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Abstract:Cell size and shape can be modified by hydrostatic pressure differences between both
sides of its membrane. In order to analyze its behavior, two simplified models are evaluated. A
model for vesicle expansion based on water uptake is applied to a spherical shaped vesicle. Results
show a radius increase up to 20% in a time interval of the order of 10 minutes. On the other hand,
we evaluate a model for membrane-cortex adhesion, which is related to membrane deformations
due to local detachments. Simulations of the model are done considering both deterministic and
stochastic dynamics. Results show that below a pressure difference threshold, only in stochastic
simulations a membrane-cortex detachment occurs. Typical times for this process are of the order
of 0.1 to 1000 s depending on the detachment condition imposed.

I. INTRODUCTION

Hydrostatic pressure differences between the inside of
a cell and outside it are relevant for cell size and shape
changes [1]. Eukaryotic cells are able to increase its size
considerably from its initial state. In plant cells, increases
of the order of 10 - 1000 times its volume are achieved,
being a relevant process to plant growth [2].

Cell expansion is related to water uptake, which de-
pends on the osmotic solute concentration difference in-
side and outside the cell [3]. A decrease of solute con-
centration of the medium in which the cell is leads to a
cell volume increase. For a 100 mM reduction, a volume
increase of 40 ± 6% is observed for an animal cell [4].
Osmotic pressure is also important for shape change in
animal cells during the mitosis process [4]. Essentially,
the cell goes from a flat to a spherically shape.

Membrane blebbing is another phenomenon driven by
pressure differences which is observed in animal cells.
Blebs are membrane protuberances that play a central
role in cell motility, cancer cell invasion and in several
cell division processes [5]. Cell apoptosis is also related
to morphological changes like blebbing [6]. Blebbing is a
result of local disruption of the interactions between the
cell membrane and the underlying cortex [5].

Our goals are to evaluate the effect of pressure differ-
ences on volume increase on the one hand and on mem-
brane detachment from the cortex on the other hand.

II. MODEL FOR VESICLE GROWTH

We want to derive a simple model for vesicle growth.
At first instance, we are not assuming any particular
shape for the vesicle. This will be done at the end of
this section.

The vesicle is limited by a membrane which is perme-
able to water. This means that a water flux, J (positive
inwards), through the membrane is possible, leading to

water uptake:

dVw
dt

= JS, (1)

where dVw/dt is the volume of water crossing the mem-
brane by time unit and S is the membrane surface. The
model we consider assumes that the water uptake is equal
to the change in vesicle volume [3], dV/dt = dVw/dt, so
our goal now will be to determine the origin of the mem-
brane flux water.

The membrane is impermeable to a solute, which is
in different concentrations inside and outside the cell.
The vesicle is in equilibrium when the difference in the
hydrostatic pressure inside and outside, ∆P , equals to
∆π = ∆ckBT , where ∆c = cin − cext is the difference
between inner and outer solute concentration. ∆π =
∆ckBT is the Van’t Hoff relation for the osmotic pressure,
assuming very diluted solute concentration [1].

As long as the actual pressure difference is not equal
to ∆π there will be a water flux to establish equilibrium
(for ∆p and ∆π differences not very large) [1]:

J = −Lp(∆p−∆π), (2)

where Lp is the filtration coefficient for the vesicle mem-
brane, which we take as constant.

We assume that the number of particles of the solute
inside the vesicle remains constant, i.e. the inner concen-
tration will change only according to the vesicle’s volume.
Given an initial vesicle volume V0 and inner solute con-
centration c0in ≡ c0, we can write

∆π =

(
c0V0

V
− cext

)
kBT. (3)

Now we can derive a relation between ∆p and the sur-
face tension of the membrane, σ. Considering the ther-
modynamics of the vesicle expansion, when the volume
increases by δV some work is produced from two sources:
the hydrostatic work, δW∆p = −∆pδV , and that from
changes in membrane surface, δWm = σδS [7]. At equi-
librium the total work is null, δW∆p + δWm = 0. Then,
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the difference in pressure is

∆p = σ
δS

δV
. (4)

Substituting Eqs. (3) and (4) into Eq. (2) allows us to
rewrite Eq. (1) as

dVw
dt

=
dV

dt
= −Lp

(
σ
δS

δV
−
(
V0

V
c0 − cext

)
kBT

)
S.

(5)
Integration of Eq. (5) gives us the behaviour of vesicle

growth.
For a spherical vesicle of radius r the volume increase

can be expressed as dV/dt = 4πr2dr/dt. Being r0 the
initial radius, Eq. (5) can be written as

dr

dt
= −Lp

[
2σ

r
−
(
c0r

3
0

r3
− cext

)
kBT

]
. (6)

We consider the volume variation of a vesicle when
the external solute concentration is decreased. We as-
sume that initially the vesicle is at equilibrium and the
external solute concentration is c0ext, such that 2σ/r0 =
(c0− c0ext)kBT holds. We set the external solute concen-
tration to cext < c0ext. To account for small changes in
concentration which may not break the membrane, we
select cext such that

∆peq <
2σ∗

r0
. (7)

holds, being ∆peq = (c0− cext)kBT , and σ∗ the maximal
membrane tension above which the membrane breaks.
Thus, the external solute concentration has a lower
threshold:

cext > c0 −
2σ∗

r0kBT
. (8)

We took cext = c0 − σ∗/r0kBT .
Now, Eq. (6) can be written as

dr

dt
= −Lp

[
2σ

r
+

(
1− r3

0

r3

)
c0kBT −

σ∗

r0

]
(9)

Eq. (9) is integrated numerically for several σ val-
ues, assuming a constant membrane tension during the
growth process. The values used for the parameters are
shown in Tab. I.

Results are shown in Fig. 1. Note that small surface
tensions lead to higher radius increase. For the values
considered the maximum increase is near to 20% of the
initial radius (70% of the initial volume). Typical times
taken to achieve stationary volume are of the order of 10
minutes. The particular case in which σ = 5 · 10−4 needs
to be commented. This value is equal to σ∗/2, and due
to the external solute concentration value taken, Eq. (9)
gives dr/dt = 0 at the initial time. Thus, no variations in
radius are observed. Higher σ values result in a volume
decrease (Fig. 1).

Symbol Description Value

kBT (at room temperature) 4 · 10−21 J

Lp filtration coefficient 1.65 · 10−12 m s−1 Pa−1 [8]

c0 initial solute concentration 1 M

r0 initial vesicle radius 1 µm

σ membrane surface tension 10−5 − 5 · 10−4 N m−1 [9]

σ∗ threshold tension 10−3 N m−1 [9]

TABLE I: Parameter values used for a spherical vesicle.

FIG. 1: Evolution of radius in time for different surface ten-
sion values. Dashed lines show the expected stationary ra-
dius obtained numerically (using Newton’s algorithm) from
dr/dt = 0.

III. MODEL FOR CORTEX-MEMBRANE
ADHESION

We consider the model presented in [9] for cell mem-
brane detachment induced by a change in pressure differ-
ences. In this model, the cell membrane and cortex are
linked by springs with elastic constant k and equilibrium
length l0. These springs can attach and detach from the
membrane at kinetic rates k+ and k−, being Na and Nd
the number of attached and detached springs respectively
(the total number of springs, Nt = Na +Nd, is fixed):

Nd
k+,k−↔ Na.

At fixed pressure and temperature, the equilibrium sit-
uation implies ∆G = 0 for the detached and attached
links, being (dG)p,T = µa(dNa)p,T + µd(dNd)p,T = 0,
which with the condition (dNa)p,T = −(dNd)p,T leads to

µa = µd. (10)

The chemical potential of a species A in dilute con-
centration of value cA can be written as µA = µ0A

+
kBT ln(cA/c0) [1], where µ0A

is the standard chemical
potential for A, which is defined with respect of a chosen
standard reference concentration, c0. From Eq. (10) we
can write

µ0a
+ kBT ln

ca
c0

= µ0d
+ kBT ln

cd
c0

ca
cd

= exp

(
−µ0a − µ0d

kBT

)
= exp

(
−∆G0

kBT

)
≡ keq, (11)
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which corresponds to the law of mass action and where
∆G0 is the variation of Gibbs free energy in standard
(reference) conditions and keq is the equilibrium constant
[1].

We can also write the dynamic equation for the density
of linkers attached to the membrane on a surface S:

dρa
dt

= k+ρd − k−ρa, (12)

which for a stationary state leads to

ρa
ρd

=
k+

k−
. (13)

Note that keq = k+/k−, since ρa/ρd = ca/cd. The
relation ρa + ρd = ρt, where ρt = Nt/S is fixed, and
taking ρ̃ ≡ ρa/ρt allows us to write from Eq. (13)

ρ̃eq =
1

k−
k+

+ 1
. (14)

If we call x the elongation of the attached springs, we
can write the dynamic equation for the cortex-membrane
adhesion assuming a flat membrane:

γ

S

dx

dt
= ∆p− kxρtρ̃, (15)

where γ is the friction coefficient, ∆p the difference of
hydrostatic pressure inside and outside the cell and S the
membrane surface. The inertial term has been neglected
in Eq. (15), given that the dynamics are viscous and the
typical timescale associated to it is much shorter than
the typical timescale in which we work [9].

If we consider an equilibrium situation, in which at-
tached linkers force balances pressure difference, we can
write from Eq. (15):

∆p = kxeqρtρ̃eq. (16)

Substituting Eq. (14) in Eq. (16) leads to an expres-
sion for the equilibrium position of the membrane respect
to the cortex:

xeq =
∆p

kρt

(
k−
k+

+ 1

)
. (17)

At this point, we should consider that the standard
Gibbs free energy will depend on the force that the
springs are holding [9], such that:

∆G0 = ∆G0
0 + kxδ, (18)

where ∆G0
0 = ∆G0(x = 0) and δ is a length parameter.

This implies that the equilibrium constant also will vary.
As proposed in [9], we can think of this variation as an
increase of the detachment rate k− for increasing x values
(i.e. increasing linkers force). We assume an exponential
dependence for k−(x), as in [9]:

k−(x) = k0
−exp

(
kxδ

kBT

)
, (19)

where k0
− is the linkers rate of detachment at x = 0. The

equilibrium constant now can be written as

keq = k0
eqexp

(
− kxδ
kBT

)
= exp

(
−∆G0

0 − kxδ
kBT

)
, (20)

which satisfies Eq. (18).
In order to obtain the equilibrium state we have to

solve Eqs. (14) and (17). Two cases can be considered:
a constant detachment rate, k− = k0

−, in which equations
can be solved analytically; or an exponential detachment
rate as stated in Eq. (19), for which Eqs. (14) and (17)
are non-linear, so they are solved numerically using New-
ton’s method.

In the first case we expect to find an equilibrium state
for any ∆p applied. Instead, in the second case (k−(x),
Eq. (19)) a sufficiently high pressure will result in a
non-existing stationary state, since as x increases, the
decreasing number of attached linkers won’t be able to
balance it. In fact, using the parameter values from Tab
II, we found a threshold pressure ∆p∗ = 1768 Pa above
which linkers force is not strong enough to balance it
(Fig. 2). Also, for this case, two stationary solutions are
found for pressure differences below the threshold: the
one with lower x is stable while the other is not (Fig. 2).

Fig. 3 shows results for xeq and ρ̃eq dependence on
∆p (below ∆p∗). Both cases k− = k0

− and k−(x) are
compared. In the second case, the solution shown is the
stable one. Both scenarios drive similar results only for
small ∆p values. This is because low pressure differences
do not induce a notable membrane-cortex separation, and
in this situation k−(xeq) ≈ k0

−.

FIG. 2: Linkers force by unit surface. Given a pressure differ-
ence, an intersection with the curve corresponds to an equi-
librium state elongation. xcrit is defined for ∆p∗.

A. Deterministic dynamics

Once we have determined the stationary state, we can
ask ourselves how is it reached. In order to give an answer
to that question we need to solve the dynamics equations
(Eqs. (12) and (15)), considering ν = γ/S an effective
viscosity per unit length.
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FIG. 3: Dependence of linkers elongation (a) and normalized
density of attached linkers (b) on pressure difference in the
stationary state.

Symbol Description Value [9]

k linkers elastic constant 10−4 N/m

ν = γ/S effective viscosity 5/9 · 10−2 Pa s nm−1

ρt total linkers density 1014 m−2

k+ linkers attachment rate 104 s−1

k0− linkers detachment rate 10 s−1

δ length parameter 1 nm

TABLE II: Parameter values for membrane-cortex adhesion
model.

From now we are considering only the case in which
k− depends exponentially on x (Eq. (19)), which is more
realistic than take it as a constant.

Fig. 4(a) shows the dynamics of the membrane-cortex
system, initially at equilibrium at ∆p = 200 Pa, when
∆p is increased to ∆p = 1760 Pa suddenly at t = 0. The
new equilibrium state is reached in a typical time of 10−2

s, which is 4-5 orders below the typical time obtained in
section II for a spherical vesicle expansion. Membrane-
cortex response to changes in medium seems to be more
immediate than vesicle size variations for the parameters
used.

Nullclines for ∆p = 1760 Pa and system evolution in
x(ρ̃) space are represented in Fig. 4(b). Nullclines plot
shows that there are two fixed points for the system, cor-
responding to the two stationary states that can be found
in Fig. 2 for ∆p = 1760 Pa. We can see how the system
evolution ends at the one which corresponds to the stable
solution.

B. Stochastic dynamics

As we can see, a membrane-cortex detachment with a
pressure difference below the threshold ∆p∗ is not pos-
sible considering a deterministic dynamics since a sta-
tionary state is always reached. However, note that the
number of attached linkers is a discrete variable, and the
dynamics given by the Eq. (12) is a mean field approxi-
mation: the linkers attachment/detachment is actually a
stochastic process and fluctuations need to be considered

FIG. 4: (a) Evolution of the attached linkers density from
the equilibrium state at ∆p = 200 Pa to equilibrium at ∆p
= 1760 Pa. (b) x and ρ̃ nullclines for ∆p = 1760 Pa (ẋ and
˙̃ρ are x and ρ̃ time derivatives) and evolution of the system.
Red markers stand for the fixed points of the system.

according to [10]:

dx

dt
=

∆p

ν
− ρtk

ν
ρ̃x+ η(t) (21)

dρ̃

dt
= k+(1− ρ̃)− k−ρ̃+

√
k+ (1− ρ̃) + k−ρ̃ξ(t). (22)

ξ(t) and η(t) are Gaussian random noises with ex-
pected value equal to zero and variance 〈ξ(t)ξ(t′)〉 =
1
N0
δ(t − t′) and 〈η(t)η(t′)〉 = 2νρtkBT

N0
δ(t − t′) respec-

tively [10], where N0 = Nt is the number of linkers. In
Eqs. (21) and (22), k− depends on x. Given a typical
length for the membrane λ ≈ 0.3 µm, which is the cor-
relation length of membrane undulations [9], N0 = ρtS,
with S = λ2, yielding N0 = 10.

Variance of η(t) is the corresponding of a Brownian
motion, while for ξ(t) is the Langevin description (in Ito
interpretation) obtained by expanding the master equa-
tion for one-step birth and death processes that gives the
evolution in time of the probability of having N attached
linkers at time t [11].

Our goal now is to determine if fluctuations around the
equilibrium state may lead to a membrane-cortex detach-
ment even if ∆p is below the threshold, and if so, deter-
mine its typical time. First we need to discuss which are
the possible conditions for considering that a detachment
happened.

Since our system has two variables, the most accu-
rate detachment condition involves both variables. To
simplify it we analyzed the first time ρ̃ achieves the
value ρ̃ = ρ̃crit and the first time it achieves the value
ρ̃ = ρ̃unst, where ρ̃crit and ρ̃unst are related to xcrit and
xunst at ∆p < ∆p∗, respectively (see Fig. 2).

Computational simulations will determine the time
needed for detachment conditions to be reached. In or-
der to obtain a detachment time distribution, 100000
simulations are done for ρ̃ < ρ̃crit condition (10000 for
ρ̃ < ρ̃unst, due to a higher computation time in this
case). Simulations are performed using an Euler algo-
rithm, taking a pressure difference ∆p = 1760 Pa, a time
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step δt = 10−5 s and starting from the stable equilibrium
state.

Fig. 5 shows a single simulation. All detachment con-
ditions proposed are reached at some t, as can be seen in
Fig. 5(a). Fig. 5(b) shows the evolution of the system
in the x(ρ̃) space, which draw a stain around the stable
equilibrium state, due to the fluctuations, until it starts
to deviate to the unstable region.

Detachment time distributions for ρ̃ < ρ̃crit follows
an exponential behavior as shown in Fig. 6(a), in con-
cordance with results in [10] for other parameter sets.
For ρ̃ < ρ̃unst conditions results are shown in Fig. 6(b).
These detachment times are of the order of 10−1 s in
the case of the most restrictive condition, ρ̃ < ρ̃crit, and
10 − 102 s for ρ̃ < ρ̃unst. However, the fact that the
detachment conditions are reached doesn’t involve nec-
essarily a detachment. Detachment comes from an ac-
cumulative and gradual process which is showed at the
third inset (bottom right) in Fig. 5(a).

FIG. 5: (a) Stochastic evolution of the attached linkers den-
sity around the stable equilibrium state for ∆p = 1760 Pa.
Zoom inserts show the moment in which the detachment con-
ditions analysed are reached, and the moment when ρ̃ = 0.
(b) x and ρ̃ nullclines for ∆p = 1760 Pa and evolution of the
system. Red markers stand for the fixed points of the system.

FIG. 6: Detachment time distribution in logarithmic scale for:
(a) detachment condition ρ̃ < ρ̃crit, (b) detachment condition
ρ̃ < ρ̃unst.

IV. CONCLUSIONS

We evaluated a vesicle expansion model based on water
uptake for a spherical vesicle. Membrane surface tension
has been considered constant during the process, which
may not be true above a certain radius. Also, a model for
membrane-cortex adhesion has been evaluated. Stochas-
tic simulations showed that a detachment is possible even
for a pressure difference below the threshold. Detach-
ment is a result of accumulated fluctuations that leads
the system to the unstable region. For parameter values
considered, typical time for membrane-cortex system to
reach equilibrium state is much shorter (10−2 s) than for
cell expansion process (10 min).
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