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1 Introduction

The extension of the holographic ideas to non-AdS situations with applications to con-
densed matter systems has produced a renewed interest in the study non-relativistic symme-
tries’ and the use of non-relativistic gravity theories in the bulk [6] like Newton-Cartan [7]
and Horava gravities [8]. Recently these theories have been constructed from the gauging of
the Bargmann algebra [9], from Lihshitz holography [10] and from the use non-relativistic
conformal methods [11].

The study of space-time holography [12-15] has lead to reconsider the role of the BMS
group [16-18]. On the other hand it has been shown that BMS symmetry is an infinite
conformal extension of the Carroll symmetry [19, 20]. Carroll symmetry was introduced
in [21-23] as the limit of the Poincaré algebra when the velocity of light tends to zero.
There is a duality between the non-relativistic symmetry and the Carroll symmetry [24].

The strong coupling limit of gravity [25] introduced many years ago was the first
example of a dynamical system possessing Carroll symmetry. More recently it has been
constructed the action of the Carroll particle [24, 26, 27] and the Carroll superparticle [28],
both exhibiting a trivial dynamics. Notice that in these cases the massless limit can be
taken at the level of the action.

The reason for the trivial dynamics of the free particle Carroll objects is due to the fact
that the light cone in the Carroll case collapses to the time vertical axis. Carroll symmetries
appear also in warped conformal field theories [32]. The construction of a Carroll gravity
by a modified gauging of the Carroll algebra has been studied recently in [33].

'The use of non-relativistic extended objects has been also studied as a soluble sector of string
theory [1-5].



In this note we continue the study of dynamical objects with Carroll symmetry. We
construct the action of a tension-full and a tensionless? Carroll string by taking the Car-
rollian limits® of the canonical action of a relativistic string. We will also construct the
action of a Carroll p-brane by the same procedure. The action for these objects can be
also constructed using the method of non-linear realizations [35, 36] applied to the Carroll
algebras; for the Carroll algebra see [37], for string Carroll algebras [26]. In either of the
two limits, the Carroll string exhibits a trivial dynamics like the Carroll particle. This
result also applies to branes. We will also study the Killing symmetries of the Carroll
string, and show that these symmetries close under an infinite dimensional algebra.

The organization of the paper is as follows, in section 2 we construct canonical Carroll
string actions (at least two types of limits form the relativistic string are available). In
section 3 we study their Killing symmetries. The tensionless limit is analyzed in section 4
and section 5 is devoted to construct a Carroll p-brane action. Finally we write some
conclusions and outlook.

2 Canonical Carroll string action

Our starting point is the canonical action of a relativistic string:
Sna = /d20 (p~5v — gI:I — /ZT) = /dea (p X — g (p2 —l—Tfa:'Q) — /Z(p~m’)) , (2.1)

where H = p? + T2 Zand T = p - a2’ are the diffeomorphism constraints and €, i are
Lagrange multipliers. In order to obtain the Carroll action for the string we take the
‘stringy’ Carrollian limit by rescaling the longitudinal coordinates z* (u = 0,1) with a
dimensionless parameter w:

XK

xH P =wh,. (2.2)

The action is obtained by plugging these expressions in (2.1) and taking the limit w — oo.
Then the products p-i and p-2’ remain unaffected and become P-X and P-X’ respectively.
All physics in the ultra-relativistic Carrollian regime arises from the constraint proportional
to e, like in the Carroll particle [27]. We must rescale the einbein field as in the case of the
Carroll particle, &€ = e/w?, whereas fi = p remains the same. Rescaling the string tension
as T, = wT and sending w to infinity, we obtain the action of the Carroll string

Sc. = /dea (P X —u(P-X')— g (nﬂ,,PMP” + TQXf)) . (2.3)

where XZ(2 = 0;; X ') /, 1,7 =2,...,D — 1. The transversality constraint does not change,
whereas the mass-shell constraint becomes (E = PY):

2 2
H=—-F*+ (PY)? + T%2X/°. (2.4)

Notice the absence of the transverse momenta FP;.

2The situation regarding the tensionless limit is rather different here than in the case of the non-
relativistic limit [34].

3Like in the non-relativistic case, where there is not a unique limit for extended objects [1, 3, 38], the
same is true for the Carroll limit of an extended object.



If instead we perform on the action (2.1) the Carroll limit a la particle [27], 2° = t/w,

po = —wk, we get

~ . e

S, = / drdo (P-X —p(P-X') = £ (~E*+ T2X]’)). (2.5)
t=1,...,D — 1, thus the mass-shell constraint is now given by H=-EFE?+ TQX{Q.

A physical difference between the two Carroll strings appears when we dimensionally
reduce on S': in one case we obtain a Carroll massless particle whereas in the other a
massive Carroll particle [19, 20, 27]. Let us mention that in the non-relativistic case,
the limits a la string or a la particle lead also to two different particle Lagrangians: the
vibrating string ((‘stringy’ NR limit) [1, 3, 4] leads to the massive non-relativistic particle

Lagrangian whereas the non-vibrating string with a fixed length (d la particle limit) [38, 39]
leads to a particle Lagrangian which is just a total derivative.

2.1 Carroll symmetries, Carroll string algebra and Carroll diffeomorphism

The canonical action (2.3) is invariant under the ‘stringy’ Carroll transformations:

SXH = wh, XV + wh, X'+ CH, 6X' =w'; X7 4+ (', 26)
6P, = w,’P,, 6P = wi* P, + w’ P; '
where (wt,, wh;, wij, ¢*, ¢?) are respectively the Lorentz boosts in the two longitudinal di-
rections, the time and space Carroll boosts, the spatial rotations, longitudinal translations
and the transverse translations. These transformations can all be derived from a general in-
finitesimal Poincaré transformation, éz* = w%xN—i—fM and dpyr = w]\f[VpN, by performing
the rescaling

a’;’u’ = — wuz — 77‘ g'u = p,u - AP}M (27)

and taking the limit A — oo.
The algebra of these transformations closes under what we call the String Carroll

algebra
[Mij, Pr] = 205, P, [Mij, M) = 26,5 My; — 261 My,
(K, Py = P, (K, Pi] = P,
K, K;] = B;, K, Bi] = K, (2.8)
[Mij, Ki] = 205 K;),  [Mij, By] = 204 By,
(K, Pj] = —0i; P, [Bi, Pj] = —0i; P

where Lie algebra generators are the longitudinal Lorentz boost K, the time Carroll boosts
K;, the space Carroll boosts B;, the spatial rotations M;;, and the time-space translations
Py, Pi, P;. This algebra can be obtained from the Poincaré algebra

[Map, Mcp] = 2naicMps — 2nBjc Mp)a;

(2.9)
[Mag, Pc] = 2nggPa,  [Pa, Pp] =0,



by the contraction
PA — (wPo,wPl,B), Kz — UJKZ', BZ — wBZ- (210)

with the identifications My, = K, M;g = K;, M;1 = B;.
The action has also the gauge invariance of diffeomorphisms. These are generated by
the first class constraints H (o) = —E?+ (P')2 +T2X/?, T(c) = (P- X'), whose algebra is

{H(0),H(0")} =0,
{H(0),T(c")} = H(0)0,0(0 — o) — H(0")0y6(0 — &), (2.11)
{T(0),T(c")} = T(0)y6(0 — 0') — T(0")Dyrd(c — &').

2.2 Dynamics

The action of the Carroll string is given by (2.3). The canonical Hamiltonian is:
Hp = / do (u (nWP“XV’ n PiXi’) n g (nWPMP” n TQXf)) . (2.12)

The non-vanishing Poisson brackets are given by

{xM(0), P¥(0")} = "N (0 — o),

2.13
{xXM(0), XN (")} = {Pu(0), Px (o)} = 0, (219)
the equations of motion follow:
X# = pXH 4 ePt, PF=(uP"),
s i i ; 5 i\ (2.14)
X = pux?, Pz(MP+eTX),
and the constraints
MuwPPXY + PX" =0, n,, PP+ T?X!” = 0. (2.15)

As we can see the dynamics of the Carroll string is trivial. In fact considering the
analogous of the conformal gauge, e =1, u = 0, we have

Xt =PH, Pt=0,
Xi=o0, Pi=12 (Xi/>, (2.16)

We see that the transverse coordinates of the bosonic string are constant, therefore the free
Carroll string does not move. Notice however that the momenta are not constant. This is a
common feature of (free) Carroll particle, Carroll string or in general, Carroll p-brane (see
section 5): in Carroll space there is no connection between spatial momenta and velocities.

If we consider Carroll strings coupled to Carroll gravity the strings will have a non-
trivial dynamics like in the case of the Carroll particle coupled to Carroll gauge fields [27].



3 Killing symmetries of the Carroll string

In this section we analyze the Killing symmetries of the Carroll string. As we will see the
string action is invariant under an infinite dimensional group of transformations that in-
cludes the String Carroll transformations (2.6). It turns out that the full symmetry group
includes conformal symmetries in both the transverse and the longitudinal fields. In con-
trast to higher dimensions, the conformal algebra in two dimensions is infinite dimensional,
hence longitudinal fields will have a infinite-dimensional symmetry, a common feature in
the Carrollian context [27, 28]. This is not the case for the transversal D — 2 coordinates.
Let us consider the generator of canonical symmetry transformations

G = /da (fMPM + Ame + ) (3.1)

with €M, A and v arbitrary functions on the extended configuration space, which includes
e and p as new variables. The extended phase space includes the momenta ., ,, which
are the new primary constraints. Conservation of G reads:

0=C= / do (eP”P” (28(#5,,) - ;Xn,w> te (P@'Pﬂ - TQX#’XZ") D,
e
(3.2)
2 v j/ A vl il
—er2xi'x 2%%+Zﬁj—y@wpx +RX).

The Killing equations are:
aufu + 81/5;1 = xnuua 8u£2 =0, 825] + 8]52 = _5‘51']" v=0, (33)

with A determined as A = e and with the conformal factor A (notice that A = A(X?))
satisfying:
A:@wz—ﬁé?mﬁ (3.4)
The second Killing equation tells us that £ = ¢/(X7). Notice also the sign difference
in (3.3) between the conformal Killing equation for longitudinal vectors and transversal
ones. In particular when we consider a scale transformation we have Lifshitz scaling with
z=—1: X" = —cX* and 6X* = c¢X*, where c is the infinitesimal dilatation parameter.
The equation for transverse fields is the Euclidean Conformal Killing equation. For D =3
there is only one transversal direction and hence no restriction on &*. For D = 4 we have the
standard two-dimensional infinite conformal symmetry for the (two) transverse variables.
For D > 4, we get

AMXY) =220, X% — ¢), (3.5)
for some constants b, and c. In this case the solution is:
(XM =a' +w'; X7+ X'+ X370 — 2(b; X7) X7, (3.6)

where a', w* ., c and b* generate space translations, rotations, space dilatations and special

7
conformal transformations, respectively. Notice as a feature of the rescaling w — oo of



the relativistic string to obtain the Carroll string (as done in section 2) that if we dimen-
sionally reduce the Carroll string to the Carroll particle, this reduction at the level of the
Killing symmetries does not reproduce the infinite-dimensional symmetry for transverse
fields which exists in the particle case [27].

The solution to the first equation is:

(X)) = %X“ + Q1 (XHXY + fH (XY, (3.7)

where the antisymmetric tensor €2, and the vector f# have arbitrary dependences on the
transverse coordinates X°.

In case we consider the action (2.5) for the Carroll string a la particle, the Killing
equations give the following transformations

A
&(X) = 5

and the same results as before for the spatial components &(X), but now for i =
1,2,...,D 1.

X0 4 O(xh, (3.8)

4 Tensionless Carroll string

Like in the particle case where the massless limit can be taken straightforwardly, here we
analyze the tensionless limit,® 7' — 0, of the Carroll string action (2.3). In this limit the
mass-shell becomes Hy = —(P%)?2 + (P1)? and the Dirac’s Hamiltonian is:
Hp(T — 0) = / do (M (n,WP“X”’ + Pin") + gnw,P“P”) . (4.1)
The equations of motion are:
XH = pXH 4 epHt, PH= (uPHy, (42)
Xt = uXi,, Pi= (,uPi)/. '

Again, the dynamics is trivial. Taking the conformal gauge we see that the string does not
move. Additionally in this case the momenta are also constant.

Let us study the Killing symmetries of this system. Considering the same generator
of symmetry transformations as before (3.1), conservation of G leads to:

0=G= /da <eP“P” <8(M§V) - 2677“1/) +eP'PrOLE — (nm,P”X”/ + PZ-XZ/)>, (4.3)
and the Killing equations are:

au51/ + 81/5;1 = 5‘77;11” 8u£i =0, v=0, (4.4)

with conformal factor A = A /e = 0u&*. Thus we obtain the standard two dimensional con-
formal symmetry -as expected because the dimensionful parameter T' has been eliminated-
where the “holomorphic” and “anti-holomorphic” functions have an arbitrary dependence
on the transverse coordinates. On the other hand, the functions &;(X7) are arbitrary.

4The tensionless limit of the relativisic string and branes has been widely dicussed in the literature, see
for example [29-31].



5 Carroll p-brane action

The construction of Carroll p-branes follows the same steps of the string case. The canonical
p-brane action in D-dimensional (D > p) Minkowski space is:

Sp—brane = /dp+1§ <p T — ga/Hd - ;H>

- (5.1)
. -G v
= /depa <p & — 5% (p- Oax) — B <p2 + Tp2 det(ga,;)>> )
where H = p? + T; det(g,;) and Hz = p - Oz are the diffeomorphism constraints and §*
and v are the p + 1 Lagrange multipliers. The metric g;; = 8axM85anMN (@,b=1,...,p
is the induced metric on the worldspace. Now we consider the Carrollian p-brane limit,
XH
ah = —, pp = wh,. (5.2)
w
The quantities p - & and p - ;2 do not change and become P - X and P - 8;X respectively.
But the last constraint in (5.1) changes. The rescaling on the Lagrange multipliers 5%, v as
well as the p-brane tension are the same as in the string case. We have: 3@ = 5%, ¢ = v/w?
and T, = wT. In the limit w — oo we obtain (i, =p+1,...,D —1):

(p2 + T]? det(gag)) = (nw,P"P” + 7?2 'y) , (5.3)

N <
NS

with v = det(7,;) = det(0; X°0;X78;;). The Carroll p-brane action turns out to be:

Sc

p:/mﬁb@%Xﬁurmm;waww+ﬂw). (5.4)

At this point, we do not need to do a full analysis. Notice that the behaviour of
the tension in the Carroll limit does not depend on p, the number of dimensions of the
worldspace. It is the same rescaling for the point particle (in this case T = M) [27, 28],
for the string, and so on. The substantial difference between the particle and the string
is in the rescaling of X!. If we rescale the first p spatial coordinates, we can expect that
the derived action will contain the same physics as that for the string. The results in the
section above also hold if we add p spatial extra-dimensions. This behaviour differs from
the non-relativistic case, where the rescaled p-brane tension is T, = w' PT [3]. Notice
that the behaviour of the tension in the Carroll limit does not depend on p, the number of
dimensions of the worldspace. It is the same rescaling for the point particle (in this case
T = M) [27, 28], for the string, and so on.

The dynamics of the Carroll p-brane, like the Carroll particle or the Carroll string, is
also trivial. In the conformal gauge, v = 1, s% = 0, the equations of motion are

Xt =Pt PF=0,
X' =0, Pl =0, (U T2y yal;aBXi

(5.5)
)



6 Discussion and outlook

We have constructed the action of tension-full and tensionless Carroll extended objects by
doing the different Carrollian limits of a relativistic string or a p-brane canonical action.
The action for the tension-full objects can be also constructed using the method of non-
linear realizations applied to the Carroll algebras, for the Carroll algebra see [37], for
string Carroll algebras [26]. The dynamics of the (p-brane) string Carroll actions are
trivial independently if one considers the Carroll limit a la particle, Levy-Leblond or the
(p-brane) ’stringy’ Carroll limit, (5.2) (2.2). The reason for the trivial dynamics for these
free Carroll dynamical objects is due to the fact that the light cone in the Carroll case
collapses to the time vertical axis. In contrast, in the non-relativistic case the string and
particle limit lead to different non-relativistic models, one being the vibrating string (with
the string NR limit) [1, 3, 4] and the other a non-vibrating string with a fixed lenght
(particle limit) [38, 39].

If we consider the coupling of the Carroll extended objects to Carroll gauge fields as it
is done for the case the particle in [27], the dynamics becomes non-trivial [40] because the
interaction with the Carroll background fields opens the light cone. Extended objects with
a Carroll supersymmetry that generalize the Carroll superparticle [28] can also be studied.
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