrid, 829
9907(1998. (2000.

165404-6



