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“Rien n’est plus fécond, tous les mathématiciens le savent, que ces
obscures analogies, ces troubles reflets d’une théorie à une autre,
ces furtives caresses, ces brouilleries inexplicables ; rien aussi ne
donne plus de plaisir au chercheur.”

De la métaphysique aux mathématiques, André Weil





Introduction

The main purpose of this dissertation is to introduce Shimura curves from
the non-Archimedean point of view, paying special attention to those aspects
that can make this theory amenable for computations. Despite the fact that
the theory of p-adic uniformization of Shimura curves goes back to the 1960s
with the results of Cerednik and Drinfeld, only in the last years explicit
examples related to these uniformizations have been computed (cf. [FM14]).

First of all, let us recall that the canonical model of a Shimura curve,
as defined by Shimura in [Shi67], is actually an Archimedean uniformization
of the algebraic curve. Given an indefinite quaternion algebra H over Q of
discriminant DH and an Eichler order OH over Z of level N , and once a real
matricial immersion Φ : H ↪→ M2(R) has been fixed, let Γ(DH , N) be the
Fuchsian group defined by

Γ(DH , N) := Φ({α ∈ O∗H | NmH/Q(α) > 0})/{±I2} ⊆ PGL2(R)>0,

together with its action on the Poincaré upper half-plane H. The canonical
model of the corresponding Shimura curve is formed by an algebraic curve
X(DH , N) defined over Q, and by an analytic function J = (J1, . . . , Jd) :
H → Pd(C) inducing a bijection

J : Γ(DH , N)\H ' X(DH , N)(C)

between the set of complex points of the Riemann surface Γ(DH , N)\H and
the set of complex points of the Shimura curve X(DH , N).

Moreover, in order to be canonical, this model is required to satisfy an
important property related to the classical theory of complex multiplication.

The functions Ji : H → P(C) are called uniformizing functions for the
Shimura curve X(DH , N), and the relations of algebraic dependence that
these satisfy over Q provide equations of the canonical model of the curve.
We refer to the analytic space Γ(DH , N)\H as the space of parameters of the
uniformization.
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Making use of the definition of canonical model, many interesting arith-
metical properties of the algebraic curve X(DH , N) can be discovered. Nev-
ertheless, the computation of equations seems to be more complicated in the
case DH > 1 and even in many cases in which the equations are known,
the uniformizing functions remain unknown. The difficulty in computing the
complex uniformizing functions in the case of discriminant DH > 1 is, as is
well known, the lack of cusps and, consequentially, the lack of a Fourier series
expansion.

The first step in making this complex uniformization explicit is to compute
a fundamental domain for the action of the uniformizing group Γ(DH , N).
Secondly, one can consider the problem of looking for the functions Ji which
are invariant for the action of this group and satisfy the algebraic dependence
relations. This process has been carried out for some cases, in a series of re-
search studies: in [AB04] fundamental domains for the action of the groups
Γ(DH , N) in the case of discriminant DH = 6, 10 and 15 are computed, and
later in [BT07] and [BT08] uniformizing functions for the canonical model of
the Shimura curve X(6, 1) are found as solution to a certain differential equa-
tion. In [Nua15] a more general approach allows the computation of complex
uniformizing functions for all Shimura curves having an Atkin-Lehner quo-
tient of genus zero.

Now then, with the same objective as in the complex case, we have started
the study of the p-adic uniformization of the Shimura curvesX(DH , N). First
of all we briefly state the theorem of Cerednik-Drinfeld in a form which will
allow us to make it explicit.

Let us fix a prime integer p|DH and letB be the definite quaternion algebra
over Q of discriminant DB = p−1DH , and OB[1/p] be an Eichler order over
Z[1/p] of level N . Once a p-adic matricial immersion Φp : B ↪→ M2(Qp)
has been fixed, we define the following discrete and cocompact subgroup of
PGL2(Qp):

Γp,+(DB, N) := Φp({α ∈ OB[1/p]∗ | vp(Nm(α)) ≡ 0 (mod 2)})/{±psI2 | s ∈ Z}.

The p-adic points of the Shimura curve X(DH , N) are obtained thanks to
the following bijection:

Γp,+(DB, N)\Hp(Cp) ' X(DH , N)(Cp),

where Hp(Cp) := P1(Cp)rP1(Qp) is the set of Cp-points of the p-adic upper
half-plane Hp over Qp and once an immersion of Q inside Qp has been fixed.

As in the Archimedean case, the first step in order to make explicit the
Cerednik-Drinfeld uniformization is, then, to compute a fundamental domain
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in Hp(Cp) for the action of the group Γp,+(DB, N), together with its inter-
pretation as an analytic variety. Following this path, first we have to deal
with a p-adic analytic geometry, known as rigid analytic geometry.

It is well known that the theory of non-Archimedean uniformization of
curves starts with Tate’s result on the p-adic uniformization of elliptic curves
with split multiplicative reduction. In the same way, the birth of non-
Archimedean analysis can be recognized in some Tate’s notes from the 1960s,
published only later in 1971 (cf. [Tat71]). In these notes, Tate defined the
theory of non-Archimedean analytic functions which took care to avoid the
lack of analytic continuation for these functions, caused by the fact that the
p-adic analog of the complex plane, Cp, is totally disconnected.

The theory of Tate is adapted, and even extended, by Mumford to the pure
algebro-geometric language of some formal schemes, for which rigid analytic
varieties turn out to be the generic fibre, in a totally new sense of the word
since, in general, the generic fibre of a formal scheme is not defined.

Specifically, let A be an integrally closed, local, Noetherian and complete
ring, and let K be its field of fractions and k be its residue field. In his
celebrated paper [Mum72] Mumford finds a family of algebraic curves C
defined over K, with integral model C over A, admitting a uniformization for
certain discrete subgroups of PGL2(K). In the language of formal schemes

this means that the formal completion Ĉ of the scheme C, along its closed
fibre C0/k, can be expressed as a quotient in the following form:

Γ\ĤΓ ' Ĉ,

where Γ is a certain discrete subgroup of PGL2(K) and ĤΓ is the “half-plane”
associated to Γ, as a formal scheme over Spf A.

Mumford’s uniformization is the first one to use, in the non-Archimedean
context, a space of parameters similar to the hyperbolic spaces of parameters,
such as the upper half-plane H, or the upper half-space {(z, x) ∈ C×R | x >
0}. The p-adic spaces of parameters ĤΓ are, in fact, constructed by Mumford
starting from the groups Γ in order to obtain a properly discontinuous action:
for this reason he has to exclude those points which are accumulation points
for the action of the group Γ, i.e. the set of limit points. The groups con-
sidered by Mumford are the well-known p-adic Schottky groups. When the
ring A has Krull dimension dimA = 1, Mumford’s theory can be translated
into the language of rigid analytic geometry, as is done in [GvDP80].

The advantage of the theory of p-adic uniformization of curves, compared
to the complex one, is the presence of a reduction map. Every rigid analytic
variety over the field K has naturally associated a reduction map which
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coincides with the reduction modulo p of the strictly convergent series locally
defining this variety. Hence, as a reduction of a rigid analytic variety over
K, we obtain an algebraic variety defined over the residue field k. In those
cases in which these rigid analytic varieties are obtained as rigidification
of algebraic varieties, that is endowing an algebraic variety over K with
a structure of rigid analytic variety, then the reduction of these analytic
varieties becomes more interesting since it can be identified with the special
fibre of a certain, well-determined, integral model of the algebraic variety.
Therefore, computing an explicit uniformization of the curve includes, as a
gift, the special fibre of an integral model of this curve.

As we said at the beginning, the canonical model (X(DH , N), J) is char-
acterized by a certain arithmetical property which has to be satisfied by
some “special” parameters of its uniformization. To be more precise, the
values of the complex function J at certain imaginary quadratic parameters
τ ∈ H must be algebraic points of the Shimura curve X(DH , N). We refer
to these parameters by complex multiplication parameters and to the cor-
responding algebraic points, as is usual, by complex multiplication points.
Complex multiplication parameters acquire, as is well known, a geometrical
meaning, when the space of parameters Γ(DH , N)\H is endowed with a mod-
ular interpretation in terms of polarized abelian surfaces with quaternionic
multiplication of a fixed PEL type. In particular, the complex multiplication
parameters define, in each of these modular interpretations, certain abelian
surfaces with complex multiplication.

Complex multiplication parameters are fundamental in the explicit com-
putation of the canonical model of a Shimura curve, since they characterize
the uniformizing functions J . For this reason it is necessary, making explicit
a complex uniformization of the Shimura curve X(DH , N), to place these
parameters inside the fundamental domain associated to the uniformization.
In [AB04] some of these parameters are computed, in the cases of discrimi-
nant DH = 6, 10 and 15, obtaining them as zeros of binary quadratic forms
with algebraic coefficients. In [BR14] a reduction point algorithm associ-
ated to the fundamental domain of Γ(DH , N)\H in the cases DH = 6, 10, 15,
makes it possible, given a complex multiplication parameter τ ∈ H, to find
its Γ(DH , N)-equivalent(s) parameter(s), belonging to the fundamental do-
main considered. Moreover in [BG05] a symplectic basis for the uniformizing
lattices of the abelian surfaces corresponding to complex multiplication pa-
rameters, is computed in some particular cases.

Finally, as an important application, the computation of complex mul-
tiplication parameters in Γ(DH , N)\H can be used in many cases to com-
pute certain algebraic points on modular elliptic curves (see [Dar03] for an
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overview).

If we want to replace the complex uniformization of the curve X(DH , N)
by the p-adic uniformization, then it becomes natural to look for a p-adic
analog of complex multiplication parameters. These have to correspond
to special points inside the modular interpretation of the quotient space
Γp,+(DB, N)\Hp(Cp), given by Drinfeld in [Dri76].

A satisfactory introduction to Shimura curves, following [Shi67], lies on
the comprehension and the introduction of Eichler’s results on arithmetic in
quaternion orders (cf. [Eic37], [Eic38a], [Eic38b], [Eic55]). Hence, concluding
this overview on the theory of the p-adic uniformization of Shimura curves,
we put in evidence some of its relations with the arithmetic in quaternion
algebras.

As we shall see in this dissertation, the main sensation that we obtain,
when we investigate results relating to the p-adic uniformization of Shimura
curves, is that it is a theory which mirrors and extends the theory of com-
plex uniformization. What is more, studying the original papers of Cered-
nik, [Cer76a] and [Cer76b], we can see how the Theorem of interchanging
local invariants is stated as an isomorphism between the two uniformiza-
tions and we can appreciate how the roles of the primes p and ∞ are, in
some sense, interchangeable. Again, this dualism becomes stronger once
the p-adic uniformization of the Shimura curve X(DH , N), and in particular
the quotient Γp,+(DH , N)\Hp(Cp), is endowed with a modular interpretation
(cf. [Dri76], [BC91]). This last can then be interpreted, with some care, as the
natural p-adic translation of the usual modular interpretation of the complex
quotient Γ(DH , N)\H, as is presented by Bertolini and Darmon in [BD98].

Our objective is to make clear this parallelism between the two theories
thanks to the study of the arithmetic in the quaternion algebras H (the
indefinite case) and B (the definite case). We will see that the meeting point
between the p-adic and the complex uniformizations of the Shimura curve
X(DH , N) is Eichler’s condition.

Let us briefly recall this important condition. Let Q be a quaternion
algebra over a totally real field F , and S be a set of primes of F containing
all the Archimedean primes. An order O ⊆ Q over the ring RF [1/S] of
integers outside S is said to satisfy Eichler’s condition when there is a prime
p in S such that Qp ' M2(Fp). In particular, since the algebra H is indefinite,
we see that the Z-order OH ⊆ H satisfies Eichler’s condition while, since B
is definite, the Z-order OB ⊆ B does not, but its localized OB ⊗Z Z[1/p]
does. When this condition is fulfilled, important arithmetical results on the
order O in Q were proved by Eichler, most of which can be obtained as a



x

consequence of the celebrated Strong approximation theorem.

The structure of this dissertation is as follows.

In Chapter 1 we introduce Shimura curves starting from an indefinite
quaternion algebra H over a totally real field F . This is done mostly follow-
ing the fundamental paper of Shimura [Shi67]. We also give the definitions
using the adelic approach of [Shi70b] and [Shi70c]. The point of view we
adopt is the arithmetical one, since we try to make clear the link connect-
ing Shimura curves to the arithmetic of quaternion algebras. In this sense,
we give evidence of why Shimura curves have to be considered a geometric
interpretation of most arithmetical phenomena in quaternion orders.

In Section 1.1 we propose an overview of the arithmetic in quaternion or-
ders. First we recall fundamental results holding for Eichler orders satisfying
Eichler’s condition, such as Eichler’s Normensatz and Strong approximation
theorem, and recalling the groupoid structure of the set of ideal classes of the
algebra of a given level.

Moreover the arithmetic of quaternion orders is also studied from another
point of view, namely in those cases where Eichler’s condition is not fulfilled,
which is the case for example of Z-orders in definite quaternion algebras.
In this context we are able to prove a Zerlegungssatz, i.e. a factorization
result (cf. Theorem 1.1.27), for orders with ideal class number equal to 1,
extending one proved by Hurwitz in [Hur96]. In particular maximal quater-
nion orders in the definite quaternion algebras of discriminant 2 and 3 are
considered, because this will allow us to obtain, later in Chapter 3, results
on the reduction graph at p of the Shimura curves X(2p, 1) and X(3p, 1) .

With all these elements in Section 1.2 we can introduce the system of
canonical models of Shimura curves, as Shimura himself does in [Shi67] which
is governed by the Shimura reciprocity law, i.e. the action of the groupoid
of ideal classes on complex multiplication points, as explained in Theorem
1.2.18. This can be done thanks to the noncommutative commutative dictio-
nary established in Theorem 1.2.15 where the class numbers of the quaternion
algebra H over F are related to the class numbers of the number field F , and
which makes it possible to translate the arithmetic of the groupoid into the
action of certain Galois groups, thanks to the Artin reciprocity law.

Finally in Section 1.3 we introduce the modular interpretation for the
Shimura curve X(DH , N), in terms of certain polarized abelian surfaces with
quaternionic multiplication, also known in the literature under the name of
fake elliptic curves.Throughout the section we give evidence of the reason
for this nomenclature, insisting on those properties these surfaces share with
elliptic curves. In particular, we study a decomposition of these surfaces as
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a product of elliptic curves, due to Shioda and Mitani (cf. [SM74]), and we
design an algorithm in order to compute it.

Chapter 2 has the aim of introducing those non-Archimedean objects
which appear later in the statements of the theorems of Cerednik and Drin-
feld.

Specifically, in Section 2.2 we introduce the p-adic upper half-plane Hp as
a rigid analytic variety over Qp. In Theorems 2.2.19 and 2.2.20 we obtain
the inequalities characterizing the points of Hp and the equations defining
Hp locally as a rigid analytic variety respectively. Successively, we introduce
on one side the Bruhat-Tits tree Tp associated to PGL2(Qp) and on the other
side the reduction map Red : Hp → Tp which allows us to identify the tree
Tp with the reduction mod p of the rigid analytic variety Hp.

We conclude the chapter with a brief presentation, in Section 2.3, of the
theory of Mumford uniformization of curves. To do so, we first study the
classification transformations of PGL2(Qp), which are the analytic transfor-
mations of the p-adic upper half-plane. We can then define p-adic Schottky
groups and Mumford curves, paying particular attention to cocompact Schot-
tky groups, since these are the ones involved in the uniformization of Shimura
curves. As we have noted, Mumford associates to every p-adic Schottky
group Γ ⊆ PGL2(Qp) a certain p-adic “half-plane” HΓ. In Theorem 2.3.21
we prove that the half-plane corresponding to a cocompact Schottky group
Γ is independent of the group Γ and it is, in fact, the p-adic upper half-plane
introduced in the previous section.

In Chapter 3 we start the study of fundamental domains in Hp for the
action of discrete and cocompact subgroups of PGL2(Qp) arising in the p-adic
uniformization of Shimura curves.

For this reason, in Section 3.1 we start by enunciating different versions
of the results regarding the p-adic uniformization of Shimura curves, with
particular attention to Cerednik’s original result (cf. Theorem 3.1.3) and to
the “evolution” of this result into a more precise statement with the theo-
rem of Drinfeld (cf. Theorem 3.1.14). Moreover, as a bridge between these
statements we propose the adelic version (cf. Theorem 3.1.12), which high-
lights the naturalness of these results and the dualism with the Archimedean
uniformization.

Once the Cerednik-Drinfeld theorem has been presented, we can start to
make effective, in Sections 3.2 and 3.3, some aspects of this theory.

In [FM14], the authors carry out an algorithm computing fundamental
domains in the Bruhat-Tits tree associated to PGL2(Qp) for the action of
groups of type Γp,+(DB, N) introduced previously. Consequently, they also
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compute the reduction graphs of the corresponding Shimura curves.

In [GvDP80] fundamental domains are computed for the action of certain
Schottky groups arising from definite quaternion algebras, with-out men-
tioning the p-adic uniformization of the Shimura curve. We will employ this
method for computing p-adic fundamental domains for Shimura curves. We
will base the main idea on a lemma of Selberg (cf. Theorem 2.3.23), extended
to the Archimedean context, for which every discrete and finitely generated
groups of transformations Γ ⊆ PGL2(Qp) admits a normal and finite index
subgroup which is a Schottky group. Fundamental domains associated to
p-adic Schottky groups are easier to compute, thanks to an adaptation to
the non-Archimedean case of Ford’s method of isometric circles, obtained by
Gerritzen in [Ger74].

Together with Laia Amorós we have applied this method to the case of
definite quaternion algebras of discriminant DB = 2 and 3, obtaining fun-
damental domains for certain Mumford curves covering p-adic fundamental
domains for the Shimura curves of discriminant DH = 2p and DH = 3p,
with p ≡ 1 (mod 4). These are the results presented in Theorems 3.2.11 and
3.2.13.

Thanks to the study of the arithmetic in a maximal order of the definite
quaternion algebra, we are able to find a Schottky group and to compute a
free system of generators for it. The method employed allows us to treat the
cases DH = 2p, 3p and level N = 1. Nevertheless, we propose an axiomati-
zation of the properties which are sufficient for the Eichler order OB to be
satisfied, in order to apply this method successfully. Thanks to this vision, we
can appreciate that the fundamental step in the realizations of the proposed
method is to obtaining a Zerlegungssatz, i.e. a factorization result, for the
order OB. Actually, in Theorem 1.1.27 we prove that, when the ideal class
number of the Eichler order OB is h(DB, N) = 1, then a unique factorization
in prime and primitive quaternions is possible, once a certain set of residue
classes (to which we refer by primary classes, adopting an old nomenclature
used Hurwitz) has been determined.

In [Kur79] reduction graphs for Shimura curves X(DH , 1) are obtained,
combining different results about the arithmetic in the quaternion order OB.
In our case, in Theorems 3.3.8 and 3.3.10, we also describe the reduction
graphs of the Shimura curves stated, obtaining them directly from the pre-
vious results about Mumford curves covering these Shimura curves.

In Chapter 4 we associate to the p-adic uniformization of the Shimura
curve X(DH , N) certain parameters in Hp(Cp) analogous to the complex
multiplication parameters in H: we refer to them by p-imaginary multiplica-



xiii

tion paramters, since they are defined over the unramified quadratic extension
of Qp.In the study of these parameters, we follow the p-adic analog of the
line adopted in [AB04]. Specifically, we are able to recover these parameters
as zeros of certain binary quadratic forms with p-adic coefficients. Finally,
in Theorem 4.2.9, we relate the number of Γp,+(DB, N)-classes in Hp(Cp) of
p-imaginary multiplication parameters with the number of Γ(DH , N)-classes
in H of complex multiplication parameters, proving that these two cardinals
coincide and giving additional evidence of the Cerednik-Drinfeld theory on
the interchanging of the primes p and ∞.
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Diońıs Remón, Klara Stokes, Carlos de Vera, por haber sido, en una manera
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Chapter 1

Arithmetic of Shimura curves

1.1 Arithmetic of quaternion orders

In this section we will give a brief introduction to quaternion algebras over
number fields and their orders. The main aim is to explain why the study of
arithmetic in quaternion orders should be considered the natural continuation
of the study of arithmetic in number fields and their orders.

A reference for understanding the main trends of arithmetic in quaternion
algebras is M. F. Vigneras [Vig80]. Together with that book, the following
papers by Eichler should be studied in order to understand how this beautiful
theory has come to light: cf. [Eic37], [Eic38a], [Eic38b], and also [Eic55].

1.1.1 Basic definitions and results

Let F be a number field of degree [F : Q] = n with ring of integers RF .
A quaternion algebra Q over F is a simple and central algebra over F
of dimension 4. When we say that the algebra Q admits a presentation
Q =

(
a,b
F

)
, with a, b ∈ F ∗, we mean that an F -basis for the algebra is a set

B = {1, i, j, k} ⊆ Q such that

i2 = a, j2 = b, k = ij = −ji.

As we shall see along as the dissertation progresses, quaternion algebras share
many characteristics with number fields, in the sense that they suggest the
consideration of the same kind of arithmetic problems. Nevertheless, the
main difference between these two scenarios is that, while orders in number
fields are commutative rings, orders in quaternion algebras are noncommu-
tative rings.

1
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Every quaternion algebra Q over F is endowed with an involution

Q =
(
a,b
F

)
−→ Q

q = x+ yi+ zj + tk 7−→ q := x− yi− zj − tk

which is called the conjugation. This involution allows us to define the
norm and the trace in the context of quaternion algebras, and subsequently
the concept of integral quaternion.

For every α ∈ Q we denote by NmQ/F (q) the norm of q and by TrQ/F (q)
the trace of q, defined by

NmQ/F : Q −→ F,
q 7−→ qq,

TrQ/F : Q −→ F,
q 7−→ q + q.

A quaternion q ∈ Q is said to be pure if TrQ/F (q) = 0. In particular if

Q =
(
a,b
F

)
, then a quaternion q = x+ yi+ zj+ tk is pure if and only if x = 0.

We usually denote the set of pure quaternions by Q0.

Moreover we will denote by NBQ,4 (resp. NBQ,3) the quaternary (resp.
ternary) normic form associated to the basis B of the quaternion algebra
Q. That is, if Q =

(
a,b
F

)
then

(a) NBQ,4(X, Y, Z, T ) := X2 − aY 2 − bZ2 + abT 2,

(b) NBQ,3(Y, Z, T ) := −aY 2 − bZ2 + abT 2.

Note that if we choose another basis B′ for Q then the corresponding
normic forms NB

′
Q,4 and NB

′
Q,3 are linearly equivalent over Q to the normic

forms NBQ,4 and NBQ,3; i.e., there exist matrices A ∈ GL4(Q) and C ∈ GL3(Q)
such that

AtNBQ,4A = NB
′

Q,4, CtNBQ,3C = NB
′

Q,3.

When a presentation
(
a,b
F

)
for the algebra Q is fixed, we simply write NQ,4

and NQ,3 for the corresponding quaternary and ternary normic forms.

When F = Q, a quaternion algebra Q is said to be indefinite if its
associated normic form NQ,4 is indefinite, and it is said to be definite if NQ,4

is definite.

A prime p of F is said to be ramified in Q if Qp := Q ⊗F Fp is a
(noncommutative) field.

We will sometimes denote by Ram(Q) the set of (finite and Archimedean)
primes ramifying in Q. The product of all finite primes in Ram(Q) is an
ideal of RF called the discriminant of the algebra Q.



1.1. Arithmetic of quaternion orders 3

A quaternion algebra Q over Q is indefinite if and only if Q⊗QR ' M2(R),
i.e. if and only if∞ /∈ Ram(Q), and it is definite if and only if Q⊗QR is the
Hamilton quaternion field, i.e. if and only if ∞ ∈ Ram(Q).

Before introducing the concept of integral quaternion we need to be more
subtile and clarify the concept of integrality : for this reason we will introduce
different rings of integers inside the number field F .

1.1.1 Definition. Let RF be the usual ring of integers of F (i.e. its maximal
order over Z) and let S∞ = {p∞1, . . . , p∞n} be the set of Archimedean primes
of F . For every finite set S of primes of F such that S ⊇ S∞, we denote by
RF [1/S] the ring of integers outside S, i.e.

RF [1/S] :=

⋂
p/∈S

RF,p

 ∩ F.
In particular if S contains only the Archimedean primes of F , i.e. S = S∞,
then we have that RF [1/S] = RF .

If K is a quadratic field extension of F and OK is an order in K over RF ,
i.e. OK is a ring which is a free RF -module of rank 2 and such that all its
elements are integral over RF , then we will use the notation

OK [1/S] := OK ⊗RF RF [1/S]

for the corresponding RF [1/S]-order in K. Note that every RF [1/S]-order in
K is obtained in this way, starting from an order of K over RF .

1.1.2 Definition. A quaternion q ∈ Q is said to be integral with respect
to RF [1/S] if the elements Nm(q),Tr(q) ∈ F belong to the ring of integer
RF [1/S].

A quaternion order over RF [1/S] is a ring which is a free RF [1/S]-
module O ⊆ Q of dimension 4 and such that all its elements are integral
with respect to RF [1/S].

A quaternion order O over RF [1/S] is called maximal if it is maximal
among all the RF [1/S]-orders of Q ordered by the inclusion.

A quaternion order O over RF [1/S] is called an Eichler order if it is the
intersection of two maximal orders over RF [1/S]. The level of the Eichler
order O over RF [1/S] is an integral ideal N of RF [1/S] which is defined
locally (cf. [Vig80, Ch. II, Sec. 2]).

Two orders O,O′ over RF [1/S] are said to be conjugated if there exists
a quaternion q ∈ Q∗ such that q−1Oq = O′. A class of orders with respect
to this equivalent relation is called a type.
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If Q has as a discriminant the integral ideal D of RF , then the number of
types of Eichler orders over RF [1/S] in Q of level N is denoted by t(D,N).

Let O be an order in Q over RF [1/S] and let us fix a RF [1/S]-basis B of
O, as RF [1/S]-free module. We denote by NBO,4 (resp. NBO,3) the quaternary
(resp. ternary) normic form associated to the order O with respect to the
basis B. Again, when an integral basis for the order O is fixed, we simply
write these quadratic forms as NO,4 and NO,3.For more details and explicit
expressions of these quadratic forms, see [AB04, 3.6].

1.1.3 Definition. An ideal over RF [1/S] in the quaternion algebra Q is a
RF [1/S]-module I ⊆ Q such that I ⊗RF [1/S] F ' Q.

The ideal I is said to have as associated order on the left the RF [1/S]-
order O` if

{q ∈ Q | qI ⊆ I} = O`
and is said to have as associated order on the right the RF [1/S]-order
Or if

{q ∈ Q | Iq ⊆ I} = Or.

In this case we also say that I is a fractional left ideal (resp. fractional
right ideal) of the orderO` (resp. Or) and we denote by I`(O) (resp. Ir(O))
the set of these ideals.

If in addition I ⊆ O` (resp. I ⊆ Or), we say that I is an integral left
ideal (resp. right ideal) of the order O.

Moreover when I is a fractional (integral) left ideal and right ideal of the
same order O we say that I is a fractional (integral) bilateral ideal of
O and we denote by Ibil(O) the set of these ideals, which is a group with
respect to the usual product between modules.

In particular, note that any order O over RF [1/S] is an integral bilateral
ideal over RF [1/S] of the order O itself.

Once these definitions are given, it is natural, as in the number field case,
to define ideal class numbers of quaternion orders. Of course, as is obvious
from the previous definitions, we have to distinguish between left and right
(and also bilateral) ideals. As we shall see in the next section, where Shimura
curves are introduced, these three class numbers associated to a quaternion
order are important invariants of the order and encode significant information
about some geometric objects naturally associated to them.

1.1.4 Definition. Let I, J be ideals over RF [1/S] in the quaternion algebra
Q.
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I, J are equivalent on the left (resp. on the right) if there exists a
q ∈ Q∗ such that I = qJ (resp. I = Jq).

It is immediate to see that if two ideals I, J are equivalent on the left, then
they have the same associated order O on the right and the set of classes of
fractional right ideals of O, with respect to this equivalence relation, is called
the set of right ideal classes of the order O. Analogously, we can define
the set of left ideal classes of the order O.

In particular the set of classes of bilateral ideals of O forms a group which
is called the bilateral ideal class group of the order O.

The set of left ideal classes and that of right ideal classes are in bijection
through the map

I`(O)/Q∗ −→ Q∗\Ir(O)

I 7−→ I−1

and the associated cardinality is called the ideal class number of the
order O and is denoted by h(Q,O). Moreover this class number does not
depend on the type of the order O.

The cardinality of the bilateral ideal class group of the orderO is called the
bilateral ideal class number and is denoted by hbil(Q,O). This number
depends, in general, on the conjugacy class of the order O.

Later in Section 1.2 we will introduce these ideal class numbers making
use of adelic language and we will prove statements relating them with their
analogous ideal class number in the number fields case: these relations will
be referred to as the noncommutative commutative dictionary.

1.1.5 Remark. Before doing this, it is important to remark that, depending
on the base ring RF [1/S] with respect to which the integrality is considered,
the computation of such class numbers may be completely different and may
need the use of different techniques.

For this reason it is of vital importance to introduce a condition which
was first considered by Eichler (cf. for example Voraussetzung R in [Eic38a])
and which, in [Vig80, Ch. III], is named Eichler’s condition, between the
ring of integers RF [1/S] and the algebra Q. With the notations introduced
so far, we state the condition.

1.1.6 Definition. (Eichler’s condition) Let S be a set of primes of F
containing the Archimedean primes, i.e. S ⊇ S∞. Let Q be a quaternion
algebra over F and let O be an RF [1/S]-order in Q.
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1. We say that the set S satisfies Eichler’s condition for the algebra
Q if S 6⊆ Ram(Q).

2. We say that the RF [1/S]-order O satisfies Eichler’s condition if
the set of primes S satisfies Eichler’s condition for the algebra Q.

Given a quaternion algebra Q over F , associated to it is an algebraic group
Q∗ defined by Q∗(A) := (Q ⊗F A)∗, for every F -algebra A. In particular
Q∗(F ) is the group of points Q∗ and Q∗(Fp) is the group of units of the local
algebra Qp := Q⊗F Fp.

1.1.7 Definition. Let S be a finite set of primes of F , S ⊇ S∞, and let
O[1/S] be an RF [1/S]-order in Q. We define the adelization of the algebraic
group Q∗ as the restricted product

Q∗A :=
∏
p/∈S

(Q∗p : O[1/S]∗p)×
∏
q∈S

Q∗q.

As is well known, this group is canonically isomorphic to the set of adelic
points of the algebraic group Q∗, i.e. Q∗A ' Q∗(AF ), where AF denotes the
F -algebra of the adèles of F . This definition does not depend on the set of
primes S.

The following theorems are fundamental in the arithmetic study of quater-
nion algebras: these are the Theorem of Norms and the Strong Approxi-
mation Theorem. The first one answers the simply arithmetic question of
whether elements of F are norms of some quaternions and was proved by
Eichler (cf. [Eic38b, Satz 3]). The second one is a generalization to quaternion
algebras of a result first known in number fields (cf. for example [Neu99, Ch.
III, Exercise 1]); it was later generalized to the algebraic group of quaternions
of norm 1 by M. Kneser (cf. [Kne62] and [Kne65]).

1.1.8 Theorem. (Normensatz) Let Q be a quaternion algebra over F and
let σ1, . . . , σr denote the immersions F ↪→ R associated to the real Archi-
medean primes p∞1, . . . , p∞r of F ramified in Q, i.e.

{p∞1, . . . , p∞r} = S∞,real ∩ Ram(Q).

Then x ∈ F is equal to NmQ/F (α), for some α ∈ Q, if and only if σi(x) > 0
for 1 ≤ i ≤ r.

As a consequence of this theorem we find that if Q = H is an indefinite
quaternion Q-algebra, then all elements in Q are norm, i.e. the map

NmH/F : H −→ Q
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is surjective, and if Q = B is a definite quaternion Q-algebra, then all positive
elements in Q are norm, i.e. the map

NmB/F : B −→ Q≥0

is surjective.

1.1.9 Theorem. (Strong Approximation Theorem) Let Q be a quater-
nion algebra over F and let Q∗1 denote the algebraic subgroup of Q∗ of “quater-
nions of norm 1”, i.e. for every F -algebra A

Q∗1(A) := {α ∈ Q∗(A) | Nm(α) = 1}.

Let S be a finite set of primes of F , S ⊇ S∞, satisfying Eichler’s condition,
and let O[1/S] be an RF [1/S]-order in Q. Then

Q∗1(F )
∏
q∈S

Q∗1(Fq)

is a dense subgroup of Q∗1(AF ).

Observe that Eichler’s condition in Definition 1.1.6 is equivalent to requir-
ing in the above statement that there is a prime q ∈ S such that the group
Q∗1(Fq) ' SL2(Fq) is not compact and such that the product

∏
q∈S Q

∗
1(Fq) is

not compact.

1.1.10 Definition. If t = t(D,N) denotes the number of types of Eichler
orders of level N in Q, let {O1, . . . ,Ot} be a system of representatives for
these types.

For every 1 ≤ λ ≤ t, let {Iλµ} be the set of fractional left ideals of the
orders Oλ such that Iλµ has Oµ as associated order on the right.

In [Eic55, Satz 4] and [Eic38b, Satz 2] Eichler proved that the set of left
ideal classes {Iλµ | 1 ≤ λ ≤ t}/Q∗, with respect to the product of ideals
(when this exists) is a finite groupoid such that the rank of the groupoid,
which is by definition the number of neutral elements of the groupoid, is
equal to t(D,N).

This is called the groupoid of ideal classes and types of Eichler
orders of level N in Q and is denoted by G(D,N).

In particular, when the orders Oi satisfy Eichler’s condition in Definition
1.1.6, we have the following formula (cf. [Vig80, Lemme 5.6 and Corollaire
5.7, Ch. III] and [Eic38b]).
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1.1.11 Theorem. Let Q be a quaternion algebra over F of discriminant D
and let O be an Eichler order over RF [1/S] of level N , satisfying Eichler’s
condition. Then the cardinal hbil(Q,O) does not depend on the type of the
order O, so it is denoted by hbil(D,N) and the following formula holds

h(D,N) = hbil(D,N)t(D,N).

The cardinal hbil(D,N) is called the order of the groupoid and equals the
cardinality of each of the groups arising in the groupoid, namely the groups
of bilateral ideal classes of the orders Oi for 1 ≤ i ≤ t(D,N).

1.1.12 Remark. When the orders Oi do not satisfy Eichler’s condition, we
find the following general formula (cf. [Eic55]):

h(D,N) =
t∑
i=1

hbil(Q,Oi),

where hbil(Q,Oi) denotes the cardinal of the bilateral ideal class group of the
order Oi, which in this case depends on the order Oi.

1.1.13 Remark. Note that the order of a groupoid G does not coincide
with its cardinality as a set. In fact, if ord(G) and rank(G) denote respec-
tively the order and the rank of a groupoid G, then the cardinality of G
is

#G = ord(G)rank(G)2.

In particular, the cardinality of the groupoid G(D,N), satisfying Eichler’s
condition, is

#G(D,N) = hbil(D,N)t(D,N)2 = h(D,N)t(D,N).

1.1.2 Factorization in quaternion orders

Let Q be a quaternion algebra over Q and let O be an Eichler order. In this
section we want to study the important problem of factorization of elements
of the order O. This problem was considered for the first time in 1989 by
Adolf Hurwitz. In one of his celebrated papers, [Hur96], Hurwitz considered
the problem of factorization in a maximal order inside the definite quaternion

algebra
(
−1,−1

Q

)
of rational Hamilton quaternions.

The problem of factorization in quaternion orders is actually a problem
due to the fact that these orders are not commutative. For example if a
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quaternion admits as a factorization α = π1 ·π2, we can construct a different
factorization of the same quaternion, namely α = π1ε1 · ε−1

1 π2, since here
we do not have the possibility of switching the units in order to place them
together at the beginning of the factorization, as as we do in the case of
commutative orders in number fields.

Nevertheless, in some cases this ambiguity can be avoided by introducing
the concept of primary quaternion (primäre Quaternion in [Hur96]). We will
give this definition and then present some examples where we can find some
sort of uniqueness of factorizations, following the ideas of Hurwitz.

Let S be a finite set of primes of Q, containing the Archimedean prime
p∞1 = ∞. Let O be an Eichler order over Z[1/S] and {η0, η1, η2, η3} be an
integral basis for O.

An integral quaternion α = a0η0 + a1η1 + a2η2 + a3η3 ∈ O is said to
be primitive if the ideal generated in Z[1/S] by its integral coefficients is
(a0, a1, a2, a3) = Z[1/S].

1.1.14 Definition. LetO be an Eichler order over Z[1/S]. ThenO is said to
be euclidean on the right (resp. on the left) if for every α, β ∈ O, β 6= 0,
there exist γ, δ ∈ O such that

α = βγ + δ (resp. α = γβ + δ)

with δ = 0 or δ 6= 0 and Nm(δ) < Nm(β).

The following result was proved by Eichler in [Eic38a, Satz 3] as an ap-
plication of the Normensatz.

1.1.15 Proposition. (cf. [Vig80], Ch. III, Théorème 5.10) Let Q be a
quaternion algebra over Q and let O be a maximal order over Z[1/S]. If O
satisfies Eichler’s condition (cf. Definition 1.1.6) and the ring Z[1/S] is
euclidean, then O is euclidean on the right and on the left.

1.1.16 Lemma. The order O is euclidean on the right with respect to the
norm if and only for every α, β ∈ O, β 6= 0 there exists an element γ ∈ O
such that Nm(β−1α− γ) < 1.

Proof. Let us prove that O is euclidean on the right. Let us take α, β ∈ O.
By the hypothesis, there exists a γ ∈ O such that Nm(β−1α−γ) < 1. Hence
if we put δ := β(β−1α − γ) then α = βγ + δ with Nm(δ) < Nm(β). The
viceversa is now obvious. 2

The analogous statement “on the left” holds.
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1.1.17 Corollary. Non-maximal orders are never euclidean.

Proof. If O′ is a non-maximal order contained (properly) in a maximal
order O, then there exists x ∈ O r O′. Moreover x = β−1α ∈ O for some
α, β ∈ O′. Therefore for every γ ∈ O, the element x − γ = β−1α − γ is
integral and so Nm(β−1α − γ) ≥ 1. Hence the order O′ is not euclidean,
after Lemma 1.1.16. 2

1.1.18 Proposition. If the order O is euclidean on the left (resp. on the
right), then every fractional left ideal (resp. right ideal) I of O is principal.

Proof. The proof of this proposition is the same as in the commutative
context, i.e. in number fields. Namely, if I is a fraction left ideal (resp.
right ideal) of the order O, then take α to be an element of I such that
|Nm(α)| ∈ Z≥0 is the minimum of the set {|Nm(β)| : β ∈ I}. Therefore,
since O is euclidean on the left (resp. on the right) it is immediate to see
that I = Oα (resp. I = αO). 2

1.1.19 Corollary. If the order O is euclidean on the right and on the left,
then every fractional bilateral ideal I of the order O is principal, i.e. there
exist α, β ∈ Q∗ such that I = αO = Oβ. Moreover, in this case, α = β.

Proof. After the proof of Proposition 1.1.18, we know that for every ideal
I which is a left ideal and a right ideal, there exists an element α such that
I = αO = Oα. 2

1.1.20 Remark. Note that in general when O is an Eichler order of level
N , satisfying Eichler’s condition, in which every left ideal is principal, then
the ideal class number is h(D,N) = 1. After Theorem 1.1.11, we also have
t(D,N) = 1 and hbil(D,N) = 1, which means that every bilateral ideal I of
O is principal.

1.1.21 Lemma. Let be α, β ∈ Q. Then

(a) αO ⊆ βO if and only if α = βγ for some γ ∈ O.

In this case we say that β divides α on the left and we write β|α when
there is no ambiguity.

(b) αO = βO if and only if α = βε, for some ε ∈ O∗.
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Proof. If αO ⊆ βO then α · 1 ∈ βO. Viceversa, if α = βγ, for some γ ∈ O,
then α ∈ βO and since βO is a fractional right ideal of O, then αO ⊆ βO.

If α = βε1 and β = αε2, for some ε1, ε2 ∈ O, then α = αε1ε2 and ε1ε2 = 1
so ε−1

1 = ε2 ∈ O and ε1, ε2 ∈ O∗. 2

1.1.22 Definition. A quaternion π ∈ OrO∗ is said to be irreducible if π
cannot be written as a product of quaternions α, β ∈ O both different from
a unit and from α.

The next characterization of irreducible quaternions is proved in [Hur96]
for Hurwitz quaternions. Here we give the proof for quaternions belonging
to an arbitrary euclidean order.

1.1.23 Proposition. Let O be a quaternion order in which every right ideal
is principal. A primitive quaternion α ∈ O is irreducible if and only if its
norm Nm(α) = p is a prime integer.

Proof. If Nm(π) is prime then it is obvious that π has to be irreducible.

Let us assume the π ∈ O is irreducible and that p|Nm(π) is a prime factor
of the norm. We are going to show that, when π is primitive, we have strict
inclusions

pO ( pO + πO ( O.
If the first inclusion was an equality, then p|π and since π is irreducible,
p ∈ O∗ or π = p. Both options are absurd since p is a prime (of norm
Nm(p) = p2) and π is assumed to be primitive.

If the second inclusion was an equality then it is a simple computation to
see that p|Nm(x), for every x ∈ pO + πO = O, an absurd.

By Proposition 1.1.18, pO + πO = αO, for some α ∈ O r O∗ and then
π = αβ, for some β ∈ O. Moreover β ∈ O∗ since π is irreducible.

Hence p ∈ pO + πO = αO = πO, i.e. π|p, and Nm(π)|Nm(p) = p2. Since
π is irreducible its norm cannot be Nm(π) = 1 and since π is primitive it
cannot be Nm(π) = p2, neither. Actually Nm(π) = p2 implies p = πε for a
unit ε ∈ O∗ and so π = pε−1. Finally the only possible option is Nm(π) = p.
2

Note that the same holds for quaternion orders in which every left ideal
is principal.

1.1.24 Definition. Given integral quaternions α, β, γ ∈ O, we say that α
is congruent to β modulo γ and we write

α ≡ β (mod γ)
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if α− β ∈ γO.

Moreover the quotient set O/γO is called the set of quaternion classes
modulo γ.

1.1.25 Proposition. Let O be a quaternion order over Z(S) := Z[1/S] and
let M ∈ Z[1/S] be an integer. Then the quotient set O/MO is a ring. The
set of invertible elements of O/MO is formed by all those quaternion classes
represented by quaternions α ∈ O such that Nm(α) ∈ (Z(S)/MZ(S))∗, i.e.

(O/MO)∗ = {[α] ∈ O/MO | (Nm(α),M) = Z[1/S]}.

Proof. Since MO is a bilateral ideal of O the quotient set O/MO is a ring.
Given a quaternion class [α] ∈ O/MO such that Nm(α) is invertible in the
ring Z(S)/MZ(S), then [β] := [α/Nm(α)] ∈ O/MO such that [α] · [β] = [1].
The viceversa is clear. 2

1.1.26 Definition. Let ξ ∈ O be an integral quaternion. We call a subset
of quaternion classes P ⊆ O/ξO a primary class set mod ξ if for every
quaternion α ∈ O there exists a class [α′] ∈ P and unique units ε1, ε2 ∈ O∗
such that ε1α ∈ [α′] and αε2 ∈ [α′].

A quaternion α′ belonging to some quaternion class in a primary class set
mod ξ is said to be a ξ-primary quaternion.

As we have already noted, primary quaternions are very important when
we are looking for unique factorization in certain quaternion orders. It is
an interesting open problem to find primary representative sets in a given
quaternion order.

In [Hur96] a primary representative set is computed when O is a maxi-
mal order in the definite quaternion algebra of discriminant 2. In this case
Hurwitz proves a Zerlegungssatz for elements in this order. Here we give
a statement, in a more general case, based on Hurwitz’s statement and we
generalize the proof to arbitrary quaternion orders in which all the left and
right ideals are principal.

1.1.27 Theorem. (Zerlegungssatz) Let Q be a quaternion algebra over Q
and let O be an order over Z such that h(Q,O) = 1. Let ξ ∈ O be an integral
quaternion such that O/ξO contains a primary representative set.

If α ∈ O is a primitive and ξ-primary quaternion such that its norm has
decomposition in prime power factors

Nm(α) = p1 · . . . · ps,
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then α admits a decomposition in primitive ξ-primary and irreducible quater-
nions

α = π1 · . . . · πs
such that πi ∈ O, Nm(πi) = pi for every 1 ≤ i ≤ s.

Proof. Let us consider the integral right ideal p1O + αO of O, which is
principal by Proposition 1.1.18, i.e.

p1O + αO = π1O,

for some π1 ∈ O.

Since π1|p1, then Nm(π1)|Nm(p1) = p2
1. We exclude the possibilities

Nm(π1) = 1 and Nm(π1) = p2
1.

If Nm(π1) = 1, then p1O + αO = O. Now it is immediate to see by
direct computation that every element x ∈ p1O + αO has a norm such that
p1|Nm(x), which is an absurd.

If Nm(π1) = p2
1, then, since π1|p1, we find that π1 = p1ε for some unit

ε ∈ O∗. Therefore, p1O + αO = p1O and p1|α, which is an absurd since we
are assuming that α is primitive.

Finally we have proved that Nm(π1) = p1. By Proposition 1.1.23 the prim-
itive integral quaternion π1 is irreducible and it is clear that α = π1α1, for
some α1 ∈ O. Moreover, as has been found, π is unique up to multiplication
by a unit on the right.

Now we can apply the same reason to the quaternion π−1α = α1 ∈ O
of norms Nm(α1) = p2 . . . ps. Iterating the process we find primitive and
irreducible quaternions π1, . . . , πs ∈ O of norms Nm(πi) = pi, such that
α = π1π2 . . . πs and these prime quaternions are uniquely determined up to
right multiplication by units of O.

It is clear then that every factorization of α is of the form

α = π1ε1ε
−1
1 π2ε2 . . . ε

−1
s−1πs.

for units ε1, . . . , εs ∈ O∗. Therefore these units are uniquely determined by
the condition that the πiεi for every 1 ≤ i ≤ s have to be primary. 2

The following corollary will be fundamental in the proof of some of the
results in Chapter 3.

1.1.28 Corollary. Let Q be a quaternion algebra over Q and let O be an
order over Z such that h(Q,O) = 1. Let ξ ∈ O be an integral quaternion
such that O/ξO contains a primary representative set.
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Let us fix a prime integer p and let us denote by O[1/p] := O ⊗Z Z[1/p]
the corresponding order over Z[1/p].

Then every element α ∈ O[1/p]∗ can be decomposed uniquely as a product

α = pn · ε ·
s∏
i=1

βi,

where n ∈ Z, ε ∈ O∗ and β1, . . . , βs ∈ O are primitive and ξ-primary quater-
nions such that Nm(βi) = p for every 1 ≤ i ≤ s.

Proof. If α ∈ O[1/p]∗, there exists an integer n ≥ 0 such that pnα ∈ O and
Nm(α) = ps for some s ∈ Z. Let m ∈ N be the greatest common divisor of
the integer coordinates of pnα in some basis of O, and put β := pnα

m
. Then

β ∈ O has norm Nm(β) = p2n+s

m2 ∈ Z, so m is a power of p, say m = pt.

Now β is a primitive quaternion of norm Nm(β) = p2n+s−2t, and it is
associated to a unique primitive and ξ-primary quaternion β′ having the
same norm. Therefore the statement for β follows applying Theorem 1.1.27
to β′. 2

1.1.2.1 Definite quaternion algebra of discriminant D = 2.
Hurwitz quaternions

Let us consider the definite quaternion algebra B over Q of discriminant

DB = 2. This algebra admits a presentation B =
(
−1,−1

Q

)
= 〈1, i, j, k〉,

where i2 = j2 = −1, k = ij = −ji.
The completion at the Archimedean prime ∞ of Q is the R-algebra of

Hamilton quaternions B∞ := B ⊗Q R.

The quaternion algebra B has a maximal order O over Z, unique up to
conjugation. An integral basis for this order is {1, i, j, ρ}, where

ρ :=
1 + i+ j + k

2
.

Moreover each one of the sets {1, j, k, ρ}, {1, i, k, ρ}, {i, j, k, ρ} is an integral
basis for O, since the corresponding base change matrices are in GL4(Z). In
the literature, this is called the order of Hurwitz quaternions for obvious
reasons.

The quaternary normic form associated to this algebra, with respect to
the basis {1, i, j, k} and to the presentation given above, is

NB,4(X, Y, Z, T ) = X2 + Y 2 + Z2 + T 2,
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which is one of the most famous positive definite quaternary quadratic forms,
known as the “sum of four squares”.

The normic form associated to the order O with respect to the basis
{1, i, j, ρ} is

NO,4(X, Y, Z, T ) = (X + T/2)2 + (Y + T/2)2 + (Z + T/2)2 + (T/2)2 =

= X2 + Y 2 + Z2 + T 2 +XT + Y T + ZT.

We now recall some arithmetic properties of the order O, which were pre-
sented by Hurwitz in [Hur96].

(a) The order O is euclidean on the right and on the left.

Note that this cannot be proved by applying Theorem 1.1.15 because
the order O over Z does not satisfy Eichler’s condition (cf. Definition
1.1.6), since the algebra B is definite. Nevertheless, given quaternions
α, β ∈ O, β 6= 0 we can approximate β−1α by a quaternion γ = a0 +
a1i+ a2j + a3k, with ai ∈ Z, such that

Nm(β−1α− γ) ≤ (1/2)2 + (1/2)2 + (1/2)2 + (1/2)2 = 1.

If Nm(β−1α − γ) < 1 then by Lemma 1.1.16 the euclidean division be-
tween α and β exists. If Nm(β−1α−γ) = 1, then β−1α−γ has to be one
of the quaternions 1/2 ± (1/2)i ± (1/2)j ± (1/2)k and so in particular
β−1α − γ ∈ O∗. Finally αβ−1 ∈ O, so in this case the division is exact
and we have proved that the order O is euclidean on the right. With the
same reasoning we can prove that the order is euclidean on the left.

(b) The group of units of O is

O∗ = {±1,±i,±j,±k, ±1± i± j ± k
2

},

and there is an isomorphism of non-abelian groups

(O/2O)∗ ' O∗/Z∗ ' A4.

(c) In [Hur96, Sec. 6], it is proved that the set of quaternion classes

P := {[1], [1 + 2ρ]} ⊆ O/2(1 + i)O

is a primary representative set mod 2(1 + i) for quaternions with odd
norm (cf. Definition 1.1.26) in the maximal order O. Therefore 2(1 + i)-
primary quaternions with odd norm are those α satisfying one of the two
following congruences:

α ≡ 1 (mod 2(1 + i)) or α ≡ 1 + 2ρ (mod 2(1 + i)).
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The proof of this fact may appear quite easy, and perhaps it is, but it
reveals the very deep nature of the arithmetic in this order.

Let us take α ∈ O with odd norm. After Proposition 1.1.25, we know
that [α] ∈ (O/2O)∗ and by the isomorphism (O/2O)∗ ' O∗/Z∗ there
exist unique units ε1, ε2 ∈ O∗/Z∗ such that ε1α ≡ 1 (mod 2) and αε2 ≡
1 (mod 2). So every quaternion αO is associated on the left (and on the
right) to a quaternion β ≡ 1 (mod 2) and this quaternion is unique, up
to the sign. In order to obtain the unicity, Hurwitz observes that if in
addition we take the class of this quaternion mod (1+ i) this will be only
one of the following classes of O/2(1 + i)O:

1, 1 + 2 ≡ −1, 1 + 2ρ, 1 + 2ρ2 ≡ −1− 2ρ (mod 2(1 + i)).

This is because the classes of the quotient ring O/(1 + i)O are [0], [1], [ρ]
and [ρ2].

The following lemma will be useful in Chapter 3.

1.1.29 Lemma. Let p ∈ Z be an odd prime integer.

A quaternion α = a0 +a1i+a2j+a3k ∈ B =
(
−1,−1

Q

)
belongs to the finite

set
{α ∈ O | α ≡ 1 (mod 2), Nm(α) = p}

iff it satisfies the following conditions:

(i) ai ∈ Z for every 0 ≤ i ≤ 3,

(ii) a2
0 + a2

1 + a2
2 + a2

3 = p,

(iii) a0 + a3 ≡ 1 (mod 2), and ai + a3 ≡ 0 (mod 2) for 1 ≤ i ≤ 2.

Proof. Writing α = x+ yi+ zj + tρ, we obtain the following relations:

a0 = x+ t/2 a1 = y + t/2 a2 = z + t/2 a3 = t/2.

Since α ≡ 1 (mod 2) we find t ≡ 0 (mod 2) and so ai ∈ Z for every i.

In addition, a0 + a3 = x + t ≡ 1, (mod 2), a1 + a3 = y + t ≡ 0, (mod 2),
and a2 + a3 = z + t ≡ 0, (mod 2).

Viceversa: a2 ∈ Z implies t ≡ 0 (mod 2), ai + a3 ≡ 0 (mod 2) for 1 ≤ i ≤ 2
implies y ≡ z ≡ t ≡ 0 (mod 2) and a0 + a3 = x + t ≡ 1 (mod ) implies
x ≡ 1 (mod 2). 2
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1.1.2.2 Definite quaternion algebra of discriminant D = 3

Let B :=
(
−1,−3

Q

)
be the definite quaternion algebra of discriminant DB = 3

of Q-basis {1, i, j, k} such that i2 = −1, i2 = −3, k = ij = −ji.
Let us consider the order O over Z of basis {1, i, λ, µ}, where

λ :=
i+ j

2
, µ :=

1 + k

2
.

This is a maximal order of B, as can be seen after computing its discriminant.

The quaternary normic form associated to this algebra, with respect to
the basis {1, i, j, k} and to the presentation given above, is

NB,4(X, Y, Z, T ) = X2 + Y 2 + 3Z2 + 3T 2.

The normic form associated to the order O with respect to the basis
{1, i, λ, µ} is

NO,4(X, Y, Z, T ) = (X + T/2)2 + (Y + Z/2)2 + 3(Z/2)2 + 3(T/2)2 =

= X2 + Y 2 + Z2 + T 2 +XT + Y Z.

(a) The order O is euclidean on the right and on the left.

(b) The group of units of O is

O∗ = {±1,±i, ±1± i
2

,
±i± k

2
}.

and there is an isomorphism of abelian groups

(O/2O)∗ ' O∗/Z∗ ' C2 × C3.

(c) From the previous isomorphism we deduce that for every quaternion
α ∈ O of odd norm Nm(α) ∈ Z there exist unique units ε1, ε2 ∈ O∗/Z∗
such that ε1β ≡ βε2 ≡ 1 (mod 2).

1.1.30 Lemma. Let p ∈ Z be an odd prime integer.

A quaternion α = a0 +a1i+a2j+a3k ∈ B =
(
−1,−3

Q

)
belongs to the finite

set
{α ∈ O | α ≡ 1 (mod 2), Nm(α) = p}

iff it satisfies the following conditions:
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(i) ai ∈ Z for every 0 ≤ i ≤ 3,

(ii) a2
0 + a2

1 + 3a2
2 + 3a2

3 = p,

(iii) a0 + a3 ≡ 1 (mod 2), a1 + a2 ≡ 0 (mod 2).

Proof. Writing α = x+ yi+ zλ+ tµ, we obtain the following relations:

a0 = x+ t/2 a1 = y + z/2 a2 = z/2 a3 = t/2

Since α ≡ 1 (mod 2) we find z ≡ t ≡ 0 (mod 2) and so ai ∈ Z for every i.

In addition, a0 +a3 = x+ t ≡ 1, (mod 2) and a1 +a2 = y+ z ≡ 0, (mod 2).

Viceversa: a2, a3 ∈ Z implies t ≡ z ≡ 0 (mod 2), a0 + a3 ≡ 1 (mod 2)
implies x ≡ 1 (mod 2), and a1 + a2 ≡ 0 (mod 2) implies y ≡ 0 (mod 2). 2

1.2 The system of Shimura curves

In this section we want to introduce the reader to the definition of Shimura
curves associated to quaternion algebras from a particular point of view.
First of all, we should say that there are two different approaches when one
wants to give this definition: the first one follows the fundamental paper by
Shimura [Shi67] and the other one is the famous paper by Deligne [Del71] in
which, thanks to the powerful theory of algebraic groups and their adeliza-
tion, a larger class of varieties is considered at the same time, some of them
being modular varieties, such as classical Shimura varieties, Hilbert modular
varieties and Siegel modular varieties.

We should also mention that Shimura himself first approached the study of
his varieties following this more general setting in two other papers, namely
[Shi70b] and [Shi70c].

The two main aims of this section are the following:

(1) To show how the two definitions are related in the case of Shimura curves
associated to quaternion algebras.

(2) To relate these definitions with class field theory of a totally real field F
and to show how they can be considered as a geometric interpretation of
Artin reciprocity laws for abelian extensions of F .

The first aim is achieved by building up a global adelic dictionary, allowing
one to pass from the global context to the adelic one. The ideas are the same
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as those employed in class field theory, where theorems can be stated both
involving ideals and idèles.

The second aim is achieved thanks to a noncommutative commutative dic-
tionary which is the bridge between the arithmetic in the quaternion algebras
over a field F and the arithmetic in the field F; or, if one prefers, between the
algebraic group of invertible quaternions Q∗ over F and the multiplicative
group Gm,F over F .

1.2.1 Canonical models of Shimura curves

Let us start with some basic notations, most of them given following [Shi67].

Let F be a totally real number field of degree [F : Q] = n and RF be
its ring of integers. We will denote by p∞1, . . . , p∞n the (real) Archimedean
primes of F and by σi : F ↪→ R the corresponding real immersions.

Let H be a quaternion algebra over F such that H is not ramified in p∞1

and is ramified in the remaining Archimedean primes. If for every 1 ≤ i ≤ n
we denote by Hp∞i

:= (H⊗Qσi(F ))p∞i the R-algebra obtained by localizing H
at p∞i, then the ramification condition at infinity translates into the following
isomorphisms:

Hp∞1 ' M2(R), and Hp∞i ' HR for 2 ≤ i ≤ n.

where HR denotes the R-algebra of Hamilton quaternions.

Let OH ⊆ H be an Eichler order over RF .

Recall that if u is a product of Archimedean primes of F , then for every
a ∈ F ∗ the multiplicative congruence

a ≡ 1 (mod∗ u)

means that the element a is positive at the Archimedean primes dividing u,
i.e.

if p∞i | u then σi(a) ∈ R>0.

Moreover if a ⊆ RF is an integral ideal of F , then the multiplicative congru-
ence

a ≡ 1 (mod∗ a)

is equivalent to the ordinary (additive) congruence a ≡ 1 (mod a).

1.2.1 Remark. If a is a quotient x/y, with x, y ∈ RF and the ideal (y) is
coprime with a, then

x

y
≡ 1 (mod∗ a) ⇐⇒ x

y
≡ 1 (mod a) ⇐⇒ x− y ≡ 0 (mod a),
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so the multiplicative congruence with the definition above actually translates
into its additive counterpart.

1.2.2 Notation. We will denote by u0 the product of all Archimedean primes
of F and by u1 the product u0p

−1
∞1 of Archimedean primes in which the algebra

H is ramified, i.e.

u0 :=
∏
p∈S∞

p,

u1 :=
∏

p∈S∞∩Ram(H)

p.

Following [Shi67], we define the following subgroups of O∗H :

Γ(OH) := {α ∈ O∗H | NmH/F (α) ≡ 1 (mod∗ u1)},

Γ(OH , 1) := {α ∈ O∗H | NmH/F (α) ≡ 1 (mod∗ u0)}.
If e is a bilateral and integral ideal of OH , we define the following subgroup
of Γ(OH , 1):

Γ(OH , e) := {α ∈ Γ(OH , 1) | α− 1 ∈ e}.
This subgroup is called a principal congruence subgroup of level e
associated to the order OH .

Once an isomorphism Φ∞ : Hp∞1 ' M2(R) is fixed, the group Γ(OH , e)
is realized as a discrete and properly discontinuous subgroup of PSL2(R)
acting on the Poincaré upper half-plane H. Moreover the Riemann surface
Γ(OH , e)\H is compact if and only if H 6= M2(F ). In this case Γ(OH , e) is
said to be a Fuchsian group of the first kind (according to [Shi70a, 1.6]) and
is denoted again by Γ(OH , e).

In [Shi67], Shimura proved the following historical theorem.

1.2.3 Theorem. The Riemann surface Γ(OH , e)\H admits an algebraic model
given by a pair (X(OH , e), Je), where:

(a) X(OH , e) is a smooth and irreducible projective curve, defined over the
ray class field Fmu0 of modulus mu0, where m is the integral ideal e∩RF

of F .

(b) Je : Γ(OH , e)\H → X(OH , e)(C) ⊆ Pd(C) is a bijective holomorphic map
between Riemann surfaces, such that the following arithmetic property is
satisfied:

If K is an imaginary quadratic extension of F with ring of integers RK

such that there is an immersion of F -algebras ϕ : K ↪→ H with ϕ(RK) ⊆
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OH and τ ∈ H is the fixed point for all the elliptic transformations in
Φ∞(ϕ(K)), then

Fmu0K(Je(τ)) = Kcu0 ,

where c is the integral ideal ϕ−1(e ∩ ϕ(RK)), i.e. the point Je(τ) ∈
X(OH , e)(C) is algebraic and generates the ray class field of conductor
cu0 of the imaginary quadratic extensions K|F .

An algebraic model of this type is unique, up to Fmu0-biregular morphisms,
and it is called canonical model of the Shimura curve associated to
the order OH and of principal level e.

1.2.4 Notation. From now on we will focus our attention on Shimura curves
arising from groups of the type Γ(OH , 1), for an Eichler order OH in H (i.e.
Shimura curve of principal level e = 1). Therefore it is convenient to change
the notation slightly.

1. When OH is an Eichler order of level N an integral ideal of RF , we will
denote this group by Γ(H,OH) and the corresponding algebraic curve
by X(H,OH). These two objects, namely the group and the curve,
depend only, up to isomorphisms in the corresponding category, on the
type of the order OH inside H.

2. When, in addition, there is only one type of Eichler orders of level N ,
we will denote the group Γ(H,OH) by Γ(DH , N) and the corresponding
curve by X(DH , N) and we will sometimes refer to it as the Shimura
curve of discriminant DH and level N . This would be the case, as
we shall see, when the base field F has strict ideal class number h+

F = 1.

It is a moral obligation, a this point, to make some “classical remarks”
about the above result:

1.2.5 Remark. Let τ ∈ H be a parameter as in the statement of the theo-
rem. Then the corresponding algebraic point Je(τ) ∈ X(OH , e)(C) is called
a complex multiplication point for the maximal order RK . This
nomenclature comes from the modular interpretation of the curve X(OH , e)
as moduli space of certain families of abelian varieties (namely, polarized
abelian varieties with quaternion multiplication by the order OH). The point
Je(τ) corresponds then to an abelian variety, among the ones of the family,
having complex multiplication by the quadratic order RK , compatible with
the quaternionic multiplication.

In Section 1.3.1 we will introduce this modular interpretation for all com-
plex points of the curve X(OH , e) and we will refer to a parameter with the
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arithmetic property explained above, by a complex multiplication pa-
rameter for the order RK (cf. Definition 1.3.15).

1.2.6 Remark. The function Je, whose existence is predicted by the state-
ment of the theorem, is a wide generalization of the Klein j-function: special
values of Je provide ray class fields of the imaginary quadratic extension K|F ,
just as special values of j provide ray class fields of imaginary quadratic ex-
tensions K|Q.

Actually, as we shall see in the this section and the following ones, the
whole canonical model (X(OH , e), Je) is a generalization of classical modular
curves X0(N) and X(N), together with their classical uniformizing functions.

1.2.7 Remark. In all the previous definitions, let us take F to be a principal
ideal domain. Therefore, for every algebraic integer N ∈ RF there exists a
unique Eichler order OH of level N , up to conjugation, inside the quaternion
F -algebra H (i.e. the number of types of this algebra is 1, as can be deduced
by combining the Theorem 1.2.15 below with Theorem 1.1.11).

If the discriminant of H is the algebraic integer DH ∈ RF , then

Γ(DH , N) = {α ∈ O∗H | NmH/F (α) ≡ 1 (mod∗ u0)}.

Finally the Shimura curve X(DH , N) is defined over F u0 (i.e. the Hilbert
class field of F of modulus u0, in our notations).

1.2.8 Remark. In [Shi67, Main Theorem 1] the statement above is given
and proved for the case of maximal orders (i.e. Eichler orders of level 1).
Nevertheless all the definitions and results of the paper could apparently be
extended to an arbitrary Eichler order.

In any case, later in [Shi70b] and [Shi70c], Shimura extended these results
to more general symmetric domains and groups acting on them, both of which
arise from reductive algebraic groups, making use of the adelic language.
Inside these very general cases, also the case of an arbitrary Eichler order
would also be considered.

1.2.2 The noncommutative commutative dictionary

1.2.9 Definition. If m is an integral ideal of F and u is a product of
Archimedean primes of F , then

(a) I(F,m) denotes the group of fractional ideals of F which are coprime
with m,
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(b) P (F,mu) the subgroup of I(F,m) formed by those principal ideals which
are generated by an element a ∈ F satisfying a ≡ 1 (mod∗mu).

Therefore we have that I(F ) := I(F, 1) and P (F ) := P (F, 1) will denote the
group of all fractional ideals of F and the subgroup of principal ideals of F ,
respectively.

The following ideal class numbers will be of particular interest:

h := [I(F ) : P (F )], h0 := [I(F ) : P (F, u0)], h1 := [I(F ) : P (F, u1)].

The first cardinal is called ideal class number of F and the second
cardinal is called strict ideal class number of F and is usually also denoted
by h+. The third cardinal does not have a name in the literature, even
though, as we shall see immediately below, it is naturally related to Eichler’s
Normensatz (cf. Theorem 1.1.8).

1.2.10 Definition. Let S ⊇ S∞ be a set of primes of F .

If G is an algebraic group over F and G is an integral model over RF [1/S]
of G, then the adelization of G is the product

GA :=
∏
p/∈S

(G(Fp) : G(R[1/S]p))×
∏
q∈S

G(Fq),

where an element α belongs to the restricted product∏
p/∈S

(G(Fp) : G(R[1/S]p))

if and only if α = (αp) ∈
∏

p/∈S G(Fp) and αp ∈ G(R[1/S]p) for almost every
prime p /∈ S.

This definition, as is well known, does not depend either on the integral
model G chosen or on the set of primes S.

It is important to recall that the adelization of an algebraic group is canon-
ically isomorphic to the group of adelic points of the same group, i.e. there
is a canonical isomorphism GA ' G(AF) where AF denotes the F -algebra of
the adèles of F .

Note also that Definition 1.1.7 is a special case of Definition 1.2.10 when
we take G = Q∗ and G = O[1/S].

1.2.11 Notation. We will denote by F ∗A the adelization of the multiplicative
group Gm,F over F , i.e.

F ∗A =
∏
p

(F ∗p : R∗F,p)× F ∗p∞1
× · · · × F ∗p∞n .
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Again we find the canonical isomorphisms F ∗A ' Gm,F (AF ) = A∗F which is
the group of the idèles of F .

Finally we will denote by H∗A the adelization of the algebraic group H∗ over
F defined by: H∗(A) := H∗ ⊗F A, for every F -algebra A. The Archimedean
part of H∗A is then

H∗∞ = H∗p∞1
× · · · ×H∗p∞n ' GL2(R)× (H∗R)n−1.

1.2.12 Proposition. (Commutative adelic global dictionary) If u is a
product of Archimedean primes of F and m is a product of finite primes of
F then the following isomorphism of commutative groups holds:

(
∏
p-m

R∗F,p ×
∏
p|m

(1 + pordp(m))× F ∗∞)\F ∗A/{x ∈ F ∗ | x ≡ 1 (mod∗ u)} '

' I(F,m)/P (F,mu).

Proof. We consider the following morphism:

F ∗A −→ I(F,m)

(xp)p 7−→
∏

p p
vp(xp),

which is well defined, i.e. the product on the right-hand side is actually finite,
since almost for every prime p the element xp ∈ F ∗p is a unit in RF,p so its
p-valuation is vp(xp) = 0. This morphism induces then an epimorphism on
the quotients

F ∗A/{x ∈ F ∗ | x ≡ 1 (mod∗ u)} −→ I(F,m)/P (F,mu),

and an isomorphism on the double quotients as in the statement. 2

1.2.13 Proposition. (Noncommutative adelic global dictionary)

If H∗+ denotes the subgroups of quaternions in H∗ with totally positive
norm, i.e.

H∗+ := {α ∈ H | NmH/F (α) ≡ 1 (mod∗ u0)},

and OH denotes an Eichler order over RF , then we have the following bijec-
tions of sets:

(a) (
∏

pO∗H,p ×H∞)\H∗A/H∗ ' I`(OH)/H∗,

(b) H∗\H∗A/(
∏

pO∗H,p ×H∞) ' H∗\I`(OH),
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(c) (
∏

pO∗H,p ×H∞)\H∗A/H∗+ ' I`(OH)/H∗+,

(d) H∗+\H∗A/(
∏

pO∗H,p ×H∞) ' H∗+\Ir(OH).

Proof. We have to consider the following maps:

H∗A −→ I`(OH),

(αp)p 7−→
⋂

p(Opαp ∩H),

H∗A −→ Ir(OH),

(αp)p 7−→
⋂

p(αpOp ∩H),

which induce the bijections of the statement. 2

1.2.14 Lemma. Let OH be an Eichler RF -order in H.

Then for every finite prime p, we have

NmHp/Fp(O∗H,p) = R∗F,p.

Proof. When p /∈ Ram(H), the statement is trivial.

Let us take an element x ∈ R∗F,p. Since the quaternary normic form Nm4,Hp

is universal over Fp (cf. [Ser70] for F = Q and [O’M71] for the general case),
then x = Nm(α) for some α ∈ H∗p . Hence we have to prove that actually
α ∈ O∗H,p.

Recall (cf. [Vig80, Ch. II]) that when p ∈ Ram(H), then

O∗H,p = {β ∈ Hp | vp(Nm(β)) = 0}.

But vp(Nm(α)) = vp(x) = 0, so α ∈ O∗H,p. 2

The following result is one of the most important in the study of quater-
nion algebras because it relates the sets of ideal classes arising from quater-
nion algebras with their corresponding abelian class groups coming from
number fields. It was first proved by Eichler ( [Eic37, Satz 1, 2]).

1.2.15 Theorem. (Noncommutative commutative dictionary)

Let OH be an Eichler RF -order in H, of level N .

1. The ideal class number h(DH , N) of OH is equal to the ideal class num-
ber h1 defined above, for the number field F , thanks to the bijection
induced by the norm:

(
∏

pO∗H,p ×H∞)\H∗A/H∗
Nm // (

∏
pR
∗
F,p × F ∗∞)\F ∗A/{x ∈ F ∗ | x ≡ 1 (mod∗ u1)}.
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2. The strict ideal class number h+(DH , N) of OH is equal to the strict ideal
class number h+ of the number field F defined above, thanks to the bijec-
tion induced by the norm:

(
∏

pO∗H,p ×H∞)\H∗A/H∗+
Nm // (

∏
pR
∗
F,p × F ∗∞)\F ∗A/{x ∈ F ∗ | x ≡ 1 (mod∗ u0)}.

Proof. The norm map

NmH∗A/F
∗
A

: (αp)p ∈ H∗A 7−→ (NmHp/Fp(αp))p ∈ F ∗A

induces a well-defined map between the double quotient sets:

(
∏
p

O∗p ×H∗∞)\H∗A/H∗ −→ (
∏
p

R∗F,p × F ∗∞)\F ∗A/{x ∈ F ∗ | x ≡ 1 (mod∗ u1)}.

It is immediate to see that the map is surjective, thanks to Theorem 1.1.8
(i.e. the Normensatz ).

Now, let [α] ∈ (
∏

pO∗p ×H∗∞)\H∗A/H∗ be a double class belonging to the
kernel of this map, i.e. its representative α ∈ H∗A is such that

NmH∗A/F
∗
A
(α) ∈

∏
p

R∗F,p · {x ∈ F ∗ | x ≡ 1 (mod∗ u1)},

Since NmHp/Fp(O∗H,p) = R∗F,p by Lemma 1.2.14, then we can choose the repre-
sentative α such that NmH∗A/F

∗
A
([α]) = 1. Now we can apply Theorem 1.1.9,

i.e. the Strong Approximation Theorem for the quaternion algebra H and the
Eichler order OH , since the order OH over RF satisfies Eichler’s condition.
Therefore

α ∈ (
∏
p

O∗H,p ×H∗∞)H∗,

and so the class of α inside the double quotient space of the domain of the
map is 1. 2

So finally we find the following compact result which will be the leitmotiv
of the whole chapter.

1.2.16 Corollary. There is a bijection of sets

(
∏
p

O∗H,p ×H∗∞)\H∗A/H∗+ ' Gal(F u0/F )

where F u0 is the Hilbert class field of the number field F (i.e. the ray class
field of modulus u0).
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Proof. By Theorem 1.2.15 (2) and by Artin reciprocity law for (finite
abelian) extensions of the number field F (cf. for example [Neu99, Ch. VI
Sec. 6]) we have the following chain of bijections

(
∏
p

O∗H,p ×H∗∞)\H∗A/H∗+ '

' (
∏
p

R∗F,p × F ∗∞)\F ∗A/{x ∈ F ∗ | x ≡ 1 (mod∗ u0)} ' Gal(F u0/F ).

2

These last results, and in particular Theorem 1.2.15, can be extended with
out difficulty to a quaternion algebra Q over F and an Eichler order O[1/S]
over RF [1/S] satisfying Eichler’s condition, because in this case Strong ap-
proximation theorem 1.1.9 is valid. We do this in Section 3.1 (cf. Theorem
3.1.7).

1.2.3 System of Shimura curves: gobal definition

Following [Shi67] we give the definition of a system of canonical models.
Actually, once given the algebraic curve X(H,OH) defined over the Hilbert
class field F u0 , it is natural to want to consider the action of the Galois group
of this abelian extension over the coefficients of the equation(s) defining the
curve: this allows us to translate arithmetic information about the algebra
H into a geometric context, thanks to class field theory.

These ideas can be formalized using both global and adelic languages, as
has been already shown in the previous results. We will see how the first one
highlights the connection between the system of canonical models associated
to the quaternion order OH and the arithmetic in this order, while the second
one has the advantage of making it possible to pass from the noncommutative
to the commutative case, through the norm map (as in Theorem 1.2.15).
Specifically, we will be able to count the number of connected components
and the number of non-isomorphic connected components of the system: on
one side relating them to certain arithmetic invariants of the quaternion
algebra H, and on the other side relating them to the indexes of certain
normic subgroups of the idèles class group of F .

Let OH be an Eichler order over RF of level N in the algebra H. Since
the order OH satisfies Eichler’s condition (cf. Definition 1.1.6), the number
of strict left ideal classes in H∗+\Ir(OH) is equal to h+, after Theorem 1.2.15
and, after Definition 1.1.10 and Theorem 1.1.11, the set of right ideal classes
form a finite groupoid G+(DH , N) of order h+ and rank t := t(DH , N).
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Given any system of representatives for right ideal classes in H∗+\Ir(OH),
we can construct a system of representatives for the whole groupoid G+(DH , N).

Namely, let {O1, . . . ,Ot} be a system of representatives for types of Eichler
orders of level N in H.

Given an Eichler order Oi and a system of representatives {a1, . . . , ah+}
for the set of classes H∗+\Ir(Oi) such that ai = Oi, let

R(DH , N) := (aij)1≤i,j≤h+

be the abstract matrix of dimension h+×h+ defined by the following relations:

aij := aia
−1
j , Oi := aii = aia

−1
i .

We call this matrix a system of strict representatives for Eichler orders
of level N and ideals of G+(DH , N).

The system R(DH , N) is actually a system of representatives for the strict
groupoid G+(DH , N) associated to the Eichler order OH of level N and to
the algebra H, as can be seen in the following proposition.

1.2.17 Proposition. The system of representatives R(DH , N) can be cho-
sen such that for every i, j, k ∈ {1, . . . , h+} :

(i) Oi is an Eichler order over RF of level N .

(ii) aij = a−1
ji .

(iii) aij is a fraction left ideal of the order Oi and a fraction right ideal of
the order Oj.

(iv) aijajk = aik.

(v) The i-th line of the matrix R(DH , N) is a system of representatives for
the strict left ideal classes of I`(Oi)/H∗+.

(vi) The i-th column of the matrix R(DH , N) is a system of representatives
for the strict right ideal classes of H∗+\Ir(Oi).

(vii) The diagonal {O1, . . . ,Oh+} of the matrixR(DH , N) equals h+
bil(DH , N)-

times a system of representatives for the types of Eichler orders of level
N in H.
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The system of representative R(DH , N) then has the following form:

O1 a12 · · · · · · · · · a1h+

a21 O2 · · · · · · · · · a2h+

...
...

. . .
...

at1 at2 · · · Ot · · · ath+
...

...
. . .

...
ah+1 ah+2 · · · · · · · · · Oh+


.

Starting with such a system of representatives, Shimura constructs a sys-
tem of canonical models.

Let R(DH , N) be a system of strict representatives for Eichler orders of
level N and ideals of G+(DH , N). For every 1 ≤ i ≤ h+, the Riemann surface
Γ(H,Oi)\H has a unique canonical model (X(H,Oi), Ji), which is defined
over the Hilbert class field F u0 of F (cf. Theorem 1.2.3). In [Shi67, Theorem
3.5], Shimura enunciates the existence of this system of canonical models
together with the Galois action of Gal(F u0/F ) on them.

1.2.18 Theorem. There exists a system

S(DH , N) := {(X(H,Oi), Ji), {Σji(α) | 1 ≤ j ≤ h+, α ∈ H∗+} }1≤i≤h+

such that:

(i) (X(H,Oi), Ji) is a canonical model for Γ(H,Oi)\H.

(ii) For every 1 ≤ j ≤ h+ and every α ∈ H∗+, if σji(α) is defined by the
Artin symbol

σji(α) := [NmH/F (αaij), F ] ∈ Gal(F u0/F ),

then
Σji(α) : X(H,Oi) ' // X(H,Oj)σ

ji(α)

is a biregular morphism defined over F u0 satisfying:

(a) Σji(α) = Σji(β) if α− β is integral,

(b) Σkj(β)σ
ji(α) ◦ Σji(α) = Σki(βα).

The system satisfies the following arithmetical property :

Let K be an imaginary quadratic extension of F with ring of integers RK

such that there is an immersion of F -algebras ϕ : K ↪→ H with ϕ(RK) ⊆
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Oj and let τ ∈ H be the fixed point for all the elliptic transformations in
Φ∞(ϕ(K)), as in Theorem 1.2.3.

If b is an ideal of K and ρ := [b, K] ∈ Gal(Ku0/K) the corresponding
Artin symbol, then ϕ(b)Oj = αaij for a unique i and for some α ∈ H∗+ and

Jj(τ)ρ = Σji(α)
(
Ji(Φ∞(α)−1(τ))

)
.

Moreover Shimura proves (cf. [Shi67, Theorem 3.6]) that this last arith-
metical property characterizes the system S(DH , N). This property, which
reveals the action of the different Galois groups Gal(Ku0/K) on complex
multiplication points, will be known in the literature as the Shimura reci-
procity law, since it extends, at least geometrically, Artin reciprocity laws
for these imaginary extensions.

1.2.19 Remark. One can deduce from [Shi67, Theorem 3.5] that once given
an algebraic model (X(H,Oi), Ji) of the above system, then all the others
can be obtained by conjugating the coefficients of the models defining them,
by the Galois action of Gal(F u0/F ).

In this sense, the system of canonical models considered is a “complete
system of Galois conjugated”, i.e. if we could multiply adequately together
all the equations defining the canonical models of the system, then we would
obtain an irreducible curve defined over F .

Hence, in some sense, the system of canonical models gives a geometric
interpretation of the strict groupoid G+(DH , N) of Eichler orders of level N
in the quaternion algebra H. In the following result we will see that actually
the arithmetic invariants of the groupoid are strictly related to the geometric
invariants of the system of canonical models.

1.2.20 Corollary. Given a system of representatives R(DH , N) for Eichler
orders of level N and ideals of G+(DH , N), let

S(DH , N) = {(X(H,Oi), Ji)}1≤i≤h+

be the associated system of canonical models of Shimura curves.

(i) The number of canonical models in the system is equal to the strict ideal
class number h+(DH , N) of an Eichler order of level N in H.

(ii) The number of non-isomorphic canonical models in the system is equal
to the number t(DH , N) of types of Eichler orders of level N in H. 2
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1.2.4 System of Shimura curves: adelic definition

Recall that the group of units H∗ can be also viewed as the group of Q-
rational points of an algebraic subgroup GH := G of GL2n over Q. Actually,
the algebraic group G is the restriction ResF/Q(H∗) of scalars à la Weil of the
algebraic group H∗ over F . As a consequence of this construction, the group
G(AQ) of Q-adelic points of G can be identified with the group H∗(AF ) of
F -adelic points of the algebraic group H∗.

As usual, we will denote by G(Afin) and G∞ respectively the finite and
infinite part of the group G(A), so that

G∞ ' H∗ ⊗ R ' GL2(R)× (H∗R)n−1.

Also, we denote by G∞+ the identity component of the real Lie group G∞ and
by G(Q)+ := G∞+∩G(Q) the identity component of the group of Q-rational
points.

1.2.21 Definition. For every integer N ≥ 1, we define the principal con-
gruence subgroup of G(Q) of level N :

Γ(N) := G(Q) ∩ {γ ∈ GL2g(Z) | γ ≡ I2n (modN)}.

A congruence subgroup of level N is any subgroup Γ of G(Q) containing
Γ(N).

It is well known that any congruence subgroup of G(Q) is of the type
U ∩G(Q) for some open compact subgroup U of G(Afin).

1.2.22 Definition. For any open compact subgroup U of G(Afin) we define
the double coset space

X(H,U) := G(Q)\G(A)/ZG(A)UStab(i)

where Stab(i) denotes the stabilizer in G∞+ of the imaginary unit i ∈ H,
and ZG denotes the center of the group G.

1.2.23 Lemma. The double coset G(Q)+\G(Afin)/U is finite.

Proof. The double coset of the statement has cardinality

h(U) := [F ∗A : F ∗Nm(U)].
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This is shown by considering the following homomorphism

H∗A −→ Gal(F/F )

x 7−→ [(Nmx)−1, F ]

which induces an isomorphism

H∗+\H∗A,fin/U ' Gal(KU/F ).

Here [ · , F ] denotes the Artin symbol and KU is the class field extension
of F associated to the normic subgroup Nm(U)F ∗ of F ∗A.(For more details,
see [Shi70a, 6.4] and [Neu99, Ch. VI Sec. 6]). 2

1.2.24 Lemma. The map

G∞+ = GL2(R)>0 × (H∗R,>0)n−1 −→ H(
γ =

(
a b
c d

)
, α2, . . . , αn

)
7−→ γ · i = (ai+ b)(ci+ d)−1

induces the homeomorphism

G∞+/ZG(R)Stab(i) ' H.

Proof. The proof is an easy generalization of the classic homeomorphism
PGL2(R)>0/SO2(R) ' H (cf. [Shi70a, 1.2]). 2

1.2.25 Theorem. Let U be an open and compact subgroup of G(Afin) and
let {x1, . . . , xh(U)} be a system of representatives for G(Q)+\G(Afin)/U .

Then there is a homeomorphism

h(U)⋃
λ=1

Γλ\H ' X(H,U),

where Γλ := xλUx
−1
λ ∩G(Q)+.

Proof. Using Lemma 1.2.24 it can be proved that there is a homeomorphism

G(Q)\G(A)/ZG(A)UStab(i) ' G(Q)\G(Afin)×H±/U.

and it is easy to see (cf. [Mil04, 5.11]) that

G(Q)+\G(Afin)×H/U ' G(Q)\G(Afin)×H±/U.
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Therefore the following maps are injective:

[z] ∈ Γλ\H 7−→ [z, xλ] ∈ G(Q)+\G(Afin)×H/U

and the space G(Q)+\G(Afin)×H/U is a disjoint union of the images of this
map (cf. [Mil04, 5.13]). 2

1.2.26 Remark. All the Riemann surfaces Γλ\H have models which are
algebraic connected curves, defined over the class field extension KU of F ,
arising in the proof of Lemma 1.2.23, while the complex manifold X(H,U)
has a model always defined over F .

In the following example we will see how from Definition 1.2.22 we can
retrieve the system of Shimura curves defined in the previous subsection.

1.2.4.1 Example: Shimura curves assoicated to Eichler orders

Let N be an integral ideal of F and for every prime ideal p let us denote by
Np the localization of this ideal in p: this is the ideal pep in the local ring
RF,p, where ep denotes the exponent of p in N . Consider the following open
compact subgroup of G(Afin) ' H∗(AF,fin):

U0(N) :=
∏
p

Up(N)∗

where

Up(N) :=


{(

a b
c d

)
∈ M2(RF,p) | c ∈ Np

}
, if p - DH

RF,p +NpOH,p, if p|DH .

Since H is an indefinite quaternion algebra over F of discriminant DH and
OH is an Eichler order of level N , then

U0(N) ∩G(Q)+ = {α ∈ O∗H | NmH/F (α) ≡ 1 (mod u0)} = Γ(H,OH)

(cf. Notation 1.2.4).

Applying Theorem 1.2.15, we find that the double coset H∗+\H∗A/U0(N)
of Lemma 1.2.23 has cardinality

h(U0(N)) = h+(DH , N) = h+
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and the class field attached to it is

KU0(N) = F u0 .

Finally, Theorem 1.2.25 gives in this case

X(H,U0(N)) '
h+⋃
i=1

(α−1
i U0(N)αi ∩G(Q)+)\H,

where {α1, . . . , αh+} is a system of representatives for the double coset of
strict right ideal classes of the order OH .

If t := t(DH , N) denotes the number of types of Eichler orders in H of
level N and {O1, . . . ,Ot} is a set of representatives for these types such that
O1 = OH , then two such groups

α−1
λ U0(N)αλ ∩G(Q)+, α−1

µ U0(N)αµ ∩G(Q)+

are equal if the ideals represented by αλ and αµ are bilateral ideals of the
same order O ∈ {O1, . . . ,Ot}. In this case

α−1
λ U0(N)αλ ∩G(Q)+ = α−1

µ U0(N)αµ ∩G(Q)+ = Γ(H,O).

Therefore for every 1 ≤ j ≤ t we find h+/t Riemann surfaces

(Γ(DH ,Oj)\H)1 = · · · = (Γ(DH ,Oj)\H)h+/t

whose isomorphic canonical models are all defined over KU0(N) = F u0 .

Finally we find the following isomorphism, which imitates the formula of
Theorem 1.1.11:

X(H,U0(N)) '
t⋃

j=1

h+/t⋃
i=1

(Γ(DH ,Oj)\H)i

and the integer h+/t is the strict bilateral ideal class number of an Eichler
order of level N in H.

We have shown that the quotient space X(H,U0(N)) is the system of
canonical models S(DH , N) of Shimura curves of discriminant DH and level
N .
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1.3 Complex multiplication points on Shimura

curves

Let H be an indefinite quaternion algebra over Q of discriminant DH and
let OH be an Eichler order over Z of level N . In this section we will recall
the modular interpretation that can be given to the complex points of the
Shimura curve X(DH , N), as defined in Section 1.2.

In particular we will fix our attention on those special points that, ac-
cording to Theorem 1.2.3, provide ray class fields of imaginary quadratic
extensions K of Q, namely complex multiplication points. As we have al-
ready noted (cf. Remarks 1.2.5 and 1.2.6), these points are algebraic over
some ray class field and they are obtained as values of the uniformizing func-
tion at some special parameter τ of the quotient space Γ(DH , N)\H, which
we will call complex multiplication parameters (or CM parameters).

Since Shimura curves are a wide generalization of classical modular curves,
the modular interpretation in question can be read without difficulty as a
(possible, since others exist) generalization of the modular interpretation of
the modular curves X0(N) in terms of isomorphism classes of elliptic curves
with some N -level structure: for this reason, abelian surfaces arising from
this modular interpretation will be called fake elliptic curves. In this section,
we will see that these have a great deal in common with elliptic curves (the
original ones).

1.3.1 Modular interpretation of Shimura curves

For the basic definitions and properties about abelian varieties and polarized
abelian varieties over C, see [LB92].

1.3.1 Definition. Let F be a totally real field of degree [F : Q] = n.

We define a type over F to be a datum Ω = (H,Φ, ∗) consisting of:

(i) H an indefinite quaternion algebra over F such that

H ⊗Q R ' M2(R)×Hn−1
R ,

(ii) Φ : H ↪→ M2(R) an embedding of F -algebras,

(iii) ∗ : α ∈ H 7−→ α∗ ∈ H a positive involution of the algebra H, i.e. ∗ is
an involution such that TrH/F (αα∗) is a totally positive element of F
for every α ∈ H.
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We know from [Shi63, Lemma 1] that the involution ∗ is uniquely deter-
mined by an element µ ∈ H such that µ2 ∈ F and NmF/Q(µ2) < 0, once it
has been defined as follows: α∗ := µ−1ᾱµ for every α ∈ H.

When the base field is F = Q, such an element can be chosen with the
property that µ2 = −DH , where DH denotes the discriminant of the quater-
nion algebra H.

1.3.2 Definition. Let Ω be a type over F . A triple P = (A,L, ι) is called a
complex abelian variety of type Ω if it satisfies the following conditions:

(i) A is an abelian variety over C of dimension 2n.

(ii) ι : H ↪→ End0(A) is an immersion of F -algebras such that for every
α ∈ H the analytic representation of ι(α) is the real matrix Φ(α).

(iii) L is a polarization of A such that the Rosati involution

φL : End0(A)→ End0(A)

induced by L makes the following diagram commutative:

H

∗
��

� � ι // End0(A)

φL
��

H �
�

ι
// End0(A).

The immersion ι is called a quaternion multiplication or also a QM-
structure.

When F = Q, an abelian surface of a fixed type Ω over Q is also called a
fake elliptic curve. One of the aims of the present section is to understand
the reasons for this terminology.

1.3.3 Definition. A morphism of abelian varieties of the same type Ω, writ-
ten

(A1,L1, ι1) −→ (A2,L2, ι2),

is a morphism of the underlying abelian varieties ϕ : A1 → A2 such that:

(i) ϕ preserve the polarizations, i.e. ϕ∗(L1) = L2.
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(ii) ϕ preserves the QM-structure, i.e. the following diagram is commuta-
tive

A1

ι(α)
��

ϕ // A2

ι(α)
��

A1 ϕ
// A2

for every α ∈ OH .

The following result is [Shi63, Theorems 1 and 2]:

1.3.4 Theorem. Let us fix a type Ω = (H,Φ, ∗) over Q and let us denote
by F(Ω) the family of isomorphism classes of abelian varieties of type Ω.

Then, for an ideal M in H and a non-degenerate alternating form T :
H ×H → R satisfying T (M×M) ⊆ Z, the following map is well-defined:

Ψ(M, T ) : H −→ F(Ω)

τ 7−→ Pτ := [Aτ ,Lτ , ιτ ],

where Pτ is the isomorphism class in F(Ω) represented by the following
triple:

(a) A fake elliptic curve Aτ whose set of complex points is

C2/Λτ ' Aτ (C),

with Λτ := Φ(M)

(
τ
1

)
.

(b) A polarization Lτ on Aτ , whose first Chern class is represented by the
Hermitian form Hτ induced by the alternating form:

Eτ : Λτ × Λτ −→ Z(
Φ(α)

(
τ
1

)
,Φ(β)

(
τ
1

))
7−→ T (α, β).

(c) A quaternion multiplication ιτ : H ↪→ End0(Aτ ) such that for every
α ∈ H, the analytic representation of ιτ (α) is the (real) matrix Φ(α).

The map Ψ(M, T ) is surjective and moreover if OH = O`(M) denotes the
associated left order in H of the ideal M, then

Pτ1 = Pτ2 ⇐⇒ τ1 = γτ2

for some γ ∈ Γ(H,OH) = Φ({α ∈ O∗H | Nm(α) > 0}) ⊆ SL2(R).
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The above result shows that in the data of a type we should also take into
account a certain lattice M and an alternating form T , this giving rise to the
following definition (cf. [Shi67, 4.1]).

1.3.5 Definition. A PEL-type over Q is a datum Ω = (H,Φ, ∗;T,M;V )
consisting of

(i) (H,Φ, ∗) a type over Q, as in Definition 1.3.1,

(ii) M an ideal of H obtained from the datum (H,Φ, ∗), as in the proof of
Theorem 1.3.4,

(iii) T : H ×H → R a real non-degenerate alternating form of the algebra
H such that T (M×M) ⊆ Z,

(iv) V = (v1, . . . , vs) be a vector of finitely many quaternion classes vi ∈
M⊗Z Q/M ' H/M.

1.3.6 Definition. Let Ω = (H,Φ, ∗;T,M;V ) be a PEL-type and let OH
denote the left order of the ideal M in H.

A complex abelian surface of PEL-type Ω is a triple (A,L, ι,W ) such
that:

(a) (A, ι,L) is an abelian surface of type (H,Φ, ∗) satisfying the following
additional properties:

(i) The immersion ι : H ↪→ End0(A) restricts to an immersion of rings

ι|OH : OH ↪→ End(A)

such that the Z-lattice H1(A,Z), regarded as a left M-module, is
isomorphic to M.

(ii) The first Chern class of the polarization L is represented by a Her-
mitian form induced by the alternating form T , as in Theorem
1.3.4.

(b) W = (w1, . . . , ws) is a vector of complex points of A such that if V =
(v1, . . . , vs) and ξ : C2/Λ ' A(C), then W = (ξ(v1), . . . , ξ(ws)).

A type Ω = (H,Φ, ∗;T,M;V ) as the one in Definition 1.3.6 is called a
PEL-type structure since, as is clear, it fixes the following structure on the
abelian variety:

1. The polarization (P), by T .
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2. The endomorphism ring (E), by M.

3. The level points (L), by V .

1.3.7 Remark. From the definition of the map Ψ(M, T ) in Theorem 1.3.4,
we can see that if we change the ideal M for the ideal Mq which represents
the same class in O`(M)/H∗, then

Ψ(M, T )(τ) = Ψ(M′, T )(τ)

for every τ ∈ H (cf. [Shi63, Proposition ]).

If in addition we choose the ideal M to have as associated order on the
left O`(M) = OH , an Eichler order of level N , then we can take the ideal
M = O`(M) (since the strict ideal class number is in this case h+(DH , N) =
h+
Q = 1).

This is consistent with definitions and notations of [BG05].

1.3.8 Definition. Let A be an abelian variety and let OH be an order in an
indefinite quaternion algebra H over Q.

We say that A has quaternionic multiplication by OH (also QM by
OH) if there exists an embedding of rings ι : OH ↪→ End(A). This embedding,
as well as its rational extension H ↪→ End0(A), is sometimes referred to as
the QM-structure.

The following result gives a first idea of what abelian surfaces of PEL-
type over Q have in common with elliptic curves, namely the unicity of the
polarization.

1.3.9 Proposition. Let Ω = (H,Φ, ∗;T,OH ;V ) be a PEL-type over Q and
let (A, ι) be a pair formed by a complex abelian surface A and the immersion
of Q-algebras

ι : H −→ End0(A)

α 7−→ Φ(α).

Then there exists a unique polarization L such that P = (A,L, ι) is an
abelian surface of PEL-type Ω.

Proof. Let Λ be a lattice in C2 such that

C2/Λ ' A(C).

Since A has quaternion multiplication by the order OH , then V is a H-
module.
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Let us fix an element µ ∈ OH such that µ2 = −DH and let us define

E : (v, w) ∈ C2 × C2 7−→ TrH/Q(vµw∗) ∈ C

On the other side, we have the chain of isomorphisms of C-vector spaces

C2 ' H ⊗Q R ' M2(R),

since M2(R) has a complex structure given by a matrix γ ∈ SL2(R) such that
γ2 = −I2: such a matrix has to be conjugated to the matrix

(
0 −1
−1 0

)
.

Therefore we can see that

E(iv, iw) = E(vγ, wγ) = Tr(vγwγµ) = Tr(vγγ−1wµ) = E(v, w).

and we can define the polarization L such that its first Chern class is repre-
sented by the Hermitian form

H : (v, w) ∈ C2 × C2 7−→ E(iv, w) + iE(v, w) ∈ C.

It is an easy computation to prove that the Rosati involution induced by this
polarization coincide with the involution ∗ defined by the quaternion µ.

We have to prove that L is unique. The Hermitian form H defined above,
when restricted to H ↪→ V , induced a non-degenerate pairing

H : H ×H −→ Q.

Therefore the map α ∈ H 7−→ E(1, α) ∈ Q is a linear map and so it has to
be E(1, α) = TrH/Q(qαµα∗), for some q. But since E is non-degenerate, then
q ∈ Q>0 and so it induces the same polarization L. 2

Proposition 1.3.9 together with Remark 1.3.7, says that in a PEL-type over
Q the information about the alternating form and the ideal is superfluous,
since these data are uniquely determined by the others.

1.3.10 Remark. If Ω is a PEL-type over Q, then after Proposition 1.3.9 it
is clear that every morphism preserving the QM-structure and the level is
actually a morphism of abelian varieties of PEL-type Ω.

1.3.11 Corollary. Let Ω = (H,Φ, ∗;T,OH ;V ) be a fixed PEL-type over Q,
such that the algebra H has discriminant DH and OH is an Eichler order
of level N in H, and let X(DH , N) be the canonical model for the Shimura
curve associated to the order OH .

Then the set of complex points of the Shimura curve X(DH , N) is a coarse
moduli-space for isomorphism classes of abelian varieties of PEL-type Ω.
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Proof. Since the set of complex points X(DH , N)(C) is analytically iso-
morphic to the compact Riemann surface Γ(DH , N)\H (cf. Theorem 1.2.3),
where Γ(DH , N) = Φ(O∗H,+), the result follows from Theorem 1.3.4 taking
the ideal M = OH . 2

1.3.2 Abelian varieties with complex multiplication

1.3.12 Definition. Let Ω = (H,Φ, ∗;T,OH ;V ) be a PEL-type. Let (A,L, ι)
be a fake elliptic curve of PEL-type Ω and let OK be an order in an imaginary
quadratic field K.

We say that (A,L, ι) has complex multiplication by OK (also CM by
OK) if there exists an optimal embedding ϕ : OK ↪→ OH such that

End(A,L, ι) = ι(ϕ(OK)).

In particular End0(A,L, ι) ' K and we also say that (A,L, ι) has CM by K.

The following lemma, which is a direct consequence of Poincaré’s complete
reducibility theorem (cf. [Mum08, IV.19 Theorem 1, Corollaries 1 and 2 ]) is
of fundamental importance in the study of the endomorphism algebras of
abelian varieties.

1.3.13 Lemma. If A is isogenous to a square of an elliptic curve E, i.e. A ∼
E2, then D := End0(E) is a division Q-algebra and there is an isomorphism
of Q-algebras End0(A) ' M2(D). 2

1.3.14 Proposition. Let Ω = (H,Φ, ∗;T,OH ;V ) be a PEL-type. Let (A,L, ι)
be a fake elliptic curve of PEL-type Ω and let OK be an imaginary quadratic
order in an imaginary quadratic field K

The following conditions are equivalent:

(i) (A,L, ι) is CM by K.

(ii) End0(A) ' M2(K).

(iii) A is isogenous to a square of an elliptic curve E with CM by K.

(iv) H is not isomorphic to End0(A).

Proof. If (A,L, ι) is CM by K then End0(A,L, ι) ' K and since

End0(A,L, ι) = {ψ ∈ End0(A) | ψΦ(α) = Φ(α)ψ ∀α ∈ OH}
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then the center of End0(A) is isomorphic to K and so End0(A) ' M2(K).

Viceversa, if End0(A) ' M2(K) then its center isK and so End0(A,L, ι) '
K. This proves the equivalence between (i) and (ii).

Let us assume (ii). If the abelian surface A were simple, then End0(A)
would be a division algebra over Q (because in this case every isogeny A→ A
would be invertible) and so it could not be isomorphic to the matrix algebra
M2(K). Hence A cannot be simple in the category of abelian surfaces with
isogenies as morphisms; i.e. A ∼ E1×E2 for some elliptic curves E1, E2, and
End0(A) ' End0(E1) × End0(E2) has to be the matrix algebra M2(K) (by
Lemma 1.3.13), so E1 and E2 have to be isogenous to the same elliptic curve
E, with CM by K.

The viceversa is immediate. This proves the equivalence between (ii) and
(iii).

It remains to prove that (iii) is equivalent to (iv). One of the two impli-
cations is trivial after Lemma 1.3.13. Let us assume that H 6' End0(A) and
A is simple. Since A is assumed to be simple, again End0(A) is a division
algebra and then H1(A,Q) is a End0(A)-free module, let us say of dimen-
sion d. Hence 4 = dimQ(H1(A,Q)) = d[End0(A) : Q] = 4d and so d = 1.
Therefore End0(A) ' H which is an absurd. This concludes the proof of the
equivalences. 2

Fake elliptic curves with complex multiplication correspond in the bi-
jection of Theorem 1.3.4 to some special parameter which we will call the
complex multiplication parameter. Here is the exact definition which should
be compared with the one in Theorem 1.2.3.

1.3.15 Definition. Let H be an indefinite quaternion algebra over Q of
discriminant DH and let OH be an Eichler order over Z of level N . Let K be
an imaginary quadratic field such that there is an embedding K ↪→ H and
let OK be a Z-order in K.

A parameter τ ∈ Γ(DH , N)\H is said to be a complex multiplication
parameter by OK (or CM by OK) if there exists an optimal embedding
ϕ : OK ↪→ OH such that τ is fixed point for all the elliptic transformations
represented by γ ∈ Φ(ϕ(OK)) ⊆ M2(R).

1.3.16 Theorem. Let Ω = (H,Φ, ∗;T,OH ;V ) be a PEL-type over Q. A
fake elliptic curve P = (A,L, ι) of PEL-type Ω is CM by an imaginary
quadratic order OK iff P = Pτ for some parameter τ ∈ Γ(DH , N)\H which
is CM by the order OK.
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Proof. Let us assume that τ ∈ Γ(DH , N)\H is the fixed point of the
optimal embedding ϕ : OK ↪→ OH and (Aτ ,Lτ , ιι) is the associated fake
elliptic curve as constricted in Theorem 1.3.4.

Then let us consider the following map

ϕ(OK) −→ {λ ∈ C∗ | λΛτ ⊆ Λτ}

α 7−→ λα

such that

Φ(α)

(
τ
1

)
= λα

(
τ
1

)
.

It is easy to prove that this induces an isomorphism of ringOK ' End(Aτ ,Lτ , ιτ ).
2

The following result is [SM74, Theorem 4.1]

1.3.17 Theorem. Let A be a complex abelian surface. Then the following
conditions are equivalent:

(i) A is isogenous to the square of an elliptic curve E with complex multi-
plication.

(ii) A is isomorphic to a product E1 × E2 of isogenous elliptic curves with
complex multiplication.

1.3.18 Remark. The elliptic curves E1, E2 in the decomposition of A are
CM by the same quadratic field K but, in general, not by the same quadratic
order, as we will see in some examples.

1.3.19 Corollary. Let OH be an order in an indefinite quaternion algebra
H over Q and let OK be an order in an imaginary quadratic field K.

If A is a complex abelian surface with QM by OH and CM by OK, then
A is isomorphic to a product E1 × E2 of isogenous elliptic curves, both with
CM by the field K.

1.3.20 Corollary. Let Ω = (H, ∗,Φ;T,OH ;V ) be a PEL-type over Q such
that OH is an Eichler order of level N in H, and let τ ∈ H be a CM parameter
in Γ(DH , N)\H.
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If Pτ = [Aτ ,Lτ , ιτ ] is the class of abelian surfaces of PEL-type Ω corre-
sponding to the CM parameter τ , then there exist CM parameters τ (1), τ (2) ∈
Γ0(N)\H such that

Pτ = [Eτ (1) × Eτ (2) ,L(τ (1),τ (2)), ι(τ (1),τ (2))].

where Eτ (i) := C/〈τ (i), 1〉, for i = 1, 2.

1.3.3 Shioda-Mitani decompositions

In [BG05] some examples of abelian surfaces associated to complex multipli-
cation points on Shimura curves are computed. Specifically, given a complex
multiplication parameter τ ∈ Γ(DH , N)\H a point Zτ ∈ H2, which repre-
sents the abelian surface Aτ on the Igusa three-fold Sp4(Z)\H2, is computed.
Moreover the PEL-type is used in order to compute equations of genus 2
curves which have these abelian surfaces as Jacobians.

We examine these examples further and compute, with the help of Magma
(cf. [BCP97]), for each one of these abelian surfaces a decomposition into
products of elliptic curves.

We now explain briefly how to apply the method presented in [SM74] to
a polarized abelian surface A = (C2/Λ,L) over C.

Recall that we have the following exact sequence of sheaves:

0 // Z j // OA
exp // O∗A // 0

which induces the cohomological sequence

H1(A,O∗A) δ // H2(A,Z)
j∗ // H2(A,OA)

and the Néron-Severi group of A can be defined as SA := Imδ = Kerj∗, and
its rank ρ(A) := rank(SA) is called the Picard number of A.

When the group H2(A,OA) is identified with C, the map j∗ is called the
period map of A and is denoted by pA. The image of pA is called the group
of transcendental cocycles of A and is denoted by TA.

The following proposition is [SM74, Proposition 1.1].

1.3.21 Proposition. If A is an abelian surface over C with Picard number
ρ(A) = 4, then TA is an euclidean lattice in C and C/TA is a complex torus.
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Once we have written the set of complex points of A as C2/Λ ' A(C), for
some lattice Λ ⊆ C2, we have the following well known identifications:

H1(A,Z) ' Λ
H1(A,Z) ' Λ∗ := Hom(Λ,Z)

H2(A,Z) '
∧2(Λ∗).

Let {v1, v2, v3, v4} be a basis of Λ and {v∗1, v∗2, v∗3, v∗4} the dual basis of Λ∗

such that v∗i (vj) = δij. Then {v∗i ∧ v∗j | 1 ≤ i < j ≤ 4} is a Z-basis for
H2(A,Z) ' Z6 and also a C-basis for H2(A,C) := H2(A,Z)⊗ C.

Now, as the period map pA is defined as an element of Hom(H2(A,Z),C),
then it can be represented by a 1×6 complex-matrix with respect to the given
basis of H2(A,Z) and the canonical basis of C. It is proved in [Shi78, p.53]
that this matrix is the vector (Det(vi, vj))i<j ∈ M1×6(C) and then so it follows
that:

TA ' 〈Det(vi, vj) | 1 ≤ i < j ≤ 4〉.

1.3.22 Theorem. Let A be an abelian surface with Picard number ρ(A) = 4
and let

τ (1) =
−b+

√
b2 − 4ac

2a
∈ H

such that 〈τ (1), 1〉 is the euclidean lattice TA associated to A. Let us define

τ (2) :=
−b+

√
b2 − 4ac

a

Then there is an isomorphism of complex abelian surfaces A ' Eτ1 × Eτ2,
where Eτ (i) is the elliptic curve such that

Eτ (i)(C) ' C/〈1, τ (i)〉.

Following this description we want to compute “Shioda-Mitani decompo-
sitions” for the CM abelian surfaces of [BG05], together with an isomorphism
over C, and decide whether or not the polarization induced by the isomor-
phism is the product polarization.

Just to fix some notations, we recall the following elementary proposition
(cf. [LB92, Proposition 2.3]).

1.3.23 Proposition. Let A1, A2 be two complex abelian varieties of dimen-
sion g with big period matrices respectively Π1,Π2 ∈ Mg×2g(C).

If ψ : A1 → A2 is a morphism, then there exist matrices Mψ,rat ∈ M2g(Z),
Mψ,an ∈ Mg(C) such that

Mψ,anΠ1 = Π2Mψ,rat.
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2.

We say that Mψ,rat (resp. Mψ,an) is the rational representation (resp.
analytical representation) of the morphism ψ.

Now, the following easy lemma, whose proof is straightforward by applying
Proposition 1.3.23, will be useful to understand the examples below.

1.3.24 Lemma. (i) If Z = Ω−1
2 Ω1, then there is an isomorphism

ψ : C2/〈Ω1,Ω2〉 ' C2/〈Z, I2〉

such that Mψ,rat = I4 and Mψ,an = Ω−1
2 .

(ii) If Λ,Λ
′

are two lattices of C2 such that Λ = Λ
′
, then there is an iso-

morphism

ψ : C2/Λ ' C2/Λ
′

such that Mψ,rat is the base change matrix from Λ to Λ
′

and Mψ,an = I2.

1.3.3.1 Modular curves as Shimura curves

In the following example we show how, among the PEL-types defined in
the previous section, we can find a moduli problem which gives rise to the
modular curve X0(1). The moduli problem is a “double copy” of the usual
modular problem defining classical modular curves.

Let us take the following PEL-type Ω = (H,Φ, ∗;T,OH ;V ) over Q given
by:

H =
(

1,−1
Q

)
= 〈1, i, j, k〉, DH = 1,

Φ : H −→ M2(R)

x+ yi+ zj + tk 7−→
(

x+ y z + t
−(z − t) x− y

)
,

H −→ H
α 7−→ α∗ := µ−1ᾱµ

with µ = −j,

OH = 〈(−j + k)/2, (1− i)/2, (1 + i)/2, (j + k)/2〉Z,
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T : OH ×OH → Z

(α, β) 7−→ Tr(jαβ̄)
.

Observe that Φ induces an isomorphism H ' M2(Q) and that the basis
of OH ' M2(Z) is symplectic with respect to T . In fact

Φ(OH) = 〈
(

1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
0 0
0 1

)
〉 = M2(Z).

For every τ ∈ Φ(O∗H,+)\H = SL2(Z)\H we can build the uniformization map
Ψ(OH , T ) of Theorem 1.3.4.

Actually Pτ = [Aτ ,Lτ , ιτ ] where the abelian surface Aτ is uniformized on
C by the lattice

Λτ = 〈
(
τ
0

)
,

(
1
0

)
,

(
0
τ

)
,

(
0
1

)
〉

the polarization Lτ is the one represented by the Hermitian form Hτ : C2 ×
C2 → C of matrix (in the canonical basis)

Hτ =

(
1

Im(τ)
0

0 1
Im(τ)

)
,

and the QM-structure is given by the immersion of rings ι such that the
analytic representation of the endomorphism

ιτ (a0
−j + k

2
+ a1

1− i
2

+ a2
1 + i

2
+ a3

j + k

2
) ∈ End(Aτ )

is the matrix (
a0 a1

a2 a3

)
.

Clearly, if Eτ is the elliptic curve such that C/〈τ, 1〉 ' Eτ (C), then there
is an isomorphism of abelian surfaces over C

ψ : Aτ ' Eτ × Eτ .

Moreover if LEτ denotes the unique polarization of Eτ , then the above iso-
morphism is an isomorphism of polarized abelian varieties, i.e. ψ∗(L) =
LEτ ⊗ LEτ .

Hence in this case there is an immersion

H −→ H2

τ 7−→
(
τ 0
0 τ

)
,
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which induces the immersion of the Shimura curve inside the Igusa three-fold:

SL2(Z)\H ↪→ Sp4(Z)\H2.

1.3.3.2 Shimura curve of discriminant DH = 10

We consider the PEL-type Ω = (H,Φ, ∗;T,OH ;V ) over Q given as follows:

H =
(

2,5
Q

)
= 〈1, i, j, k〉, DH = 10,

Φ : H −→ M2(R)

x+ yi+ zj + tk 7−→
(
x+ y

√
2 5(z − t

√
2) x−

√
2y
)
,

H −→ H
α 7−→ α∗ := µ−1ᾱµ

with µ = −k,

OH = 〈1, i, (1 + j)/2, (i+ k)/2〉Z

T : OH ×OH → Z

(α, β) 7−→ Tr(−kαβ̄)
.

We consider the following parameters, which are CM by the maximal order
OK = Z[

√
−10] of K = Q(

√
−10):

τ1 =
(3
√

5− 2
√

10)i

5
, τ2 =

√
5i

5
.

and the corresponding abelian surfaces of PEL-type Ω are the following:

Aτi(C) ' C2

〈Zi, I2〉
, i = 1, 2.

where

Z1 =

 3
√

10

2
i −1

2
+
√

10i

−1

2
+
√

10i
3
√

10i

4

 , Z2 =


√

10

2
i −1

2

−1

2

√
10

4
i

 .

The two points Z1, Z2 ∈ H2 are obtained after computing a symplectic
basis of the order OH with respect to the Hermitian form induced by T . This
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implies that the Hermitian form has matrix (ImZi)
−1 in the canonical basis

of C2 and that the class [Zi] ∈ Sp4(Z)/H2 represents the polarized abelian
surface Aτi on the Igusa three-fold SL2(Z)\H2.

Since A1 and A2 are isomorphic as principle polarized abelian surfaces (cf.
[Rot04] for the theoretical explanation and [BG05], where the Igusa invariants
are computed), in order to find a “Shioda-Mitani decomposition” for these
abelian surfaces it is sufficient to consider one of them. Let us take the
abelian surface A2.

We compute the group TA2 of transcendental cocycles of A2:

TAτ2 = 〈1,−1

2
,

√
10

4
i,−
√

10

2
i,−3

2
〉 = 〈−1

2
,

√
10i

4
〉.

We obtain the following elliptic curve E
τ
(1)
2

such that

C

〈1,
√

10i

2
〉
' E

τ
(1)
2

(C),

which is CM by the maximal order Z[
√
−10].

So τ
(1)
2 =

√
10i

2
=
−b+

√
DK

2a
and this implies a = 2, b = 0, c = 5.

Therefore τ
(2)
2 =

√
10i and this gives rise to the elliptic curve E

τ
(2)
2

such

that
C

〈1,
√

10i〉
' E

τ
(2)
2

(C),

which is CM by the maximal order of K.

The two elliptic curves are not isomorphic, since their uniformizing lattices
〈τ (1)

2 , 1〉, 〈τ (2)
2 , 1〉 represent different ideal classes inside the ideal class group

of K, which is cyclic of order 2.

So there is an isomorphism of polarized abelian varieties

ψ : (Aτ2 ,Lτ2)
∼ // (Eτ12 × Eτ22 , ψ

∗L)

The abelian surface E
τ
(1)
2
×E

τ
(2)
2

, as a complex manifold, is isomorphic to

the 2-dimensional torus
C2

Λ
(τ

(1)
2 ,τ

(2)
2 )

where

Λ
(τ

(1)
2 ,τ

(2)
2 )

:= 〈

(
τ

(1)
2 0

0 τ
(2)
2

)
, I2〉
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We find that an isomorphism ψ is the one having analytic and rational
representation given by the following matrices:

Mψ,rat =


−4 2 −1 2

0 0 1 −1
1 −1 −3 3
−6 3 −1 2

 , Mψ,an =

 −3−
√

10

2
i 3 +

√
10i

−1 +
√

10i 2−
√

10i

 .

It easy to see that the base of the lattice Λ(τ12 ,τ
2
2 ) is not symplectic with

respect to the Hermitian form induced by the isomorphism ψ.

This can be seen by direct calculation of the Hermitian form induced by
the isomorphism ψ or by taking a fundamental domain inH2 for the action of
Sp4(Z) (cf. [Got59] for explicit inequalities defining this) and observing that

the point

(
τ
(1)
2 0

0 τ
(2)
2

)
∈ H2 is on the boundary of this fundamental domain,

while Z2 is in its interior.

We can compute a symplectic base with respect to the induced Hermitian
form and we obtain the following chain of isomorphisms of complex torus:

C2/〈Z2, I2〉
ψ // C2/Λ

(τ
(1)
2 ,τ

(2)
2 )

ψ2 // C2/〈Ω1,Ω2〉
ψ3 // C2/〈Ω−1

2 Ω1, I2〉

where

Ω1 =

 1 −1468− 195
√

10

2
i

9
√

10i 1 + 438
√

10i

 , Ω2 =

7 +

√
10

2
i 30 + 2

√
10i

−7
√

10i −9
√

10i

 .

The isomorphism ψ2 is the one whose rational representation is the base
change from Λ

(τ
(1)
2 ,τ

(2)
2 )

to 〈Ω1,Ω2〉 and the isomorphism ψ3 is the “multipli-

cation by Ω−1
2 ∈ GL2(C)”.

Therefore, applying Lemma 1.3.24, we find that the point Ω−1
2 Ω1 ∈ H2 is

Sp4(Z)-equivalent to Z2 through the matrix obtained as product

Mψ3,ratMψ2,ratMψ,rat =

= I4


−147 −2 19 103

0 0 0 1
−279 −4 36 195

70 1 −9 0



−4 2 −1 2

0 0 1 −1
1 −1 −3 3
−6 3 −1 2

 ∈ Sp4(Z).

Finally, the analytic representation of this isomorphism is

Mψ3,anMψ2,anMψ,an = Ω−1
2 I2Mψ,an.
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The class of binary quadratic forms associated to the parameter τ2 is repre-
sented by the form

fτ2 = (10
√

2, 0, 2
√

2) ∈ H∗∞(Z + 2OH ,−40),

with notations as in Chapter 4.

The classes of binary quadratic forms associated to the parameters τ
(1)
2 , τ

(2)
2

are represented by

f
τ
(1)
2

= (2, 0, 5), f
τ
(2)
2

= (1, 0, 10).
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Chapter 2

p-adic uniformization of curves

2.1 Rigid analytic geometry

In this section, K will denote a local field, with non-Archimedean absolute
value |·|, K its algebraic closure, OK := {x ∈ K | |x| ≤ 1} its ring of integers
and k its residue field.

Since K is not complete (with respect to the norm extending the norm | · |
on K), we need also to consider its completion K̂, which is an algebraically
closed field, when K is of characteristic 0.

The aim of this section is to give the definition of rigid analytic variety over
K, corresponding to the desire to transfer to a non-Archimedean complete
field the classic definition of analytic variety over C. As usual, we will start
by studying the functions before defining the varieties themselves.

2.1.1 Motivation

If L is a field extension of K (not necessary finite), L ⊆ K̂, we will denote
by Bn(L) the unit ball in Ln:

Bn(L) := {(z1, . . . , zn) ∈ Ln : max
1≤i≤n

|zi| ≤ 1}.

Recall that an analytic function over C is a function f : U ⊆ Cn −→ C,
defined on an open subset U of Cn, admitting a power series development,
which converges in a neighborhood of every point of its domain of definition.

If we try to give this same definition in the non-Archimedean context, we
immediately see that important properties of analytic functions over C, are

53
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no longer satisfied. More specifically, let us consider the following well-known
property of analytic functions.

2.1.1 Proposition. (Archimedean principle of identity) If an analytic
function f : U ⊆ Cn −→ C, defined over an open connected subset U ⊂ Cn,
has a power series development which is zero in a neighborhood of a point,
then f = 0 on all U .

On the other side, let us now consider the function f : K −→ K defined
by 

f(z) := 0, z ∈ Bn(K),

f(z) := 1, z ∈ K r Bn(K).

Let us observe that f has a power series development in a neighborhood of
every point of K, namely

f(z) :=
∑

n≥0 0 · zn, z ∈ Bn(K),

f(z) := 1 +
∑

n≥1 0 · zn, z ∈ K r Bn(K),

and the subsets Bn(K) and K r Bn(K) = {z ∈ K : |z| > 1} are both open
subsets of K with respect to the topology induced by the non-Archimedean
absolute values of K. Nevertheless, f is not identically equal to 0 or to 1
on its domain of definition. Pathological phenomena of this kind are due to
the fact that the topological space K is totally disconnected, and actually
K = Bn(K) ∪ (K r Bn(K)) is a non-trivial decomposition in open subsets.

For this first simple reason, one starts by considering only functions with
power series development on the unit ball in K.

2.1.2 Definition. Let us denote by Tn the K-algebra of power series in n
variables and with coefficients in K, converging on the unit ball Bn(K):

Tn := K〈ζ1, . . . , ζn〉 = {f =
∑
ν∈Nn

aνζ
ν ∈ K[[ζ1, . . . , ζn]] : lim

|ν|→∞
|aν | = 0}.

The K-algebra Tn is called the Tate algebra in n variables over K.

On Tn there is the Gauß norm, i.e. the natural norm defined by

|f | := max
ν∈Nn
|aν |

with respect to which Tn is a Banach K-algebra, i.e. Tn is complete with
respect to the Gauß norm.

The following result is very useful and also easy to understand.
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2.1.3 Proposition. If OK〈ζ1, . . . , ζn〉 denotes the OK-algebra of series f ∈
Tn with coefficients in the ring of integers of K, then

OK〈ζ1, . . . , ζn〉 = {f ∈ Tn : |f | ≤ 1}.

Moreover the epimorphism of reduction of integers

a ∈ OK 7−→ ã ∈ k

induces an epimorphism of reduction of series:

f =
∑

aνζ
ν ∈ OK〈ζ1, . . . , ζn〉 7−→ f̃ :=

∑
ãνζ

ν ∈ k[ζ1, . . . , ζn].

Note that the series are reduced into polynomials with coefficients in the
residue field k.

One reason to consider the series of Tn is the fact that they provide all
the analytic functions on the unit ball in K

n
.

2.1.4 Proposition. There is a bijection between Tn and the set of functions
g : Bn(K) −→ K having a convergent power series expansion and such that
g(Bn(K)) ⊆ K.

This bijection is induced by the map which takes the value of every series
of Tn in the points of Bn(K), i.e. which associates to the series f ∈ Tn the
well-defined function a ∈ Bn(K) 7−→ f(a) ∈ K.

Proof. cf. [BGR84, 5.1.4]. 2

The fact that the map is injective is actually the Principle of identity for
non-Archimedean analytic functions.

2.1.5 Corollary. (Non-Archimedean principle of identity) If the se-
ries f ∈ Tn takes value 0 in every point of Bn(K), then f = 0.

We are now going to reveal the good properties this algebra of functions
has.

2.1.6 Theorem. (Noether normalization lemma) For every proper ideal
a in Tn there exist an integer d and a morphism of K-algebras Td −→ Tn
such that the composition

Td −→ Tn −→ Tn/a

is a finite morphism of K-modules (i.e. Tn/a is a finitely generated Td-
module).

Moreover the integer d coincides with the Krull dimension of the ring Tn/a
and so it is uniquely determined.
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Proof. (cf. [BGR84, 6.1.2]). 2

As a direct consequence we have the following result.

2.1.7 Corollary. Let m be a maximal ideal of the ring Tn. Then the field
Tn/m is a finite extension of K.

2.1.8 Corollary. Let MaxTn denote the set of maximal ideals of Tn. Then
the map

ρ : Bn(K) −→ MaxTn
z 7−→ mz := {f ∈ Tn | f(z) = 0}

is surjective.

Moreover for every z1, z2 ∈ Bn(K) there is an element σ ∈ Gal(K/K)
such that

ρ(z1) = ρ(z2) ⇐⇒ z1 = σ(z2).

In particular ρ is a bijective map when K is algebraically closed.

Proof. For every z = (z1, . . . , zn) ∈ Bn(K) the ideal mz is the kernel of the
following epimorphism

hz : f ∈ Tn 7−→ f(a) ∈ K(z1, . . . , zn)

and so mz is a maximal ideal.

We now prove the surjectivity of ρ. Let m be a maximal ideal of Tn.
Therefore, by Corollary 2.1.7, Tn/m is a finite and, thus, algebraic extension
of K and there is a continous immersion Tn/m ↪→ K, equivalently there
is a continuous map ϕ : Tn −→ K of kernel equal to m. Specifically, if
z := (z1, . . . , zn) := (ϕ1(ζ1), . . . , ϕn(ζn)), then ϕ is the following map:

ϕ :
∑

aνζ
ν ∈ Tn 7−→

∑
aνz

ν ∈ K.

Hence it is clear that ϕ is the map which evaluates a series of Tn in the point
(z1, . . . , zn) ∈ Kn

, i.e. ϕ = hz. Finally, since the kernel of hz is the maximal
ideal ρ(z) = mz, we have the equalities m = kerϕ = kerhz = mz.

After what we have just seen, it is clear that different immersions of Tn/m
in K give different points inside ρ−1(m) and that every point ρ−1(m) is ob-
tained by such an immersion. Hence, points of ρ−1(m) are in bijection with
the continuous immersions {Tn/m ↪→ K} and there is only a finite number of
these (since Tn/m is a finite extension of K). Moreover, given two different
points z1, z2 ∈ ρ−1(m), we have that ρ(z1) = ρ(z2) if and only if there is an
isomorphism of fields K(z1) ' K(z2) sending z1 to z2: such an isomorphism
extends to an automorphism σ ∈ Gal(K/K). 2
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2.1.9 Remark. Proposition 2.1.4 and Corollary 2.1.8 give an interpretation
of the series of Tn as functions on the set of its maximal ideals MaxTn.

Specifically, to the series f ∈ Tn we can associate the following map, which
we again denote by f :

f : p ∈ MaxTn 7−→ f(p) ∈
⊔

m∈MaxTn

Tn/m,

where f(p) is defined as the reduction of the series f modulo the maximal
ideal p. This map is known to be well-defined, thanks to Corollary 2.1.7.

When the field K is algebraically closed, the maximal ideals of Tn can be
thought of as points of the unit ball Bn(K) and the series in Tn as functions
defined in this ball.

2.1.2 Affinoid varieties

We start by appreciating how the aim of extending the concepts of analytic
variety and analytic functions leads us to consider the unit ball Bn(K), in-
stead of the affine space Cn = An

C(C), together with the convergent series on
this ball.

However, we are still far from defining non-Archimedean analytic varieties,
since we have first to consider a topology on the set MaxTn. Going in
this direction, we will focus on certain special subsets of MaxTn which are
suggested by the algebraic geometrical language. After this, a local theory
of varieties is developed in order to give the global definition.

2.1.10 Definition. For every subset F ⊆ Tn the set of zeros of F is
defined to be:

V(F ) := {m ∈ MaxTn | f(m) = 0, ∀f ∈ F},

Ṽ(F ) := {z ∈ Bn(K) | f(z) = 0, ∀f ∈ F}.

A subset of Tn of the type V(F ) (resp. Ṽ(F )), for some F ⊆ Tn, is called
an affinoid subset of MaxTn (resp. affinoid subset of Bn(K)).

The set Ṽ(F ) is the pre-image of V(F ) by the map ρ of Corollary 2.1.8,
which then induces a bijection

ρ : Ṽ(F )/Gal(K/K) ' V(F ).
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Note that Bn(K) itself is an affinoid set, since it is the set of zeros of
MaxTn.

After this, we might decide to develop the local theory of analytic varieties
working only with affinoid subsets of Bn(K); this certainly would make more
clear the parallel with the theory of holomorphic functions. On the other
hand, we would lose the elegant parallel with the theory of affine algebraic
varieties.

2.1.11 Definition. For every subset Y ⊆ MaxTn, the ideal of Y is defined
as follows:

I(Y ) := {f ∈ Tn | f(m) = 0, ∀m ∈ Y }.

If Y ⊆ MaxTn is an affinoid subset, then

V(I(Y )) = Y

(cf. [BGR84, 7.1.2/2]).

2.1.12 Theorem. (Hilbert Nullstellensatz) If a ⊆ Tn is a non-zero ideal,
then

I(V(a)) = R(a),

where R(a) denotes the radical of the ideal a.

Without any difficulty it can be proved that the affinoid subsets of MaxTn
are the closed subsets of a topology on MaxTn: this is the well-known (in
the algebro-geometric context) Zariski topology.

2.1.13 Definition. An affinoid variety over K (also an affinoid space
over K) is a couple

SpA := (MaxA,A),

formed by an affinoid K-algebra A and the topological space MaxA with the
Zariski topology induced by its affinoid subsets.

A morphism of affinoid K-varieties (also a K-affinoid morphism)
is a couple (ϕaf , ϕ), where ϕ : B → A is a morphism of K-algebras and ϕaf

is the following map associated ϕ:

ϕaf : m ∈ MaxA 7−→ ϕ−1(m) ∈ MaxB.

We use the following notation to denote it:

Spϕ := (ϕaf , ϕ) : SpA −→ SpB.
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We have formed a category whose objects are affinoid varieties over K
and whose morphisms are K-affinoid morphisms: this is the category of
affinoid varieties over K and it is the opposite category of the one of
affinoid K-algebras. The functor Sp sending the affinoid K-algebra A to
the affinoid K-varitey SpA and the morphism ϕ : B → A to the K-affinoid
morphisms Spϕ := (ϕaf , ϕ) : SpA → Sp B is an anti-equivalence between
these two categories.

It is usual (and sometimes confusing), talking about affinoid varieties, to
use the notation SpA to refer only to the topological space MaxA. With the
same spirit, notation Spϕ refers only to the map ϕaf : MaxA→ MaxB.

2.1.14 Definition. An affinoid morphism Spϕ : SpA → SpB is called
closed immersion if ϕ : B → A is an epimorphism.

It is easy to see that a closed immersion is an injective morphism in the
category of affinoid varieties and so it allows the identification of MaxA with
an affinoid subset of MaxB in a manner such that every function on SpA is
obtained as restriction of a function on SpB.

2.1.15 Definition. Let SpA = (MaxA,A) be an affinoid variety. A subset
of points U ⊆ MaxA is called an affinoid subdomain if there exist an affi-
noid variety SpB and a morphism (σaf , σ) : SpB → SpA with the following
properties:

(a) The map σ : MaxB → MaxA is injective.

(b) σaf (MaxB) = U .

(c) For every point m ∈ MaxB and for every integer n ≥ 1, the morphism
of affinoid K-algebras σ : A→ B induces a local isomorphism

A/σaf (m)n ' B/mn.

(d) Universal Property: For every affinoid variety SpB′ and every morph-
ism of affinoid varieties

(ϕaf , ϕ) : SpB′ → SpA satisfying ϕaf (MaxB′) = U ,

there is a unique morphism (ψaf , ψ) : SpB′ → SpB such that the
following diagram is commutative:

SpB′

ψ

��

ϕ // SpA

SpB.

σ

;;
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When these properties are satisfied we can write, with abuse of notation,

U = SpB.

2.1.16 Remark. Roughly speaking, Definition 2.1.15 says that the subset
of points U ⊆ MaxA can be canonically realized as an affinoid variety. So,
again abusing the notation, we will write U ⊆ SpA.

Nevertheless, even if we have an immersion of the set of points of U
inside MaxA, the affinoid morphism (σ, σaf ) : U = SpB → SpA is not
always an immersion of affinoid varieties (i.e. σaf : A→ B is not always an
epimorphism), so we would be wrong to think of U as a subvariety “inside”
the variety SpA.

This is the essential reason why we are naturally led to consider a weaker
concept of topology in which open subsets do not have to be necessarily
subsets of the space: this kind of topology is the well-known Grothendieck
topology.

To understand the definition of affinoid subdomains is of fundamental
importance to understand the statement of the famous Tate aciclicity the-
orem.

Let X be an affinoid variety over K. Let us consider the functor OX from
the category of affinoid subdomain of X (where morphisms are injective
affinoid morphisms) to the category of affinoid K-algebras:

• To the affinoid subdomain SpA → X the K-algebra A of functions is
associated.

• To the inclusion SpB ↪→ SpA of affinoid subdomains of X the following
morphism of restriction

f ∈ A 7−→ f |SpB∈ B

is associated.

The functor OX is a pre-sheaf of K-algebras (of functions) over a base for
the canonical topology of X, but this is not a sheaf.

Recall that for OX to be a sheaf it is necessary (and sufficient) that the
following properties hold for every affinoid subdomain U ⊆ X and for every
cover {Ui}i∈I of U constituted of affinoid subdomains the following properties:

(a) If f ∈ OX(U) is zero restricted to every Ui, then f = 0 on the whole U .
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(b) If {fi}i∈I is a family of functions fi ∈ OX(U) such that fi = fj on Ui∩Uj
for every i, j ∈ I, there exists f ∈ OX(U) such that f |Ui= fi for every
i ∈ I.

The first of these properties is basically Corollary 2.1.5); nevertheless,
the second one, also known in the theory of holomorphic functions as the
analytic continuation, fails due to the fact that the spaceX with the canonical
topology is totally disconnected.

At this point Tate’s result makes its triumphal entry, since it proves that
the property of analytic continuation is valid when we restrict ourselves to
considering finite covers of the affinoid subdomain U of X.

In order to prove the result one should first define the cohomological theory
associated to this pre-sheaf of functions: this can be followed in [BGR84,
8.2.2], and also in the original paper of Tate [Tat71], where a slightly different
language is used.

2.1.17 Theorem. (Tate’s aciclicity theorem) Let X be an affinoid va-
riety of K.

If U = {Ui}i∈I is a finite cover of X in affinoid subdomains Ui ⊆ X, then
U is acyclic, i.e. U satisfies the following properties:

(a) There is a bijection OX(X) ' H0(U ,OX).

(b) Hq(U ,OX) = 0, for every integer q 6= 0.

2.1.3 Rigid analytic varieties

Tate’s result has to be considered as the starting point of a rigid theory of
non-Archimedean analytic functions.

We finally give the definition of rigid analytic variety.

Given an affinoid variety X, we take on it a Grothendieck topology in
which admissible opens are open affinoid subdomains of X and admissible
covers are finite covers of affinoid subdomains. This topology is called weak
G-topology of X.

The main objective of the section was to define rigid analytic varieties,
which are constructed, as we have noted above, from glueing together affinoid
varieties. So they should be considered the local pieces of the theory, as affine
algebraic varieties are for algebraic varieties.

For this reason, we will need a finer Grothendieck topology, which we now
define.
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2.1.18 Definition. (Strong G-topology) LetX be an affinoid variety over
X. A strong Grothendieck topology in X (also a strong G-topology)
is a Grothendieck topology on X where admissible open subsets and admis-
sible covers are defined as follows:

(a) A subset of points U ⊆ X is an admissible open subset of X if
there is a cover U = {Ui}i∈I in affinoid subdomains satisfying: for every
affinoid morphism ϕ : Y → X such that ϕ(Y ) ⊆ U , the cover ϕ−1(U) of
Y admits a finer and finite cover in affinoid subdomains.

(b) A cover in admissible open subsets V = {Vi}i∈I of an admissible open
subset V ⊆ X is an admissible cover if: for every affinoid morphism
ϕ : Y → X such that ϕ(Y ) ⊆ V , the cover ϕ−1(V) of Y admits a finer
and finite cover in affinoid subdomains.

The strong G-topology is a finer topology than the weak G-topology:
actually, as is clear from the definition, in addition to affinoid subdomains
and finite unions of affinoid subdomains, one also admits certain unions of
affinoid subdomains as admissible open subsets, and certain infinite covers
as admissible covers.

2.1.19 Definition. Let R be a ring. A ringed G-space over R is a pair
(X,OX) formed by a topological G-space X and by a sheaf OX of R-algebras
over X. The sheaf will be referred to as the structural sheaf of X.

A ringed G-space (X,OX) is said to be local if for every x ∈ X, the direct
limit

OX,x := lim−→
U3x
OX(U)

is a local ring.

A morphism of ringed G-spaces over R is a couple

(ϕ, ϕ∗) : (X,OX) −→ (Y,OY )

formed by a continuous map ϕ : X → Y of topological G-spaces and by a
family of homomorphisms of R-algebras

ϕ∗ : {ϕ∗V : OY (V ) −→ OX(ϕ−1(V ))}V ∈V

indexed in the system of admissible open subsets V of Y such that ϕ∗V is
compatible with all the restriction morphisms.

If in addition the ringed G-spaces (X,OX), (Y,OY ) are local and for every
x ∈ X the homomorphism of rings

ϕ∗x : OY,ϕ(x) −→ OX,x
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is local as well, then the morphism (ϕ, ϕ∗) : (X,OX) −→ (Y,OY ) is called a
morphism of local ringed G-spaces.

2.1.20 Definition. A rigid analytic variety over K is a local ringed
G-space (X,OX) such that:

(a) The Grothendieck topology on X is the strong G-topology.

(b) X admits an admissible cover {Ui}i∈I such that (Ui,OX |Ui) is an affinoid
variety over K, for every i ∈ I.

If (X,OX), (Y,OY ) are rigid analytic varieties over K, then a morphism
of ringed G-spaces

(ϕ, ϕ∗) : (X,OX) −→ (Y,OY )

is called a rigid K-analytic morphism.

2.1.21 Theorem. Given the following data:

(a) A family {Xi}i∈I of rigid analytic varieties over K.

(b) For every i, j ∈ I, rigid analytic varieties Xij ⊆ Xi, Xji ⊆ Xj and
isomorphisms between them ϕij : Xij ' Xji.

Moreover let us assume that the previous data are compatible in the following
sense:

(i) ϕijϕji = idXii , Xii = Xi, ϕii = idXii for every i, j ∈ I.

(ii) ϕij induces isomorphisms ϕijk : Xij ∩Xik ' Xji ∩Xjk such that ϕijk =
ϕkjiϕikj, for every i, j, k ∈ I.

Then a rigid analytic variety X over K can be constructed by glueing
together Xij with Xji through the morphism ϕij, for every i, j ∈ I.

Moreover the family {Xi}i∈I is an admissible cover for X.

Proof. (cf. [BGR84, 9.3.4/1]). 2

2.2 The p-adic upper half-plane

Let Qp denote the field of p-adic numbers and let Cp denote the completion
of a fixed algebraic closure Qp of Qp. As usual, we take the absolute value
on Qp defined by

|z| := 1

pvp(z)
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for every z ∈ Qp, where vp : Qp → Z ∪ {∞} denotes the p-adic discrete
valuation on Qp.

For every algebraic extension L|Qp, let us denote by |·| the unique absolute
value extending the p-adic absolute value on Qp (cf. [Neu99, Ch. II Theorem
4.8]). We will also denote by | · | the unique absolute value on Cp extending
the one on Qp and with respect to which this field is complete.

In this section we will introduce the p-adic upper half-plane: this is a
p-adic rigid analytic variety Hp over Qp whose set of L-points, for every
extension Qp ⊆ L ⊆ Cp, is

Hp(L) = P1,rig(L) r P1,rig(Qp)

and such that its reduction can be “identified” with the p-adic Bruhat-Tits
tree.

We will describe this rigid analytic space following three steps:

1. First we exhibit an admissible cover, endowing the set Hp(L) with a
structure of rigid analytic variety.

2. Then we define the Bruhat-Tits tree Tp associated to PGL2(Qp).

3. Finally we show that the tree Tp is the reduction graph of the rigid
analytic variety Hp, with respect to the admissible cover defined.

This will complete the portrait of a rigid analytic space which will later
become, the set of parameters in the p-adic uniformization of Shimura curves.

In the literature, the Bruhat-Tits tree is usually defined first, and then
p-adic upper half-plane: actually this can be done after adequately defining
a reduction map associated to the tree.

As we have said, this is the commonest process in the literature, as in
[Mum72], where the p-adic upper half-plane is defined as a formal scheme,
or as in [BC91, Introduction] and [Dar03, Chapter 5], where this is defined
as a rigid analytic variety.

The construction we propose here is more natural and linear after having
fixed the basic definitions on rigid analytic varieties, as was done in previous
section. To do so, we follow [SS91, Sec. 1] where the Drinfeld symmetric
space of dimension d is defined. We take advantage of the fact that we
are working in low dimension to make the description explicit, giving the
equations that locally define the rigid analytic variety Hp (cf. Theorem
2.2.20).
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2.2.1 The p-adic upper half-plane: generic fibre

Before starting to define the p-adic upper half-plane, we need to recall some
basic facts about rigid analytic geometry: namely, we will see how the affine
space An

Qp and the projective space PnQp , both algebraic varieties over Qp, can
be endowed with a structure of rigid analytic variety over Qp. This will turn
out to be a special case of the rigid gaga functor (cf. [Bos08, 1.13]). Even if
the p-adic upper half-plane turns out to be non-algebraizable, i.e. it cannot
be obtained with such a construction starting with an algebraic variety, we
will see that its structure as a rigid analytic variety is strongly influenced by
the one of the rigid analytic projective line P1,rig

Qp , basically due to the fact

that its sets of points are subsets of P1
Qp(Cp).

Let ζ = (ζ1, . . . , ζn) be an ordinate set of variables and let us choose c ∈ Qp

of absolute value |c| > 1.

For every integer i ≥ 0 we define the Qp-algebra of series in the indeter-
minates ζ and with coefficients in Qp, converging on the ball of Cn

p of center
0 and radius |c|i,

T (i)
n := {

∑
ν∈Nn

aνζ
ν ∈ Qp[[ζ1, . . . , ζn]] | lim|ν|→∞|aν ||ci|ν = 0}.

The Qp-algebras T
(i)
n are affinoids: indeed T

(i)
n is isomorphic to the Tate

algebra Tn over Qp in the n indeterminates (ξ1, . . . , ξn), through the map

ξν ∈ Tn 7−→ c−iζν ∈ T (i)
n .

If we let the sup-index i ≥ 0 vary, we obtain a sequence of affinoids
varieties

Bn(|c|i) := SpT (i)
n = (MaxT (i)

n , T (i)
n ).

Moreover, with the same procedure as in Corollary 2.1.8, we can identify the
set MaxT

(i)
n with the set of points of the ball in Qn

p of center 0 and radius
|c|i:

Bn(|c|i)(Cp) := {(z1, . . . , zn) ∈ Cn
p | max1≤s≤n|zs| ≤ |c|i}.

For i = 0 we find the well-known affinoid variety over Qp:

BnQp := Bn(1) = SpQp〈ζ1, . . . , ζn〉.

To the chain of algebras

T (0)
n −→ T (1)

n −→ . . . −→ T (∞)
n := Qp[ζ1, . . . , ζn]
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corresponds the ascending chain of the respective maximal spectra

MaxT (0)
n ⊆ MaxT (1)

n ⊆ · · · ⊆ MaxQp[ζ1, . . . ζn].

For every i ≥ 0, the affinoid variety Bn(|c|i) is an affinoid subdomain of
Bn(|c|i+1), through the rigid analytic morphism induced by the monomorph-

ism of Qp-algebras ϕi : T
(i)
n −→ T

(i+1)
n (cf. Definition 2.1.15).

Hence, we are now in a position to apply Theorem 2.1.21 to the following
data:

Xi := SpT
(i)
n , Xij := Xmin{i,j}, ϕij := idXij

in order to obtain a rigid analytic variety composed by the G-space⋃
i∈N

MaxT (i)
n = MaxQp[ζ1, . . . , ζn]

and by the Qp-algebra of functions lim←−T
(i)
n .

The rigid analytic variety constructed is called rigid analytic affine
space of dimension n over Qp and it is denoted by An,rig

Qp . Hence we have:

An,rig
Qp =

(⋃
i∈N

MaxT (i)
n , lim←−T

(i)
n

)

From what we have just shown it is clear that the set of Cp-valued points of
An,rig

Qp coincides with the set of Cp-valued points of the algebraic variety An
Qp ,

i.e. An,rig
Qp (Cp) = An

Qp(Cp).

This is why we can affirm that we have endowed the algebraic variety An
Qp

with a structure of rigid analytic variety over Qp. Actually, the family of

affinoids varieties {SpT
(i)
n }i∈N is an admissible cover for the rigid analytic

variety An,rig
Qp . More in general we can associate to every smooth algebraic

variety
X = Spec (Qp[ζ1, . . . , ζn]/(f1, . . . , fr))

a rigid analytic variety which is usually denoted by Xrig (also, Xan) and
which is referred to as the rigidification of X. This is done considering the
admissible cover of affinoid varieties Sp (T

(i)
n /(f1, . . . , fr)), for every i ≥ 0.

It can be proved that for every scheme X of finite type over Qp there is
a unique rigid analytic variety Xrig such that the set of Cp-points X(Cp)
coincides with the set of closed points of Xrig (cf. [BGR84, 9.3.4]). A rigid
analytic space which is obtained as rigidification of such a scheme is called
algebraizable. Specifically, a rigid analytic variety is algebraizable if and
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only if its set of closed points is the set of closed points of some scheme of
finite type.

We are going to work with projective varieties, so we want to describe
explicitly the rigidification of the projective space PnQp := ProjQp[ζ0, . . . , ζn].

Recall that PnQp is obtained by glueing the following n+ 1 affine varieties

Ui := SpecQp[ζ1, . . . , ζ̂i, . . . , ζn] ' An
Qp ,

where 0 ≤ i ≤ n.

Therefore it is natural to apply Theorem 2.1.21 in order to glue together
the n+ 1 rigid analytic varieties U rig

0 , . . . , U rig
n (all of them which are isomor-

phic to the rigid analytic affine space An,rig
Qp ).

This procedure would give an admissible cover but it would not be formed
by affinoid subdomains, so it is more convenient to look for another admissible
cover formed by affinoid varieties (as in the case of the algebraic construction
of PnQp).

The following remark gives an idea of which affinoid varieties can be glued
together in order to cover the rigid projective space.

2.2.1 Remark. Every Cp-valued point z of the algebraic variety PnQp always

admits coordinates (z0, . . . , zn) ∈ Cn+1
p such that max0≤i≤n|zi| = 1. Intu-

itively this is because we can multiply all the coordinates by a sufficiently
large power of p, clearing up denominators. Coordinates of z with such a
property are called unimodular coordinates.

Hence, as sets, we have that Pn(Cp) can be recovered by n + 1 copies
of the unit ball BnQp(Cp). This suggests that we can apply Theorem 2.1.21
to n + 1 affinoid varieties, all of them analytically isomorphic to BnQp (cf.
[BGR84, 9.3.4/3]). We obtain a rigid analytic variety which is denoted by
Pn,rigQp .

Let us consider the particular case of the rigid projective line over Qp.

Let ζ0, ζ1 be variables. We define the following affinoid varieties:

X0 := SpQp〈
ζ0

ζ0

,
ζ1

ζ0

〉 ' SpQp〈ζ〉, X1 := SpQp〈
ζ0

ζ1

,
ζ1

ζ1

〉 ' SpQp〈
1

ζ
〉,

X01 := SpQp〈
ζ1

ζ0

,
ζ0

ζ1

〉 ' SpQp〈ζ,
1

ζ
〉, X10 := SpQp〈

ζ0

ζ1

,
ζ1

ζ0

〉 ' SpQp〈
1

ζ
, ζ〉.

The affinoid isomorphisms above are induced by the isomorphisms of Qp-
algebras, induced i turn by the change of variables ζ 7→ ζ1/ζ0.
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Obviously, X0 ' X1 ' B1
Qp and then we have isomorphisms

ϕ01 : X01 → X10, ϕ10 : X10 → X01.

Applying Theorem 2.1.21 to the datum Xi, Xj, Xij, ϕij we obtain the rigid
analytic variety P1,rig

Qp , whose set of closed points is

P1,rig(Cp) := X0(Cp) ∪X1(Cp) ' B(Cp) ∪ B(Cp).

After this description it is clear that every closed point z ∈ P1,rig
Qp (Cp) admits

unimodular coordinates, so in particular the two sets of algebraic points and
analytic points of P1

Qp coincide:

P1,rig(Cp) = P1(Cp).

2.2.2 Remark. The role of the affinoid variety BnQp in the context of rigid
analytic geometry is the same as the one of the affine variety An

Qp in algebraic
geometry.

As in the algebraic context we have the following bijection of points:

P1(Cp) ' A1(Cp) ∪ {∞} = Cp ∪ {∞}.

Analytically we can write the bijection as well:

[z0 : z1] ∈ P1,rig(Cp) 7−→


[z0/z1 : 1] , if z1 6= 0

[1 : 0] , if z1 = 0
∈ B(Qp) ∪ {∞}

where ∞ denotes the point of projective unimodular coordinates [1 : 0].

We will draw the rigid projective line over Qp as a disk of center 0 (or
equivalently any Qp-rational point) and radius 1, confining it with a “circle
of center ∞ and radius 1”, that is, the complement of the circle of center 0
and radius 1.

2.2.3 Definition. Let be a ∈ B(Qp) and r ∈ R≥0. Then the following
subsets of points

B+(a, |p|r) := {z ∈ B(Cp), |z − a| ≤ |p|r} = {z ∈ B(Cp), v(z − a) ≥ r},

B−(a, |p|r) := {z ∈ B(Cp), |z − a| < |p|r} = {z ∈ B(Cp), v(z − a) > r}

are called resp. closed ball and open ball with center a and radius |p|r of
the affinoid variety BQp .
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2.2.4 Definition. Let be a = [a0 : a1] ∈ P1,rig(Qp) and r ∈ R≥0. Then the
following subsets

B+(a, |p|r) := {[z0 : z1] ∈ P1,rig(Cp) : |z0a1 − z1a0| ≤ |p|r} =

= {z ∈ P1,rig(Cp) : v(z0a1 − z1a0) ≥ r},

B−(a, |p|r) := {[z0 : z1] ∈ P1,rig(Cp) : |z0a1 − z1a0| < |p|r} =

= {z ∈ P1,rig(Cp) : v(z0a1 − z1a0) > r}
are called resp. closed ball and open ball with center a and radius |p|r of
the rigid analytic projective line P1,rig.

It should be obvious that the adjectives “closed” and “open” do not have
any topological meaning, since in the topological space Qp (as well as in its
compactification) all balls are clopen (i.e. Qp with its natural p-adic topology
is totally disconnected).

2.2.5 Remark. Thanks to the point-set bijection P1,rig(Cp) ' B(Cp)∪{∞}
explained in Remark 2.2.2, we can define alternatively the (open or closed)
ball of P1,rig, with center [a0 : a1] and radius |p|r as one of the following
subsets:

(a) If [a0 : a1] = [a : 1] ' a ∈ B(Qp),

{z ∈ B(Cp) : |z − a| ≤ |p|r} = {z ∈ Cp : |z − x| ≤ |p|r} = B+(a, |p|r).

(b) If [a0, a1] = [1 : 0] =:∞,

{z ∈ Cp : |z| ≥ |p|r} ∪ {∞} = B+(∞, |p|r).

2.2.6 Definition. We call a subset of points Y ⊆ P1,rig(Qp) a ball with
holes of the affinoid variety BQp = SpQp〈ζ〉 if there exist points a0, a1, . . . , as ∈
P1,rig(Qp) and positive real numbers r0, r1, . . . , rs ∈ R≥0 such that

Y = B+(a0, |p|r0) r
s⋃
i=1

B−(ai, |p|ri).

2.2.7 Definition. We call a subset Y ⊆ P1,rig(Cp) a subdomain with
holes of the rigid analytic variety P1,rig

Qp if there exist points a1, . . . , as ∈
P1,rig(Qp) and positive real numbers r1, . . . , rs ∈ R≥0 such that

Y = P1,rig(Cp) r
s⋃
i=1

B−(ai, |p|ri).
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2.2.8 Proposition. A ball with holes of BQp holds a structure of affinoid
subdomain of BQp.

Proof. Let Y := B+(a0, |p|r0) r
⋃s
i=1 B−(ai|p|,ri) be a ball with holes in

BQp such that the open balls B−(ai, |p|ri), 1 ≤ i ≤ s are pairwise disjoint.
Therefore Y can be written in the following way as a set of points:

Y = {z ∈ Cp : |z − a0| ≤ |p|r0 , |z − ai| ≥ |p|ri , 1 ≤ i ≤ s}.

Let us define the following change of coordinates:

x0 := (z − a0)/pr0

xi := pri/(z − ai) 1 ≤ i ≤ s

and the following set of points

Y
′
:= {(x0, x1, . . . , xs) ∈ Bs+1(Cp) | x0 =

z − a0

pr0
, xi =

pri

z − ai
, 1 ≤ i ≤ s}.

Hence the sets Y and Y
′

are in bijection.

Now, Y
′

is the set of points of Sp(Ts+1/a) = Qp〈χ0, . . . , χs, ζ〉/a, where a
is the following ideal:

a := (χ0p
r0 − (ζ − a0), χ1(ζ − a1)− pr1 , . . . , χs(ζ − as)− prs) ,

i.e. there is a bijection Max(Ts+1/a) ' Y
′
.

Finally it is easy to prove that the affinoid Qp-variety Sp(Ts+1/a) and the
affinoid morphism Sp(Ts+1/a)→ SpQp〈ζ〉 induced by the change of variables

ζ ∈ Qp〈ζ〉 7−→
(
ζ − a0

pr0
,
pr1

ζ − a1

, . . . ,
prs

ζ − as

)
∈ Ts+1/a

satisfy all the conditions of Definition 2.1.15. 2

The following theorem is proved in [BGR84, 9.7.2/2].

2.2.9 Theorem. Every admissible open subset of the rigid analytic variety
BQp is obtained as a union of balls with holes of BQp. �

2.2.10 Proposition. Every admissible open subset of the rigid analytic va-
riety P1,rig over Qp is obtained as a union of subdomains with holes of P1,rig.
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Proof. Straightforward after Theorem 2.2.9, since we have seen that P1,rig

admits an admissible cover in affinoid subvarieties isomorphic to BQp . 2

2.2.11 Remark. If we write the rigid projective line again as a union of
affnoid varieties P1,rig = X0 ∪X1 such that Xi ' BQp , i = 0, 1, then we can
see that every admissible open subset of P1,rig is of the type Y ⊆ P1,rig(Cp)
such that Y ∩X0 and Y ∩X1 are affinoid subdomains of the affinoid variety
BQp .

2.2.12 Definition. We define a functor from the category of field extensions
L|Qp such that Qp ⊆ L ⊆ Cp, to the category of sets: for every extension
L|Qp let us define the following subset of P1,rig(L):

Hp(L) := P1,rig(L) r P1,rig(Qp)

In particular, Hp(Cp) = P1.rig(Cp) r P1,rig(Qp) and Hp(Qp) = ∅.

2.2.13 Remark. Note that if we replace Qp by R = Q∞ and Cp by C =

Q̂∞ = Q∞ what we obtain is actually two copies of the Poincaré upper
half-plane:

H∞ := P1(C) r P1(R) = {z ∈ C | Im(z) 6= 0}.

We are going to show that Hp(L) is not only a subset of P1,rig(L) but
that it is actually a rigid analytic variety over Qp which is called the p-adic
upper half-plane over Qp.

2.2.14 Definition. For every integer i ≥ 0 let us define the following subsets
of points of P1,rig(L):

H(i),+
p (L) := P1,rig(L) r

⋃
a∈P1,rig(Qp)

B+(a, |p|i),

H(i)
p (L) := P1,rig(L) r

⋃
a∈P1,rig(Qp)

B−(a, |p|i).

2.2.15 Notation. Let us denote by Pi a system of representatives for the
points of P1(Qp) mod pi.

Specifically, Pi is the set of points [a0 : a1] ∈ P1(Qp) such that its uni-
modular coordinates (a0, a1) are a system of representatives for P1 (Zp/piZp),
i.e.

(ã0, ã1) ∈ Zp/piZp × Zp/piZp not both of them ≡ 0 (mod p).
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Therefore we can also write:

Pi := P1

(
Zp
piZp

)
' Zp
piZp

∪ pZp
piZp

The cardinality of this set is pi+pi−1 = pi−1(p+1). This is very enlightening,
as we shall see later in the section regarding the Bruhat-Tits tree (cf. Remark
2.2.25).

In particular
P1 = P1(Fp) ' Fp ∪ {∞}.

The following lemma allows us to simplify the description of the subsets
in Definition 2.2.14.

2.2.16 Lemma. Let i > 0 be an integer, a, a′ ∈ P1,rig(Qp). Then

(a) B+(a, |p|i) ∩ B+(a′, |p|i) 6= ∅ ⇐⇒ a ≡ a′ (mod pi).

(b) B−(a, |p|i) ∩ B−(a′, |p|i) 6= ∅ ⇐⇒ a ≡ a′ (mod pi+1).

Proof. Point (a) is proved by the equivalences

|a− a′| ≤ |p|i ⇐⇒ v(a− a′) ≥ i ⇐⇒ pi|(a− a′).

Point (b) is proved by the equivalences

|a− a′| < |p|i ⇐⇒ v(a− a′) ≥ i+ 1 ⇐⇒ pi+1|(a− a′).

2

2.2.17 Proposition. For every integer i > 0, we have the following equali-
ties of sets:

H(i),+
p (L) = P1,rig(L) r

⋃
a∈Pi

B+(a, |p|i),

H(i)
p (L) = P1,rig(L) r

⋃
a∈Pi

B−(a, |p|i−1).

Proof. This is immediate after Lemma 2.2.16 and recalling the basic prop-
erties of non-Archimedean balls to be either disjoint or one contained in the
other (but never with non-trivial intersection). 2

2.2.18 Corollary. The sets H(i)
p are admissible open subsets of the rigid

analytic variety P1,rig.
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Proof. By Proposition 2.2.17, the subsets H(i)
p are subdomains with holes

of P1,rig and so by Proposition 2.2.10 they have a structure of admissible
open subsets of P1,rig. 2

Following the same idea as the proof of Proposition 2.2.9, we want to
write down explicitly the equations realizing the subsets H(i)

p as an affinoid
subdomain of P1,rig

Qp .

2.2.19 Proposition. Let n > 0 be a fixed integer.

Let α0, . . . , αpn−1 and β0, . . . , βpn−1−1 be representatives for the pn−1(p+1)
classes of P1(Zp/pnZp) such that

(a) αi ∈ Zp/pnZp for every 0 ≤ i ≤ pn − 1,

(b) β0 = 0 and βj ∈ pZp for every 1 ≤ j ≤ pn−1 − 1.

Then a point z ∈ P1,rig(L) belongs to the sets H(n)
p (L) if and only if it

satisfies one and only one of the following inequalities:

(i) |z − αi| ≥ |p|n−1, for every 0 ≤ i ≤ pn − 1,

(ii) |z − 1
βj
| ≥ |p|n−1−vp(βj), for every 1 ≤ j ≤ pn−1 − 1,

(iii) |z| ≥ |p|−(n−1).

Proof. Let (a0, a1) be the unimodular coordinates of a point a ∈ Pn. We
the distinguish three cases:

(1) If a1 6≡ 0 (mod p), then [a0 : a1] = [a0/a1 : 1] ' α ∈ Zp/pnZp, and we
obtain inequality (i).

(2) If a1 ≡ 0 (mod p) and a1 6≡ 0 (mod p), then [a0 : a1] = [1 : a1
a0

] = [1 : β],
where β is a class in pZp/pnZp, and β 6≡ 0 (mod pn). In this case we
would first obtain the inequality:

|zβ − 1| ≥ |p|n−1

and dividing everything by |β| > 0, we find inequality (ii).

(3) If a1 ≡ 0 (mod pn) and [a0 : a1] = [1 : a1/a0] = [1 : 0] =:∞ ∈ P1,rig(Qp),
then

|1/z| ≤ |p|n−1,

and so in this case we find inequality (iii).
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2

2.2.20 Corollary. Lat n > 0 be a positive integer and let α0, . . . , αpn−1 and
β0, . . . , βpn−1−1 be as in Proposition 2.2.19.

Let Tpn−1(p+1) be the Tate algebra over Qp with variables

X, Y := (Y0, . . . , Ypn−1), Z := (Z0, . . . , Zpn−1−1)

and let a be the ideal of Tpn−1(p+1) generated by the following strictly conver-
gent series:

(i)
fi(X, Y, Z) := Yi(X − αi)− pn−1 0 ≤ i ≤ pn − 1,

(ii)

gj(X, Y, Z) := Zj

(
X − 1

βj

)
− pn−1−vp(βj) 0 ≤ j ≤ pn−1 − 1,

(iii)
g0(X, Y, Z) := Z0 − pn−1X.

Then the subset H(n)
p (L) is the set of L-points of the affinoid variety

Sp(Tpn−1(p+1)/a).

Finally we have endowed the subset of points Hp(L) ⊆ P1,rig(L), for every
L, with a cover in admissible affinoid subdomains of P1,rig. If we prove that
the cover {H(i)

p }i>0 is admissible, then by Definition 2.1.20, Hp is a rigid
analytic variety over Qp, as claimed at the beginning of the section. This is
proved in [SS91].

Moreover it can be also proved that the subsets H(i),+
p are admissible open

subsets of P1,rig, although in this case these are not affinoid subdomains of
P1,rig, and that the cover {H(i),+

p } is an admissible cover for the rigid analytic
variety Hp, , according to Definition 2.1.18.

2.2.2 Special fibre: the Bruhat-Tits tree

In this section we define the p-adic Bruhat-Tits tree. Roughly speaking this
is the dual of the reduction mod p of the p-adic upper half-planeHp described
in the previous section.

We will see that this tree can be presented in, at least, four different ways.
Indeed, its vertices admit a description as:
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(1) Classes of homothetic lattices in Q2
p.

(2) Classes of equivalent norms on these lattices.

(3) Classes of matrices in PGL2(Qp)/PGL2(Zp).

(4) Types of maximal quaternion orders in the quaternion algebra M2(Qp).

2.2.2.1 Tree of lattices

A lattice M ⊆ Q2
p is a free Zp-module of rank 2. Two lattices M,M ′ ⊆

Q2
p are said to be homothetic if there exists λ ∈ Q∗p such that M ′ = λM .

We will denote by {M} the homothety class of M . For every two such
homothety classes {M}, {M ′}, we can always choose the representatives such
that pnM ⊆ M ′ ⊆ M , for some n ∈ N (cf. [Ser77, 1.1]). For example, if
M = 〈u, v〉, then we can take M ′ = 〈u, pnv〉. We say that two homothety
classes {M}, {M ′} are adjacent if their representatives can be chosen such
that pM (M ′ (M .

2.2.21 Definition. We define the graph Tp whose set of vertices Ver(Tp) is
formed by the homothety classes of lattices of Q2

p and whose set of oriented
edges Ed(Tp) is formed by the pairs of adjacent classes.

Moreover the set of of unoriented edges is formed by unordered pairs of
adjacent classes and is denoted by Ed∗(Tp).

The graph Tp is actually a (p + 1)-regular tree (cf. [Ser77, 1.1]) which in
the literature is called the Bruhat-Tits tree associated to PGL2(Qp) .

The group PGL2(Qp) acts on the set of vertices Ver(Tp) by base change.
Let us describe this action in detail.

Let us take a Zp-base B = {e1, e2} of the vectorial space Q2
p and a lattice

M = 〈u, v〉 ⊆ Q2
p such that u = (u1, u2)B, v = (v1, v2)B. If γ ∈ GL2(Qp)

then γ ·M := 〈γut, γvt〉. The induced action of PGL2(Qp) on the classes of
lattices is then clearly well-defined and is a transitive action.

2.2.22 Notation. If y = (v, v′) ∈ Ed(Tp) is an oriented edge then we will
denote by y := (v′, v) the inverse edge and we will sometimes denote by
{y, y} the corresponding unoriented edge (according to [Kur79, Definition
3-1]), so that

Ed∗(Tp) = {{y, y} | y ∈ Ed(Tp)}.

Finally, we will denote by v0 the vertex of Tp whose representative is the
lattice M0 := 〈(1, 0), (0, 1)〉.
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Once we have fixed v0 as a distinguished vertex, we can describe the
Bruhat-Tits tree Tp in the following form.

(a) We start describing the set of vertices of Tp adjacent to v0.

For every i ∈ P1(Fp) = Fp ∪ {∞}, let v0
i denote the vertex represented

by the lattice M0
i where

M0
i := 〈(p, 0), (i, 1)〉, if i 6=∞,

M0
∞ := 〈(1, 0), (0, p)〉, if i =∞.

It is an easy computation to see that we have actually defined p + 1
different vertices v0

0, . . . , v
0
p−1, v

0
∞ which are adjacent to v0.

We will denote by yi the oriented edge (v0, v0
i ).

(b) For every new vertex v0
i we define the p + 1 adjacent vertices as the

vertices v0
ij represented by the lattices

M0
ij := 〈(p2, 0), (j, 1)〉, if i 6=∞, 0 ≤ j ≤ p2 − 1, j ≡ i (mod p),

M0
∞j := 〈(1, j), (0, p2)〉, if i =∞, 0 ≤ j ≤ p2 − 1, j ≡ 0 (mod p).

We will denote by yij the oriented edge (v0, v0
ij).

2.2.2.2 Tree of norms

Let us now consider a geometric realization of the tree Tp: this means that
we can think of each oriented edge (v, v′) as the real open interval (0, 1) such
that the extremal vertices v, v′ correspond respectively to the real numbers
0 and 1. Specifically, for every edge (v, v′) ∈ Ed(Tp) we can define a map:

t ∈ [0, 1] 7−→ P (t) :=


(1− t)v + tv′ t ∈ (0, 1)
v t = 0
v′ t = 1

∈ (v, v′) ∪ {v, v′}.

The point P (t) is called the point at distance t from the vertex v .

This will be done in three steps:

(1) If v = [M ] ∈ Ver(Tp) such that M = 〈u1, u2〉, then we associate to v the
class of equivalent norms on M represented by the following norm

|au1 + bu2|M := sup{|a|, |b|}.



2.2. The p-adic upper half-plane 77

(2) If (v, v′) ∈ Ed(Tp) such that M = 〈u1, u2〉 and M ′ = 〈u1, pu2〉, then to
the edge (u, v) there corresponds, by (1), the pair of classes of equivalent
norms on M and M ′ respectively, represented by the norms:

|au1 + bu2|M = sup{|a|, |b|}, |au1 + bu2|M ′ := sup{|a|, p|b|}.

(3) Finally the point P (t) = (1 − t)v + tv′ on the edge (v, v′) is natural is
obtained as the class of norms represented by the norm

|au1 + bu2|t := sup{|a|, pt|b|},

even if this norm does not correspond to any norm on a lattice in Q2
p.

In this way the tree Tp, which is a combinatorial object, is realized as
a topological space which we continue to denote by Tp. For more details
see [BC91, Introduction, Sec. 1].

When we restrict the same construction to points P (t) on the tree Tp
arising from rational parameters t ∈ [0, 1]∩Q, we refer to the corresponding
geometric realization as the rational geometric realization of the tree
Tp and we denote it by Tp,Q.

2.2.2.3 Tree of matrices

The following would be the p-adic analog of Proposition 1.2.24.

2.2.23 Proposition. If we denote by v0 the vertex of Tp with representatives
Z2
p = 〈(1, 0), (0, 1)〉, then the map

γ ∈ PGL2(Qp) 7−→ γ · v0 ∈ Ver(Tp)

induces a homeomorphism

PGL2(Qp)/PGL2(Zp) ' Tp,

where the topology on Tp is the natural one induced on its geometric realiza-
tion.

Proof. As usual, this is immediate after [Shi70a, 1.2], once we have observed
that the map is surjective, since the action is transitive, and the stabilizer of
the vertex v0 inside PGL2(Qp) is PGL2(Zp). 2
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By Proposition 2.2.23, we can represent each vertex by a class of matrices.

Namely, if v = {M} then v is represented by the class

{αM} ∈ PGL2(Qp)/PGL2(Zp),

such that αM is the matrix whose columns are the base vectors of M .

2.2.24 Remark. Note that matrices lying in the same class do not always
have the same determinant. Their determinants, though, have the same
parity in the p-adic valuation.

So we can say that a vertex v = {α} ∈ PGL2(Qp)/PGL2(Zp) is even if
vp(detα) ≡ 0 (mod 2) and that it is odd otherwise.

Note also that a transformation γ ∈ PGL2(Qp) sends a vertex v to another
one with the same parity if and only if vp(det γ) is even.

With this description of the tree, we can define an ascending chain of
subtrees of Tp. For every integer i ≥ 0, we define the tree T (i)

p as the subtree
of Tp whose set of vertices is

Ver(T (i)
p ) := {v = {α} | vp(detα) ≤ i}.

Clearly,

(a) Ver(T (0)
p ) = {v0},

(b) Ver(T (i)
p ) ⊆ Ver(T (i+1)

p ) for every i ≥ 0,

(c) Tp =
⋃
i≥0 T

(i)
p .

We can now give a picture of the Bruhat-Tits as a “tree of matrices”,
using the system of representatives just computed. We do it below for the
subtree T (2)

p and for p = 2:
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2.2.25 Remark. The vertex v0 corresponds to the projective line P1
Zp =

P(M0) associated to the lattice M0 = Z2
p in [Mum72, Sec. 2] and the p + 1

adjacent vertices correspond to projective lines obtained by blowing up the
p+ 1 Fp-rational points of P1

Fp inside P1
Zp .

2.2.26 Remark. (Intuitive) If we look back at the admissible cover de-
fined for the upper half-plane Hp in Definition 2.2.14 and Proposition 2.2.17,
then we will observe that the set of representatives Pi for the points of the
projective line P(Zp/piZp) corresponds bijectively with set of “added ver-

tices” of the subtree T (i−1)
p , i.e. there is a bijection of sets

Ver(T (i−1)
p ) r Ver(T (i−2)

p ) ' Pi,

for every i ≥ 1.

The intuition then would suggest that removing open balls in P1,rig(Cp)
with center in Pi corresponds through this bijection to adding to the subtree
T (i−2)
p the vertices of the subtree T (i−1). This intuition will find its theoretical

explanation in Theorem 2.2.31, as will be explained in the related remarks.

2.2.2.4 Tree of quaternion orders

Let B be a definite quaternion algebra over Q of discriminant DB such that
the prime p does not divide DB.

Another description of the Bruhat-Tits tree defined above can be given
in terms of maximal orders and Eichler orders of the local algebra Bp :=
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B ⊗Q Qp, which is the matrix algebra M2(Qp). Let us fix once and for all an
isomorphism Φp : Bp ' M2(Qp).

Therefore in [Vig80, II, 2.1] the following result is proved.

2.2.27 Lemma. If M is a lattice in Q2
p, then the ring of endomorphism

End(M) ⊆ M2(Qp) is a maximal order inside the Qp-algebra of endomorph-
isms End(M ⊗Zp Qp) ' M2(Qp), which is uniquely determined up to conjug-
ation. Moreover every maximal order of End(Q2

p) is of this form. 2

Given a homothety class of lattices {M}, we denote by O{M} the cor-
responding maximal order in Bp which is well defined up to conjugation,
namely

O{M} := Φ−1
p (End(M)).

2.2.28 Proposition. Let O1,O2 be maximal orders of Bp and put O :=
O1 ∩O2. Then O is an Eichler order of level p if and only if there exist two
classes of adjacent vertices {M1}, {M2} ∈ Ver(Tp) such that O1 = O{M1} and
O2 = O{M2}. 2

This suggests the following bijection:

2.2.29 Proposition. (i) There is a bijection between the set of vertices
Ver(Tp) of the Bruhat-Tits tree Tp and the set of maximal local orders
of Bp, given by

{M} ∈ Ver(Tp) 7−→ O{M} ⊆ Bp.

The map depends on the isomorphism Φp and also on the choice of a
basis for Q2

p.

(ii) There is a bijection between the set Ed∗(Tp) of unoriented edges of the
Bruhat-Tits tree Tp and the set of Eichler orders of level p of Bp, given
by

{{M1}, {M2}} ∈ Ed∗(Tp) 7−→ O12 := O{M1} ∩ O{M2} ⊆ Bp.

Proof. After Proposition 2.2.28, we only need to show that the map is
well-defined and injective, i.e. that two latices M,M

′ ⊆ Q2
p have the same

endomorphism ring if and only if they are homothetic, which is trivial. 2

The action of PGL2(Qp) on the tree Tp, with respect to this new descrip-
tion is explained in the following result.
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2.2.30 Proposition. Let γ ∈ PGL2(Qp). Then

(i) If {M} is a vertex of Tp, then

Oγ{M} = γO{M}γ−1.

(ii) If {{M1}, {M2}} is an edge of Tp and O := O{M1} ∩ O{M2} is its asso-
ciated Eichler order of level p, then

Oγ{M1} ∩ Oγ{M2} = γOγ−1.

Proof. The proof is an immediate application of base changes in the lattices
M1,M2. 2

This interpretation of the Bruhat-Tits tree in terms of orders of the local
algebra Bp can be easily translated into one considering orders of the global
algebra B.

Let us fix a maximal order OB ⊆ B and let us consider the set of maximal
orders O′B ⊆ B such that

O′B,` := OB,` for ` 6= p

O′B,p := xOB,px−1 for some x ∈ Bp.

This set is clearly in bijection with the one of local maximal orders of Bp.

Moreover if we take the maximal order OB ⊆ B to be such that OB,p =
O{M0}, where we have defined M0 := 〈(1, 0), (0, 1)〉 = M2(Zp). In this way
we have the following bijections:

Ver(Tp) ' GL2(Qp)/Q∗pGL2(Zp) ' B∗p/Q∗pO∗B,p.

Note that the Q∗pO∗B,p is isomorphic to the normalizer

Nor(OB,p) := {α ∈ B∗p | α−1OB,pα = OB,p}.

2.2.3 The reduction map

2.2.31 Theorem. For every extension L of Qp contained in Cp, there exists
a map

Red : Hp(L)→ Tp
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which is equivariant with respect to the action of the group PGL2(Qp), i.e.
such that

Red(γ · z) = γ · Red(z)

for every z ∈ Hp(L) and every γ ∈ PGL2(Qp).

Moreover the image of this map is the rational geometric realization of the
tree Tp, i.e.

Red(Hp) = Tp,Q.

Proof. Let us fix an extension Qp ⊆ L ⊆ Cp.

Given a point z = [z0 : z1] ∈ Hp(L) we can define a non-zero injective
Qp-linear map

λz : Q2
p −→ L

(x, y) 7−→ z0x+ z1y

and the association

Hp(L) −→ {Q2
p → L | non− zero and injective}/Q∗p

z 7−→ λz.

is actually a bijection between the set of L-points Hp(L) and the set of Q∗p-
homothety classes of non-zero and injective Qp-linear map Q2

p ↪→ L.

Now, we can define Red(z) to be the class of equivalent norms {| · |z} on
Q2
p defined by

|(x, y)|z := |λz(x, y)|, (x, y) ∈ Q2
p.

Hence, since the norm | · |z associated to a point z ∈ P1(Cp) has values in
{pr | r ∈ Q}, then Red(z) defines a point P (t) on the rational geometric
realization Tp,Q of the tree Tp.

Finally the fact that the map Red is equivariant is a simple calculation.
2

We write this map as Red : Hp → Tp and call it reduction map associ-
ated to Hp.

The reduction map just defined owes its name to the fact that it is inti-
mately related with the usual reduction modulo the prime p, as is explained
in the following important remark.

2.2.32 Remark. We can restrict the reduction map defined to the local
pieces H(i)

p by defining the rigid analytic spaces Hp and obtaining a finite
reduction map.
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(1) Using the inequalities of Corollary 2.2.19 defining the affinoid cover

{H(i)
p }i≥1, it can be seen explicitly that for every i ≥ 1,

Red−1(T (i−1)
p,Q ) = H(i)

p .

This is done in [BC91, 2.3] where actually the affinoid subdomain H(i)
p is

defined by this last equality.

(2) On the other side, equations given in Theorem 2.2.20 can be reduced
modulo p through the “reduction mod p of restricted series” described
in Proposition 2.1.3, and this gives an algebraic variety over Fp.

It is then an exercise to see that the dual graph of the reduction mod p
of H(i)

p (i.e. the graph whose vertices are the irreducible components of
the algebraic variety over Fp and such two vertices are adjacent iff the

corresponding irreducible components meet) is the tree T (i−1)
p .

This should explain the affirmations of Remark 2.2.25.

Note here that the reduction mod p of H(i)
p is a finite algebraic variety

and the corresponding tree T (i−1)
p is a finite tree, which makes perfect

sense!

(3) Passing the construction of (1) and (2) to the direct limit, we obtain that
the dual graph of the reduction mod p of the rigid analytic variety Hp is
the infinite tree Tp.

Finally we can affirm concisely that: the map Red of Theorem 2.2.31
is the dual of the reduction mod p associated to the rigid analytic
space Hp.

2.3 Mumford uniformization

For every extension L|Qp, the group of automorphisms of the set Hp(L) =
P1(L) r P1(Qp) is isomorphic to the group PGL2(Qp), since every automor-
phism of this set can be expressed as

P1(L) −→ P1(L)
z = [z0 : z1] 7−→ [az0 + bz1 : cz0 + dz1]

for a unique matrix

(
a b
c d

)
∈ PGL2(Qp).
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The action of PGL2(Qp) over the set of points Hp(L) = L r Qp can also
be defined in the following way:

Given γ =

(
a b
c d

)
∈ PGL2(Qp) and τ ∈ Hp(L),

γ · τ :=
aτ + b

cτ + d
.

After what we have seen in Section 2.2, we know that:

(i) The group PGL2(Qp) is actually the group of rigid analytic automorph-
isms of the rigid analytic space Hp over Qp, i.e.

Aut(Hp) ' PGL2(Qp).

(ii) The group PGL2(Qp) is also the group of automorphisms of the Bruhat-
Tits tree Tp.

(iii) The reduction map
Redp : Hp → Tp

defined in Theorem 2.2.31 is equivariant with respect to this action, i.e.

Redp(γ · z) = γ · Redp(z)

for every z ∈ Hp(L) and every γ ∈ PGL2(Qp).

Note the analogy (and difference!) with respect to the Archimedean case:
the Poincaré upper half-plane H := {z ∈ C | Im(z) > 0} has group of
automorphisms isomorphic to PGL2(R)>0 ' PSL2(R), because the complex
analytic space P1(C) r P1(R) is not connected, although Hp it is, so we
usually take one connected component and this reflects on the group of au-
tomorphisms.

The aim of this section is to introduce certain discrete subgroups of
PGL2(Qp) which are of particular interest in the theory of non-Archimedean
uniformization of curves: these are the p-adic Schottky groups.

2.3.1 Transformations in PGL2(Qp)

We start by recalling how transformations in PGL2(Qp) are classified. The
following results have to be compared to the ones holding for transformations
in PSL2(R) in [Shi70a, Sec.1.2] and [AB04, Sec. 2.2].
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2.3.1 Definition. Let γ ∈ PGL2(Qp) be a transformation represented by a
matrix having eigenvalues µ1, µ2 ∈ Qp.

(i) γ is called hyperbolic if |µ1| 6= |µ2|.

(ii) γ is called elliptic if µ1 6= µ2, |µ1| = |µ2|.

(iii) γ is called parabolic if µ1 = µ2.

2.3.2 Proposition. Let us consider the following well-defined map

t : PGL2(Qp) −→ Qp

γ =

(
a b
c d

)
7−→ (a+ d)2

ad− bc
.

Then we have the following characterizations:

(i) γ is hyperbolic ⇐⇒ |t(γ)| > 1.

(ii) γ is elliptic or parabolic ⇐⇒ |t(γ)| ≤ 1.

(iii) γ is hyperbolic if and only if γ is conjugated to a transformation in

PGL2(Zp) represented by a matrix

(
µ 0
0 1

)
such that vp(µ) > 0.

(iv) γ is elliptic if and only if γ is conjugated to a transformation in PGL2(Zp)

represented by a matrix

(
µ 0
0 1

)
such that vp(µ) = 0.

(v) γ is parabolic or elliptic if and only if γ2 is conjugated to a transfor-
mation in PGL2(Zp).

Proof. If we set µ := µ1/µ2 ∈ Cp, then we have the following equality:

t(γ) =
Tr2(γ)

Det(γ)
= µ+ µ−1 + 2. (2.3.1)

Condition |µ| = 1 = |µ−1| is equivalent to

|µ+ µ−1 + 2| ≤ max{|µ|, |µ−1|, |2|} = 1.

This proves equivalences (i) and (ii). To prove (iii), let us observe that for
any σ ∈ PGL2(Qp)

t

(
σ

(
µ 0
0 1

)
σ−1

)
=

(µ+ 1)2

µ
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and so all the conjugated of

(
µ 0
0 1

)
, with vp(µ) > 0, represent hyperbolic

transformations, by equivalence (i). Conversely, assume that γ is a hyperbolic
element. By (i) we have that ν := vp(t(γ)−1) > 0, i.e. Det(γ) = νTr2(γ) and
vp(Tr(γ)) = 0. So the characteristic polynomial of γ is

Pγ(X) = X2 − Tr(γ)X + νTr2(γ)

and reducing it modulo p we find a polynomial with coefficient in Fp having

two different roots {0,Tr(γ)}. By Hensel’s lemma these two roots lift to two
p-adic roots of the characteristic polynomials Pγ namely

x1 = uTr(γ), x2 = νu−1Tr(γ),

for some unit u ∈ Z∗p. Therefore γ is equivalent in PGL2(Qp) to the matrix
νTr(γ)−1γ and so it is a hyperbolic transformation.

For point (v) see [GvDP80, Lemma 1.4]. 2

2.3.3 Definition. We can associate to every matrix γ =

(
a b
c d

)
∈ M2(Qp),

the following p-adic binary quadratic form:

fγ(X, Y ) := cX2 + (d− a)XY − bY 2 ∈ Qp[X, Y ].

We call zeros of the quadratic form fγ the zeros of the quadratic poly-
nomial fγ(X, 1) ∈ Qp[X].

2.3.4 Remark. Observe that the form fγ has the following properties:

(i) The discriminant of the polynomial fγ(X, 1) is

disc(fγ(X, 1)) = (d− a)2 + 4bc = Tr2(γ)− 4Det(γ),

which turns out to be equal to the discriminant of the characteristic
polynomial associated to γ.

(ii) The zeros of the form fγ are the fixed points inHp of the transformation
represented by the matrix γ, i.e.

fγ(τ, 1) = 0 ⇐⇒ γ · τ = τ.

These important remarks make it clear that the binary quadratic form fγ
allows us to classify the transformation γ.
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2.3.5 Proposition. The following characterizations hold:

(i) γ is hyperbolic ⇐⇒ disc(fγ(X, 1)) ∈ Q∗2p ⇐⇒ γ has two different
fixed points in P1(Qp).

(ii) γ is elliptic ⇐⇒ disc(fγ(X, 1)) /∈ Q∗2p ⇐⇒ γ has two different fixed
points in Hp(Qp2), where Qp2 denotes the unique unramified quadratic
extension of Qp contained in Cp.

(iii) γ is parabolic ⇐⇒ disc(fγ(X, 1)) = 0 ⇐⇒ γ has a unique fixed
point in P1(Qp).

Note that, in contrast to the Archimedean case, the connectedness of
the space Hp reflects into the fact that elliptic transformations have two
fixed points instead of one. This phenomenon will be studied in more detail
in Chapter 4, since these fixed points are the p-adic analogous of complex
multiplication parameters of Definition 1.3.15.

2.3.2 p-adic Schottky groups

2.3.6 Definition. Let Γ be a subgroup of PGL2(Qp).

A point z ∈ P1(Cp) is called a limit point with respect to Γ if there
exist a point y ∈ P1(Cp) and a sequence {γn}n∈N of elements of Γ, with
γn 6= γm ∀n 6= m, such that lim(γn · y) = z.

We denote by LΓ ⊆ P1(Cp) the set of limit points with respect to Γ and
the subgroup Γ is said to be discontinuous if LΓ 6= P1(Cp).

2.3.7 Proposition. If Γ ⊆ PGL2(Qp) is a discontinuous subgroup, then Γ
is discrete.

Proof. If Γ was not a discrete subgroup of PGL2(Qp) then a sequence
{γn}n≥0 of elements γn ∈ Γ would exist, such that limn γn = γ ∈ PGL2(Qp).
Therefore, every z ∈ P1(Cp) could be written as a limit z = limn(γnγ

−1 ·z) =
z, which is an absurd. 2

2.3.8 Definition. A subgroup Γ ⊆ PGL2(Qp) is called a p-adic Schottky
group if it satisfies the following conditions:

(i) Γ is discontinuous.

(ii) Γ is finitely generated.
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(iii) Γ has no elements of finite order different from the identity I2.

2.3.9 Lemma. Let Γ ⊆ PGL2(Qp) be a discontinuous subgroup generated
by one element γ 6= I2. If γ is not hyperbolic, then it must be an element of
finite order. In particular, γ cannot be parabolic.

Proof. If the generator γ is an elliptic transformation, then it is represented
by a matrix conjugated to

(
µ 0
0 1

)
, with |µ| = 1. Since the closure of every

orbit Γz = {µnz | n ∈ N}, is compact, and since the group Γ is discrete by
Proposition 2.3.7, then Γz is finite for every z ∈ P1(Cp). In particular µ has
to be a root of unity in Cp.

Analogously, if γ is a parabolic transformation, then it is represented by a
matrix conjugated to ( 1 b

0 1 ) and so in this case we have that nb = 0 for some
n ∈ Z; thus b = 0 and the transformation γ is the identity I2. 2

After Lemma 2.3.9, we can rewrite Definition 2.3.8, replacing condition
(iii) as follows.

2.3.10 Definition. A subgroup Γ ⊆ PGL2(Qp) is called a p-adic Schottky
group if it satisfies the following conditions:

(i) Γ is discontinuous.

(ii) Γ is finitely generated.

(iii) Every element γ ∈ Γ, γ 6= I2, is hyperbolic.

The following statement was first proved by Ihara in [Iha66a, 2-1].

2.3.11 Theorem. (Ihara) Every Schottky group is free

Proof. By [Ser77, 3.3, Théorème 4] a group is free if there exists a tree
on which this group acts freely, so to prove (ii) we only need to prove that
any Schottky group Γ acts freely on the Bruhat-Tits tree Tp, as described
in Section 2.2. In the same section we have also seen that PGL2(Qp) acts
transitively on the tree Tp. If Γ does not act freely on Tp, then there exists
an element γ ∈ Γ, γ 6= I2, fixing a vertex or an (oriented) edge of Tp. In the
case γ fixes an edge, γ2 fixes the extreme vertices of this edge, so in both
cases γ cannot be hyperbolic, which is a contradiction. 2

2.3.12 Remark. The reason why the transformation γ, fixing the edge or
a vertex in Tp in the proof above, cannot be hyperbolic is that γ would then
have fixed points in P1(Qp) which is identified with the “boundary” of the
tree Tp (cf. next Proposition 2.3.18).
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We are interested in a particular family of p-adic Schottky groups, namely
cocompact Schottky groups, because these are the ones that arise in the p-adic
uniformization of Shimura curves.

2.3.13 Definition. A discrete subgroup Γ ⊆ PGL2(Qp) is said to be co-
compact if the quotient space PGL2(Qp)/Γ is compact.

2.3.14 Proposition. If Γ ⊆ PGL2(Qp) is a discrete cocompact subgroup,
then the quotient graph Γ\Tp is compact, i.e. its set of vertices Ver(Γ\Tp) is
finite.

Proof. It is an immediate consequence of the homeomorphism

Tp ' PGL2(Qp)/PGL2(Zp)

(cf. Proposition 2.2.23), and the continuity of the map

Γ\PGL2(Qp) −→ Γ\PGL2(Qp)/PGL2(Zp).

2

2.3.3 Mumford curves

The importance of p-adic Schottky groups defined above resides in the fact
that they allow the p-adic uniformization of stable curves of genus g ≥ 1,
defined over Zp, having Fp-split degenerate reduction.

This is the well-known theory of non-Archimedean uniformization of curves
started by Tate with its celebrated result on elliptic curves with split mul-
tiplicative reduction and extended by Mumford to curves of genus g ≥ 2
(cf. [Mum72] and [Mil15]).

We resume here the main result of this theory in the way we will use it in
this memory. First, we recall briefly the definition of stable curve according
to [Mum72, Definition 3.2].

2.3.15 Definition. Let C be a smooth projective curve over Qp. A model
C over Zp for the curve C is said to be semistable if

(i) The scheme C is proper and flat over Zp.

(ii) The special fibre C0 is geometrically reduced and connected.

(iii) All the singular points of C0 ⊗ Fp are ordinary double points.
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(iv) All irreducible components of C0 ⊗ Fp, if any, meet the remaining com-
ponents in at least 2 points.

If moreover all non-singular rational irreducible components of C0 ⊗ Fp,
if any, meet the remaining components in at least 3 points, we say that the
model C is stable.

In general, a proper and flat scheme C over Zp, with 1-dimensional fibres,
is said to be stable if it is the stable model of its generic fibre Cη, according
to the definition above.

Let C be a stable scheme over Zp. Its special fibre C0 is said to be Fp-
split degenerate if the normalizations of all its irreducible components are
isomorphic to P1

Fp and all the double points are Fp-rational. In particular the
local ring in a singular point P of the special fibre is

OC0,P ' Fp[x, y]/(xy).

2.3.16 Definition. When a curve C over Qp admits a stable model C with
special fibre a Fp-split degenerate curve, then the stable reduction graph
of C (with respect to C) is the graph G(C, C) defined by the following
properties:

(a) The set of vertices of G(C, C) is the set of irreducible components of C0.

(b) Two vertices are connected by an edge if and only if the corresponding
irreducible components of C0 meet each other.

2.3.17 Notation. Given a Schottky group Γ ⊆ PGL2(Qp), we will denote
by TΓ the tree associated to Γ, as constructed in [Mum72, Sec. 1].

We will denote by HΓ the rigid analytic space over Qp, which generic fibre

of the admissible formal scheme ĤΓ associated to the tree TΓ, as constructed
in [Mum72, Sec. 2].

The following result is [Mum72, Proposition 1.18].

2.3.18 Proposition. Let ∂TΓ be the set of ends of the tree TΓ. Then there
is an injective map

ι : ∂TΓ ↪→ P1(Qp).

Moreover when TΓ = Tp, this map is surjective, i.e. there is a bijection of
sets

ι : ∂Tp ' P1(Qp).

2.3.19 Proposition. Let Γ ⊆ PGL2(Qp) be a Schottky group.



2.3. Mumford uniformization 91

(1) For every extension Qp ⊆ L ⊆ Cp, the rigid analytic space HΓ is a
subdomain of Hp such that

HΓ(L) = P1(L) r LΓ,

where LΓ is the set of limit points with respect to Γ (cf. Definition 2.3.6).

In particular, when Γ = PGL2(Qp), this rigid analytic space is HΓ = Hp.

(2) The tree TΓ is a subtree of Tp such that the map

ι : ∂TΓ ↪→ P1(Qp)

has image ι(∂TΓ) = LΓ.

In particular, when Γ = PGL2(Qp), then TΓ = Tp.

(3) The reduction map of Theorem 2.2.31

Red : Hp −→ Tp

restricts to a reduction map

RedΓ : HΓ −→ TΓ

for the rigid analytic space HΓ.

Therefore the tree TΓ is the reduction graph of the rigid analytic space
HΓ.

2.3.20 Theorem. (cf. Theorem 3.3. and Corollary 4.11, [Mum72])
Let Γ ⊆ PGL2(Qp) be a Schottky group of rank g as a free group. Then there
exists a proper and flat scheme CΓ over Zp such that:

(i) CΓ is stable and its generic fibre CΓ is a genus g curve.

(ii) The rigid analytic space Γ\HΓ over Qp is isomorphic to the rigidifica-
tion of the curve CΓ, i.e.

Γ\HΓ ' Crig
Γ .

(iii) The reduction mod p of the rigid analytic space Crig
Γ is an Fp-split de-

generate curve.

(iv) The stable reduction graph of the curve CΓ, with respect to the model
CΓ, is the finite graph Γ\TΓ.
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Moreover the curve CΓ is uniquely determined, up to isomorphism, by the
conjugacy class of the Schottky group Γ inside PGL2(Qp).

The (non-Archimedean) curve CΓ is called Mumford curve associated
to the Schottky group Γ.

Note that condition (ii) of the Theorem is equivalent to say that the
completion of the scheme CΓ, along its special fibre CΓ,0, is an admissi-

ble formal scheme isomorphic to Γ\ĤΓ, where ĤΓ is the formal scheme
of [Mum72, Proposition 2.8].

2.3.21 Theorem. Let Γ ⊆ PGL2(Qp) be a cocompact Schottky group. Then
the set of limit points with respect to Γ is

LΓ = P1(Qp).

Proof. By Proposition 2.3.18 we know that ι(∂Tp) = P1(Qp). Therefore
for every point z ∈ P1(Qp) there is a half-line {vn}n≥0, formed of vertices
vn ∈ Ver(Tp), such that the associated end e := [{vn}n≥0] ∈ ∂Tp corresponds
to the point z, i.e. ι(e) = z.

Let Fp be a fundamental domain for the graph Γ\Tp such that v0 ∈ Fp.
Since the group Γ is cocompact, by Proposition 2.3.14 we know that the
graph Fp has a finite number of vertices and so the integer

j1 := max{n ≥ 0 | vn ∈ Fp}

exists.

Therefore there exists γ1 ∈ Γ, γ 6= I2, such that γ1 · Fp 3 vj1+1. Let
w1 ∈ γ1 ·Fp be such that Γw1 = Γv0, so w1 = γ′1v0 for some γ′1 ∈ Γ. Iterating
this process we find a sequence

w0 := v0, w1 := γ′1 · v0, . . . , wn := γ′n · v′0, . . .

having the same limit, for n→∞, of the sequence {vn}n≥0, namely the point
z ∈ P1(Qp). 2

2.3.22 Corollary. If Γ ⊆ PGL2(Qp) is a cocompact Schottky group then

TΓ = Tp and HΓ = Hp.

Proof. It is immediate after Theorem 2.3.21 and Proposition 2.3.19. If Γ
is cocompact then for every extension Qp ⊆ L ⊆ Cp,

HΓ(L) = P1(L) r LΓ = P1(L) r P1(Qp) = Hp.
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and applying the reduction map

TΓ,Q = RedΓ(HΓ) = Red(Hp) = Tp,Q.

2

The following theorem is the p-adic analog of a well-known result about
discrete subgroups of PSL2(R), and more in general about discrete subgroups
of PGL2(C), which was first proved by Selberg (cf. [Sel60, Lemma 8]). This
is one of the main ingredients in the proof of the Cerednik Theorem as well
as in the computation of the examples of explicit p-adic uniformizations of
Shimura curves.

2.3.23 Theorem. Let Γ ⊆ PGL2(Qp) be a discontinuous and finitely gener-
ated group. Then there exists a subgroup Γ0 of finite index, which is torsion-
free. In particular Γ0 is a p-adic Schottky group.

Proof. Let S be a subset of elements of finite order of Γ such that every
element of finite order of Γ is conjugated to an element of S. It is easy to prove
that the set S can be taken to be finite (cf. for example [GvDP80, Lemma
3.3.2]).

Since Γ is finitely generated, we can find a ring R ⊆ Qp which is finitely
generated over Zp and such that Γ ⊆ PGL2(R) ⊆ PGL2(Qp).

Since S is finite, there exists a maximal ideal m ⊆ R such that for every
σ ∈ S, σ 6= I2, we have σ − I2 /∈ m. Therefore, the group

Γ0 := Γ(m) := {γ ∈ Γ | γ − I2 ∈ m}

is a normal subgroup of Γ of finite index (since R/m is a finite field) and it
follows directly from the fact that Γ(m) is normal that Γ(m) does not contain
any of the elements of finite order of Γ. 2
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Chapter 3

p-adic fundamental domains of
Shimura curves and their
reductions

3.1 p-adic uniformization of Shimura curves

Let H be an indefinite quaternion algebra over Q of discriminant DH > 1 and
let OH be an Eichler order over Z of level N . In Section 1.2 we introduced the
canonical model X(DH , N) of the Shimura curve associated to (the conjugacy
class of) the Eichler order OH .

After Theorem 1.2.3, we know that this is a smooth and proper algebraic
curve defined over Q, whose set of complex points are uniformized (hyper-
bolically) by the group of quaternions

Γ(DH , N) := {α ∈ O∗H | Nm(α) > 0} = {α ∈ OH | Nm(α) = 1},

viewed as subgroup of transformations in PGL2(Q∞)>0 = Aut(H), once an
immersion Φ∞ : H ↪→ M2(Q∞) is fixed, i.e.

Γ(DH , N)\H ' X(DH , N)(C).

Depending on which side of this analytic isomorphism we prefer to look at,
we can naturally consider two questions arising from replacing the prime ∞
by a finite prime p (eventually dividing the discriminant DH of the algebra
H):

(1) To study discrete subgroups of transformations Γ ⊆ PGL2(Qp) = Aut(Hp)
and to look for a family of algebraic curves {CΓ}Γ providing algebraic

95
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models for the rigid analytic varieties Γ\Hp, i.e. such that

Γ\Hp ' Crig
Γ .

(2) To study the set of p-adic points of the curve X(DH , N) and to find
a non-Archimedean uniformization for this set of points, i.e. to find a
subgroup of transformations Γ ⊆ PGL2(Qp) such that

Γ\Hp ' X(DH , N)(Cp).

As we shall see in this chapter, each of these questions provides an answer
to the other, at least in the case when p|DH .

The first question was first considered by Ihara. In a series of works
(cf. [Iha66a], [Iha66b], [Iha67]) he studied some algebraic curves associated
to discrete subgroups Γ ⊆ PGL2(R) × PGL2(Qp) such that the projections
on each factor are dense subgroups. He proved a series of conjectures (cf.
[Iha68, Conjectures 1, 2 and 3]) regarding these curves and which he brought
together under the name of the congruence monodromy problems.

Later, Cerednik went further into this line of research and discovered that
actually such curves arising from quotients as in (1), and as in the works of
Ihara, were the non-Archimedean counterpart of the complex uniformization
of Shimura curves: he found out (somewhat magically) the Theorem on
interchanging local invariants (cf. [Cer76b, Theorem 2.1]), better known
today as the Cerednik-Drinfeld Theorem.

Maybe the history of this fascinating result should not be explained in
such a simplified way: it is clear, though, that Ihara knew the works of
Shimura on arithmetic quotients of the Poincaré upper half-plane and their
canonical models, and so he surely expected to have a result relating the
two uniformizations, which he actually considered simultaneously. On the
other hand, Cerednik was able to prove and make the connexion between
the curves considered by Ihara and those by Shimura thanks to the recent
work of Mumford [Mum72] on the non-Archimedean uniformization of curves.
Actually, as we are going to throughout this chapter, the fundamental step
from Mumford’s paper to Cerednik’s one, i.e. from the uniformization of
Mumford curves to the uniformization of Shimura curves, lies in considering
certain supergroups of Schottky groups containing elements of finite order
(while Schottky groups are torsion-free).

3.1.1 Cerednik theorem

We will now state the theorem of Cerednik on interchanging local invariants
in its original version. Nevertheless, we restrict ourselves to the case when
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the base field is F = Q.

Let p ∈ Z be a fixed prime and let R be a set of primes of Q such that
{∞, p} ⊆ R and the cardinality of R is odd.

Let H and B be quaternion algebras over Q such that their sets of rami-
fication satisfy the following relations:

Ram(H) = Rr {∞}, Ram(B) = Rr {p}.

In particular we have that

(1) H is indefinite, p|DH , and there is an immersion

Φ∞ : H ↪→ M2(Q∞).

(2) B is definite, p - DB, and there is an immersion

Φp : B ↪→ M2(Qp).

Let OH ,OB be Eichler orders over Z in H and in B respectively, of the
same level N .

(1) Let us denote by OH [1/∞] := OH ⊗Z Z[1/∞] the corresponding Eichler
order over Z[1/∞] := Z of level N and let us define the following group:

Γ∞,+(DH , N) := Φ∞({α ∈ OH [1/∞]∗ | Nm(α) > 0})/Z[1/∞]∗.

This is a discrete and cocompact subgroup of PGL2(Q∞)>0 = Aut(H)
and there exists an algebraic curve X(DH , N) over C such that

Γ∞,+(DH , N)\H ' X∞(DH , N)an.

(2) Let us denote by OB[1/p] := OB ⊗Z Z[1/p] the corresponding Eichler
order over Z[1/p] and let us define the following group

Γp(DB, N) := Φp(OB[1/p]∗)/Z[1/p]∗.

This is a discrete and cocompact subgroup of PGL2(Qp) = Aut(Hp) and
there exists an algebraic curve Xp(DB, N) over Qp such that

Γp(DB, N)\Hp ' Xp(DB, N)rig.

3.1.1 Remark. Observe that
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(1) The set of matrices

Φp({α ∈ OH [1/∞]∗ | Nm(α) = 1})

is a system of representatives for the transformations in Γ∞,+(DH , N).

(2) The set of matrices

Φp({α ∈ OB[1/p]∗ | Nm(α) ∈ {1, p}})

is a system of representatives for the transformations in Γp(DB, N).
Moreover this group has an index 2 subgroup which is the one repre-
sented by matrices in

Φp({α ∈ OB[1/p]∗ | Nm(α) = 1})

and it will be denoted in the following by Γp,+(DB, N) (cf. next Theorem
3.1.14 and Corollary 3.1.16).

Note that the fact that the quotient rigid analytic variety Γp(DB, N)\Hp

is algebraizable is a consequence of the theory of Mumford uniformization,
as we recall in what follows. This is proved in Cerednik’s original paper as
an application of Mumford’s results (cf. Section 2.3.3).

As a matter of fact, the group Γp(DB, N) is a discrete and cocompact
subgroup of PGL2(Qp) but it is not torsion-free since it can contain elliptic
transformations. Nevertheless, by Theorem 2.3.23 we know that there exists
an integer M ≥ 1 such that the subgroup

Γp(DB, N)(M) := {γ ∈ Γp(DB, N) | γ − I2 ∈MΦp(OB[1/p])}

is a Schottky group. Hence by Theorem 2.3.20 and Theorem 2.3.21 the
quotient Γp(DB, N)(M)\Hp is algebraizable, i.e. there exists an algebraic
curve Xp(DB, N ;M) over Qp such that

Γp(DB, N)(M)\Hp ' Xp(DB, N ;M)rig,

and then the curve Xp(DB, N) is a finite quotient of the Mumford curve
Xp(DB, N ;M) by the group Γp(DB, N)/Γp(DB, N)(M).

The following result, which is [Cer76b, Theorem 1.12], shows that the
algebraic curves Xp(DB, N)/Qp and X∞(DH , N)/C both have models defined
over some algebraic extensions of Q.

3.1.2 Theorem. There exist KB, KH finite algebraic extensions of Q such
that the curve Xp(DB, N) is defined over KB and the curve X∞(DH , N) is
defined over KH .
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As is also observed in [Cer76b], throughout the proof of this theorem, the
statement for the curve X∞(DH , N) is a consequence of the stronger result of
Shimura about the existence of canonical models (cf. Theorem 1.2.3). In any
case, in [Cer76a] and [Cer76b] this is proved by making use of the “technique
of elliptic transformations” developed by Ihara.

We are now in a position to state the main result of the paper [Cer76b,
Theorem 2.1], relating these two algebraic models arising from the two uni-
formizations.

3.1.3 Theorem. (Cerednik theorem) (i) There is an isomorphism of
Q-extensions

τ : KB ' KH ,

and all finite primes `|pDB are not ramified in these fields.

(ii) For every σ : KB ↪→ C, compatible with the inclusions Q ⊆ Q∞ ⊆ C,
there is an isomorphism of complex analytic curves

Xp(DB, N)⊗KB C ' X∞(DH , N)⊗KH C,

where the second isomorphism is taken with respect to the induced em-
bedding σ ◦ τ−1 : KH ↪→ C.

(iii) There is an isomorphism of algebraic curves

σ′ : X(DB, N) ' X(DH , N)

such that σ′, restricted to KB, is compatible with the inclusions Q ⊆
Q∞ ⊆ C.

3.1.4 Remark. (1) As a consequence of point (ii) of Theorem 3.1.3 we
obtain the following isomorphism of Riemann surfaces

Γ∞,+(DH , N)\H ' (Xp(DB, N)⊗KB C)an.

(2) From point (iii) we deduce that, once an embedding KH ↪→ Q has been
fixed, there is an isomorphism of rigid analytic varieties over KH,p :=
KH ⊗Q Qp,

(Γp(DB, N)\Hp)⊗Qp KH,p ' (X(DH , N)⊗KH Qp)
rig.

(3) Finally from point (i) we know that the p-adic field KH,p = KH ⊗Q Qp

is contained in the maximal unramified extension Qnr
p |Qp.

Again, the assertion about the behavior of the primes `|pDB inside the
extension KH is a consequence of Shimura’s Theorem 1.2.3.
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3.1.2 Drinfeld theorem

In [Dri76] Drinfeld gives a different proof of Cerednik’s theorem. While
Cerednik made use of the technique of “elliptic elements” introduced by
Ihara in order to prove the algebraicity of the p-adic model of the Shimura
curve X(DH , N), Drinfeld extends the modular interpretation of the complex
points of the Shimura curve to this local model. In particular he gives a
modular interpretation of the p-adic upper half-plane in terms of certain
formal modules. This induces a modular interpretation on the p-adic curve
Xp(DB, N) which is a candidate to be the local Shimura curve. Finally he
proves the coincidence of the two modular interpretations.

In this section we are going to state Cerednik’s theorem in the more precise
version provided and proved by Drinfeld.

First of all, we need to translate the scenario of the previous section into
the adelic language, paying particular attention to the similarities arising
with Section 1.2.4, where Shimura curves are introduced adelically.

Given a finite set S of primes of Q we will denote by A(S) the Q-algebra
of adèles outside S, i.e.

A(S) :=
∏
p/∈S

(Qp : Zp),

and by AS the S-part of A, i.e.

AS :=
∏
p∈S

Qp,

so that A = A(S)AS.

When S = {∞} we also write Afin, as usual, for the adèles outside {∞}.
The relation between the ramification sets of the algebras H and B trans-

lates into the following isomorphisms:

H∗(Q∞) ' GL2(R), H∗(A(∞,p)) ' B∗(A(∞,p)), B∗(Qp) ' GL2(Qp).

Let U0(N) be the subgroup of H∗(A(∞)) = H∗(Afin) such that

U0(N) ∩H∗(Q) = Γ(DH , N),

as defined in Example 1.2.4.1, and let us decompose it as a product

U0(N) = U0(N)(p) × U0(N)p ⊆ H∗(A(∞,p))×H∗(Qp).
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3.1.5 Notation. Let us denote by V0(N)(p) the image of the group U0(N)(p)

inside B∗(A(∞,p)), through the isomorphism H∗(A(∞,p)) ' B∗(A(∞,p)).

Therefore V0(N)(p) ×B∗(Qp) is an open compact subgroup of B∗(Afin).

Mirroring Lemma 1.2.23, we can prove the following result:

3.1.6 Proposition. The double quotient space

(V0(N)(p) ×B∗(Qp))\B∗(Afin)/B∗(Q)

is finite, and its cardinality is the strict ideal class number of Z[1/p], which
is equal to 1.

This result is a consequence of the theorem we are going to state and
which is a generalization of Theorem 1.2.15.

3.1.7 Theorem. (General noncommutative commutative dictionary)
Let F be a totally real field, RF its ring of integers and let S be a set of primes
of F , S ⊇ S∞. Let Q be a quaternion F -algebra, O an Eichler order over
RF , and let u1 be the product of Archimedean primes at which the algebra Q
is ramified, i.e.

u1 :=
∏

q∈Ram∞(Q)

q,

If the order O[1/S] := O ⊗RF RF [1/S] over RF [1/S] satisfies Eichler’s con-
dition, i.e. S 6⊆ Ram(Q), then the norm map induces the following bijection
of sets:

(
∏
p/∈S

O∗p
∏
q∈S

Q∗q)\Q∗A/Q∗ '

' (
∏
p/∈S

R∗F,p
∏
q∈S

F ∗q )\F ∗A/{x ∈ F ∗ | x ≡ 1 (mod∗ u1)}.

In particular, the left ideal class number h(Q,O[1/S]) of the order O[1/S]
equals the strict ideal class number h1(RF [1/S]) of the order RF [1/S] defined
as

h1(RF [1/S]) := [I(F ) : P (F, u1)],

where I(F ) is the group of fractional ideals of F which are stable for RF [1/S]
and P (F, u1) the subgroup of principal ideals generated by elements in {x ∈
F ∗ | x ≡ 1 (mod∗ u1)}.



102 Cap. 3. p-adic fundamental domains of Shimura curves and their reductions

Proof. Observe first that for every p /∈ S

O[1/S]∗p = O∗p , RF [1/S]∗p = R∗F,p.

Therefore the proof of Theorem 1.2.15 can be adapted to this case, since
Eichler’s Normensatz (Theorem 1.1.8) and Strong approximation theorem
(Theorem 1.1.9) can be applied to the algebra Q and the order O[1/S]. 2

Proof.(of Theorem 3.1.6)

Since the set S = {∞, p} satisfies Eichler’s condition in Definition 1.1.6,
we can apply Theorem 3.1.7 to the algebra B and to the order OB[1/p] over
Z[1/p]. We find that in this case u1 = Q>0 and

V0(N)(p) ×B∗(Qp)×B∗(Q∞) =
∏
`/∈S

O∗B,`
∏
q∈S

B∗q .

2

Finally we can prove the following statement, which is the p-adic analog
of Theorem 1.2.25.

3.1.8 Theorem. There is an isomorphism of rigid analytic varieties over
Qp :

(V0(N)(p) ×B∗(Qp))\Hp ×B∗(Afin)/B∗(Q) ' Γ\Hp,

where Γ := V0(N)(p) ∩B∗(Q).

Proof. The proof is the same as in Theorem 1.2.25. Note that, in the
case we are considering, the double coset has class number 1 so only one
component arises in the decomposition. 2

3.1.9 Remark. The group Γ := V0(N)(p)∩B∗(Q) can be viewed as subgroup
of GL2(Qp) through the isomorphism B∗(Qp) ' GL2(Qp).

In fact it is immediate, following the definition, that if U0(N) ∩H∗(Q) =
O∗H then Γ = OB[1/p]∗.

In order to state a more precise version of Theorem 3.1.3 due to Drinfeld,
we have to introduce a certain unramified p-adic upper half-plane. We will
do this now.

When OL is the ring of integers of a finite extension L|Qp of degree r, the
formal scheme

Ĥp⊗̂ZpSpfOL
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over SpfOL can also be thought of as a formal scheme over Spf Zp, by com-
posing with the morphism of formal schemes SpfOL → Spf Zp. We will

denote it by ĤOLp .

In order to understand better what kind of formal scheme ĤOLp is, let us
extend scalars to OL. We find the following isomorphism of formal schemes
over Zp

ĤOLp ⊗Zp SpfOL '

(
r∐
i=1

Ĥp ⊗Zp SpfOL

)
/ ∼

where∼ is the Galois action of Gal(L|Qp) on the formal scheme Ĥp⊗ZpSpfOL
over SpfOL. Therefore the formal scheme ĤOLp is obtained as a Galois descent
of the formal scheme

r∐
i=1

(Ĥp ⊗Zp SpfOL)→ SpfOL.

In particular, ifHOLp is the rigid analytic variety over Qp which is a generic

fibre of the formal scheme ĤOLp , then

HOLp (Qp) = Hp(Qp) = ∅.

3.1.10 Notation. Let us denote by Qnr
p the maximal unramified extension

of Qp, which is unique inside the algebraic closure Qp that we chose at the
beginning. The digression above taking L = Qnr

p gives the following tuned
upper half-plane over Qp:

Hnr
p := Hp ⊗Qp Qnr

p ,

as a rigid analytic variety over Qp.

3.1.11 Definition. The action of B∗(Qp) ' GL2(Qp) on Hnr
p is defined by:

GL2(Qp)×Hnr
p −→ Hnr

p

(γ, [z, x]) 7−→ [γ · z, Fr−vp(Det(γ))(x)].

where Fr : Qnr
p → Qnr

p is a lifting of the Frobenius automorphism of Fp.
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3.1.12 Theorem. (Cerednik-Drinfeld theorem)

There is an isomorphism of rigid analytic varieties over Qp :

(X(DH , N)⊗Q Qp)
rig ' (V0(N)(p) ×B∗(Qp))\Hnr

p ×B∗(Afin)/B∗(Q).

As a corollary we find the global version of the theorem, which has to be
compared with Cerednik’s original theorem (cf. Theorem 3.1.3 and 3.1.4).

3.1.13 Corollary. Let us denote by Γ̃p(DB, N) the subgroup of GL2(Qp)
defined by

Γ̃p(DB, N) := Φp(OB[1/p]∗).

Then there is an isomorphism of rigid analytic varieties over Qp :

(X(DH , N)⊗Q Qp)
rig ' Γ̃p(DB, N)\(Hp ⊗Qp Qp2).

Proof. First, the group Γ̃p(DB, N) is the one described in Remark 3.1.9,
i.e.

Γ̃p(DB, N) = Φp(V0(N) ∩B∗(Q)).

Thus, applying Theorem 3.1.6, we find the following isomorphism of rigid
analytic varieties over Qp:

(X(DH , N)⊗Q Qp)
rig ' Γ̃p(DB, N)\Hnr

p .

Let us denote by Z := Γ̃p(DB, N) ∩ Q∗p the center of Γ̃p(DB, N) inside
GL2(Qp). Since Z acts trivially on Hp, we have the following isomorphisms
of rigid analytic varieties:

Γ̃p(DB, N)\Hnr
p ' Γp(DB, N)\(Z\Hnr

p ) ' Γp(DB, N)\(Hp ⊗Qp (Z\Qnr
p )),

and since Z contains the matrix
(
p 0
0 p

)
, its action on Qnr

p gives the following
isomorphism of rigid analytic spaces over Qp:

Γp(DB, N)\(Hp ⊗Qp (Z\Qnr
p )) ' Γp(DB, N)\Hp ⊗Qp Qp2 ,

(cf. Definition 3.1.11). 2

3.1.14 Theorem. (Drinfeld theorem) Let Γp,+(DB, N) be the subgroup
of PGL2(Qp) defined by

Γp,+(DB, N) := {γ ∈ Γ̃p(DB, N) | vp(Det(γ)) ≡ 0 (mod 2)}/Z[1/p]∗,

and let Xp,+(DB, N) be the algebraic curve over Qp such that

Xp,+(DB, N)rig ' Γp,+(DB, N)\Hp.

Then there is an isomorphism of curves over Qp2,

(X(DH , N)⊗Q Qp)⊗Qp Qp2 ' Xp,+(DB, N)⊗Qp Qp2 .
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Proof. Let us define the quotient group W := Γp(DB, N)/Γp,+(DB, N):
this is a cyclic group of order 2. Let us denote by wp a generator of W : this
is a class of transformations γ ∈ Γp(DB, N) such that vp(Det(γ)) is odd.

With these notations, and applying Corollary 3.1.13, we find the following
chain of isomorphisms of rigid analytic varieties over Qp:

(X(DH , N)⊗Q Qp)
rig ' Γp(DB, N)\(Hp ⊗Qp Qp2) '

' W\
(
Γp,+(DB, N)\(Hp ⊗Qp Qp2)

)
' W\

(
(Γp,+(DB, N)\Hp)⊗Qp Qp2

)
.

This induces an isomorphism of the underlying algebraic curves over Qp:

X(DH , N)⊗Q Qp ' W\(Xp,+(DB, N)⊗Qp Qp2)

where the action of W is induced by the one in Definition 3.1.11, and so is
given by

wp : Xp,+(DB, N)⊗Qp Qp2 −→ Xp,+(DB, N)⊗Qp Qp2

[z, x] 7−→ [wp · z, Fr−1(x)].

Therefore the curve X(DH , N)⊗QQp is the twist of the curve Xp,+(DB, N)
given by the class χ ∈ H1(Gal(Qp2/Qp),Aut(Xp,+(DB, N)⊗Qp2)), i.e.

X(DH , N)⊗Q Qp ' Xp,+(DB, N)χ.

(cf. [JL84, Proposition 3.7]). 2

3.1.15 Definition. The Drinfeld integral model of the Shimura curve
X(DH , N) is the integral model X (DH , N) over Zp such that the completion
along its special fibre is the formal scheme over Spf Zp

̂X (DH , N) ' Γ(DB, N)\(Ĥp ⊗Spf Zp Spf Zp2).

As a corollary of Theorem 3.1.14 we can obtain a description of the Qp2-
points of the Shimura curve X(DH , N) and of its reduction in p.

3.1.16 Corollary. The set of Qp2-points of the algebraic curve X(DH , N)
can be expressed as a quotient of the p-adic upper half-plane by the action of
a discrete cocompact subgroup of PGL(Qp), i.e. there is a bijection of sets

Γp,+(DB, N)\Hp(Qp2) ' X(DH , N)(Qp2).

Moreover if X (DH , N) denotes the Drinfeld integral model of X(DH , N), then
the reduction graph of the special fibre of X (DH , N) is the quotient graph

Gp := Γp,+(DB, N)\Tp.

where Tp denotes the Bruhat-Tits tree associated to PGL2(Qp).
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3.1.17 Remark. If we think of the field of the complex number C as the
quadratic unramified extension of Q∞ = R, we obtain that the Archimedean
analog of Corollary 3.1.16 is the well-known bijections of sets:

Γ∞,+(DH , N)\H ' X(DH , N)(C)

described in Section 1.2.

3.1.2.1 Cerednik-Drinfeld theorem for covers of Shimura curves

We can actually give a more general version of the Cerednik-Drinfeld theorem
3.1.12. We have not done this before since we preferred to give a more
comprehensible exposition in the cases we treat, namely those Shimura curves
arising from Eichler orders and with principal level 1.

For every open and compact subgroup

U = Up × U (p) ⊆ H∗(Qp)×H∗(A(∞,p))

such that Up is maximal, i.e. Up = O∗H,p, let us write

V := B∗(Qp)× V (p) ⊆ B∗(Qp)×B(A(∞,p))

for the image of U , through a fixed isomorphism H∗(A(∞,p)) ' B∗(A(∞,p)).

Then there is an isomorphism of rigid analytic varieties over Qp

X(H,U)rig ' V \Hnr
p ×B∗(A(∞))/B∗(Q),

where X(H,U) is the double quotient space of Definition 1.2.22 and whose
decomposition as disjoint union of Riemann surfaces is described in Theorem
1.2.25.

Moreover this isomorphism is compatible with the projections induced by
the different open and compact subgroups U ⊆ H∗(A(∞)).

3.1.18 Remark. When U = U0(N) we find Theorem 3.1.12 as a particular
case of the isomorphism above.

3.1.19 Remark. It can be proved that the double quotient space

V \B∗(A(∞))/B∗(Q)

is finite of cardinality h(V ) and that if {x1, . . . , xh(V )} is a system of repre-
sentatives for it, then there is a decomposition in rigid analytic varieties

V \Hnr
p ×B∗(A(∞))/B∗(Q) '

h(V )⋃
λ=1

Γλ\Hnr
p ,
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where Γλ := x−1
λ (V ∩B∗(Q))xλ for every 1 ≤ λ ≤ h(V ).

This is done with the same tools used for proving Proposition 3.1.7 and
Theorem 3.1.6, namely Eichler’s Normensatz and Strong approximation the-
orem for the algebra B and the Eichler order OH [1/p]. In this direction the
reader may find very useful to compare this presentation with the one offered
in [dVP14, Ch. 3], which provides detailed study of this general situation.

3.2 Fundamental domains for p-adic Schottky

groups

As explained in Section 3.1, the theory of p-adic uniformization of Shimura
curves gives rise to the consideration of certain discrete, cocompact subgroups
of PGL2(Qp). Now these groups are, in general, no longer torsion-free: actu-
ally they contain elliptic transformations, as we will see in the examples. So
making use of some language,

“A Shimura curve over Qp is not (even the twist of) a Mumford
curve”.

Nevertheless, the theory of Mumford curves is of crucial importance since,
as we can extrapolate from Corollary 3.1.16,

“A Shimura curve is the twist over Qp2 of a finite quotient of a
Mumford curve”.

Therefore, if we want to draw fundamental domains for the rigid analytic
uniformization of a p-adic Shimura curve it is useful to first understand how
to obtain these domains in the torsion-free case, i.e. the case of Mumford
curves.

3.2.1 Good fundamental domains

3.2.1 Definition. Let P1 = P1,rig
Qp be the rigid projective line over Qp (as

defined at the beginning of Section 2.2) and let Γ ⊆ PGL2(Qp) be a Schottky
group of rank g and S = {γ1, . . . , γg} be a system of generators fro Γ.

A good fundamental domain for Γ with respect to S is a subdomain
with holes (cf. Definition 2.2.7)

FΓ = P1(Cp) r
2g⋃
i=1

B−(αi, ρi)

satisfying the following conditions:
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(i) The centers αi are in P1(Qp), for every 1 ≤ i ≤ 2g.

(ii) All the closed balls B+
i (αi, ρi), for 1 ≤ i ≤ 2g, are pair-wise disjoint.

(iii) For every 1 ≤ i ≤ g,

γi(P1(Cp) r B−(αi, ρi)) = B+(αi+g, ρi+g),

γi(P1(Cp) r B+(αi, ρi)) = B−(αi+g, ρi+g).

The fact that the domain FΓ defined above is “fundamental” for the action
of the group Γ on Hp is expressed in the following proposition (cf. [GvDP80,
4.1]).

3.2.2 Proposition. Let Γ be a Schottky group in PGL2(Qp) with free system
of generators S = {γ1, . . . , γg} and let FΓ be a good fundamental domain for
the group Γ with respect to S. Then

(a) We have the following equality of sets:⋃
γ∈Γ

γ · FΓ = P1(Cp) r LΓ.

(b) (γ · FΓ) ∩ FΓ 6= ∅ if and only if γ ∈ {I2, γ1, . . . , γg, γ
−1
1 , . . . , γ−1

g }.

(c) (γ · F̊Γ) ∩ FΓ = ∅ if γ 6= I2.

3.2.3 Remark. As observed by Gerritzen in [Ger74], it is possible to con-
struct a subdomain with holes F ⊆ P1(Cp) satisfying conditions (a)-(c) of
Proposition [GvDP80] and which is not a good fundamental domain with
respect to any system of generators of the group Γ considered. In this case
we would say that F is a fundamental domain for Γ but it is not a good
fundamental domain.

Moreover in [Ger74] and in [GvDP80, Ch. I] the existence of a good
fundamental domain for every Schottky group is proved, making use of the
non-Archimedean analog of Ford’s method of isometric circles (cf. [For51]
and [AB04, Section 2.2]).

Let Γ ⊆ PGL2(Qp) be a Schottky group and let χ : Γ → C∗p be a one
dimensional character of the group Γ. For every z ∈ P1(Cp) and γ ∈ Γ we
define the following p-adic factor of automorphy, depending on the character
χ,

j(γ, z) := χ(γ)
d

dz
(γ · z)) = χ(γ)

det γ

(cz + d)2
,

satisfying the usual chain-rule: j(γσ, z) = j(γ, σ · z)j(σ, z).
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3.2.4 Definition. For every γ ∈ Γ, we define the following open ball and
closed ball:

B−γ := {z ∈ Cp : |j(γ, z)| > 1}, B+
γ := {z ∈ Cp : |j(γ, z)| ≥ 1}.

We can call the “boundary” of these two balls, which is the set of points

{z ∈ Cp : |j(γ, z)| = 1},

a p-adic circle of isometry of the transformation γ.

It is a simple calculation to check that if γ is represented by a matrix(
a b
c d

)
∈ GL2(Qp), then

B±γ = B±
(
−d
c
,

√
|χ(γ)(ad− bc)|

|c|

)

is the ball of center −d/c and radius
√
|χ(γ)det(γ)|/|c|.

It is then immediate to see that the ball B±γ does not depend on the matrix
representing the transformation γ ∈ PGL2(Qp).

3.2.5 Lemma. Let Γ ⊆ PGL2(Qp) be a Schottky group. Then for every
γ ∈ Γ, γ 6= I2, and every character χ : Γ→ C∗p we have

γ(P1(Cp) rB−γ ) = B+
γ−1 , γ(P1(Cp) rB+

γ ) = B−γ−1 .

Proof. Let z = γw ∈ γ(P1(Cp)rB−γ ), so |d(γ ·w)/dw| ≤ 1 by the definition
of B−γ . Therefore∣∣∣∣d(γ−1 · z)

dz

∣∣∣∣ =

∣∣∣∣d(γ−1γ · w)

d(γ · w)

∣∣∣∣ =

∣∣∣∣ dw

d(γ · w)

∣∣∣∣ ≥ 1

and z ∈ B+
γ−1 .

Viceversa if z ∈ B+
γ−1 , then |d(γ−1 ·z)/dz| ≥ 1. Hence if we put w := γ−1 ·z

we find that z = γ · w and

1 ≤
∣∣∣∣d(γ−1 · z)

dz

∣∣∣∣ =

∣∣∣∣ dw

d(γ · w)

∣∣∣∣ ,
so w ∈ P1(Cp) rB−γ . 2
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3.2.6 Theorem. ( [Ger74], Satz 1) Let Γ be a Schottky group of rank g.
Then there exist a system of generators S = {γ1, . . . , γg} for Γ and a char-
acter χ : Γ→ C∗p such that the admissible subdomain with holes

FΓ := P1(Cp) r
g⋃
i=1

(B−γi ∪B
−
γ−1
i

)

is a good fundamental domain for Γ with respect to S.

3.2.7 Remark. After Lemma 3.2.5 we see that given a Schottky Γ, for any
system of generators S of Γ condition (i) and (iii) of Definition 3.2.1 are sat-
isfied for the fundamental domain FΓ of Theorem ??. So, in some sense, the
important condition for which we have to choose a good system of generators
is condition (ii).

3.2.8 Proposition. Let Γ ⊆ PGL2(Qp) be a cocompact Schottky group of
rank g and free system of generators S = {γ1, . . . , γg}. Let us assume that:

(a) The rank of Γ is g = (p+ 1)/2.

(b) The balls Bγi , Bγ−1
i

, for 1 ≤ i ≤ g, have all the same radius ρ < 1.

Then a good fundamental domain for Γ with respect to S is

FΓ = P1(Cp) r
g⋃
i=1

B−γi ∪
g⋃
i=1

B−
γ−1
i

.

Proof. We have to see that FΓ satisfies conditions (i)-(iii) of Definition
3.2.1.

Condition (i) is satisfied because the centers of the balls B−γi , B
−
γ−1
i

are

clearly in P1(Qp). Condition (iii) is satisfied after Lemma 3.2.5. Finally we
have only to look at condition (ii).

Let us suppose that there exist i, j ∈ {1, . . . , (p + 1)/2}, i 6= j, such that
B+
γi
∩ B+

γj
6= ∅, and so B+

γi
= B+

γj
, because they have the same radius by

hypothesis (a).

Applying the reduction map of Theorem 2.2.31 we find that the reductions

yi := Red(P1(Cp) rB−γi), yi+g := Red(P1(Cp) rB−
γ−1
i

), 1 ≤ i ≤ p+ 1

2

are open edges all corresponding to different vertexes in the first level T (1)
p

of the Bruhat-Tits tree. This is because the radii of the balls are all equal to
some ρ < 1.
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Moreover since

Red(P1(Cp) rB+
γi

) = Red(P1(Cp) rB+
γj

),

then we have at most p of such edges. Hence there exists an edge ya :=
(v0, v0

a), with a ∈ P1(Fp) such that

γ−1
i (v0

a) = Red(P1(Cp) rB+
γi

) γ−1
j (v0

a) = Red(P1(Cp) rB+
γj

)

so γiγ
−1
j (v0

a) = v0
a, which is an absurd since the group Γ is torsion-free. 2

3.2.2 p-adic Schottky groups arising from definite quater-
nion algebras

Let B be a definite quaternion algebra over Q of discriminant DB and let p
be a prime integer not dividing DB. Let OB be an Eichler order over Z of
level N coprime with p. As usual, we denote by

OB[1/p] := OB ⊗Z Z[1/p]

the corresponding Eichler order over Z[1/p] and by O[1/p]∗ its group of units,
which is the group of quaternions in OB[1/p] of norm some power of p.
Moreover we denote byOB[1/p]∗+ the corresponding group of “positive” units,
i.e.

OB[1/p]∗+ := {α ∈ OB[1/p]∗ | vp(NmB/Q(α)) ≡ 0 (mod 2)}.

This is clearly a group of index 2 in OB[1/p]∗, and a system of representatives
for this group is the group of quaternions α ∈ OB[1/p]∗ of norm 1.

The algebra B admits a representation B =
(
α,β
Q

)
such that

(
α
p

)
= 1 and

then we have the following p-adic matricial immersion:

Φp : B −→ M2(Qp(
√
α)) = M2(Qp)

x0 + x1i+ x2j + x3k 7−→
(

x0 + x1

√
α x2 + x3

√
α

β(x2 − x3

√
α) x0 − x1

√
α

)
We want to study the following discrete and cocompact subgroups of

PGL2(Qp):

(i) Γp(DB, N) := Φp(OB[1/p]∗)/Z[1/p]∗,

(ii) Γp,+(DB, N) := Φp(OB[1/p]∗+)/Z[1/p]∗,
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because these are the important subgroups arising in the p-adic uniformiza-
tion of a Shimura curve of discriminant pDB.

We will show that under certain assumptions on the algebra B and on the
Eichler order OB, we can find a Schottky subgroup ΓSch ⊆ Γp(DB, N) and a
system of generators as a free group. As predicted by Theorem 2.3.23, we can
look for this Schottky subgroup among the principal congruence subgroups
of Γp(DB, N). For this reason we introduce the following notations: for every
integer M ≥ 2 coprime with p we have an exact sequence

1→ {α ∈ OB[1/p]∗ | α ≡ 1 (modM)} → OB[1/p]∗ → (OB/MOB)∗ → 1.

The last map, which is reduction modM of the integral coordinates of quater-
nions α ∈ OB, is well-defined according to Proposition 1.1.25 since (p,M) = 1
and so ps ∈ (Z/NZ)∗. The fact that this map is surjective is a consequence
of the Strong approximation theorem for the algebra B and the Eichler order
OB[1/p] (cf. Theorem1.1.9). The analogous proof in the case of the algebraic
group SL2 over Q is given in [Shi70a, Lemma1.38]. Finally we define

Γ̃p(DB, N)(M) = Φp({α ∈ O[1/p]∗ | α ≡ 1 (modM)} ⊆ GL2(Qp),

and

Γp(DB, N)(M) := Γ̃p(DB, N)(M)/Z[1/p]∗ ∩ Γ̃p(DB, N)(M) ⊆ PGL2(Qp).

First, we will make some ad hoc assumptions regarding these quaternionic
groups. Later we will exhibit two (numerable) families of examples satisfying
them and showing interesting and detailed examples of fundamental domains
for the Shimura curves and Mumford curves covering them.

For every integer M ≥ 1, (M, p) = 1, let us consider the following subset
of quaternions

S := {α ∈ OB | α ≡ 1 (modM) ,Nm(α) = p} ⊆ OB.

It is clear that the cardinality of S is equal to the cardinality of the following
set of integral representations:

{(x, y, z, t) ∈ Z4 | NOB ,4(x, y, z, t) = p, (x, y, z, t) ≡ (1, 0, 0, 0) (modM)}.

We denote this cardinality by rM(NOB ,4, p;Z): it is a finite cardinal, since
the quaternary quadratic form NOB ,4 is positive definite.

We can split the set R into two disjoint sets

Spure := S ∩B0 Snpure := S r Spure



3.2. Fundamental domains for p-adic Schottky groups 113

depending on whether the quaternion is pure or not. With this simple split-
ting idea we can write each one of the sets as

Snpure := {±α1, . . . ,±αs,±α1, . . . ,±αs}, Spure = {±β1, . . . ,±βt},

when M = 2 and as

Snpure := {α1, . . . , αs, α1, . . . , αs}, Spure = {±β1, . . . ,±βt},

when M > 2, since in both cases βi = −βi for every 1 ≤ i ≤ t and only when
M = 2, αi ∈ Snpure is equivalent to −αi ∈ Snpure .

Therefore we have that

rM(NOB ,4, p;Z) =

{
4s+ 2t, if M = 2
2s+ 2t, otherwise

.

Now we prove the following important result:

3.2.9 Proposition. With the same notations as above, let us assume that
the group {α ∈ OB[1/p]∗ | α ≡ 1 (modM)} is generated by the set S.

Then the quotient group {α ∈ OB[1/p]∗ | α ≡ 1 (modM)}/Z[1/p]∗ admits
a finite presentation as

〈[α1], . . . , [αs], [β1], . . . , [βt] | [βi]
2 = 1, 1 ≤ i ≤ t〉.

In particular, when t = 0, then {[α1], . . . , [αs]} is a free system of generators
for this quotient group.

Proof. Since we are assuming that OB[1/p]∗ is generated by the set S then
it is clear that {α ∈ OB[1/p]∗ | α ≡ 1 (modM)}/Z[1/p]∗ is generated by the
set of classes {[α1], . . . , [αs], [β1], . . . , [βt]} with relations [βi]

2 = 1. This is
because αiαi = p and βiβi = −β2

i = p which is a unit in Z[1/p].

Finally we have only to prove that these are the only relations. First
observe that a relation between the [αi] can only contained an even number
of elements. Therefore we are reduced to proving that there is no pair of
elements [αi], [αj] such that [αi][αj] = [1].

If there exist two such classes, then we have that αiαj = pn for some
n ∈ Z and taking the norm we find that it has to be n = 1. Hence αiαj = p
and so αi = αj, which is an absurd because we have already excluded the
conjugates of all the αi’s. 2
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In some cases (at least the ones we are going to develop later in details) a
knowledge of the arithmetic in the quaternion order OB makes it possible to
find examples where the hypothesis of Proposition 3.2.9 are fulfilled. Before
working explicitly on the examples, we explain how in these cases we will be
able to apply Proposition 3.2.9. This is the following result.

3.2.10 Proposition. Let B be a definite quaternion algebra of discriminant
DB and p ∈ Z a prime p - DB. Let OB be an Eichler order over Z of level
N and let OB[1/p] := OB ⊗Z Z[1/p] be the corresponding Eichler order over
Z[1/p].

Let us assume that there exists an integer M ≥ 2, (M, p) = 1 such that the
following hypothesis are fulfilled by the quaternion algebra B and the Eichler
order OB.

(i) There is an isomorphism of groups

O∗B/Z∗ ' (OB/MOB)∗,

(ii) The group O[1/p]∗ admits a decomposition, as a semi-direct product,

O[1/p]∗ ' O∗B n 〈{α ∈ OB | Nm(α) = p, α ≡ 1 (modM)}〉.

(iii) There is no pure quaternion α ∈ OB of norm p satisfying the congru-
ence condition α ≡ 1 (modM).

Then the group Γp(DB, N)(M) is a Schottky group of rank

s =


rM(NOB ,4, p;Z)/4, if M = 2

rM(NOB ,4, p;Z)/2, otherwise

and a free system of generators is given by the classes of matrices of deter-
minant p.

Proof. On the one hand we have the exact sequence described before,

1 −→ {α ∈ O[1/p]∗ | α ≡ 1 (modM)} −→ O[1/p]∗ −→ (OB/MOB)∗ −→ 1,

which gives an isomorphism

O[1/p]∗ ' (OB/MOB)∗ n {α ∈ OB | α ≡ 1 (modM)}
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and on the other hand, by hypothesis (ii), we have

O[1/p]∗ ' O∗B n 〈{α ∈ OB | Nm(α) = p, α ≡ 1 (modM)}〉.

Passing on to the quotient by Z[1/p]∗ and using the isomorphism of hypoth-
esis (i), we deduce that

Γp(DB,M)(N) = 〈{γ ∈ Γp(DB, N)(M) | Det(γ) = p}〉,

so we have found a finite set of generators for the group Γp(DB, N)(M).

Moreover after hypothesis (iii), we can apply Proposition 3.2.9 to the
group Γp(DB, N)(M) in order to deduce that this is a Schottky group of the
desired rank s. 2

Conditions (i) and (ii) come from the study of the arithmetic of the order
OB. As we shall see, these conditions become natural after studying the
simplest case of a certain maximal order in a definite quaternion algebra
over Q, which is the order of quaternions of Hurwitz. Basic results about
the arithmetic of this order were presented in Chapter 1.1 and will be applied
in the following section, in order to obtain results about the reduction graphs
of Shimura curves of discriminant DH = 2p, when p ≡ 1 (mod 4).

In this section we will see that the quaternion algebras B of discriminant
DB = 2 or DB = 3 together with their corresponding maximal orders OB
satisfy the hypothesis of Proposition 3.2.10 for every prime p ≡ 1 (mod 4)
and with M = 2. After that we will compute explicitly generators for the
p-adic matricial group Γp(DB, 1)(2).

The following examples have been worked out together with Laia Amorós
and they are part of a common project, in which we wish to compute more
and more examples in this direction, in order to obtain p-adic fundamental
domains for any Shimura curves defined over Q, as well as its reduction
graphs.

3.2.3 The case of discriminant DH = 2p

3.2.11 Theorem. Let B be the definite quaternion algebra over Q of dis-
criminant DB = 2 and let OB ⊆ B be a maximal order over Z. Let p ∈ Z be
a prime p ≡ 1 (mod 4).

(a) The group Γp(DB, 1)(2) is a Schottky group of rank (p+ 1)/2.
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(b) A free system of generators for the Schottky group Γp(DB, 1)(2) is given
by the transformations represented by the following matrices:(

a0 + a1

√
−1 a2 + a3

√
−1

−(a2 − a3

√
−1) a0 − a1

√
−1

)
∈ GL2(Qp(

√
−1)) = GL2(Qp)

such that

a0, a1, a2, a3 ∈ Z,

a2
0 + a2

1 + a2
2 + a2

3 = p,

a0 + a3 ≡ 1 (mod 2), a1 + a3 ≡ a2 + a3 ≡ 0 (mod 2).

(c) A good fundamental domain for the action of the group Γp(DB, 1)(2) is
the following admissible open subset of P1,rig :

Fp(DB, 1; 2) := P1(Cp) r
⋃

a∈P1(Fp)

B−(a, 1/
√
p).

(d) If we denote by Xp(DB, 1; 2) the Mumford curve associated to the Schot-
tky group Γp(DB, 1)(2), then its rigidification Xrig

p (DB, 1; 2) is isomor-
phic to the domain Fp(DB, 1; 2) with the following identifications:

if γ =

(
a0 + a1

√
−1 a2 + a3

√
−1

−(a2 − a3

√
−1) a0 − a1

√
−1

)
then

γ
(
P1(Cp) r B−(aγ, 1/

√
p)
)

= B+(aγ−1 , 1/
√
p),

γ
(
P1(Cp) r B+(aγ, 1/

√
p)
)

= B−(aγ−1 , 1/
√
p),

where aγ and aγ−1 are defined as the classes in P1(Fp) of the p-adic

integers
a0 − a1

√
−1

a2 − a3

√
−1

and
a0 + a1

√
−1

−a2 + a3

√
−1

, respectively.

(e) With the notations as in Section 2.2.2, the stable reduction graph of the

Mumford curve Xp(DB, 1; 2) is the subtree T (1)
p r {v0

a | a ∈ P1(Fp)} of
Tp with the following identifications of the oriented edges:

γ ·
(
v0, v0

aγ

)
=
(
v0
aγ−1

, v0
)

for every γ ∈ {γ1, . . . , γ(p+1)/2}.
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3.2.12 Remark. Before starting with the proof of the theorem above, we
want only to remark that we already know, by the theory of Mumford curves,
that Xp(DB, 1; 2) is a curve over Zp of genus (p+ 1)/2. In any case, this can
be deduced or confirmed by looking at the genus of the stable reduction graph
Γp(DB, 1)(2)\Tp described in the theorem (see also Figures 3.1b, 3.2b).

Passing through the dual, we can also see that the special fibre of the
curve Xp(DB, 1; 2) has one irreducible component isomorphic to the projec-
tive line P1

Fp over Fp, with (p + 1)/2 double points obtained by the pairwise
identification of its Fp-rational points, namely the reduction mod p of the
p-adic integers aγ ∼ aγ−1 for every γ ∈ {γ1, . . . , γ(p+1)/2}.

Proof. First let us show that the quaternion algebra B =
(
−1,−1

Q

)
together

with the maximal order OB = 〈1, i, j, (1 + i + j + k)/2〉Z of quaternions of
Hurwitz satisfy the hypothesis of Proposition 3.2.10, taking M = 2.

Hypothesis (i) in Proposition 3.2.10 is shown to be fulfilled in Example
1.1.2.1 (b). Hypothesis (ii) is a consequence of Corollary 1.1.28, once we
have observed that every odd quaternion α ∈ OB is uniquely associated
on the right and on the left, modulo the sign of the units, to a quaternion
α′ ≡ 1 (mod 2) (cf. Example 1.1.2.1 (c)). In fact, we find an isomorphism of
groups

OB[1/p]∗ ' O∗/Z∗ n 〈{α ∈ OB | Nm(α) = p, α ≡ 1 (mod 2)}〉/Z[1/p]∗.

It only remains to show that hypothesis (iii) in Proposition 3.2.10 is also
satisfied: this is clear since, by Lemma 1.1.29, we know that every pure
quaternion α ∈ OB ∩B0 of norm p, satisfying α ≡ 1 (mod 2), is of the form

α = a1i+ a2j + a3k, with a1 ≡ a2 ≡ a3 ≡ 1 (mod 2)

and so reducing mod 4 the equation Nm(α) = a2
1 + a2

2 + a2
3 = p we obtain

that p ≡ 3 (mod 4). Hence the set of such quaternions is empty when p ≡
1 (mod 4).

For every prime p ≥ 5, it is easy to see that

r2(NOB ,4, p;Z) =
1

4
r(NB,4, p;Z).

From a theorem of Jacobi we know that r(NB,4, p;Z) = 8(p + 1) for every
odd prime integer p, so in our cases we have r2(NOB ,4, p;Z) = 2(p+ 1).

Hence, by Proposition 3.2.10, the group Γp(DB, N)(2) is a Schottky group
of rank

r2(NOB ,4, p;Z)

4
=
p+ 1

2
,
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and point (a) of the statement is proved.

Point (b) is a restatement of Lemma 1.1.29 in terms of matrices.

Now we are going to apply Proposition 3.2.8 to the group Γp(DB, 1)(2)
and to the free system of generators S = {γ1, . . . , γ(p+1)/2} described in point
(b), in order to prove point (c).

It is easy to see that the group Γp(DB, 1)(2) together with the system of
generators S satisfy the hypothesis of Proposition 3.2.8. In fact, Γp(DB, 1)(2)
is a Schottky group of rank (p+1)/2 and if we take the character χ : Γ→ C∗p
defined by χ(γi) = 1 for every 1 ≤ i ≤ (p + 1)/2, then the radii of the
balls B−γi , B

−
γ−1
i

are all equal to 1/
√
p < 1. Actually looking at how the balls

B−γi , B
−
γ−1
i

are defined (cf. Definition 3.2.4) we find that the radius of B−γi is

√
|χ(γi)Det(γi)|

| − (a2 −
√
−1a3)|

=
1
√
p
,

since γi has determinant equal p and | − (a2 −
√
−1a3)| = 1. And the same

holds for the radius of Bγ−1
i

. This concludes the proof of point (c).

By the definition of good fundamental domain (cf. Definition 3.2.1) we
know that the boundaries of the balls B+

γ , B
+
γ−1 are identified by the trans-

formations γ and γ−1. This proves point (d).

Finally point (e) follows by applying the reduction map of Theorem 2.2.31
to the affinoid subdomain Fp(DB, 1; 2). Actually for every a ∈ P1(Fp) we have

P1(Cp) r B(a, 1/
√
p) ( P1(Cp) r B(a, 1/p)

and the reduction of these two admissible open subsets ofHp are the following
open edge and closed edge respectively,

Red({z ∈ Cp | 0 ≤ vp(z) ≤ 1/2 < 1}) = {v0} ∪ (v0, v0
a),

Red({z ∈ Cp | 0 ≤ vp(z) ≤ 1}) = {v0, v0
a} ∪ (v0, v0

a),

inside the rational geometric realization Tp,Q of the tree Tp, described in
Section 2.2.2. 2

3.2.3.1 Examples for DB = 2

(1) DB = 2, p = 5.
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(a) Γ5(2, 1)(2)\H5 (b) Γ5(2, 1)(2)\T5

Figure 3.1: Fundamental domain and reduction graph for the Mumford curve
X5(2, 1; 2)

The group Γ5(2, 1)(2) is generated by the transformations represented by
the following matrices:

γ1 =

(
−1 + 2

√
−1 0

0 −1− 2
√
−1

)
, γ2 =

(
1 2

√
−1

2
√
−1 1

)
,

γ3 =

(
1 2
−2 1

)
.

The good fundamental domain F5(2, 1; 2) is represented in Figure 3.1a,
and the stable reduction graph of the Mumford curve X5(2, 1; 2) is the
graph in Figure 3.1b.

(2) DB = 2, p = 13.

The group Γ13(2, 1)(2) is generated by the transformations represented
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(a) Γ13(2, 1)(2)\H13 (b) Γ13(2, 1)(2)\T13

Figure 3.2: Fundamental domain and reduction graph of the Mumford curve
X13(2, 1; 2)

by the following matrices:

γ1 =

(
−3 + 2

√
−1 0

0 −3− 2
√
−1

)
, γ2 =

(
1 + 2

√
−1 2− 2

√
−1

−2− 2
√
−1 1− 2

√
−1

)
,

γ3 =

(
1 + 2

√
−1 −2− 2

√
−1

2− 2
√
−1 1− 2

√
−1

)
, γ4 =

(
−1 + 2

√
−1 −2 + 2

√
−1

2 + 2
√
−1 −1− 2

√
−1

)
,

γ5 =

(
−1 + 2

√
−1 2 + 2

√
−1

2− 2
√
−1 −1− 2

√
−1

)
, γ6 =

(
3 −2

√
−1

−2
√
−1 3

)
,

γ7 =

(
−3 −2
2 −3

)
.

The good fundamental domain F13(2, 1; 2) is represented in Figure 3.2a,
and the stable reduction graph of the Mumford curve X13(2, 1; 2) is the
graph in Figure 3.2b.

3.2.4 The case of discriminant DH = 3p

3.2.13 Theorem. Let B be the definite quaternion algebra over Q of dis-
criminant DB = 3 and let OB ⊆ B be a maximal order over Z. Let p ∈ Z be
a prime p ≡ 1 (mod 4).
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(a) The group Γp(DB, 1)(2) is a Schottky group of rank (p+ 1)/2.

(b) A free system of generators for the group Γp(DB, 1)(2) is given by the
transformations represented by the following matrices:(

a0 + a1

√
−1 a2 + a3

√
−1

−3(a2 − a3

√
−1) a0 − a1

√
−1

)
∈ GL2(Qp(

√
−1)) = GL2(Qp)

such that

a0, a1, a2, a3 ∈ Z,

a2
0 + a2

1 + 3a2
2 + 3a2

3 = p, a0 + a3 ≡ 1 (mod 2), a1 + a2 ≡ 0 (mod 2).

(c) A good fundamental domain for the action of the Schottky group Γp(DB, 1)(2)
is the following admissible open subset of P1,rig :

Fp(DB, 1; 2) := P1(Cp) r
⋃

a∈P1(Fp)

B−(a, 1/
√
p).

(d) If we denote by Xp(DB, 1; 2) the Mumford curve associated to the Schot-
tky group Γp(DB, 1)(2), then its rigidification Xrig

p (DB, 1; 2) is isomor-
phic to the domain Fp(DB, 1; 2) with the following identifications:

if γ =

(
a0 + a1

√
−1 a2 + a3

√
−1

−3(a2 − a3

√
−1) a0 − a1

√
−1

)
then

γ
(
P1(Cp) r B−(aγ, 1/

√
p)
)

= B+(aγ−1 , 1/
√
p),

γ
(
P1(Cp) r B+(aγ, 1/

√
p)
)

= B−(aγ−1 , 1/
√
p),

where aγ and aγ−1 are defined as the classes in P1(Fp) of the p-adic

integers
a0 − a1

√
−1

3(a2 − a3

√
−1)

and
a0 + a1

√
−1

−3(a2 − a3

√
−1)

respectively.

(e) The stable reduction graph of the Mumford curve Xp(DB, 1; 2) is is the

subtree T (1)
p r {v0

a | a ∈ P1(Fp)} of Tp with the following identifications
of the oriented edges:

γ ·
(
v0, v0

aγ

)
=
(
v0
aγ−1

, v0
)

for every γ ∈ {γ1, . . . , γ(p+1)/2}.
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Proof. The proof of point (a) is similar to the one of Theorem 3.2.11,

applying Proposition 3.2.10 to the quaternion algebra B =
(
−1,−3

Q

)
tog-

ether with the maximal order OB = 〈1, i, (i + j)/2, (j + k)/2〉Z and taking
the level M = 2. Actually, hypothesis (i) in Proposition 3.2.10 is shown
to be satisfied in Example 1.1.2.2 (b) and hypothesis (ii) is fulfilled as a
consequence of Corollary 1.1.28 applied to the order OB. Finally for proving
that hypothesis (iii) in Proposition 3.2.10 is also satisfied, let us consider
a pure quaternion α ∈ OB ∩ B0 of norm p, satisfying α ≡ 1 (mod 2). By
Lemma 1.1.30 we know that α = a1i+ a2j + a3k with ai ∈ Z such that

a2
1 + 3a2

2 + 3a2
3 = p, a3 ≡ 1 (mod 2), a1 + a2 ≡ 0 (mod 2).

Reducing modulo 4 we find that p ≡ 3 (mod 4) so there is no such quaternion
α when p ≡ 1 (mod 4).

Hence we obtain that the group Γp(DB, 1)(2) is a Schottky group of rank
r2(NOB ,4, p;Z)/4.

We know that r(NB,4, p;Z) = 4(p+1) for every prime p ≥ 3 (cf. for exam-
ple [AALW07, Theorem 1.9] or also [Lio60]), and then a simple calculation
shows that

r2(NOB ,4, p;Z) =
1

2
r(NB,4, p;Z) = 2(p+ 1).

Hence Γp(DB, 1)(2) is a Schottky group of rank r2(NOB , p;Z)/2 = (p+ 1)/2.

Note also that point (b) is proved in Lemma 1.1.30 and the proof of (c)-(e)
is again an application of Proposition 3.2.8 and a computations of the balls
B−γi , B

−
γ−1
i

, as is done in the proof of Theorem 3.2.11. 2

3.2.4.1 Examples for DB = 3

1. DB = 3, p = 5.

The group Γ13(3, 1)(2) is generated by

γ1 =

(
−1 + 2

√
−1 0

0 −1− 2
√
−1

)
, γ2 =

(
−1−

√
−1 1

−3 −1 +
√
−1

)
,

γ3 =

(
−1 +

√
−1 1

−3 −1−
√
−1

)
.

The good fundamental domain F5(3, 1; 2) and the stable reduction
graph of the Mumford curve X5(3, 1; 2) are represented in Figures 3.3a
and 3.3b, respectively.
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(a) Γ5(3, 1)(2)\H5 (b) Γ5(3, 1)(2)\T5

Figure 3.3: Fundamental domain and reduction graph for the Mumford curve
X5(3, 1; 2)

2. DB = 3, p = 13.

The group Γ13(3, 1)(2) is generated by the transformation represented
by the following matrices:

γ1 =

(
3 + 2

√
−1 0

0 3− 2
√
−1

)
, γ2 =

(
1 + 3

√
−1 1

−3 1− 3
√
−1

)
,

γ3 =

(
3 +
√
−1 −1

3 3−
√
−1

)
, γ4 =

(
−3−

√
−1 −1

3 −3 +
√
−1

)
,

γ5 =

(
1 −2
6 1

)
, γ6 =

(
1− 3

√
−1 1

−3 1 + 3
√
−1

)
,

γ7 =

(
1 2

√
−1

6
√
−1 1

)
.

The good fundamental domain F13(3, 1; 2) is represented in Figure 3.4a,
and the stable reduction graph of the Mumford curve X13(3, 1; 2) is the
graph in Figure 3.4b.
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(a) Γ13(3, 1)(2)\H13 (b) Γ13(3, 1)(2)\T13

Figure 3.4: Fundamental domain and reduction graph of the Mumford curve
X13(3, 1; 2)

3.3 Reduction graphs of Shimura curves

In this section we will describe the dual graph of Shimura curves X(DH , 1)
where DH = 2p and DH = 3p, with p ∈ Z a prime p ≡ 1 (mod 4). The
obtained results intersect with the ones of [Kur79] for the curves in ques-
tion, and some of the arguments are also the same. Nevertheless we deduce
these results from Theorems 3.2.11 and 3.2.13, describing a Mumford curve
covering the p-adic Shimura curve.

As we have seen the groups arising in the p-adic uniformization of these
curves come from definite quaternion algebras B of discriminant DB = 2 and
DB = 3. Moreover these groups are not Schottky groups since they contain
elements of finite order. Therefore the reduction graphs of these curves will
not be the usual reduction graphs associated to Mumford curves as described
in Definition 2.3.16 and Theorem 2.3.20. Actually they will be graphs with
lengths, where to every edge a weight is associated, taking into account the
action of the transformations of finite order.

3.3.1 Graphs with lengths and admissible curves

3.3.1 Definition. Let C be a smooth projective curve over Qp. A model C
over Zp for the curve C is said to be admissible if



3.3. Reduction graphs of Shimura curves 125

(i) The scheme C is proper and flat over Zp.

(ii) The special fibre C0 is geometrically reduced and connected.

(iii) All the singular points of C0 are double points.

(iv) The special fibre C0 is Fp-split degenerate.

(v) For every double point P , if OC,P denotes the local ring at P and OZ(m),z

denotes the local ring of the scheme Z(m) defined by

Z(m) := Spec
(
Znrp [x, y]/(xy − pm)

)
,

at the double point z of the special fibre Z
(m)
0 , then the formal comple-

tions
̂OC,P ⊗Zp Znrp , and ÔZ(m),z

of these local rings are isomorphic over Znrp , for some m ≥ 1.

Compare Definition 3.3.1 with Definition 2.3.15.

Note that if in the definition above ̂OC,P ⊗Zp Znrp ' ÔZ(1),z for every double
point P , then the scheme C is still not a stable model for the curve C.
Actually in this case C is stable if and only if every irreducible component
of C0, if there are any, meets the remaining components or itself, in at least
three points.

3.3.2 Definition. Let G be a graph with set of vertices Ver(G) and set of
oriented edges Ed(G) and let Γ be a group acting on the left on G.

(i) For every vertex [v] ∈ Ver(Γ\G) we define the length of [v] (with
respect to Γ) as the cardinality of the stabilizer Γv of a representative
vertex v ∈ Ver(G) inside the group Γ. We denote it by `([v]).

(ii) For every edge [y] ∈ Ed(Γ\G) we define the length of [y] (with
respect to Γ) as the cardinality of the stabilizer Γy of a representative
edge y ∈ Ed(G) inside the group Γ. We denote it by `([y]).

Of course, the definition of length does not depend on the representative
chosen for the class of edges or vertices.

The following result is [Kur79, Proposition 3-2].
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3.3.3 Proposition. Let Γ be a discrete cocompact subgroup of PGL2(Qp),
Then the rigid analytic variety Γ\Hp is algebraizable, i.e. there exists an
algebraic curve C over Qp such that

Γ\Hp ' Crig.

The curve C is an admissible curve and so its reduction graph Γ\Tp is a graph
with lengths.

Now we proceed to state and prove theorems describing the p-adic funda-
mental domains of the corresponding Shimura curves. We will do so by allow-
ing the elliptic transformations of the quotient group Γp(DB, 1)/Γp(DB, 1)(2)
to act on the reduction graph Γp(DB, 1)(2)\Tp described above: the graph
obtained is then the reduction graph Γp(DB, 1)\Tp which is a cover of degree
2 of the reduction graph Γp,+(DB, 1)\Tp of the Shimura curve X(pDB, 1).

With these notations we can state and prove the following results first
obtained by Kurihara (cf. [Kur79, Sec. 4]).

3.3.4 Proposition. Let B be a definite quaternion algebra over Q of dis-
criminant DB and p - DB a prime integer. Let OB be a maximal order over
Z and let us denote by hB the ideal class number of this order.

Then the quotient-graph Γ(DB, 1)\Tp has hB vertices.

Proof. Since the order OB[1/p] over Z[1/p] satisfies the Eichler’s condition
(cf. Definition 1.1.6), we can apply Theorem 3.1.7 and we find that the norm
map induces a bijection of sets

Nm : B∗\B∗A/
∏
` 6=p

O∗B,`B∗pB∗∞ ' Q∗>0\Q∗A/
∏
`6=p

Z[1/p]`Q∗pQ∗∞.

The cardinal of these double quotient spaces is equal on one side to the right
ideal class number of the order OB[1/p], and on the other side to the strict
ideal class number of the order Z[1/p], and so it is equal to 1, since Z[1/p] is
a principal ideal domain of strict ideal class number 1.

Therefore given a class [α] ∈ B∗\B∗A/
∏

`6=∞O∗B,`B∗∞, we can always sup-
pose that its representative α ∈ B∗A is (1, . . . , 1, αp, 1, . . . ) with αp ∈ B∗p and
NmBp/Qp(αp) ∈ Z[1/p]∗ and the map

B∗\B∗A/
∏
6̀=∞O∗B,`B∗∞ −→ OB[1/p]∗\B∗p/Q∗pO∗B,p

[(1, . . . , 1, αp, 1, . . . )] 7−→ [αp].
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is a bijection. Finally we find the following chain of bijections:

Ver(Γp(DB, N)\Tp) ' Γ(DB, N)\Ver(Tp) ' OB[1/p]∗\B∗p/Q∗pO∗B,p '

' B∗\B∗A/
∏
` 6=∞

O∗B,`B∗∞

and by Theorem 1.2.13, this last set is in bijection with the set of right ideal
classes of the maximal order OB over Z. 2

3.3.5 Lemma. Let G be a graph and let Γ be group acting on the left on G.
Then `([v]) is a multiple of `([y]) for every [y] ∈ Star([v]) and the following
formula holds:

#Star(v) =
∑

[y]∈Star([v])

`([v])

`([y])
.

Proof. There is a natural surjective map

πΓ : y ∈ Star(v) 7−→ [y] := Γy ∈ Γ\Star(v) = Star([v]).

Therefore
#Star(v) =

∐
[y]∈Star([v])

#π−1
Γ ([y])

and by the orbit-stabilizer theorem we obtain that #π−1
Γ ([y]) = #[y] = [Γ :

Γy]. 2

3.3.6 Remark. By Theorem 3.3.4 we know that the number of vertexes of
the quotient graph Γp(DB, 1)\Tp is equal to 1 in the cases we are considering.
So this unique vertex, which we can choose to have as a representative the
principal vertex v0, is necessarily fixed by all classes of transformations in
the quotient group Γp(DB, N)/Γp(DB, N)(2). Moreover the same can also be
deduced by Theorems 3.2.11 and 3.2.13, since we have seen that the reduction
graph of the Mumford curve Xp(DB, 1; 2) always has one vertex.

So now we have to understand the action of the elements of finite order
on the p + 1 oriented edges of the covering graph Γp(DB, 1)(2)\Tp. In order
to do so, we are going to describe theoretically how this action works.

If we identify the vertex v0 ∈ Ver(Tp) with the projective line P1
Fp and we

denote by Star(v0) the set of oriented edges y ∈ Ed(Tp) with origin in [v0],
then we find that this identification restricts to the following bijection:

δ : Star(v0) ' P1
Fp(Fp) = Fp ∪ {∞}.
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Now, on one side, we know that PGL2(Zp) acts on Star(v0) in the usual way
(since the group PGL2(Zp) is the stabilizer of the vertex v0 for the action of
PGL2(Qp) on Ver(Tp)); thus there is a natural action of PGL2(Zp) on the set
of points P1

Fp(Fp), which is equivariant with respect to the previous bijection.

On the other side, Aut(P1
Fp(Fp)) ' PGL2(Fp) so the action of PGL2(Zp)

on P1
Fp(Fp) is the one induced by the reduction map

π : PGL2(Zp) −→ PGL2(Zp/pZp) ' PGL2(Fp).

More specifically, for every γ ∈ PGL2(Zp) and every y ∈ Star(v0),

γ · y = π(γ) · δ(y).

3.3.2 The case DH = 2p

3.3.7 Lemma. Let B =
(
−1,−1

Q

)
be the definite quaternion algebra over Q

of discriminant DB = 2 and let OB be the maximal order over Z with basis

{1, i, j, 1± i± j ± k
2

}. Let p be a prime integer p ≡ 1 (mod 4) and let Φp be

the following p-adic matricial immersion:

Φp : B −→ M2(Qp(
√
−1)) = M2(Qp)

x0 + x1i+ x2j + x3k 7−→
(

x0 + x1

√
−1 x2 + x3

√
−1

−(x2 − x3

√
−1) x0 − x1

√
−1

)
.

Then the quotient group Γp(DB, 1)/Γp(DB, 1)(2) is isomorphic to the unit
group O∗B/Z∗ of order 12.

(a) The order 2 transformations are represented by the matrices

Φp(i) =

(√
−1 0
0 −

√
−1

)
,Φp(j) =

(
0 1
−1 0

)
,Φp(k) =

(
0

√
−1√

−1 0

)
.

(b) The order 3 transformations are represented by the matrices

Φp

(
1± i+ j + k

2

)
=

(
1
2
± 1

2

√
−1 1

2
+ 1

2

√
−1

−1
2

+ 1
2

√
−1 1

2
∓ 1

2

√
−1

)
,

Φp

(
1 + i± j + k

2

)
=

(
1
2

+ 1
2

√
−1 ±1

2
+ 1

2

√
−1

∓1
2

+ 1
2

√
−1 1

2
− 1

2

√
−1

)
,

Φp

(
1 + i+ j ± k

2

)
=

(
1
2

+ 1
2

√
−1 1

2
± 1

2

√
−1

−1
2
∓ 1

2

√
−1 1

2
− 1

2

√
−1

)
.
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(c) The order 2 transformations represented by Φp(i),Φp(j),Φp(k) have fixed
points {0,∞}, {

√
−1,−

√
−1}, {1,−1}, respectively.

(d) Every order 3 transformation has 1 +
(

3
p

)
fixed points in P1(Fp).

(e) There is no transformation of order 3 fixing a point which is a fixed point
of some transformation of order 2.

Proof. From what we have seen in Example 1.1.2.1 and in the proof of
Theorem 3.2.13 we know that there are isomorphisms of non-abelian groups

Γp(DB, 1)/Γp(DB, 1)(2) ' (OB/2OB)∗ ' O∗B/Z∗ = {1, i, j, k, 1± i± j ± k
2

}.

This group is isomorphic to the abstract group of permutations A4, having
only elements of order 2 and 3, apart from the identity. A simple calculation
yields the expressions of points (a) and (b).

In order to prove points (c) and (d) we have to compute the fixed points
of these 11 transformations. This can be done by computing the zeroes of
the associated binary quadratic forms.

The discriminant of the characteristic polynomial of an element γ of order
3 is always

disc(Pγ) = tr2(γ)− 4det(γ) = 12 − 4 = −3.

Hence, since
√
−3 ∈ Qp if and only if

(
3
p

)
= 1 (recall that we are assuming

p ≡ 1 (mod 4)), the transformation γ has two or no fixed points in P1(Fp)
depending on whether 3 is a square or not mod p. Point (b) is then proved.

It is a simple calculation to prove that none of the points 0,∞,±1,±
√
−1 ∈

P1(Qp) is fixed by the transformations of order 3 described above. 2

3.3.8 Theorem. Let B be the definite quaternion algebra of discriminant
DB = 2 and OB be a maximal order in B. Let p be a prime integer such that
p ≡ 1 (mod 4), p - DB.

For every integer n ≥ 1, let us denote by

cn := #{y ∈ Ed(Γp(DB, 1)\Tp) | `(y) = n}

the number of oriented edges with length n. Then the quotient graph with
lengths Γp(DB, 1)\Tp is described by the following properties:

(a) Ver(Γp(DB, 1)\Tp) = {[v0]} such that `([v0]) = 12.
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(b) There is only one oriented edge y ∈ Ed(Γp(DB, 1)\Tp) of length `(y) = 2
and is represented by each of the oriented edges

y0, y∞, y1, y−1, y√−1, y
√
−1 ∈ Fp(DB, 1; 2),

where ya := (v0, v0
a) for every a ∈ P1(Fp).

(c) If p ≡ 1 (mod 3), then c1 = (p − 13)/12, c2 = 1, c3 = 2 and cn = 0 for
every n ≥ 4.

In this case the edges y′, y′′ ∈ Ed(Γp(DB, 1)\Tp) of length 3 are such
that y′′ = y′ and y′ is represented by each of the edges ya := (v0, v0

a) ∈
Fp(DB, 1; 2) such that a ∈ P1(Fp) is a fixed point of one of the order 3
transformations of Γp(DB, 1)/Γp(DB, 1)(2).

(d) If p ≡ 2 (mod 3) then c1 = (p− 5)/12, c2 = 1 and cn = 0 for every n ≥ 3.

Proof. Since the 12 classes of transformations in Γp(DB, 1)/Γp(DB, 1)(2)
are actually represented by transformations in PGL2(Zp), we know that they
have to fix the vertex [v0] ∈ Ver(Γp(DB, 1)(2)\Tp), which is the unique vertex
of the quotient graph Γp(DB, 1)(2)\Tp, after Theorem 3.2.11. Hence we have
proved that

Ver(Γp(DB, 1)(2)\Tp) = {[v0]}, and `([v0]) = #(O∗B/Z∗) = 12.

Let us apply Lemma 3.3.5 to the graph G := Γp(DB, 1)(2)\Tp, the group
Γ := Γp(DB, 1)/Γp(DB, 1)(2), acting on it, and the vertex v := v0.

We find that for every y ∈ Star([v0]) = Ed(Γp(DB, 1)/Tp), it has to be
`(y) = 1, 2, 3, 4, 6, 12. From Lemma 3.3.7 (c) and (e) we deduce respectively
that `(y) cannot be either 4, or 6 or 12. In particular the formula of Lemma
3.3.5 gives:

p+ 1

2
= 6c1 + 3c2 + 2c3.

From the expressions of the order 3 transformations of the quotient group
Γp(DB, 1)/Γp(DB, 1)(2), given in Lemma 3.3.7 (b), we can easily see that
the three unoriented edges of Γp(DB, 1)(2)\Tp, corresponding to the points
{1 ∼ −1, 0 ∼ ∞,Red(

√
−1) ∼ −Red(−

√
−1)}, are always identified by the

action of these transformations on the quotient graph Γp(DB, 1)(2)\Tp. Hence
these three unoriented edges of Γp(DB, 1)(2)\Tp gives rise to one unoriented
edge, say y ∈ Ed∗(Γp(DB, 1)\Tp), which corresponds to the Fp-rational point

{1 ∼ −1 ∼ 0 ∼ ∞ ∼ Red(
√
−1) ∼ Red(−

√
−1)},



3.3. Reduction graphs of Shimura curves 131

of the special fibre of the corresponding MumfordXp(D2, 1; 2) curve described
in Theorem 3.2.11. This edge has length `(y) = 2, by Lemma 3.3.7 (c).

We now have two options for c2, namely c2 = 1 if the edge y is such that
y = y and c2 = 2 if not. From an explicit computation we deduce that c2 = 1.

Finally by Lemma 3.3.7 (d) we obtain that:

(1) If p ≡ 1 (mod 3), then c3 = 2 and so c1 = (p− 13)/12.

(2) If p ≡ 2 (mod 3), then c3 = 0 and so c1 = (p− 5)/12.

The proof is then concluded. 2

3.3.3 The case DH = 3p

By computing explicitly the fixed points for the finite order transformations
of the quotient group Γp(DB, 1)/Γp(DB, 1)(2), we find the following result
which is the analogous of Lemma 3.3.9

3.3.9 Lemma. Let B =
(
−1,−3

Q

)
be the definite quaternion algebra over Q

of discriminant DB = 3 and let OB ⊆ B be the maximal order over Z with

basis {1, i, i+ j

2
,
1 + k

2
}. Let p be a prime integer p ≡ 1 (mod 4) and let Φp

be the following p-adic matricial immersion:

Φp : B −→ M2(Qp(
√
−1)) = M2(Qp)

x0 + x1i+ x2j + x3k 7−→
(

x0 + x1

√
−1 x2 + x3

√
−1

−3(x2 − x3

√
−1) x0 − x1

√
−1

)
.

Then the group Γp(DB, 1)/Γp(DB, 1)(2) is isomorphic to the abelian group
O∗B/Z∗ of order 6.

(a) The order 2 transformations are represented by the following matrices:

Φp(i) =

(√
−1 0
0 −

√
−1

)
,Φp

(
i± j

2

)
=

(
1
2

√
−1 ±1

2

∓3
2
−1

2

√
−1

)

(b) The order 3 transformations are represented by the following matrices:

Φp

(
1± k

2

)
=

(
1
2

±1
2

√
−1

±3
2

√
−1 1

2

)
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(c) The order 2 transformations Φp(i),Φp((i+ j)/2),Φp((i− j)/2) have fixed
points {0,∞}, {−

√
−1,
√
−1/3}, {

√
−1,−

√
−1/3}, respectively.

(d) Each order 3 transformation has 1 +
(

3
p

)
fixed points in P1(Fp).

(e) There is no order 3 transformation fixing a point which is fixed by a
transformation of order 2. 2

3.3.10 Theorem. Let B be the definite quaternion algebra of discriminant
DB = 3 and OB be a maximal order in B. Let p be a prime integer such that
p ≡ 1 (mod 4), p - DB.

For every integer n ≥ 1, let us denote by

cn := #{y ∈ Ed(Γp(DB, 1)\Tp) | `(y) = n}

the number of oriented edges with length n. Then the quotient graph with
lengths Γp(DB, 1)\Tp is described by the following properties:

(a) Ver(Γp(DB, 1)\Tp) = {[v0]} such that `([v0]) = 6.

(b) There are exactly two oriented edges of length 2, namely

y, y ∈ Ed(Γp(DB, 1)\Tp), with y 6= y,

and such that y is represented by any of the oriented edges

y0, y−
√
−1, y

√
−1 ∈ Fp(DB, 1; 2),

and y is represented by any of the oriented edges

y∞, y√−1/3, y−
√
−1/3 ∈ Fp(DB, 1; 2).

(c) If p ≡ 1 (mod 3), then c1 = (p− 5)/6, c2 = 2, c3 = 1 and cn = 0 for every
n ≥ 4.

In this case the edge y′ ∈ Ed(Γp(DB, 1)\Tp) of length 3 is such that y′ = y′

and is represented by any of the edges

y√3/3, y−
√

3/3 ∈ Fp(DB, 1; 2).

(d) If p ≡ 2 (mod 3) then c1 = (p− 7)/6, c2 = 2 and cn = 0 for every n ≥ 3.
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Proof. Since the six classes of transformations in Γp(DB, 1)/Γp(DB, 1)(2)
are represented by matrices in PGL2(Zp) (cf. Lemma 3.3.7), we know that
they have to fix the vertex [v0] ∈ Ver(Γp(DB, 1)(2)\Tp), which is the unique
vertex of the quotient graph Γp(DB, 1)(2)\Tp, as has been shown in 3.2.11.
Hence we have

Ver(Γp(DB, 1)(2)\Tp) = {[v0]},

`([v0]) = (Γp(DB, 1) : Γp(DB, 1)(2)) = #(OB/Z∗) = 6.

Applying the formula in Lemma 3.3.5 to the graph G = Γp(DB, 1)(2)\Tp,
the group Γ = Γp(DB, 1)/Γp(DB, 1)(2) and the vertex v = v0, we find that
for an edge y ∈ Star([v0]) = Ed(Γp(DB, 1)/Tp), the possible lengths are
`(y) = 1, 2, 3, 4 or 6. By Lemma 3.3.7 (c) and (e) we deduce that `(y) can
never be 4 or 6.

Therefore the formula in Lemma 3.3.5 gives:

p+ 1

2
= 3c2 + 2c3 + 6c1.

From the expressions of the order 3 transformations given in Lemma 3.3.9
(b) we easily see that the three edges corresponding to the points

{0 ∼ ∞,Red(−
√
−1) ∼ Red(

√
−1/3),Red(

√
−1) ∼ Red(−

√
−1/3)}

are always identified by the action of these transformation classes on the quo-
tient graph Γp(DB, 1)(2)\Tp. This gives rise to an edge y ∈ Ed(Γp(DB, 1)\Tp)
represented by any of the three edges as in the statement of (b).

Again, it can be that y = y, in which case we have c2 = 1, or y 6= y, in
which case c2 = 2. From explicit computations, we deduce that in this case
c2 = 2.

Finally, by Lemma 3.3.9 (d), we obtain that:

(1) If p ≡ 1 (mod 3), then c3 = 1 and so c1 = (p− 5)/6.

(2) If p ≡ 2 (mod 3), then c3 = 0 and so c1 = (p− 7)/6.

Actually when
(

3
p

)
= 1, the order 3 transformations have the same fixed

points ±
√

3/3 ∈ Qp corresponding to the edge y√3/3 ∼ y−
√

3/3 of the quotient
graph Γp(DB, 1)(2)/Tp. 2

In a series of examples, we are going to draw the reduction graphs of the
Drinfeld integral model over Zp of Shimura curves X(DH , 1).
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(a) Γ5(2, 1)\T5 (b) Γ5,+(2, 1)\T5

Figure 3.5: Reduction graph of the Shimura curve X5(10, 1)

3.3.3.1 Reduction graphs for Shimura curves X(2p, 1)

Let H be the indefinite quaternion algebra of discriminant DH = 2p, with
p ≡ 1 (mod 4), and let OH ⊆ H be a maximal order over Z. Let X(DH , 1) be
the Shimura curve associated to the quaternion algebra H and the maximal
order OH and Xp(2p, 1) be its Drinfeld integral model over Zp.

Let us take p = 5. In Figure 3.5a we find the graph with lengths Γ5(2, 1)\T5,
which is obtained as the quotient of the graph in Figure 3.1b by the order
12 group of units O∗B/Z∗.

After that we can also show the reduction graph at 5 of the Shimura
curve X (10, 1) as the quotient of the graph in Figure 3.5a by the order 2
group Γ5(2, 1)/Γ5,+(2, 1).

We show also the case of the Shimura curve Xp(26, 1) taking the prime
p = 13, as can be seen in Figure 3.6.

3.3.3.2 Reduction graphs for Shimura curves X(3p, 1)

Let H be the indefinite quaternion algebra of discriminant DH = 3p with
p ≡ 1 (mod 4) and let OH be a maximal order over Z. Let X(DH , 1) be
the Shimura curve associated to the quaternion algebra H and the maximal
order OH and Xp(3p, 1) be its Drinfeld integral model over Zp.

In Figures 3.7 and 3.8 we exhibit the reduction graphs of the Shimura
curves Xp(3p, 1) at the primes p = 5 and p = 13, respectively. These figures
have to be compared with the covering graphs of Figures 3.3 and 3.4.
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(a) Γ13(2, 1)\T13

(b) Γ13,+(2, 1)\T13

Figure 3.6: Reduction graph of the Shimura curve X13(26, 1)
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(a) Γ5(3, 1)\T5

(b) Γ5,+(3, 1)\T5

Figure 3.7: Reduction graph of the Shimura curve X5(15, 1)
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(a) Γ13(3, 1)\T13

(b) Γ13,+(3, 1)\T13

Figure 3.8: Reduction graph of the Shimura curve X13(39, 1)
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Chapter 4

Singular moduli of p-adic
Shimura curves

Before introducing the chapter, we want to fix some basic notations which
could be considered “the key of lecture” of the whole chapter. These are
the following. When ` is a fixed finite prime of Q, we will usually denote
by Q`2 the quadratic unramified extension of Q`, which is unique inside a
fixed algebraic closure Q` of Q`. When ` = ∞ is the Archimedean prime of
Q, we use then the following notations: Q∞ = R and Q∞2 := C, according
to the convention for which C is the quadratic unramified extension of R
(cf. [Neu99, Ch. III]).

The theory of complex multiplication for Q provides a concrete way to
generate ring class field extensions of imaginary quadratic fields K over Q.
These extensions are obtained adjoining to K “special values”, known as
singular moduli, of automorphic functions uniformizing Shimura curves (cf.
Theorem 1.2.3 for the correct statement in the general case of Shimura curves
and [Sil94, Theorem 5.6] for the statement in the case of classical modular
curves). Therefore, it seems of some interest to understand the nature of
these special algebraic points, with respect to the uniformization of the curve:
by this we mean that if (X, JΓ) is the canonical model over Q of the Shimura
curve X, together with its complex uniformization

jΓ : Γ\H ' X(C),

and τ ∈ Γ\H is a parameter such that jΓ(τ) is the special value in question,
i.e. K(jΓ(τ)) is a certain ring class field of the imaginary quadratic field K,
then we wish to understand how to obtain the parameter τ , which is what
we call a complex multiplication parameter by the field K.

On the one hand, this parameter τ ∈ H has a geometric interpretation,

139
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coming from the fundamental property of the curve X to be a coarse mod-
uli space of abelian varieties with some additional structure (as explained
in detail in Chapter 1.3). This modular interpretation is actually the key
to understand the theory of complex multiplication and the proofs of its
statements.

On the other hand, complex multiplication parameters also arise as zeros
of certain integral binary quadratic forms. These quadratic forms have ra-
tional integral coefficients when we are looking for complex multiplication
parameters arising from Shimura curves of discriminant 1 (i.e. classical mod-
ular curves): this is the well-known theory of binary quadratic forms started
in Gauß’ Disquisitiones Arithmetiquae, (cf. [Gau96]). And they have in-
tegral quadratic coefficients when classical modular curves are replaced by
Shimura curves of discriminant D > 1: this is a more general theory of binary
quadratic forms developed in [AB04].

All these theories of binary quadratic forms are associated to the com-
plex (and therefore Archimedean) uniformization of Shimura curves, so we
want to point out that it seems quite natural to investigate the analogous
situation for the non-Archimedean uniformization, in the cases when it is
available. Thanks to the Cerednik-Drinfeld theory introduced in Section 3.1
we have a description of the p-adic points of a Shimura curve X over Q.
More specifically, we have seen in Corollary 3.1.16 that we have a bijection
on the set of Qp2-points of the Shimura curve X which is the following:

Γp,+\Hp(Qp2) ' X(Qp2).

Here Hp := P1,rig
Qp r P1

Qp(Qp) denotes, as usual, the p-adic upper half-plane
introduced in Section 2.2 and the group Γp,+ can be explicitly constructed
from the quaternion algebra defining the Shimura curve X, as detailed in
Section 3.1.

We want to investigate which is the best theory of p-adic multiplication
parameters associated to this uniformization, where the Archimedean field
C is replaced by the quadratic unramified extension Qp2 .

4.1 Embeddings of p-imaginary quadratic fields

in definite quaternion algebras

4.1.1 Number of embeddings

4.1.1 Definition. Let ` be a (finite or Archimedean) prime of Q. We say
that a quadratic fieldK/Q is imaginary at the prime ` (also `-imaginary)
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if K ⊗Q Q` ' Q`2 .

In particular, a quadratic field K is imaginary at the prime∞ if and only
if it is imaginary in the usual sense. Otherwise, if ` is a finite prime then a
quadratic field K is imaginary at the prime ` if and only if K = Q(

√
d), for

a square-free integer d coprime with ` and such that
(
d
`

)
= −1, i.e. if and

only if the prime ` is inert in K.

Let B be a definite quaternion Q-algebra of discriminant DB and let p ∈ Z
be a prime not dividing DB. Let us fix an isomorphism Φp : Bp := B ⊗Q
Qp ' M2(Qp) of Qp-algebras and let us also denote by Φp the corresponding
matricial immersion B ↪→ M2(Qp).

If K is a p-imaginary quadratic field such that there exists an immersion
ϕ : K ↪→ B of Q-algebras, then we can consider the corresponding matricial
immersion Φp ◦ ϕ : K ↪→ M2(Qp) and the following set of transformations:

{Φp(ϕ(a)) ∈ GL2(Qp) | a ∈ K∗}.

We are now going to prove, in Proposition 4.1.3, the p-adic version of
[Shi67, Proposition 2.6 ]. We first need the following easy lemma.

4.1.2 Lemma. Let γ, γ′ ∈ GL2(Qp). Then γ, γ′ have the same fixed points
if and only if there exist λ, µ ∈ Qp, λ 6= 0, such that γ′ = λI2 + µγ.

Proof. The proof goes exactly as in [AB04, 6.1], after replacing R by Qp.
2

4.1.3 Proposition. Let K be a quadratic field imaginary at the prime p and
let ϕ : K ↪→ B be an immersion of Q-algebras. Then for every a ∈ K∗ all
the transformations Φp(ϕ(a)) ∈ GL2(Qp) are elliptic and they have two fixed
points in Hp(Qp2) = Qp2 rQp not depending on a.

Proof. Let us write a = x + y
√
d ∈ K∗. Then Φp(ϕ(a)) = xI2 + yγ ∈

GL2(Qp), where γ := Φp(ϕ(
√
d)) is a transformation such that γ2 = dI2.

Hence, by Lemma 4.1.2 it is clear that all the transformations Φp(ϕ(a)) have
the same fixed points as γ. Now it is easy to see that the discriminant of the
characteristic polynomial of Φp(ϕ(

√
d)) is

tr2(γ)− 4det(γ) = 4d /∈ Q∗2p

since
(
d
p

)
= −1. Finally, by Proposition 2.3.5, the transformation γ is

elliptic and its fixed points z1, z2 are in Qp2 r Qp = Hp(Qp2). Actually,

z1, z2 ∈ Qp(
√
d) ' Qp2 . 2
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The reciprocal is also true and it is the following:

4.1.4 Proposition. If α ∈ B,α /∈ Q, is such that the associated transforma-
tion Φp(α) ∈ GL2(Qp) has two fixed points z1, z2 ∈ Hp(Qp2), then Q(α) is a
quadratic extension of Q, imaginary at the prime p, admitting an embedding
in B.

Proof. For every quaternion α ∈ B not in Q, the extension Q(α) is a
quadratic subfield of the algebra B, since α satisfies the quadratic equation
X2−TrB/Q(α)X+NmB/Q(α) = 0. Now if we set γ := Φp(α) ∈ GL2(Qp) then

Q(α) = Q(
√
d) where d is the discriminant of the characteristic polynomial

Pγ(X) of γ. Since the transformation γ is elliptic, by Proposition 2.3.5 we

have that d /∈ Q∗2p and so Qp(
√
d) ' Qp2 . Hence Q(α) is a p-imaginary

quadratic field. 2

4.1.5 Remark. If γ := Φp(ϕ(
√
d)) =

(
A B
C D

)
, then A + D = 0 and so its

associated binary quadratic form (cf. Definition 2.3.3) is

fγ(X, Y ) = CX2 − 2AXY −BY 2.

The zeros of fγ have the following expressions:

z1 =
A+
√
d

C
, z2 =

A−
√
d

C
.

Therefore we see that z1 and z2 are Galois conjugated in the quadratic ex-
tension Qp(

√
d), so we can write z1 = z2 and we have that the action of γ on

these points is

γ

(
z1

1

)
=
√
d

(
z1

1

)
, γ

(
z1

1

)
= −
√
d

(
z2

1

)
.

Following the same spirit as in [AB04] we want to relate the set of em-
beddings of p-imaginary quadratic fields into the quaternion algebra B with
the set of representations of an integer by certain quadratic forms associated
to the algebra. For the basic definitions and properties about quaternion
algebras and quadratic forms, see Chapter 1.1 and [AB04, Ch. 3].

Recall (cf. Section 1.1) that for every prime ` of Q we denote by Z[1/`]
the ring of integers outside `, i.e.

Z[1/`] :=

(⋂
q 6=`

Zq

)
∩Q.

In particular when ` =∞, then Z[1/∞] = Z.
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4.1.6 Definition. An integer m is represented by an n-ary quadratic form
f ∈ Z[1/`][X1, . . . , Xn] if there exist a1, . . . , an ∈ Z[1/`] such that

f(a1, . . . , an) = m.

The representation is said to be primitive if the ideal generated by a1, . . . , an
is (a1, . . . , an) = Z[1/`].

We will denote by Rep(f,m;Z[1/`]) the set of representations of the in-
teger m by the form f and by Rep∗(f,m;Z[1/`])) its subset of primitive
representations.

4.1.7 Definition. Let Q be a quaternion Q-algebra, K a quadratic field,
and ` a prime integer. If OK,m[1/`] ⊆ K is a quadratic order over Z[1/`] of
conductor m and O[1/`] is an Eichler order over Z[1/`] in Q, then we will
denote by

E(K,Q) and E(OK,m[1/`],O[1/`]),

respectively, the set of embeddings K ↪→ Q of Q-algebras and the set of
embeddings ϕ : OK,m[1/`] ↪→ O[1/`] of Z[1/`]-modules.

We can extend the definition of “optimal embedding” (cf. [AB04, Defini-
tion 4.7]) to embeddings of Z[1/`]-modules:

4.1.8 Definition. Let ` be a fixed prime integer. Let Q be a quaternion
Q-algebra, O[1/`] be an Eichler order over Z[1/`] and OK,m[1/`] be an order
over Z[1/`] inside a quadratic field K.

An embedding ϕ : OK,m[1/`] ↪→ O[1/`] is said to be optimal (also max-
imal) if it satisfies the equality ϕ(OK,m[1/`]) = O[1/`] ∩ ϕ(K),.

We will denote by

E∗(OK,m[1/`],O[1/`])

the subset of E(OK,m[1/`],O[1/`]) of optimal embeddings.

4.1.9 Proposition. Let B be a definite quaternion algebra over Q.

If K = Q(
√
d) is a quadratic field, with d a square-free integer, then there

exists a bijection of sets

E(K,B) ' Rep(NB,3,−d;Q).

In particular, every quadratic field K admitting an embedding K ↪→ B is
imaginary at ∞, i.e. d < 0.
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Proof. The proof is the same as the one of [AB04, 4.2]. The idea is that
if ϕ : K ↪→ B is an embedding, then ϕ(

√
d) is a pure quaternion of norm

NmB/Q(ϕ(
√
d)) = NmK/Q(

√
d) = −d and so its coordinates in a Q-basis of

B gives the desired representation. The viceversa is also intuitively clear.

Finally, since the ternary normic form NB,3 is positive definite, condition
−d← NB,3 implies that d is negative. 2

4.1.10 Proposition. Let B be a definite quaternion algebra over Q of dis-
criminant DB and let p be a prime integer not dividing DB. Let H be an
indefinite quaternion algebra over Q of discriminant DH = pDB and let K
be a quadratic field imaginary at both the primes p and ∞. Then there is a
bijection of sets

E(K,H) ' E(K,B).

Proof. Recall that for the indefinite quaternion algebra H the statement
analogous to Proposition 4.1.9 holds (cf. [AB04, 4.2]) so each set of embed-
dings of the statement can be described by representations.

Let us start by noting that the quaternion algebras H and B are such that
H` ' B` for every ` /∈ {∞, p}, so in order to apply the Principle of Hasse-
Minkowski for quadratic forms or, equivalently, for embeddings (cf. [Vig80,
3.2]) we only need to look at the behavior of the immersion/representation at
one of the primes p,∞ (the other one comes for free via the product formula
for the Hilbert symbol).

From left to right, we have that the ternary normic form N3,B always
represents all positive integers over R. From right to left, we have that the
local quaternion Qp-algebra Hp is a field containing two copies of Qp2 ' K(p),
since p divides the discriminant DH . 2

So we have seen that the set of quadratic fields

{K | [K : Q] = 2, K ↪→ B, K ⊗Qp ' Qp2}

is included in the set

{K | [K : Q] = 2, K ↪→ B, K ⊗ R ' C}

and the inclusion is strict since there are negative integers d such that
(
d
p

)
6=

−1.

4.1.11 Remark. When K = Q(
√
d) for a square-free integer d such that(

d
p

)
= 0, then again, as in Proposition 4.1.3, the transformations in Φp(K

∗)
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are elliptic and they all have two fixed points z, z̄ belonging to one of the
two quadratic ramified extensions of Qp and are Galois conjugated inside this
quadratic extension. These two points lye in Hp(Cp) and since the residue
degree of the field of definition is 1, their reduction are Fp-rational points, so
they correspond to two different edges of the Bruhat-Tits tree.

The following result is the adaptation of [AB04, Theorem 4.26] and its
proof is exactly the same, after replacing Z by Z[1/p].

4.1.12 Theorem. Let B be a definite quaternion algebra over Q of discrim-
inant DB and let p be a prime integer such that p - DB. Let O be an Eichler
order of B of level N coprime with p and denote by O[1/p] := O ⊗ Z[1/p]
the corresponding Z[1/p]-order. Let K be a p-imaginary quadratic field of
discriminant DK and let OK,m[1/p] be a Z[1/p]-order of conductor m.

If we denote by O′[1/p] the order of B equal to Z[1/p] + 2O[1/p], then we
have the following bijections of sets:

E(OK,m[1/p],O[1/p]) ' Rep(NO′,3,−m2DK ;Z[1/p]),

E∗(OK,m[1/p],O[1/p]) ' Rep∗(NO′,3,−m2DK ;Z[1/p]).

Proof. Even if the proof is the same as the one of [AB04, Theorem 4.26],
we sketch the proof of the bijection

E(OK,m[1/p],OB[1/p]) ' Rep(NO′B ,3,−m
2DK ;Z[1/p])

because the ideas used here will be applied later to compute explicit examples
of families of binary quadratic forms.

Let us assume first that K = Q(
√
d) is an imaginary quadratic field such

that d ≡ 2, 3 (mod 4), so K has discriminant DK = 4d and OK,m[1/p] =

Z[1/p][m
√
d].

If ϕ : OK,m[1/p] ↪→ OB[1/p] is an embedding, then ω := ϕ(m
√
d) is an

element of OB[1/p] with TrB/K(ω) = TrK/Q(m
√
d) = 0 and NmB/Q(ω) =

NmK/Q(m
√
d) = −m2d.

Now it is very important to observe the following. If B = {1, v2, v3, v4} is
a normalized basis for OB[1/p], then O′B[1/p] admits an integral basis B′ =
{1, 2v2, 2v3, 2v4−Tr(v4)} such that 2v2, 2v3, 2v4−Tr(v4) are pure quaternions
(cf. [AB04, Definitions 1.36, 1.37]) and so a quaternion α = (a1, a2, a3, a4)B′
is pure if and only if a1 = 0.

Therefore 2ω ∈ O′B[1/p] = Z[1/p] + 2OB[1/p], with Tr(2ω) = 0 and
Nm(2ω) = −m24d = −m2DK . After the observation above it is clear that
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the integral coordinates of 2ω in the basis B′ are (0, x, y, z) ∈ Z[1/p] and
gives a representation (x, y, z) ∈ Rep(NO′B ,3,−m

2DK ;Z[1/p]).

Viceversa, given a representation (x, y, z) ∈ Rep(NO′B ,3,−m
2DK ;Z[1/p])

we can consider the quaternion α := (0, x, y, z)B′ ∈ O′[1/p]. Therefore α/2 =
−zTr(v4)/2 + xv2 + yv3 + zv4 ∈ O[1/p] is such that Tr(α/2) = 0 (after what
we have observed about the basis B′) and Nm(α/2) = −m2d, so we can define
the embedding ϕ : OK,m[1/p] ↪→ OB[1/p] by setting ϕ(m

√
d) := α/2.

In the case K = Q(
√
d) and d ≡ 1 (mod 4), we have that K has discrim-

inant DK = d and OK,m[1/p] = Z[1/p][(1 +
√
d)/2] we can construct the

bijection with the same reasoning.

Finally we can summarize the bijection of the statement as follows.

If (x, y, z) ∈ Rep∗(NO′B ,3,−m
2DK ;Z[1/p]) then we define an optimal em-

bedding ϕ ∈ E∗(OK,m[1/p],OB[1/p]) by

ϕ(
√
d) :=



(
−zTr(vv4)

2m
,
x

m
, y
m
,
z

m

)
B
, if d ≡ 2, 3 (mod 4)

(
−zTr(vv4)

m
,
2x

m
,
2y

m
,
2z

m

)
B
, if d ≡ 1 (mod 4).

If ϕ ∈ E∗(OK,m[1/p],OB[1/p]) and we put

ω :=


ϕ(m
√
d), if d ≡ 2, 3 (mod 4)

ϕ

(
m

1 +
√
d

2

)
, if d ≡ 1 (mod 4),

then the associated representation is (x, y, z) ∈ Rep∗(NO′B ,3,−m
2DK ;Z[1/p])

such that

ω =



(
−zTr(v4)

2
, x, y, z

)
B
, if d ≡ 2, 3 (mod 4)

(
m− zTr(v4)

2
, x, y, z

)
B
, if d ≡ 1 (mod 4).

2

4.1.2 Class numbers of embeddings

From now on, B and H will denote, respectively, a definite and an indefinite
quaternion algebra over Q such that DH = pDB, for a fixed prime integer
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prime p - DB. And OH ⊆ H and OB ⊆ B will denote Eichler orders over Z
of the same level N, (N, p) = 1.

Let K = Q(
√
d) be a quadratic field, where d is a square-free integer, and

let OK,m ⊆ K be an order over Z of conductor m. As usual, we denote by
OB[1/p] := OB⊗ZZ[1/p] and OK,m[1/p] := OK,m⊗ZZ[1/p] the corresponding
Z[1/p]-orders resp. in B and in K.

We will consider the following subgroups of quaternions units, arising from
the complex and the p-adic uniformizations of the Shimura curve X(DH , N):

(i) O∗H,+ := {α ∈ O∗H | Nm(α) > 0} = {α ∈ O∗H | Nm(α) = 1},

(ii) OB[1/p]∗+ := {α ∈ OB[1/p]∗ | vp(Nm(α)) ≡ 0 (mod 2)}.

Thus we have the following right actions of these groups over the sets
E∗(OK,m[1/p],O[1/p]) and E∗(OK,m,OH) respectively:

(i) For any α ∈ O∗H,+ and any ϕ ∈ E∗(OK,m,OH),

(ϕ · α)(x) := α−1ϕ(x)α, x ∈ OK,m.

(ii) For any α ∈ OB[1/p]∗+ and any ϕ ∈ E∗(OK,m[1/p],OB[1/p]),

(ϕ · α)(x) := α−1ϕ(x)α, x ∈ OK,m[1/p].

Therefore we can define the following cardinalities of sets, following the
same notations as in [AB04, 4.2]):

(i) ν(DH , N, d,m;O∗H,+) := #E∗(OK,m,OH)/O∗H,+,

(ii) ν(DB, N, d,m;OB[1/p]∗+) := #E∗(OK,m[1/p],O[1/p])/OB[1/p]∗+.

4.1.13 Remark. The cardinal ν(DB, N, d,m;OB[1/p]∗+) does not depend
on the type of the order OB[1/p] in B and the cardinal ν(DH , N, d,m;O∗H,+)
does not depend on the type of the order OH in H, since the number of types
t(DB, N) and t(DH , N) are both equal to 1 after Theorems 1.1.11 and 3.1.7.

In the same way we can define also the cardinals

(i) ν(DH , N, d,m;O∗H) := #E∗(OK,m,OH)/O∗H ,

(ii) ν(DB, N, d,m;OB[1/p]∗) := #E∗(OK,m[1/p],O[1/p])/OB[1/p]∗.
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In order to compute these cardinals we have to define the following asso-
ciated local factors:

(i) For every prime integer `,

ν`(DH , N, d,m;O∗H) := #E∗(OK,`,OH,`)/O∗H,`.

(ii) For every prime integer ` 6= p,

ν`(DB, N, d,m;OB[1/p]∗) := #E∗(OK,`,OB,`)/O∗B,`.

4.1.14 Theorem. Let B and H be respectively a definite and an indefinite
quaternion algebra over Q such that DH = pDB and let OH ⊆ H and OB ⊆ B
be Eichler orders over Z of the same level N . Let K = Q(

√
d) be a quadratic

field, with d a square-free integer, and let OK,m ⊆ K be an order over Z of
conductor m.

Then the cardinalities

ν(DH , N, d,m;O∗H),
ν(DB, N, d,m;OB[1/p]∗),
ν(DH , N, d,m;O∗H,+),
ν(DB, N, d,m;OB[1/p]∗+)

are finite. Moreover if the quadratic field K is imaginary at both p and ∞,
then the following relations are satisfied:

(i) ν(DB, N, d,m;OB[1/p]∗+) = 2ν(DB, N, d,m;OB[1/p]∗),

(ii) ν(DH , N, d,m;O∗H,+) = 2ν(DH , N, d,m;O∗H),

(iii) ν(DH , N, d,m;O∗H) = 2ν(DB, N, d,m;OB[1/p]∗),

(iv) ν(DH , N, d,m;O∗H,+) = 2ν(DB, N, d,m;OB[1/p]∗+).

Proof. We start with the proof of point (iii). Following [Vig80, Theorem
3.1, 3.2 ] we have that when N is square-free,

ν`(DH , N, d,m;O∗H,`) =



1−
(
d

`

)
, if ` | DH

1 +

(
d

`

)
, if ` | N

1, otherwise,
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and for every ` 6= p,

ν`(DB, N, d,m;OB[1/p]∗`) =



1−
(
d

`

)
, if ` | DB

1 +

(
d

`

)
, if ` | N

1, otherwise.

In particular note that

ν`(DH , N, d,m;O∗H,`) = ν`(DB, N, d,m;OB[1/p]∗`)

for every ` 6= p since DH = pDB.

Now by [AB04, Theorem 4.19] we already know that ν(DH , d,m;O∗H) is
finite. This is actually [Vig80, Theorem 5.15] since the Eichler order OH over
Z satisfies Eichler’s condition (cf. Definition 1.1.6). Moreover, we can again
apply [Vig80, Theorem 5.15] to the Eichler order O[1/p] over Z[1/p], since
this satisfies Eichler’s condition, and using the computations above for the
local factors we find the following equalities:

ν(DB, N, d,m;OB[1/p]∗) = h(OK,m[1/p])
∏
` 6=p

ν`(DB, N, d,m;OB[1/p]∗` ) =

h(OK,m)
∏
6̀=p
ν(DH , N, d,m;O∗H,`) = ν(DH , N, d,m;O∗H)νp(DH , d,m;O∗H,p)−1 =

=
1

2
ν(DH , N, d,m;O∗H).

Note that since K is p-imaginary νp(DH , d,m;O∗H,p) = 2 and that the
class numbers of OK,m[1/p] and OK,m coincide. This completes the proof of
the equality (iii).

When N is not square-free, the corresponding formulas for the local cardi-
nalities are given in [AB04, Theorem 4.19] (and proven in [Eic55]) and again
these formulas depend only on the prime `|N, ` 6= p and on the integer d.
Hence the proof of equality (iii) in this case proceeds exactly in the same
way.

The first (resp. the second) equality of the statement follows from the
simple observation that the group OB[1/p]∗+ (resp. O∗H,+) has index 2 inside
OB[1/p]∗ (resp. O∗H). Finally (iv) is a consequence of (i), (ii) and (iii). 2

As a direct consequence of Theorems 4.1.14 and 4.1.12 we have the fol-
lowing result.
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4.1.15 Corollary. Let K be a quadratic field of discriminant DK, imaginary
at both the primes p and ∞, and let OK,m be an order in K of conductor m.
Then, the following are equivalent:

(i) E∗(OK,m[1/p],OB[1/p]) 6= ∅,

(ii) E∗(OK,m,OH) 6= ∅,

(iii) Rep∗(NO′B ,3,−m
2DK ;Z[1/p]) 6= ∅,

(iv) Rep∗(NO′H ,3,−m
2DK ;Z) 6= ∅,

(v) All primes `|DB are not split in K and all primes `|N are not inert in
K.

4.2 p-imaginary multiplication parameters

4.2.1 Class numbers of p-adic binary quadratic forms

Let B be a definite quaternion algebra of discriminant DB and let p be a
prime integer such that p - DB. Let H be an indefinite quaternion algebra
of discriminant DH = pDB. Let OH ⊆ H and OB be Eichler orders over Z,
both of level N ∈ Z, (N, p) = 1. Put

O′H = Z + 2OH , O′B = Z + 2OB,

OB[1/p] = OB ⊗ Z[1/p], O′B[1/p] = O′B ⊗ Z[1/p].

The algebra B admits a representation B =
(
α,β
Q

)
such that

(
α
p

)
= 1 which

induces the p-adic matricial immersion

B −→ M2(Qp(
√
α)) = M2(Qp)

x+ yi+ zj + tk 7−→
(

x+ y
√
α z + t

√
α

β(z − t
√
α) x− y

√
α)

)
,

and the algebra H admits a representation H =
(
a,b
Q

)
such that a > 0 which

induces the ∞-adic (or real) matricial immersion

H −→ M2(Q∞(
√
a)) = M2(R)

x+ yi+ zj + tk 7−→
(
x+ y

√
a z + t

√
a

b(z − t
√
a) x− y

√
a)

)
.
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Let K = Q(
√
d) be a quadratic field imaginary at both the primes ∞ and p

and let OK,m ⊆ K be an order over Z of conductor m. Put

OK,m[1/p] := OK,m ⊗ Z[1/p].

Recall that if γ =

(
A B
C D

)
∈ M2(Qp), we denote by fγ the associated

p-adic binary quadratic form (cf. Definition 2.3.3). This is the following
quadratic form

fγ(X, Y ) := CX2 + (D − A)XY −BY 2 ∈ Qp[X, Y ].

In the same way, if γ ∈ M2(R) we denote by fγ the binary quadratic form
with real coefficients associated to γ (cf. [AB04, Definition 2.11]).

As usual, H0 and B0 denote the subset of pure quaternions in H and in
B, respectively.

We define the following sets of binary quadratic forms:

Hp(O′B[1/p]) := {fΦp(α) ∈ Qp[X, Y ] | α ∈ O′B[1/p] ∩B0},

H∞(O′H) := {fΦ∞(α) ∈ R[X, Y ] | α ∈ O′H ∩H0},

Hp(O′B[1/p],OK,m[1/p]) := {f ∈ Hp(O′B[1/p]) | det(f) = −m2DK},

H∞(O′H ,OK,m) := {f ∈ H∞(O′H) | det(f) = −m2DK}.

The second and the fourth sets are the same as the ones defined in [AB04,
Notation 4.42]. The notations Hp and H∞ aim to recall the ones used to
denote the p-adic and Poincaré upper half-planes, since these sets are formed
by binary quadratic forms whose zeros are “special points” on these two
upper “half-planes”.

Note also that each of these sets depends on the matricial immersions Φ∞
and Φp and so it depends on the chosen representation for the quaternion
algebra.

4.2.1 Proposition. We have the following bijections of sets:

(a) E(OK,m,OH) ' Rep(NO′H ,3,−m
2DK ;Z) ' H∞(O′H ,OK,m).

(b) E(OK,m[1/p],OB[1/p]) '

' Rep(NO′B ,3,−m
2DK ;Z[1/p]) ' Hp(O′B[1/p],OK,m[1/p]).
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Proof. The bijections of (a) are contained in [AB04, Theorem 4.53] and
the proof of (b) is the same, mutatis mutandis.

Given an embedding ϕ ∈ E(OK,m[1/p],OB[1/p]), we can associate a binary
quadratic form in Hp(O′B[1/p],OK,m[1/p]), considering the elliptic transfor-

mation (Φp ◦ ϕ)(
√
d) and the binary quadratic form fΦp(ϕ(a)) ∈ Qp[X, Y ]

associated to it. The zeros of this form are the fixed points of the embedding
ϕ. 2

4.2.2 Definition. If we denote by

f∞ : E(OK,m,OH)→ H∞(O′H ,OK,m),

and by

fp : E(OK,m[1/p],OB[1/p])→ Hp(O′B[1/p],OK,m[1/p])

the bijections of Proposition 4.2.1 we can define the following sets of “prim-
itive” binary quadratic forms.

(i) H∗∞(OH ,OK,m) := f∞(E∗(OK,m,OH)).

We refer by (OH ,OK,m)-primitive quadratic form to a binary quadratic
form belonging to the set H∗∞(OH ,OK,m).

(ii) H∗p(OB[1/p],OK,m[1/p]) := fp(E∗(OK,m[1/p],OB[1/p])).

We refer by (OB[1/p],OK,m[1/p])-primitive quadratic form to a bi-
nary quadratic form belonging to H∗p(OB[1/p],OK,m[1/p]).

Therefore we have the following result which mirrors [AB04, Corollary
4.5]:

4.2.3 Theorem. The bijections of sets of Proposition 4.2.1 restrict to the
following bijections of sets of optimal embeddings, primitive representations
and primitive forms:

(i) E∗(OK,m,OH) ' Rep∗(NO′H ,3,−m
2DK ;Z) ' H∗∞(O′H ,OK,m),

(ii) E∗(OK,m,OB[1/p]) '

' Rep∗(NO′B ,3,−m
2DK ;Z[1/p]) ' H∗p(O′B[1/p],OK,m[1/p]).
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4.2.2 Class numbers of p-imaginary multiplication pa-
rameters

Now we will rephrase the definition of complex multiplication parameter
arising from the complex uniformization of a Shimura curve X(DH , N) (cf.
Definition 1.3.15) by using a notation which is more enlightening in this
context. In fact, this new formulation will allow us to establish the analogous
definition for the p-adic uniformization of a Shimura curve, thanks to the
interchange of the local invariants p and ∞.

Let us fix a prime integer p. Let H be an indefinite quaternion algebra of
discriminant DH such that p|DH and let OH ⊆ H be an Eichler order over
Z of level N . Let B be a definite quaternion algebra of discriminant DB =
p−1DH and let OB[1/p] ⊆ B be an Eichler order over Z[1/p] of conductor N .
Fix two matricial immersions:

Φ∞ : H ↪→ M2(Q∞), Φp : B ↪→ M2(Qp).

Therefore we can consider the following discrete subgroups:

(a) Γ∞(DH , N) := Φ∞(O∗H)Z∗ ⊆ PGL2(Q∞),

(b) Γp(DB, N) := Φp(OB[1/p]∗)Z[1/p]∗ ⊆ PGL2(Qp).

(c) Γ∞,+(DH , N) := Φ∞(O∗H,+)Z∗ ⊆ PGL2(Q∞),

(d) Γp,+(DB, N) := Φp(OB[1/p]∗+)Z[1/p]∗ ⊆ PGL2(Qp).

4.2.4 Definition. Let K = Q(
√
d) be a quadratic field, imaginary at both

the primes ∞ and p, and let OK,m be an order of K over Z of conductor m.
Put OK,m[1/p] := OK,m ⊗Z Z[1/p].

(a) We say that a point τ ∈ Γ∞,+(DH , N)\H is an ∞-imaginary mul-
tiplication parameter by OK,m (also a complex multiplication
parameter) if τ ∈ H is a fixed point for an optimal Z-embedding
ϕ : OK,m ↪→ OH .

We denote by CM∞(DH , N, d,m) the subset of Γ∞,+(DH , N)\H formed
by the complex multiplication points by OK,m and by cm∞(DH , N, d,m)
its cardinality.

(b) We say that a point τ ∈ Γp,+(DB, N)\Hp(Qp2) is a p-imaginary multi-
plication parameter by OK,m[1/p] if τ ∈ Hp(Qp2) is a fixed point for
an optimal Z[1/p]-embedding ϕ : OK,m[1/p] ↪→ OB[1/p].
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We denote by CMp(DB, N, d,m) the subset of points in the quotient set
Γp,+(DB, N)\Hp(Qp2) having p-imaginary multiplication by OK,m[1/p]
and by cmp(DB, N, d,m) its cardinality.

As observed in Remark 4.1.5, an embedding ϕ : K ↪→ B has two Galois-
conjugated fixed points z, z ∈ Qp2 rQp, the Galois conjugation being in this
case the one coming from the Galois group of the quadratic extension Qp2|Qp.

4.2.5 Definition. Let K be a quadratic field, K = Q(
√
d) with d a square-

free integer. For every embedding ϕ ∈ E(K,B) there exists a unique embed-
ding ψ ∈ E(K,B) such that:

ϕ(
√
d) = α ⇐⇒ ψ(−

√
d) = −α.

The embedding ψ is exactly the embedding ϕ composed with the Galois
conjugation of the Galois group Gal(K/Q) and so it has the same fixed
points of ϕ. The embedding ψ is called the conjugated embedding of ϕ
and it is denoted by ϕ.

Moreover, since ϕ(OK,m) = ϕ(OK,m) and ϕ(K) = ϕ(K), we have that

ϕ ∈ E∗(OK,m[1/p],OB[1/p]) ⇐⇒ ϕ ∈ E∗(OK,m[1/p],OB[1/p]).

The relation between conjugated embeddings and their fixed points is
explained in the following result.

4.2.6 Lemma. Let ϕ, ϕ′ ∈ E∗(OK,m[1/p],OB[1/p]) be optimal embeddings
such that

(i) {z = z(ϕ), z = z(ϕ)} are the fixed points of ϕ,

(ii) {z′ = z(ϕ′), z′ = z(ϕ′)} are the fixed point of ϕ′.

Then z′ is Γp,+(DB, N)-equivalent to z or to z if and only if ϕ′ is OB[1/p]∗+-
equivalent to ϕ or to ϕ.

Proof. The proof follows the same idea as in [AB04, Proposition 6.11] with
the difference that in our case the transformations have two fixed and Galois
conjugated points.

First observe that:

(a) z(ϕ) = z(ϕ),

(b) z′ = Pz ⇐⇒ z′ = Pz for every P ∈ PGL2(Qp).
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Assume for example that z = Pz′, for some P ∈ Γp(DB, N) and let
σ ∈ OB[1/p]∗+/Z[1/p] be such that Φp(σ) = P .

Let α ∈ K∗, Tr(α) = 0, and put

γ := Φp(ϕ(α)), γ′ := Φp(ϕ
′(α)), γ′′ := Φp(σ

−1ϕ(α)σ).

Therefore γ′′ has fixed points {z′, z′}, the same as γ′ so by Lemma 4.1.2
γ′ = λγ′′+µI2, for some λ, µ ∈ Qp, λ 6= 0. A computation of the trace and of
the determinant of γ′ and γ′′ gives the equality Det(γ′) = λ2Det(γ′′) and so
λ = ±1. Hence we have that ϕ′(α) = σ−1(±ϕ)(α)σ for every α ∈ K∗ of null-
trace, so ϕ is OB[1/p]∗+-equivalent to ϕ or to ϕ. If we assume that z = Pz′,
with the same reasoning we obtain the ϕ has to be OB[1/p]∗+-equivalent to
ϕ or to ϕ.

For the viceversa let us assume that ϕ′ is OB[1/p]∗+-equivalent to ϕ, i.e.
there exists a σ ∈ OB[1/p]∗+ such that ϕ′ = σ1ϕσ. For every α ∈ K put

P := Φp(σ) γ := Φp(ϕ(α)) γ′ := Φp(ϕ
′(α)).

Therefore γ′ = P−1γP and a simple calculation yields that γ′ fixes P−1z
and P−1z. Since γ has as unique fixed points z′ and z′, then we have that
P−1z = z′ or P 1z = z′. Again, if we assume that ϕ′ is OB[1/p]∗+-equivalent
to ϕ, we prove that z has to be Γp(DB, N)-equivalent to z′ or z′. 2

4.2.7 Lemma. Let ϕ ∈ E∗(OK,m[1/p],OB[1/p]) be an optimal embedding
with fixed points {z, z}. Then z is never Γp,+(DB, N)-equivalent to z.

Proof. Let F be a fundamental domain in Hp(Qp2) for the action of
Γp,+(DB, N), so there exists γ such that z′ := γ · z ∈ F .

Therefore γ · z = γ · z, since γ ∈ PGL2(Qp) and so its coefficient are auto-
conjugated. Moreover γ · z ∈ F , since |z′− a| = |z′− a| for every a ∈ Qp, by
the definition of the p-adic absolute value on Qp2 . Now we have to consider
two cases:

(1) If the points z′, z′ lay in the interior of the fundamental domain F then
it is clear that z, z can not be equivalent because γ · z, γ · z ∈ F are
different.

(2) If z′, z′ are on the boundary of F then a simple calculation shows that
a transformation γ ∈ PGL2(Qp) such that γz′ = z′ is represented by a
matrix ( 1 ∗

0 1 ). But the only option for such a transformation γ belonging
to Φp(OB[1/p]) is γ = I2.
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This concludes the proof.

2

4.2.8 Corollary. Let ϕ ∈ E(K,B) be an embedding. Then ϕ is not OB[1/p]∗+-
equivalent to ϕ.

Proof. Let us suppose that the two embeddings ϕ, ϕ areOB[1/p]∗+-equivalent
and let z, z be their fixed points. By Lemma 4.2.6 we know then that z has
to be equivalent to z or to z and Lemma 4.2.7 gives that z can only be
Γp,+(DB, N)-equivalent to z. Nevertheless z = Pz implies that P = I2 in
Γp,+(DB, N) and so ϕ = ϕ which is an absurd. Hence ϕ and ϕ are not
OB[1/p]∗+-equivalent, as we wanted to prove. 2

This last result allows us to prove the following important theorem, where
the number of classes of optimal embeddings is related to the number of
p-imaginary multiplication parameters (cf. with its Archimedean analog:
[AB04, Theorem 6.13]).

4.2.9 Theorem. The set CMp(DB, N, d,m) is finite and has cardinality

cmp(DB, N, d,m) = ν(DB, N, d,m;OB[1/p]∗+).

Moreover this cardinality is an even integer.

Proof. By Lemma 4.2.6, Lemma 4.2.7 and Corollary 4.2.8 we know that
assigning to an optimal embedding ϕ ∈ E∗(OK,m[1/p],OB[1/p]) one of its two

fixed points {z(ϕ), z(ϕ)} induces a well-defined bijection between the sets

OB[1/p]∗+\E∗(OK,m[1/p],OB[1/p]) ' CMp(DB, N, d,m).

The fact that the cardinality is even is clear from the bijection, because
for every point/embedding we have a different class given by the Galois
conjugated. 2

Note that the Archimedean analog of this result, which is [AB04, The-
orem 6.13], is “half of Theorem 4.2.9” since the cardinality of the set of
∞-imaginary multiplication points is given by the formula:

cm∞(DH , N, d,m) =
1

2
ν(DH , N, d,m;O∗H,+).

The reason for this difference resides in Lemma 4.2.8, as already pointed out.
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4.2.10 Corollary. The sets of points CM∞(DH , N, d,m) and CMp(DB, N, d,m)
have the same cardinality, i.e.

cmp(DB, N, d,m) = cm∞(DH , N, d,m).

Proof. This is a consequence of Theorem 4.2.9, Theorem 4.1.14 and [AB04,
Theorem 6.13]. 2

Now, we can also define the cardinalities of certain sets of binary quadratic
forms classes and we can relate them with the number of CM points.

(a) hp(DB, N, d,m) := #H∗p(O′B[1/p],OK,m)/Φp(OB[1/p]∗/Z[1/p]∗),

(b) h∞(DH , N, d,m) := #H∗∞(O′H ,OK,m)/Φ∞(O∗H/Z∗).

4.2.11 Corollary. We have the following equalities between cardinalities:

(i) hp(DB, N, d,m) = ν(DB, N, d,m;OB[1/p]∗) = 1
2
cmp(DB, N, d,m),

(ii) h∞(DH , N, d,m) = ν(DH , N, d,m;O∗H) = cm∞(DH , N, d,m).

4.2.3 The cases of discriminant D = 2p and D = 3p

In the following examples we explicitly compute families of binary quadratic
forms arising from the p-adic uniformization of Shimura curves of discrimi-
nant DH = pDB and level N , in some special cases.

In order to do this we will fix the following data:

(a) The discriminantsDH andDB, resp. of the indefinite and definite quater-
nion algebras, and a prime integer p|DH such that the relation between
these three integers is: DH = pDB.

(b) The level N coprime with p.

(c) The quadratic order OK,m imaginary at p and∞ by fixing integers d and

m such that d is square-free, d < 0,
(
d
p

)
= −1 and m is coprime with d.

4.2.12 Example. In this example we compute families of binary quadratic
forms associated to the p-adic uniformization of a Shimura curve of discrim-
inant DH = 2p and level N = 1, when p is a prime integer p ≡ 1 (mod 4).

B =
(
−1,−1

Q

)
, DB = 2, p ≡ 1 (mod 4),



158 Cap. 4. Singular moduli of p-adic Shimura curves

O := Z[1, i, j, ρ], where ρ := (1 + i+ j + k)/2,

O′ := Z + 2O = 〈1, 2i, 2j, 2ρ− Tr(ρ)〉 = 〈1, 2i, 2j, ρ′〉,
where ρ′ := i+ j + k,

O′[1/p] := O′ ⊗ Z[1/p],

NB,4 = X2 + Y 2 + Z2 + T 2,

NO′,4 = X2 + (2Y + T )2 + (2Z + T )2 + T 2.

For every α = x+y(2i)+z(2j)+tρ
′
= x+(2y+t)i+(2z+t)j+tk ∈ O′[1/p],

α ∈ B0 ⇐⇒ x = 0.

Therefore we can write the ternary normic form associated to the order O′B:

NO′,3(X, Y, Z) = (2X + Z)2 + (2Y + Z)2 + Z2,

The p-adic immersion we associate to the algebra B is, as usual,

Φp : B −→ M2(Qp)

x0 + x1i+ x2j + x3k 7−→
(

x0 + x1

√
−1 x2 + x3

√
−1

−(x2 − x3

√
−1) x0 − x1

√
−1

)
.

and then for every α = (2y + t)i+ (2z + t)j + tk ∈ O′[1/p] ∩B0 we have

Φp(α) =

(
(2y + t)

√
−1 2z + t+ t

√
−1

−(2z + t− t
√
−1) −(2y + t)

√
−1

)
,

fΦp(α) = (−(2z + t) + t
√
−1,−2(2y + t)

√
−1,−(2z + t)− t

√
−1x)

∈ Z[1/p][
√
−1][X, Y ].

So putting

a := −(2z + t), b := t, c := −(2y + t),

we see that a, b, c ∈ Z[1/p] and they satisfy the following congruent relations:

b+ c ≡ a+ b ≡ 0 (mod 2).

Let OK,m be an order of conductor m in a quadratic field K = Q(
√
d) of

discriminant DK , such that
(
DK
p

)
= −1 and DK < 0.

Since the determinant of the quadratic form fΦp(α) is clearly

det(fΦp(α)) = Nm(α) = a2 + b2 + c2,
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we can write the set of binary quadratic forms associated to the order O[1/p]
and having discriminant −m2DK :

Hp(O′[1/p],OK,m[1/p]) = {(a+ b
√
−1, 2c

√
−1, a− b

√
−1) |

b+ c ≡ a+ b ≡ 0 (mod 2), a2 + b2 + c2 = −m2DK}.

We now compute the subset of (O[1/p],OK,m[1/p])-primitive forms.

As shown in the proof of Theorem 4.1.12, every primitive representation

(x, y, z) ∈ Rep∗(NO′B ,3,−m
2DK ;Z[1/p]), gives a pure quaternion

α = (2x+ z)i+ (2y + z)j + zk ∈ B

of norm Nm(α) = NO′[1/p],3(x, y, z) = −m2DK , so the associated binary
quadratic form

fΦp(α) = (−(2y + z) + z
√
−1,−2(2x+ z)

√
−1,−(2y + z + z

√
−1)),

has determinant det(fΦp(α)) = −m2DK .

Note that the optimal embedding ϕ ∈ E∗(OK,m[1/p],O[1/p]) correspond-
ing to the representation (x, y, z) ∈ Rep∗(NO′B ,3,−4m2d;Z[1/p]) is then de-
fined by 

ϕ(m
√
d) :=

α

2
, if d ≡ 2, 3 (mod 4)

ϕ

(
m

1 +
√
d

2

)
:=

m

2
+
α

2
, if d ≡ 1 (mod 4)

(cf. these expressions with the ones given in [AB04, Corollary 4.27, The-
orem 4.28, Theorem 4.53]).

Finally, putting

a := −(2y + z), b := z, c := −(2x+ z),

we have that

H∗p(O′B[1/p],OK,m[1/p]) =

= {(a+ b
√
−1, 2c

√
−1, a− b

√
−1) ∈ Hp(O′B[1/p],OK,m[1/p]) |

((a+ b)/2, (c+ b)/2, b) = Z[1/p]}.

Computing the set of zeros of the forms of the family we find that the
set of p-imaginary multiplication parameters CMp(2, 1, d,m) is the the set of
Γp(2, 1)-equivalence classes of the set of points{

(2x+ z)
√
−1±m

√
DK

−(2y + z) + z
√
−1

∈ Hp(Qp2) | (x, y, z) ∈ Rep∗(NO′B ,3,−m
2DK ;Z[1/p])

}
,



160 Cap. 4. Singular moduli of p-adic Shimura curves

or equivalently of the set of points

{−c
√
−1±m

√
DK

a+ b
√
−1

∈ Hp(Qp2) | (a, b, c) ∈ Z[1/p]3, a2 + b2 + c2 = −m2DK

((a+ b)/2, (c+ b)/2, b) = Z[1/p]}.

4.2.13 Example. In this example we compute families of quadratic forms
associated to the p-adic uniformization of a Shimura curve of discriminant
D = 3p and level N = 1, when p is a prime p ≡ 1 (mod 4).

B =
(
−1,−3

Q

)
, DB = 3, p ≡ 1 (mod 4),

O := Z[1, i, λ, µ], where λ := (i+ j)/2, µ := (1 + k)/2,

O′ := Z + 2O = 〈1, 2i, 2λ, 2µ− Trµ〉 = 〈1, 2i, i+ j, k〉,
O′[1/p] := O′ ⊗ Z[1/p],

NB,4 = X2 + Y 2 + 3Z2 + 3T 2,

NO′,4 = X2 + (2Y + Z)2 + 3Z2 + 3T 2

For every α = x+ y(2i) + z(i+ j) + tk = x+ (2y+ z)i+ zj+ tk ∈ O′[1/p],

α ∈ O′[1/p] ∩B0 ⇐⇒ x = 0,

and so

NO′,3(X, Y, Z) = (2X + Y )2 + 3Y 2 + 3Z2

Φp : B −→ M2(Qp)

x0 + x1i+ x2j + x3k 7−→
(

x0 + x1

√
−1 x2 + x3

√
−1

−3(x2 − x3

√
−1) x0 − x1

√
−1

)
.

For every α = (2y + z)i+ zj + tk ∈ O′[1/p] ∩B0 we have

Φp(α) =

(
(2y + z)

√
−1 z + t

√
−1

−3(z − t
√
−1) −(2y + z)

√
−1

)
,

fΦp(α) = (−3(z − t
√
−1),−2(2y + z)

√
−1,−(z + t

√
−1))

∈ Z[1/p][
√
−1][X, Y ]

So putting
a := −z, b := t, c := −(2y + z),
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we see that a, b, c ∈ Z[1/p] and they satisfy a+ c ≡ 0 (mod 2).

Let OK,m be an order of conductor m in a quadratic field K = Q(
√
d) of

discriminant DK , such that
(
DK
p

)
= −1 and DK < 0.

Hp(O′[1/p],OK,m[1/p]) = {(3(a+ b
√
−1), 2c

√
−1, a− b

√
−1)) |

a+ c ≡ 0 (mod 2) a2 + 3b2 + 3c2 = −m2DK}

Given a primitive representation (x, y, z) ∈ Rep∗(NO′B ,3,−m
2DK ;Z[1/p]),

α = (2x+ y)i+ yj + zk ∈ O′[1/p] ∩B0

is a pure quaternion of norm Nm(α) = NO′[1/p],3(x, y, z) = −m2DK and the
associated binary quadratic form

fΦp(α) = [−3(y − z
√
−1),−2(2x+ y)

√
−1,−(y + z

√
−1)],

has determinant det(fΦp(α)) = −m2DK .

Putting
a := −y, b := z, c := −(2x+ y),

we have that

H∗p(O′B[1/p],OK,m[1/p]) =

= {([3(a+ b
√
−1), 2c

√
−1, a− b

√
−1)] ∈ Hp(O′B[1/p],OK,m[1/p]) |

((a+ c)/2, b, c) = Z[1/p]}.

Computing the zeros of this family of forms we find the set of p-imaginary
multiplication parameters CMp(3, 1, d,m).

This is the set of Γp(3, 1)-equivalence classes of the set of points{
(2x+ y)

√
−1±m

√
DK

−3(y − z
√
−1)

∈ Hp(Qp2) | (x, y, z) ∈ Rep∗(NO′B ,3,−m
2DK ;Z[1/p])

}
,

or equivalently of the set of points

{−c
√
−1±m

√
DK

3(a+ b
√
−1)

∈ Hp(Qp2) | (c, a, b) ∈ Z[1/p]3, c2+3a2+3b2 = −m2DK

((a+ c)/2, b, c) = Z[1/p], }.
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