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ABSTRACT. In this review article, we highlight many recent advances in the field of 

micromanipulation of colloidal particles using hydrodynamic interactions (HIs), namely 

solvent mediated long-range interactions. At the micrsocale, the hydrodynamic laws are 

time reversible and the flow becomes laminar, features that allow precise manipulation 

and control of colloidal matter. We focus on different strategies where externally 

operated microstructures generate local flow fields that induce the advection and motion 

of the surrounding components. In addition, we review cases where the induced flow 

gives rise to hydrodynamic bound states that may synchronize during the process, a 

phenomenon essential in different systems such as those that exhibit self-assembly and 

swarming. 

1. Introduction 

In the past few years, there have been significant advances on the control of the matter 

at the microscale [1-6]. When microparticles are dispersed in a liquid, they are subjected 

to interactions mediated by the suspending medium, the HIs. Due to their tensorial 

character, these interactions usually lead to complex dynamics, determined by the 

shape, orientation and relative velocity of the actors involved. Besides that, the induced 

displacements are largely affected by the presence of confining boundaries or external 

flows. Such complex interactions play an important role in a vast array of phenomena, 

including reproduction, bacterial infection, drug delivery or pattern formation in 

biological systems [7-10]. 

Despite this complexity, the laminar nature of the fluid flow at low Reynolds number 

(Re) makes the manipulation of colloidal particles easier, since the fluid does not 

present swirls or turbulences that may randomize their motion. The possibility of 

controlling HIs between colloidal particles is favored by our capability to trap, translate 

or torque colloids via external fields. The controlled motion of the colloidal particles in 
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the viscous medium enables the generation of stable flow patterns, suitable for their 

application in effective swimming strategies. These strategies are essential in the 

construction of microtransporters able to load and carry microscopic cargos, like cells, 

liposomes or microcapsules, in a noninvasive way, i.e. without the formation of 

irreversible bonds or the change of the chemical composition of the medium. The latter 

are compelling issues that must be faced for the design of new applications in lab-on-a-

chip devices and biological systems. The hydrodynamic regime at the microscale 

facilitates, in some cases, the emergence of flow-induced bound and synchronous states, 

coordinated modes appearing in systems formed by interacting and rotating or 

oscillating entities [10-14]. 

In this work, we provide an overview on the current state-of-the-art in the use of locally 

generated hydrodynamic flows for swimming, transporting, and producing bound states 

that may show temporal synchronization. The review is organized in six sections. In 

section 2, we give a brief review of low Re hydrodynamics, avoiding rigorous 

formalism that can be found in textbooks [15-19]. In section 3, we describe the role 

played by HIs in diluted and dense colloidal systems, both in equilibrium and non-

equilibrium conditions. In the fourth section, we explain the necessary requirements to 

achieve swimming at low Re and present a short outline of the main strategies adopted, 

focusing on those based on the local generation of flow fields. In the fifth section, we 

proceed by describing some experimental realizations that use different mechanisms for 

transporting passive objects at low Re. Finally, in the last section, we explain the role 

played by the HIs in the generation of bound and synchronous states, and we show 

some representative examples in colloidal and biological systems, where HIs lead to 

fascinating collective behavior. 
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2. The low Reynolds number (Re) regime 

Colloidal particles have a typical size ranging from tens of nanometres to tens of 

micrometres. This characteristic length scale brings on the appearance of some 

distinctive features: (a) a high surface/volume ratio, that explains why the surface-

chemical properties determine the stability of colloidal systems, (b) the relevance of 

thermal noise, and (c) the presence of interactions mediated by the dispersing medium, 

when the latter is stimulated by the motion of the dispersed particles [16]. The Re is a 

dimensionless quantity, used to characterize the flow motion, that does not only depend 

on properties of the medium, hereby the liquid density   and the dynamic viscosity  , 

but also on the size a   and velocity v  of the objects moving through the fluid, 

Re
va


  .          (1) 

In colloidal suspensions, inertial forces are negligible compared to viscous forces and 

the suspended particles move in an overdamped regime, where the applied forces and 

torques are constantly balanced by their viscous counterparts. Therefore, the Re is 

orders of magnitude smaller than in the macroscopic systems. In the absence of sources 

or sinks of flow, the motion of the fluid can be described by the Stokes equations 

2

0

( , )

u

p u f r t

 

    
,        (2) 

where ( , )p r t  is the dynamic pressure, ( , )u r t  the flow field, and ( , )f r t  the external 

body force field per unit volume [16, 20, 21]. The absence of the nonlinear convective 

acceleration and the time-dependent terms in these equations have two main 

consequences: 
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a) Navier-Stokes equations become linear. In steady fluids, the viscous torques and 

forces are proportional to the induced linear and angular velocities of the 

particles. Consequently, the flow field generated by a moving object, translating 

or rotating, is identical but oriented in the contrary direction to those generated 

by the reverse motion. On the other hand, the superposition principle applies, 

which means that the flow field at a given place and time caused by more than 

one actuation is the sum of the velocities that would have been provoked by 

each stimulus separately. The different flows are only coupled through the 

boundary conditions [22]. 

b) The Stokes equations are time reversible: the flow pattern is not modified by a 

reversing of the forcing, whether fast or slow. Time reversibility was nicely 

illustrated by G.I. Taylor with an experiment shown in the National Committee 

for Fluid Mechanics Film (NCFMF), named Flow at Low Reynolds Numbers 

[23], see schematic in Fig.1(a). The annular space between two concentric 

cylindrical containers is filled with a viscous fluid, and a coloured drop is 

injected in the fluid well away from the walls. If the inner cylinder is slowly 

rotated in one direction, it deforms and elongates the droplet. Afterwards, the 

cylinder is rotated in the opposite direction the same number of revolutions, till 

reaching its initial position. After these operations, the droplet recovers its initial 

shape, with small deviation due to the presence of diffusion.  

In this low Re regime, we will now describe the flow due to a spherical particle 

dispersed in a quiescent fluid, and subjected to an external force. The force ( )jF r  

exerted on the solid sphere j , and located at  jr , creates a flow ( ) ( ) ( )j ju r H r r F r   

and a pressure field ( ) ( ) ( )j jp r g r r F r   at r , where the ( )jH r r  and ( )jg r r
 
are 
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known as the Oseen tensor and the pressure vector, respectively. The flow generated by 

a moving particle can be calculated by solving the Eqs. (2) with a point force 

( ) ( )j jf r F r r   located at the particle’s centre. Once the specific boundary 

conditions are satisfied, the viscous drag on a solid sphere is obtained by integrating the 

pressure tensor over its surface [16]. Applying no-slip boundary conditions, Stokes used 

this approach to obtain the flow field generated by a moving solid sphere of radius a , 

translating at a speed ˆv vz  through an otherwise quiescent fluid: 

3

3 3 5

( ) 33

4 4

z zu r zr zra a

v r r r r

        
      

   
.                                                              (3) 

 

Here r  is the distance from the particle's centre and z  the displacement along the 

direction of motion [24, 25]. At sufficiently large distances, the flow given by Eq. (3) is 

essentially independent of the sphere's radius. 

Hence, in the limit a r , the flow field around an isolated sphere continuously driven 

through a viscous fluid is equivalent to the flow generated by a unit force placed in the 

sphere’s center. The corresponding Oseen tensor ( )jH r r , called stokeslet, is the 

Green's function for the system:  

3

1
( )

8

S
r r

G r
r r

  







 
  

 
 .        (4) 

SG  is a good approximation for H  when r a , as confirmed when comparing Eqs. 

(3) and (4). The Stokes doublets (force dipoles), a different type of hydrodynamic 

singularities, are obtained by calculating the gradient of Eq. (4) in  a given direction 

[26]: 
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    
.    (5) 

The antisymmetric term in Eq. (5) is called a rotlet, and provides the velocity field 

corresponding to a rotational motion [27]. Thus, a small sphere subjected to a torque T  

rotates and generates a far flow field that decays asymptotically as 3ˆ (8 )u T r r  , 

where r  stands for the position vector from the particle’s centre [28, 29]. 

The symmetric term in Eq. (5), known as stresslet, is often used to model the flow field 

generated by micro-organisms [30, 31]. Higher-order singularities (force quadrupoles, 

source dipoles, octupoles…) are easily obtained by subsequent differentiation. The 

schematics of some of these elemental singularity solutions are shown in Fig.1(b). 
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Fig. 1 a) Kinematic reversibility at low Reynolds number demonstrated by G. I. Taylor in the 

NCMF film Flow at Low Reynolds Number, Ref [23]. In this experiment, a coloured drop is 

injected in glycerine, filling the annular region between two concentric cylinders. By slowly 

rotating the inner cylinder in one sense for a certain number of cycles Nturns, and rotating in the 

reverse order till to the initial position, the droplet roughly recovers its initial shape. b) The flow 

field ( )u r  in the (x,y) plane for a set of singularity solutions: stokeslet (top, left), stokeslet 

doublet (top, right), rotlet (bottom, left) and stresslet (bottom, right). The hydrodynamic 

singularities are marked in red. [Figure (b) is reprinted with permission from Ref [32] 

(Copyright 2016 Springer)]. 

 

3. Hydrodynamic Interactions (HIs) 

The flow excited by the random or driven motion of the particles in the fluid, modified 

by the presence of other particles or surfaces, transports energy through the dispersing 

medium [16, 30, 33, 34]. Therefore, particles present solvent-mediated forces, apart 

from other possible direct interactions such as steric, depletive, electrostatic, magnetic, 

etc... The flow field generated by an isolated object decays with the distance r as 
1r
 or 

2r
 and 

3r
, depending if it is created by a driven or a force-free object respectively 

[30, 32, 35]. The flow velocity due to HIs between particles confined in 2D decays 

faster, at a rate of 
2r

 when the particles are driven by an external actuation [36]. At 

low Re, the HIs have a tensorial nature as they couple linear and angular velocity of the 

particles to forces and torques. Therefore, in contrast to electrostatic or dipolar 

interactions, HIs cannot be described by a simple potential term [15, 37]. If there are no 

external forces acting on the particles, then their motion is determined by the advection 

generated by the flow perturbations in the fluid (Faxén’s law) and by the gradient in the 

velocity field, that tends to change the orientation of the particles. 
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HIs are fundamental in the equilibrium dynamics of colloidal systems. At low 

concentrations, HIs modify the effective diffusion coefficient of the particles [38-40], 

and lead to long-range correlations of the displacements induced by thermal fluctuations 

[41, 42]. On the other hand, the presence of an adjacent surface rectifies the flow 

generated by the particle motion, reducing its Brownian diffusion [43]. HIs play also a 

key role for the collective behaviour of crowded colloidal suspensions. Since at thermal 

equilibrium the average distance between particles is mainly determined by the potential 

energy, the HIs are expected to not have a significant role on the equilibrium structure 

of the system. However, HIs correlate the movement of the particles, and this effect has 

an important influence on the crystallization processes of colloidal systems, by shifting 

the freezing point to different densities [44]. By neglecting the HIs, it was shown that 

the attachment of particles to a growing crystal is a non-cooperative diffusive process, 

and the crystal nucleation rate is inversely proportional to the solvent viscosity. 

However, experiments disagree with the theoretical predictions and with the results 

obtained with computer simulations [45]. Radu and Schilling performed simulations of 

the crystal nucleation processes in colloidal suspensions of hard spheres, showing that 

the nucleation rate is enhanced by the HIs [46]. In contrast to hard spheres, colloids with 

screened Coulombic interactions displayed a reduction of the crystal growth velocity 

due to the effect of the HIs [47]. The role of hydrodynamic forces was also studied in 

the microphase formation of block copolymers, where Groot et al. showed how the HIs 

allow the system to overcome metastable states [48]. 

The most remarkable effects of the HIs, however, occur when colloidal systems are 

driven far from equilibrium [49]. Even under diluted conditions, the presence of HIs 

have important consequences on the dynamics of colloidal suspensions and biological 

systems. For example, the dynamic behavior of microparticles driven along an optical 

ring via a ratchet-like mechanism was largely altered by the HIs, and colloidal clusters 
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executed a caterpillar-like motion that enabled the surmounting of large potential 

barriers [50]. HIs have also a significant influence on the sedimentation of colloidal 

particles. When two spherical particles sediment in a viscous fluid, the leading particle 

drags the trailing one to the exact same extent that the other pushes it, so that the 

distance between the pair remains constant. The presence of an upper horizontal surface, 

however, breaks this spatial symmetry, causing the particles to experience a 

hydrodynamic force that draws them together [51]. The symmetry of the two-body HIs 

is also broken when the particles describe a circular trajectory [52], as shown in Fig. 

2(b), by including a third particle that leads to a transient chaotic dynamics, Fig. 2(c) 

[22], or when both cases occur [53]. In practical applications, the flow generated by 

externally actuated microparticles was used to mix fluids, to build check-valves and 

fluidic pumps in lithographic structures [54, 55], Fig. 2(d), or in interfacial 

microrheological measurements [56, 57]. HIs also are believed to play an important role 

in the kinetic process of protein folding [58, 59], and they were proposed as potential 

actors in steering the ligand-protein binding [60]. 

 

Fig. 2. Several effects of the HIs on the dynamics of relatively diluted colloidal systems driven 

out-of equilibrium. (a) Visualization of a pair of colloidal particles with an angular separation 
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 , steered through water by an optical ring trap. HIs pushed the leading particle outward and 

pulled the trailing one inward. (b) The chaotic motion of three hydrodynamically coupled 

particles slowly sedimenting through a viscous fluid. (c) Active mixer created via the assembly 

of magnetic colloidal particles under a rotating magnetic field. [(a) Reprinted with permission 

from ref. [52], (b) from ref. [22] (Copyright 2011 and 1997 APS) and (c) from ref. [55] 

(Copyright 2008 National Academy of Sciences)]. 

Beyond the very dilute limit, a long-standing debate has focused on understanding the 

role of HIs on the fluctuations of settling velocities in a suspension of sedimenting 

particles. In the absence of particle aggregation, hydrodynamic backflow causes a 

reduction of the settling speed from the velocity of an isolated particle [61]. Caflisch 

and Luke proposed that the velocity fluctuations arise from the balance between density 

fluctuations in the particle distribution and the Stokes drag, and they predicted that these 

velocity fluctuations diverge with the system size [62]. Other authors suggested that the 

long-range velocity fluctuations exhibit universal large-scale spatial and time 

correlations, when the suspension viscosity and sedimentation velocity are appropriately 

scaled with respect to the fluid viscosity and the average settling velocity [63, 64]. The 

latter assumption, however, contradicted both numerical studies and experimental 

observations that evidence a dependence of the velocity fluctuations on the container 

size and particle concentrations [65-67]. 

In another set of studies, it was shown that HIs have a large influence on the phase 

behavior of active colloids in two and quasi-two-dimensional confinement [44, 68], 

preserving the polar-liquid state from the characteristic density fluctuations frequently 

observed in populations of self-propelled particles [69, 70], Fig. 3(a), and avoiding the 

motility induced phase separation observed in different “dry” active systems [71-73]. In 

other systems, however, the role of HIs in motility-induced phase separation is currently 

unclear, since different experimental realizations arrive to apparently contradictory 
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conclusions, probably due to the effects of the near field interactions [74]. Furthermore, 

HIs had a large influence on the phase behavior of co-rotating hard disks two-

dimensionally confined [37], Fig. 3(b).  

HIs play an important role in the dynamics of gelation too. Furukawa and Tanaka, using 

numerical simulations, showed that the HIs significantly stimulate gelation in two and 

three dimensions, lowering the percolation threshold in suspensions of particles 

interacting though an attractive potential [75], Fig. 3(c). Due to the incompressible 

nature of the dispersing medium, particles may be subjected to hydrodynamic squeezing 

effects during the aggregation process. The resulting flow promoted the formation of 

elongated structures, enhancing the network-forming ability. HIs also are important in 

gelling systems where long-ranged repulsions are included. Direct interactions hindered 

the compaction of the clusters and induce the formation of elongated structures, being 

the percolation favoured by their anisotropic drag [76]. 

 

Fig. 3: Several effects of the HIs on the dynamics of concentrated colloidal systems driven out 

of equilibrium: (a) the formation and preservation of the polar-liquid state in populations of self-

propelled colloidal rollers, characterized by the modulus of the average polarization Π0, and 
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plotted vs plotted versus the area fraction ϕ0, (b) the emergence of order states in a system 

composed by two-dimensionally confined rotating disks, and (c) the stimulation of the gelation 

process in suspensions of particles interacting though an attractive potential. (d) Schematic view 

of coarse grained protein and DNA models used for studying the effect that HIs have on the 

diffusion of the proteins along DNA molecules. [(a) Reprinted with permission from Ref. [69], 

(b) from Ref. [37] (Copyright 2013 and 2015 Nature Publishing Group), (c) from Ref. [75] 

(Copyright 2010 APS) and (d) from Ref. [77])]. 

Moreover, HIs play a fundamental role in a wide range of phenomena occurring in 

crowded biological systems. Some experiments show that HIs play a significant role in 

protein diffusion within cells at biologically relevant concentrations [78]. 

Computational techniques, frequently employed in the study of these complex 

biological systems, suggested that the diffusion of the proteins along DNA in the 

nucleoid is modified by the HIs [77], Fig. 3(d). Other important biologic phenomena 

that could be largely affected by the HIs are the dynamics of molecular motors [79], the 

kinesin walking along tubulin [80], the subcellular signaling [81], or the assembly of 

large scale molecular aggregates, such as the lipid bilayer [82], tubulin and actin 

filaments [83], to mention just a few examples. 

 

4. Swimmers propelled via controlled hydrodynamic flows 

Propulsion in viscous fluids plays a key role in many different contexts of biology, such 

as locomotion of microorganisms and reproduction. It is also important for different 

technological fields such as targeted drug delivery or microsurgery, in the creation of 

artificial swimmers and pumps, or the transport of nano-cargos through bloodstream or 

in microfluidic systems [84-87]. From a fundamental perspective, swimming in a 

viscous fluid presents the challenge of designing an adequate strategy capable to 

overcome the negligible role of the inertial forces as well as the randomization induced 
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by the thermal noise. The singular characteristics of the low Re number regime lead to 

the "scallop theorem", enunciated by E.M. Purcell forty years ago, which establishes a 

necessary but not sufficient condition for swimming: to avoid reciprocal motion, the 

latter being any periodic backward and forward body displacement [8]. This condition 

also reflects the requirement of having two separate degrees of freedom in the space 

parameter, able to trace a closed area.  According to this argument, non-reciprocal 

swimmers reach their maximum velocity when, in the parameter space, the area covered 

by the trajectory of the deformations of the swimming cycle is maximized [88].  

At low Re, particles can only be propelled by applying strategies based on non-

reciprocal motions Fig. 4 (i and ii). Reciprocal actuations only are efficient in 

generating propulsion if the oscillating systems include some elasticity, in the swimmer, 

the medium or in an adjacent object, Fig. 4 (iii and iv) [7, 32]. On the other hand, in 

systems composed by a set of interacting particles there is no many-scallop theorem: 

two nearby particles undergoing reciprocal or nonreciprocal motions can propel 

cooperatively, in a collective fashion that depends on the sequence of the applied 

actuations [89]. 

In the last decade, different procedures for propelling microparticles in viscous fluids 

have been proposed. Significative examples include the generation of bubbles [90], self-

acousto- or self-thermo-phoretic mechanisms [91, 92], and the applications of electric or 

magnetic field gradients [93-95]. In alternative approaches, the particles were 

chemically modified in such a way that they generate a flow field. For example, in 

catalytically powered Janus colloids [96-98], self-propulsion results from the catalytic 

generation of non-compensated hydrodynamic stresses along the particle surface [99]. 

In a pioneering experiment, Paxton et al. synthesized bi-metallic nanorods formed by a 

platinum and a gold segment. The Pt end catalyzed the decomposition of hydrogen 
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peroxide that in turn induced a fluid flow over the surface of the rod [100]. Since then, 

similar strategies based on the stimulation of asymmetric physico-chemical 

environments have been adopted in a great number of experimental systems [101]. Self-

propulsion mechanisms break the time-reversal symmetry by continually generating 

entropy at a local scale. 

Here, we will focus on micropropellers actuated by an external field, fundamentally 

different than reaction driven and biological microswimmers, which are force- and 

torque-free [30]. The lack of the autonomous character may be compensated by other 

advantages. The energy required for propulsion can be supplied to the particles on the 

fly by means of external fields, avoiding both the application of potentially harmful 

physico-chemical gradients (in temperature, pH, concentration of chemical 

compounds…) that are difficult to control, and the efficiency reduction due to fuel 

shortage and directional randomization. 
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Fig. 4. Different strategies used for propelling actuated particles through a viscous fluid: by 

rotating a chiral object in the medium (i), or spheres in the proximity of a boundary (ii), and by 

inducing the reciprocal motion of flexible structures (iii), or rigid structures near a flexible 

surface (or a viscoelastic medium) (iv). 

4.1 Torque-driven non-spherical swimmers 

We previously showed that in the Stokes regime the applied forces and torques are 

related to the linear v  and angular   velocities. In the one dimensional case, when the 

motion of the actuated swimmer can be described only by the rotation and translation 

along a unique axis, the previous magnitudes are connected through a 2 2  symmetric 

resistance matrix P  [8]: 

2

2 3

F v vLA L C
P

L C L D  

      
        

      
,       (6) 

where L  is a characteristic dimension of the propeller, and A , C  and D  are 

parameters that, for a fixed axis of rotation, only depend on the fluid viscosity and the 

propeller shape. For a homogeneous spherical object, P  is diagonal and the external 

torque is not linked to the linear velocity. Therefore, propulsion is not possible by 

rotating a colloidal sphere in the bulk of the fluid [84]. The breaking of the spherical 

symmetry, however, makes P  non-diagonal, allows rotation-translation coupling and 

thus the possibility of inducing propulsion through an external torque. As stated by 

Purcell: “Turn anything – if it isn’t perfectly symmetrical you’ll swim” [8]. In most of 

the designs, torque-driven propellers were based on helical shapes, which display a 

motion like that of a corkscrew burrowing into the viscous fluid [84, 102-105], Fig. 

5(a). As in the case of the corkscrew, the rotation must have a defined chirality, since 

alternating rotational modes could be perfectly balanced, and thus not lead to any 

translation, but only to an enhanced diffusivity [106]. Usually, these helicoidal 
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structures are ferromagnetic, with a magnetic moment oriented orthogonally to the long 

axis. Thus, a rotating magnetic field applies a torque along its main axis. These 

prototypes mimic some existing natural systems. For instance, in some bacteria the 

propulsion is induced by the rotation of one [107] or various helically shaped flagella 

[108, 109], torqued by a molecular engine [9, 110], Fig. 5(b). The multiple flagella are 

often concentrated at one end of the bacteria's bodies, and the complex effect of their 

bundling has been studied in a model system composed by rotating macroscopic helical 

wires in a highly viscous fluid [111]. In the artificial helical swimmers, the pitch of the 

helix is an important geometrical factor: swimmers characterized by longer pitches 

feature better propulsion performance, provided that the number of turns is kept 

constant [112]. Helical microswimmers can serve as near-term goal for numerous 

wireless tasks, ranging from in vitro cell characterization to in vivo applications for 

diagnosis and minimally invasive therapies [85]. The helicoidal shape, however, is not 

mandatory for coupling rotation and translation. The loss of spherical symmetry is 

enough, and achiral and arbitrarily shaped structures were used for getting rotation-

translation coupling [113, 114], Fig.5(c). Indeed, swimmers consisting of slender bodies 

with a single centerline were proposed as optimal designs [115]. 

 

Fig. 5. Different designs for propelling torque-driven objects through a viscous fluid: (a) 

Ferromagnetic helically shaped flagella burrow into the viscous fluid driven by an externally 

applied rotating magnetic field. (b) Cells of Escherichia coli bundle various rotating flagella for 
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adopting the helicoidal geometry. (c) Achiral structures displaying rotation-translation coupling 

[(a) Reprinted with permission from Ref. [104] (Copyright 2009 ACS), from Ref. [109] 

(Copyright 2000 American Society for Microbiology) and from Ref. [113], (Copyright 2014 

APS)]. 

4.2 Torque-driven swimmers close to a boundary 

The presence of a nearby surface has a strong influence on the dynamics of propelling 

systems. For example, surface-mediated HIs can be used for steering the propellers 

along defined trajectories [116], explain the attraction of some swimmers toward an 

interface [117], the circular path shown by E. coli [118] or the rectification of rotation 

into translational motion [28]. At low Re rotation can be rectified into net translation 

due to the HIs with the near interface, that depending on its nature imposes one or 

another boundary condition [119]. Blake, by generalizing the Lorentz's ideas, suggested 

that the flow generated by a moving particle near a surface could be calculated by 

placing a set of hydrodynamic images, so that the corresponding boundary condition 

could be satisfied along the interface [26, 120]. The effect of a flat surface on the flow 

generated by a translating or rotating sphere, located at a distance h  from the surface, 

can be accounted through an appropriate set of hydrodynamic singularities located at the 

same distance h  but on the opposite side of the interface. The choice of the set of 

singularities does not only depend on the geometric configuration, but on the specific 

boundary conditions that constrain the fluid flow field at the bounding interface. The 

hydrodynamic image of a stokeslet in the presence of a stationary no-slip wall is not 

simply another stokeslet, but a combination of an oppositely directed stokeslet (S), a 

stokes dipole (D) and a source dipole (SD) (a sink and a source brought together) [26, 

120]. According to the previous model, the mobility of a driven sphere decreases near a 

wall, being larger along the interface, than perpendicular to it [30]. On the other hand, 
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the image of a rotlet driven by a torque T  near a stationary liquid-gas interface, where 

slip boundary conditions hold, reduces to a particle rotating in the opposite sense than 

the real particle, actuated by a torque *ˆ ˆ / gT T   , where 
g  is the gas shear viscosity 

[26]. For a liquid-solid interface, where stick boundary conditions are satisfied, the 

image system consists of a linear combination of a rotlet, a stresslet and a source 

doublet [27]. In the latter case, the torque acting on the image has the same magnitude 

that the torque actuating on the deposited particle 
*ˆ ˆT T   [28]. For an isolated and 

torque-driven particle placed at a distance h above the surface, the component of the 

flow velocity parallel to the surface is 
2

40 (32 )
Ta

h
v


  for liquid-solid interface, and 

20 (32 )g

T
h

v


  for a liquid-gas interface. In both cases, propulsion is induced by the flow 

generated by the image singularity, which has a component parallel to the interface at 

the particle’s center. According to the last equations, when comparing propulsion 

between identical rotors in the proximities of solid or liquid surfaces, one can expect 

both the increase in the magnitude of the speed of a rotor in the presence of a liquid-gas 

interface and the change in direction with respect to the solid-liquid interface [28]. In 

contrast to rotating spheres, a rotating cylinder laying on the surface does not display 

translational motion since the viscous stress is balanced by the dynamic pressure field 

[121].  

In most of the cases, the microrotors are particles having a permanent magnetic moment 

made up of ferro- or antiferromagnetic materials, or paramagnetic colloidal particles 

[14, 28, 122]. In the latter systems, the field induced magnetic moment is supposed to 

be parallel to the field itself, and consequently spherical particles actuated by a rotating 

field should not present any induced torque. However, the rotation may be induced by 

other mechanisms as internal relaxation effect of the particle magnetization [123]. 

Janssen et al. measured the field induced rotational motion of paramagnetic colloids and 
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explained this magnetic relaxation in terms of the presence of small permanent magnetic 

moments in the particles, non-detectable by means of vibrating sample magnetometry, 

and the complex nature of the magnetic susceptibility of the particles [124]. In the case 

of ferromagnetic colloids, the rotation behavior can be discriminated in two different 

regimes, delimited by a critical field frequency. At relatively low frequency, the 

particles rotate synchronously with the applied field. Above the critical frequency, the 

system enters a second asynchronous regime, where the viscous force, proportional to 

the angular velocity, equals to the exerted magnetic torque, and particles cease to rotate 

at the frequency fixed by the field [4, 124]. 

The rotation-translation coupling strategy has been explored by different groups for 

moving force-free micro-rollers [54]. Janus particles [125] and anisotropic hematite 

particles [126], were transported under the action of a rotating magnetic field via 

hydrodynamic surface effects. The field induced tumbling motion of Ni ferromagnetic 

nanowires also leaded to propulsion when located near a substrate [127]. More complex 

structures were precisely transported by taking advantage of the hydrodynamic coupling 

with the close surface. DNA-linked doublets made up of paramagnetic microparticles 

were propelled in a viscous fluid when subjected to a precessing field in the proximity 

of a solid boundary [4, 128, 129], Fig. 6(a).  

Also unbounded chains were driven in a viscous fluids by a rotating magnetic field: 

dynamically self-assembled colloidal linear aggregates “walked” along planar surfaces 

in a viscous fluid [130], Fig. 6(b), and microscopic “worms”, dynamically assembled by 

elliptically polarized rotating magnetic fields, were propelled on a plane due to the 

cooperative flow generated by the constituent rotating particles [28], Fig. 6(c). In the 

latter case, the one-dimensional chain was modeled as a chain of rotors near a surface, 

and it was found that the linear velocity of the worm increases with the number of 
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particles, till reaching a saturation value at a given worm length. The worms were 

observed to propel in opposite directions when placed at a gas/liquid or a solid/liquid 

interface, since the local flow induced by the stick boundary condition characteristic of 

the solid wall differed from the one generated by the slip boundary condition imposed 

by the liquid-air interface. Analogously, the presence of a surface was used in 

Ref. [131] to reverse the rotation of E. coli. Similar strategies were adopted for 

propelling linear ribbons composed of paramagnetic spheres [122], or ferromagnetic 

microellipsoids that arranged with their long axis parallel to each other [132, 133], all of 

them torqued by magnetic fields. In the latter case, the flow was generated by linear 

arrangements oriented parallel to the axis of rotation and perpendicular to the direction 

of translation. In the latter case, the flow generated by the rotating particles, and 

rectified by the nearby interface, did not present a component in the direction of the 

motion along the ribbon. Hence, in contrast to the self-assembled microscopic worms of 

Ref. [28], the constituent ellipsoids were not advected by the flow generated by the rest 

of rotors, and the velocity of the ribbons did not present any dependence with length. In 

all those driven systems, the propulsion speed was regulated by varying the driving 

frequency, or the torque via the field strength. By applying a dynamic 3D magnetic 

field, and using the same hydrodynamic mechanism previously described for propelling 

the worms, paramagnetic microrotors assembled into highly ordered two-dimensional 

carpets were manipulated and propelled [14], Fig 6(d). Although the speed acquired by 

an individual rotor moving close to the interface was relatively slow, for an ensemble of 

rotors forming the carpet the effect became cooperative, resulting in a faster 

translational motion. 

Surface rotors are suitable to work in confined geometries such as microfluidic channels 

or biological networks characterized by narrow pores, and the hydrodynamic conversion 

of collective rotations to net translational motion was described in an ensemble of 
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rotatory motors confined to straight and ring channels [134], Fig. 6(e). These operations 

are possible unless the rotors are placed in the channel centre, where they display the 

same distance between the top and the bottom surface. In the latter case the 

hydrodynamics forces are balanced. 

 

 

Fig. 6. Different designs for propelling torque-driven confined objects: (a) Permanently linked 

paramagnetic colloids, propelled in water by a precessing field in the proximity of a wall. (b) 

Sequence of images showing dynamically self-assembled linear aggregates of paramagnetic 

colloids subjected to a rotating magnetic field and “walking” along a solid boundary in water. 

(c) Magnetically assembled aggregates formed by rotating entities translating on a glass surface 

due to a cooperative hydrodynamic flow. (d) Sequence of images showing carpets made up of 

paramagnetic microrotors and transported under the action of a dynamic magnetic field. (e) 

Coupled rotation-translation in confined collections of rotatory particles. [(a) Reprinted with 

permission from Ref. [128] (Copyright 2008 APS), (b) from Ref. [130]  (Copyright 2009 

National Academy of Sciences), (c) from Ref. [28] (Copyright 2015 APS) (d) from Ref. [14] 

(Copyright 2015 APS) and (e) from Ref. [134] (Copyright 2011 IOP)].  

4.3 Flexible swimmers 

The controlled actuation of flexible filaments in viscous medium has been used in 

different designs for artificial microswimmers. These prototypes take advantage of the 

motion of slender filaments with drag anisotropy, which generates forces perpendicular 
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to the local direction of motion. The origin of this hydrodynamic anisotropy has been 

explained in terms of the resistance matrix of a slender rigid rod, of radius a  and 

subjected to an external force extF , by using a far field approximation similar to the one 

described in Section 4.2, where the motion depicted by chains of rotors was modelled 

by a set of equidistant rotlets. Assuming a uniformly distributed force, and disregarding 

internal cohesive forces, one assumes that the stokeslet contributions dominate over that 

of the other singularities. Thus, the rod is modeled as N  parallel and equally spaced 

stokeslets [27, 30]. Applying the superposition principle, the velocity of each segment is 

calculated from the sum of the flow induced by the external force above all segments 

composing the rod, Equation (4). In the continuum limit the sum is replaced by an 

integral. Neglecting end effects and considering that in a rigid rod all the segments have 

the same velocity, the resistance matrix presents the well-known dependence on the rod 

length L  [30, 135]. In this model, the flow field generated by an external force is half in 

the perpendicular than in the parallel direction. Due to the drag anisotropy, a rod or an 

ellipsoid subjected to a constant force not applied along any principal axes will move in 

a direction different to that imposed by the force. This fact explains the tilted fall of a 

cylinder under gravity in a quiescent fluid [23, 136]. According to the previous 

argument, the anisotropy in the mobility matrix is reminiscent of the anisotropy in the 

mobility matrix resulting from the stokeslet solution given by Equation (4). 

The drag force on an oscillating filament, regarded as a set of slender segments moving 

with velocity ( , )u r t , also presents a component perpendicular to the direction of the 

velocity in each infinitesimal section, see Fig. 7(a). The drag per unit length on the 

filament includes a propelling component in the direction of phase propagation,  

ˆ( ) sin cospropf u e     ,  (7) 
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where   and 
 are the resistive coefficients parallel and perpendicular to the local 

tangent, and   is the angle between the direction of motion and the local tangent [30, 

84, 137]. Since the hydrodynamic forces are symmetric around the axis of oscillation, 

the object is propelled in the direction determined by the main axis of symmetry. In a 

time-periodic motion, the propelling force acting on the whole filament is only non-zero 

if ( , )r t  varies in time, i.e. when the filament is flexible [137]. In order to break the 

time reversal symmetry, a filament causes different undulating deformations [138], and 

the propulsion can be significantly enhanced by varying the flexibility along the 

filament [139]. The variation in ( , )r t  implies that the filament is flexible, but not 

necessarily elastic. In fact, most theoretical treatments of the dynamics of filaments use 

resistive-force theory [140], or more accurate slender-body theories [141, 142],  without 

incorporating the elastic response of the filament [143, 144]. The elastic nature has been 

included by using Kirchhoff rod theory for the filament [143, 145], or approximating 

the filament as a network of springs [146]. More recently, the propulsion of an elastic 

filament has been modeled using the discrete elastic rods (DER) method [147], but 

calculating the hydrodynamic forces with the Lighthill’s slender body theory [142, 

144]. Flexible anchored cilia were also modeled by small spheres moving close to a 

planar surface on an elliptic and tilted trajectory, which reproduced the path followed by 

the center of mass of the cilia that deform their shape by breaking the symmetry of their 

stroke and thus satisfying the condition imposed by the scallop theorem. The far flow 

field generated by each sphere was described by Vilfan et al. through a stokeslet and an 

image mirrored over the boundary plane, consisting of a combination of an oppositely 

directed stokeslet, a stokes dipole and a source dipole [148]. 

Different force-free microswimmers have been designed by taking advantage of 

synthetic flexible filaments that can be deformed in a continuous manner. The first 
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flexible micro-swimmer, constructed by attaching a DNA linked chain of paramagnetic 

colloidal particles to a red blood cell, was propelled by applying a sinusoidal 

superimposed onto a constant magnetic field [149, 150]. This torque-driven swimmer 

resembles spermatozoa and eukaryotic cells. However, in this kind of swimmers the 

direction of propulsion is determined by the filament properties. While the induced 

waves propagated from tail to head in the artificial design, propelling the object in the 

direction towards the free end, most of the microorganisms display the opposed 

behavior. Propulsion of flexible helical rods rotating in a viscous fluid has also been 

widely studied [144]. Torque-driven propulsion of flexible nanowires, with a gold head 

and nickel tail and linked by a flexible silver bridge, was realized by applying a rotating 

magnetic field. In this prototype, the direction of motion was determined by the relative 

size of the gold and nickel segments [151], see Fig. 7(b). A different kind of flexible 

nanomotors, made up of a Nickel micro-head and a flexible Ag tail, was propelled by a 

precessing magnetic field, with a component rotating in a plane perpendicular to the 

constant component [152]. In this study, the propulsion mechanism was based on the 

chiral deformation along the flexible filament, as demonstrated by symmetry arguments. 

In contrast to the rigid chiral objects, these flexible propellers exhibited swimming in 

only one sense, independently of the rotational direction imposed by the external 

magnetic field.  

Propulsion in force-free microswimmers was also demonstrated in non-Newtonian 

fluids, where the scallop theorem no longer holds [153, 154]. These designs achieved 

propulsion via reciprocal motion, exploiting the elasticity and the strain rate-dependent 

viscosity of non-Newtonian fluids, see Fig. 7(c). In those systems, propulsion was 

favored or hindered by the increase on elasticity, depending on the swimmer structure, 

the motion strategy and other nonlinear effects [153]. Reciprocal movement can also be 
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used for translating if this motion is performed in the proximity of a deformable 

interface [35, 155], see Fig. 7(d). 

 

 

Fig. 7. Different strategies used for propelling at low Reynolds number, taking advantage of the 

elastic properties of the swimmer or the medium. (a) A flexible filament undulating vertically 

and sinusoidally. Here, each infinitesimal section is regarded as a slender segment oriented 

along   and displays a component of the drag force f  perpendicular to the direction of the 

imposed velocity u . (b) Torque-driven propulsion of a flexible nanowire made up of a gold 

head and nickel tail, linked by a flexible silver bridge. (c) An artificial microswimmer 

propelling in a non-Newtonian fluid via a reciprocal actuation. (d) The reciprocal motion is also 

effective for propelling when it is performed near a flexible interfase. [(b) Reprinted with 

permission from Ref. [151] (Copyright 2010 ACS), (c) from Ref. [154] under a Creative 

Commons CC-BY license, and (d) from Ref. [35] (Copyright 2008 APS)]. 

 

5. Hydrodynamic transport of microscopic cargo  

There is an increasing interest for technological applications capable of transporting on 

command cargos, colloidal particles or biological entities, like cells, in viscous and 

biological fluids. Thus, in last decades, different successful approaches have been 

realized. One of them relayed on the use of self-propelled catalytic microdockers to 

transport silica, polystyrene, and TPM (3-methacryloxypropyl trimethoxysilane) 
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particles [156], biological cells [157], or a large number of polymeric objects [158, 

159]. Other strategies used symbiotic combinations of different methods: Janus particles 

were self-propelled by the decomposition of hydrogen peroxide on the metal caps, 

transporting magnetic particles loaded via field induced magnetic interactions [160], 

and rotating particles pushed and pulled microcargos thanks to the simultaneous use of 

hydrodynamic and phoretic interactions [126]. Other authors used gold nanowires to 

transport tumor-necrosis factor-alpha, by means of electrophoretic and dielectrophoretic 

forces [161]. Optical traps requiring laser beams, transparent samples, and typically 

generated in the proximity of a microscope objective, made it possible to trap and 

reconfigure many cargos in the microscale with dynamic patterns [1, 162]. Light was 

also used as a driving mechanism  in different systems based on phototaxis, where the 

cargos were transported and released by means of colloidal particles [163], or motile 

microalgae [164]. An alternative non-contact strategy was the use of acoustical tweezers 

that generated trapping forces based on the difference in compressibility between the 

cargo and the medium [165]. Nickel-embedded nanotubes, used for molecular delivery 

into mammalian cells [166], or magnetic particles, employed to characterize the 

mechanical behavior of DNA [167], were positioned in three dimensions by the action 

of magnetic field gradients, a technique dubbed magnetic tweezers. In more atypical 

approaches, paramagnetic colloidal particles were steered on uniaxial magnetic garnet 

films in order to realize transport [168] and/or micro-sieving operations [169], and 

motor protein-based microdevices consisting in kinesin-coated microbeads were 

transported across arrays of microtubules [170]. 

The trapping, transport and positioning of microspheres in microfluidic systems via 

externally induced hydrodynamic flows was also demonstrated in different works. 

These strategies do not require direct contact with the sample, and thus limit its damage 

in contrast to other techniques that involve high intensity lasers, chemical bonding or 
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strong electric fields, experimental conditions that are usually non-desirable in the study 

of many biological samples [6]. Vortex-induced trapping provides promising 

approaches for high-throughput size-selective separation of cells and particles. In the 

intermediate Reynolds number regime, inertial forces are effective, and suspended 

particles can enter the induced vortex, where they become trapped within the 

recirculation zone [6, 171-175]. In other approaches, advective flows created through 

optical scattering in non-absorbing liquids were used to impart forces to the surrounding 

colloidal medium [176].  

The generation of controllable and mobile hydrodynamic vortices able to trap small 

microobjects is a difficult task at the microscale, but it was recently demonstrated with 

helical micromachines consisting of a helical body and a microholder head [103], Fig. 

8(a), as well as artificial flagella attached to a solid surface and actuated in a 

nonreciprocal manner by an external field [177, 178]. An alternative strategy to advect 

cargos through the generated flow is to induce the rotation of actuated micromachines in 

the presence of an external interface. Nickel nanowires and self-assembled magnetic 

bead doublets, rotating near a solid surface and inducing mobile microvortices, showed 

potential for targeted drug delivery, cargo transport and cell manipulation [127, 179]. In 

previous Section 4.2, we showed how, in the proximity of a flat boundary, a worm made 

up of an array of rotating particles generated a cooperative flow field in a direction 

perpendicular to the rotation axis [28]. This flow field was used for transporting 

nonmagnetic particles, which were continuously trapped in a hydrodynamic conveyor 

belt, see Fig. 8(b). Once close to the moving chain, the passive particles were captured 

by the hydrodynamic flow and rapidly dragged along the worm till they were expelled 

at the front. The relatively small cross section of the linear worms, however, hindered 

the load and transport of cargos larger than 3 microns. To solve this contingency, the 

torque driven rotors composing the worm were rearranged in a more extended 2D 
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configuration by applying a dynamic 3D magnetic field. These self-assembled 2D 

carpets, composed by paramagnetic microspheres, transported microscopic cells over its 

upper surface by using the hydrodynamic flow generated by the rotating particles [14, 

180]. The loading of the cargo was done by direct entrapment or by lifting the cargo 

when the carpet moved or rotated close to it. Cooperative flows were also generated and 

used to transport large vesicles by the walkers described in reference [130]. In colloidal 

suspensions composed by antiferromagnetic rollers, hydrodynamically induced 

fingering instabilities were used to advect passive particles [13], see Fig. 8(c), and self-

assembled ribbon-like structures translating perpendicular to the ribbon main axis, 

pulled or pushed non-magnetic cargos on a solid surface [132]. In the latter design, 

colloids were repelled or attracted by the ribbon depending if those were in front of or 

behind the propelling chain respectively. This behavior is not surprising, since in the 

low Re regime the reversal of external non-hydrodynamic torques induces a reversal of 

the motion of fluid and particles. Employing similar hydrodynamic approaches, 

individual micro-objects were effectively entrapped and transported at low velocities by 

the hydrodynamic flows generated by annular structures [181], see Fig. 8(d), and 

magnetic microlassos [182], see Fig. 8(e). Non-rotational motions were also used for 

inducing the motion and the transport of objects in the proximity of a boundary. 

Ferromagnetic composite microdockers resting on a solid surface presented a 

controllable stick-slip motion under the influence of time-varying magnetic fields, and 

served as transporters of single cells [183]. Finally, it is worthy to mention that 

mechanisms of transport based on advection are ubiquitous in biological systems. At the 

cellular scale, molecular motors induce passive advection by intracellular flows of bulk 

cytoplasm, a phenomenon known as cytoplasmic streaming [184]. In some cases, 

cytoplasmic flows are due to forces that come from the motion of the transported cargo 
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itself [185]. At the extra-cellular scale, the collective whip-like motion of cilia propels 

the fluid along the surface of cells, channels and tissues [186, 187]. 

 

Fig. 8. Different strategies designed for transporting objects in a viscous fluid at the microscale 

by using HIs. (a) Helical micromachines demonstrated cargo transport of microparticles in 3D. 

(b) Silica particles were advected on a colloidal worm composed by a set of equally separated 

magnetic rotors. (c) Passive particles were transported by hydrodynamically induced fingering 

instabilities. (d) Yeast cells were transported and delivered by fragile magnetic rings, composed 

of rotating magnetic ellipsoids. (e) Passive particles collected and transported by 

hydrodynamically propelled colloidal microlassos. [(a) Reprinted with permission from Ref. 

[103] (Copyright 2012 Wiley), (b) from Ref. [28] (Copyright 2015 APS), (c) from Ref. [13] 

(Copyright 2016 Nature Publishing Group), (d) from Ref. [181] (Copyright 2016 APS) and (e) 

from Ref. [182] (Copyright 2017 ACS)]. 

 

6. Hydrodynamic Bound and Synchronous States 

The dynamics of an ensemble of driven particles are governed by the interplay between 

the direct interactions, the thermal noise, and the HIs coupled with the dispersing 

medium. In some cases, the HIs are the main responsible for the appearance of self-

organized states where few or more particles have the tendency to remain aggregated 

for a certain period of time. In Section 3 we already mentioned that HIs lead to long-
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range hydrodynamic correlations of the particles’ Brownian motion [41, 42]. Apart from 

the correlations between longitudinal position, HIs mediate the transverse fluctuations 

as well as the orientation of one particle and the displacement of its neighbor 

perpendicular to the interparticle direction [15, 33, 42, 188, 189]. On the other hand, 

three particles initially disposed in a horizontal equilateral triangle sediment in such a 

way that their trajectory is a simple periodic function of time [190], and two spheres 

driven along a circular path by an optical ring trap coupled due to the HIs [52], as we 

mentioned in Section 3. In the latter experiment, the increase in the number of particles 

driven around such an optical trap stimulated the appearance of hydrodynamically 

sustained vibrational modes, creating an underlying configuration of equidistant dimers 

[191]. The complex HIs between rotating particles lead to different dynamical regimes, 

depending on the system parameters. As demonstrated in Ref. [192], a couple of 

rotating disks, separated at a fixed distance and confined to two dimensions, presented 

HIs that lead to the rotation of the motors around each other, when spinning in the same 

sense, and to translation at constant velocity, when spinning in the opposite sense. Two 

counter-rotating spinners generated attractive flows, whereas particles rotating in the 

same direction displayed a hydrodynamic repulsion. This repulsive interaction became 

attractive when the rotating particles are embedded in a dense monolayer of non-

actuated colloidal particles [29]. The balance between magnetic attractive interactions 

and hydrodynamic repulsive interactions emerging between rotating disks, floating at a 

liquid/air interface, leaded to the assembly of Wigner crystal states [193, 194]. HIs also 

lead to the emergence of coordinated, cooperative motion and self-organization in 

assemblies of non-actuated particles [195, 196] or motile organisms [197, 198]. They 

played a determining role in the swarming behavior of different micro-organisms, 

generating different patterns composed by swimming bacteria [198], and confined 

arrays of spermatozoa, with significantly increased motility [199].  
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Self-propelled organisms are often described through a simplified hydrodynamic model, 

the squirmer, introduced first by Lighthill [200] and later by Blake [201]. A spherical 

squirmer of radius a  is defined as a propeller that performs axisymmetric distortions on 

its surface. If the surface of the spherical squirmer deforms steadily and only along the 

tangential direction, then in a co-moving frame the radial and tangential components of 

the fluid velocity are respectively given by:  
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where r  is the distance to the squirmer’s center,   is the azimuthal angle measured 

from the direction of motion, (cos )nP   are Legendre polynomials of order n, 
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 , and ( )nB t  are coefficients with dimensions of velocity 

[202]. In the far field, when r a , the series above are often truncated at 2n  . 

Defining the parameter 2 1B B  , squirmers can be classified as pullers ( 0  ), 

pushers ( 0  ) and neutral swimmers ( 0  ). As shown in Fig. 9(a), pushers have 

their active propelling part on their rear side, pushing fluid from the body along the 

direction of locomotion and drawing fluid in to the sides, whereas pullers present the 

same streamline pattern as that for pushers, but with the reversed flow direction [32]. 

Squirmers are widely used as simplified model systems to study the role played by the 

HIs on the collective motion of biological systems. Two side-by-side pushers attract 

each other, while two side-by-side pullers repel each other [30, 203]. Pullers 

approaching on a converging path induced attracting flow fields on each other that 

reoriented them in the main component of locomotion, whereas under the same 

conditions pushers arranged in a side-by-side configuration [30, 32]. In the case of 
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pushers, however, the HIs at short range lead to the instability of the side-by-side 

configuration and to unsteady three-dimensional trajectories [30, 204]. Hence, a linear 

chain of pullers is stable while a chain of pushers gradually disaggregates as the 

propulsion velocity increases [205]. In bulk and non-diluted conditions, squirmers with 

0 1   do not exhibit phase separation but a polar order [206]. Shashi et al. found 

that squirmers formed ordered rafts, with a hydrodynamic induced correlation extending 

over more than four particle diameters [207]. When confined in a monolayer, the 

squirmers were observed to form various types of coherent structures, gas-like, cluster 

phases and hexagonal cluster states generated by HIs [68, 208]. In those systems, the 

collective behavior was crucially dictated by the balance between the near field 

hydrodynamics, the self-propelling mechanism, and the confinement [209]. 

Confinement has a strong influence on the dynamics of self-propelling systems 

interacting via HIs [210]. Close to a planar surface, pairs of dancing volvox orbited each 

other due to the interplay between short-range lubrication forces and solvent mediated 

forces [211], Fig. 9(b). At relatively high densities spermatozoa self-organized into 

dynamic vortices mediated by the HIs [10]. In the previous Section 4.2, we described 

the propulsion mechanism used by hematite micro-rotors for propelling above a flat 

surface [126]. These microrotors exhibited long-living hydrodynamic bound states, 

where the particles aligned along their long axis during propulsion or along a finite 

angle, and adjusted their speed by slowing down or speeding up due to the generated 

flow field [212]. The emergence of these coupled trajectories was explained considering 

the HIs with the boundary surface and the effect of gravity, and in dense suspensions, 

these hydrodynamic bound states can be extended to one dimensional arrays of 

particles. With other type of magnetically torqued particles, here polystyrene 

microspheres with a protruding ferromagnetic cube, HIs where found able to trigger the 

formation of fingers that desestablized into autonomous critters [13, 212, 213], see Fig. 
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8(c). In relatively diluted populations of colloidal rolling particles, HIs also leaded the 

appearance of coherent motion in the form of macroscopic ‘flocks’ or in that of a 

homogenous polar phase [69], see Fig. 3(a). In all the previous examples, propellers 

characterized by a small in-plane rotational diffusion, and persistent trajectories 

presented self-organization close to a surface. Spormann [214] and Carlile et al. [215] 

already reported that unidirectional magnetotactic bacteria swimming in cylindrical 

glass tubes and steered by an external magnetic field, formed stable bands that 

translated with their long axes perpendicular to their common direction of motion, as 

well as small lateral strings, consisting of as few as two or three cells. Band formation 

was also described in chemotactic bacteria [216], and these elongated structures were 

explained as resulting from HIs [203]. 

The hydrodynamic flow generated by a micro-object due to a chemical reaction induced 

by an external field, as a light source [217], not only can be used for producing self-

propulsion, but also to induce long-range attractions that trigger particle assembly at the 

microscale. Even in systems composed by apolar particles [218], which can be 

externally activated but not show net propulsion [219], or in mixtures of active and 

passive colloids [126, 220], the presence of neighbouring particles leads to asymmetric 

electro-osmotic flows and consequently to long-range attractive interactions [218]. This 

results in the formation of active clusters, with controllable sizes and shapes as 

demonstrated in Ref. [220]. Such properties determine their translational and -rotational 

motions [221]. Systems comprised solely of motile active particles also display the 

formation of clustering [72], phase separation [68] or crystallization [222], depending 

on the particle constriction. In the dilute case, the formed clusters were found to easily 

break due to the delicate balance between self-propulsion and steric interactions 

between the interacting units [223]. For example, light activated colloid/hematite 

composites were found to propel and assemble under blue light due to the generated 
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osmotic flow. These “living crystals” were observed to dynamically break and reform, 

while displaying giant number fluctuations at high particle densities [224]. The 

combination of light activation with external magnetic field, was used as an efficient 

way for steering and propelling these nonequilibrium flow-induced assemblies [72, 

126]. 

Hydrodynamic synchronization of interacting dynamical systems occurs when two 

autonomous system are able to move in unison, with a common frequency and a 

common phase, due to HIs [225, 226]. The time reversibility of the Stokes equations in 

principle do not allows synchronization, that is an irreversible process [12, 227]. 

However, time symmetry can be broken by using phase dependent torques [12] or by 

introducing some degree of mechanical flexibility in the actuated system [148, 228]. 

Important insights into physical mechanisms of hydrodynamic synchronization have 

been gained by the study of the synchronized behavior of flagella and cilia [11, 229]. 

Almost 100 years ago Gray observed that two nearby sperm cells synchronize the 

undulations of their flagella [230]. For more than 40 years there is experimental and 

theoretical evidence that the oscillating tails of nearby spermatozoa may synchronize 

due to their hydrodynamic coupling [34, 107]. However, only recently a clear 

experimental proof was obtained, by studying flagellated organisms held with micro-

pipettes [231], see Fig 9(c). In those experiments, cilia deform in a non-reciprocal 

manner through the modulation of the driving force [30]. On the other hand, other 

mechanisms internal to the cell or based on the exchange of chemical signals could 

provide additional coupling, that is at the base of the flagellar coordination [229, 232, 

233]. Due to hydrodynamic synchronization, carpets of cilia generate metachronal 

waves able to transport fluid, with a constant phase difference between two adjacent 

cilia [11, 186, 234-236]. Wollin et al., using a model system composed by a set of 

rowers placed on a periodic array and driven by an external non-linear force, showed 
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that HIs favor the emergence of metachronal waves only in the presence of a close 

surface [237]. Synchronization was also showed in arrays of artificial micro-actuators, 

and some of these actuated systems synchronized their oscillations through a weak 

coupling mediated by HIs [225]. For example, hydrodynamically coupled 

synchronization was noticed in “light-mill’ micro-rotors finely driven by radiation 

pressure [227], see Fig. 9(d), and in colloids driven along circular or oscillatory 

trajectories, by using feedback-controlled optical tweezers [238, 239]. Here, 

synchronization was tuned through the modulation of the driving force and the 

deformability of the trajectory. In driven oscillating colloidal spheres, thermal noise 

established an upper limit on the distance between oscillators to maintain 

synchronization [239]. In another experiment shown in Fig. 9(e), different number of 

particles driven in rotating energy landscapes, created using holographic optical 

tweezers, rotated in phase led by the perturbations in the surrounding fluid [240]. The 

optical tweezers generated a sinusoidal energy landscape that was tilted due to the 

viscous drag exerted by the background flow on the driven particles. The degree of this 

inclination was determined by the relative phase of the neighboring particles. In this 

system, the local minima of the potential energy were deeper when the neighboring 

particles were synchronized. Since the synchronization of rotational or oscillatory 

motion may play an important role in swarming, the term “swarmalator” was proposed 

by O’Keeffe et al. to refer to those systems [241]. Swarming induced by the 

hydrodynamic synchronization was investigated in Ref. [242]. 
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Fig. 9. (a) Flow streamlines of a pusher (first column), a neutral swimmer (central column) and 

a puller (last column), drawn in the swimming frame (top) and lab frame (bottom). The yellow 

arrows indicate the sense of motion. (b-e) Different bound and synchronous states favored by 

the HIs: (b) pairs of spinning dancing volvox in algae colonies orbit each other due to the 

interplay of short-range lubrication forces and solvent mediated forces. (c) Tails of nearby 

spermatozoa synchronize due to hydrodynamic coupling. (d) “Light-mill’ micro-rotors driven 

by the radiation pressure of an incident laser beam, show temporal synchronize favored by HIs. 

(e) Different number of particles each placed in a rotating optical trap were synchronized via 

HIs. [(a) Reprinted with permission from Ref. [70] (Copyright 2011 AIP Publishing LLC), (b) 

Reprinted with permission from Ref. [211] (Copyright 2009 APS), (c) from Ref. [231] under the 
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Creative Commons 4.0 license, (d) from Ref. [227] (Copyright 2012 APS), and (e) from Ref. 

[240] (Copyright 2013 APS)]. 

 

7. Conclusions 

In this article, we give an overview of recent works based on investigating the 

realization and dynamics of microscale propellers in presence of HIs. The development 

of new techniques to transport matter at low Re could also serve to control the fluids at 

the such scale, and understand how the flows generated by a set of micro-actuators, 

potentially rectified by the presence of external boundaries, interfere and operate. The 

different strategies reviewed here take advantage of using the fluid flow for swimming, 

transporting and inducing bound and synchronous states, without the need to establish 

irreversible chemical bonds, or to induce changes in the composition of the medium, 

factors that can be unfavorable when dealing with biological suspensions. Future 

challenges lie in using of more complex colloidal architectures, such as heterogeneous 

systems made up of particles with different geometrical, chemical, optical or magnetic 

features, capable of optimizing the load, transport and release of microcargos and drugs 

in biological environments. Further, such complex swimmers may have direct 

applications in vivo, or carrying out more complex tasks like chemical remediation, 

sorting, enhanced mixing, compressing, distorting or sieving. The design and 

implementation of hydrodynamic cooperative methods, with systems composed by 

many bound or synchronized actuators, may also help improving the capacity and 

efficiency of the previous applications. The strategies based on the individual 

manipulation of cargo, although impressive, are limited to specific actuations and to the 

requirement of continuous monitoring. Another future research direction may extend 

these techniques to different interfaces [243], where the hydrodynamic flows generated 

by the actuate particles may be used to trap or release particles from the interface, to 
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measure interfacial microrheological properties [244], or to influence on the stability of 

foams and emulsions [245, 246]. 
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