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Abstract

In this paper, how to obtain stochastic differential equations by using I1t6 Stochastic
integrals is treated. We will refer to stochastic differential equations as SDE. Then,
the theory inderlying the It6 calculus is carefully studied and a thorough analysis of
the relationship of the class of processes M? and the space of integrable functions
L? is considered. Moreover, under which assumptions a solution of a SDE exists
and is unique is provided. Some particular cases of Ito stochastic integrals and
SDE are guaranteed throughout a sequence of examples that are linked up with the
abstract theory. Finally, the basic ideas and techniques underpinning the simulation
of stochastic differential equations are shown. In particular, the Euler-Maruyama
method is presented and suitable simulation scenarios are derived from the SDE
models developed.

Resum

En aquest treball s’estudia la manera d’obtenir equacions diferencials estocastiques
usant integrals estocastiques d’Ito. Es tracta doncs la teoria que compren el calcul
estocastic d’Ito i es fa un profund i rigurés analisi de la relacié entre la classe de
processos estocastics M? i I'espai de funcions integrables L. A més, es proveeixen
condicions per 'existéncia i unicitat de solucions d’una equacié diferencial estocastica.
Es garanteixen també alguns casos particulars d’integrals estocastiques d’Ito i d’equa-
cions diferencials estocastiques, els quals sén donats a través de seqiiencies d’exemples
vinculats amb la teoria més abstracta. Finalment, es donen les idees i tecniques
basiques subjacents a la simulacié d’equacions diferencials estocastiques. En par-
ticular, es presenta el metode d’Euler-Maruyama i es deriven els escenaris necesaris
per a realitzar simulacions per cada un dels models d’equacions diferencials es-
tocastiques desenvolupats.
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Chapter 1

Introduction

The history of stochastic differential equations and most of the formal development
of this theory began in 1942 when Kiyosi Ito published the paper On stochastic pro-
cesses (Infinitely divisible laws of probability) in the Japanese Journal of Mathemat-
ics. The tools provided for this work are considered fundamentals today, and it im-
plies that the name of the japanese mathematician K. It6 must be a reference when
one is referred to the theory and applications of stochastic differential equations.
The importance of K. It6 on the development of stochastic differential equations may
be sumarized with the following citation, given in [5], and complemented with a pic-
ture in his honour:

In 1942, Dr. Ité began to reconstruct from
scratch the concept of stochastic integrals, and
its associated theory of analysis. He cre-
ated the theory of stochastic differential equa-
tions, which describe motion due to random
events.

Figure 1.1: Kiyosi It

Even so, the mathematical notion of stochastic differential equations is meaningless
without the notion of stochastic integration. Therefore, digging a little bit deeper
into the notion of stochastic integration one must dates back as far as the 19th
century. Namely, as far as 1827, when the botanic Robert Brown noticed, under
his microscope, the highly irregular random movement of particles within pollen
in a water drop. However, such randomness was not formalized until 1905, when
Albert Einstein provided a satisfactory explanation of the Brownian motion via
kinetic theory. The rigorous mathematical construction of a stochastic process as
a model for such motion is due to the mathematician Norbert Weiner; in recog-
nition of his construction, Brownian motion is sometimes referred to as Wiener



process. Nevertheless it was not until 1931 when Kolmogorov, with the theory of
Markov processes, motivate the beginning of what is known nowadays as the theory
of stochastic integration [7, p. 1-2].

The theory developed in this paper concerns stochastic processes, understood in
the sense of random evolutions governed by time (continuous or discrete time). A
brief outline of the main objectives of this paper could be:

e Firstly, to define the Ito stochastic integral for the yet to be defined class of
random step processes M thep and for a larger class of processes, denoted by
M?2.

e Secondly, to derive the notion of stochastic differential equations from the
notion of stochastic integral equations and give a result on the existence and
uniqueness of a solution for a SDE in the class of the yet to be defined Ito
processes.

e Finally, to exemplify the applicability of stochastic differential equations to
engineering, in particular, to textile industry.

To start writing the very first part of this paper, I followed the advice of my thesis
advisor Dr. Carles Rovira along with the book I started to work with, called Basic
Stochastic Processes. The outcome of all the above together is a review on Brownian
motion, which covers the second chapter of this work. In this part, the stochastic
nature of Brownian motion is studied because it is needed to develop the following
chapters. Also, two key properties relating to stochastic integration properties are
included which are (1) the paths of Brownian motion have non zero finite quadratic
variation, such that on an interval (s,t) the quadratic variation is (¢t — s) and (2)
the variation of the paths of a Brownian motion is infinite almost surely.

In the third chapter I get deeper into the study of the Ito calculus, giving firstly an
example illustrating that a different integral aside of the Riemann integral needs to
be constructed and secondly, a definition of the [to stochastic integral for impor-
tant and thorough classes of stochastic processes such as M7, and M?. Also, it is
shown that an It6 stochastic integrals is a martingale with respect to the filtration
Fi = o{W(s) : 0 < s < t} and straightforward results for a stochastic process
to belong to M, ftep and M? are given and proved. Moreover, as an application to
illustrate the theory, I have had to adapt some of the examples given in the book
Introduction to Stochastic Integration of H. Kuo to give some basic examples of 1to

Stochastic integrals and finally, I summarize the basic properties of the Ito integral.

In the second part of Chapter 3, a potential tool to solve stochastic differential
equations known as It6 formula is studied and the notion of stochastic differential
equation is given. Furthermore, as said previously, a result on the existence and
uniqueness of solutions for a SDE in the class of the yet to be defined It6 processes.
Finally, several examples showing that It6 formula works beautifully to find the



solution of a SDE are work out. In this part, I also attempt to shed some light
into possible future work, which could be related for instance to explosion time of
solutions of SDE or to venture myself into a profound analysis of the 1t6 formula
and its applications.

For the presentation of the fourth chapter, I worked quite hard to find out a suit-
able SDE model to cover the application part of this project. I finally found in [1]
a model for cotton fiber breakage. Then, I searched out for more information and I
got amazed of three works: [2], [3] and [16], which are a basic reference for this part.
A population model for cotton fiber having different length is then constructed from
two different procedures. The first procedure is a natural extension of the proce-
dure used for many years in modeling deterministic dynamical processes, whereas
the second procedure is potentially based on determining all the different random
changes that may occur in the system. In this part, a complete study of each pro-
cedure is done and an attempt to explain their equivalence is made. Furthermore,
an approximation model to test SDE models is introduce and simulations are work
out.



Chapter 2

Brownian motion

The aim of this chapter is to introduce the one-dimensional Brownian motion. In
the first section we focus on defining Brownian motion and consider its basic prop-
erties. In particular we look at properties of the increments of a Brownian motion.
In the second section, the sample paths properties (i.e those properties which hold
with probability one) of such processes are studied. Finally, we give a result that
enable us to motivate the definition of the stochastic integrals presented in the next
chapter.

Throughout this chapter we have fixed a probability space (£, F, P) where € is a
sample space, F is a set with structure of o-field and P is a probability measure.
The terminology comes from [4], which is a basic reference for this chapter and the
next. For finding out more information about probability theory we refer to a basic
notes on Stochastic Processes [11].

2.1 Definition and Basic Properties

Definition 2.1. A stochastic process is a family of random variables £(t)
parametrized by ¢ € T, where T C R is called the parameter set. The index t
represents time, and one shall think of £(¢) as the state of the process at time t¢.
When T = {1,2,...} we shall say that £(¢) is a stochastic process in discrete time.
When T is not countable, we shall say that £(¢) is a stochastic process in continuous
time. In the latter case the usual example is T' = [0,00) or T = [a,b] C R.

For every w € ) the mapping

t— E(t,w)

is called a path (or sample paths) of £(t).
The definition of Brownian motion is given in terms of its increments. Then, let us
recall the notion of independent increments of a stochastic process.

Definition 2.2. We say that a stochastic process {(t), where t € T, has independent
mcrements if

f(tl) - €(t0)7 tet ag(tn) - g(tn—l)

8



are independent for any ty < t; < --- < t,, such that to,t,,...,t, € T.

Definition 2.3. The Brownian motion is a continuous time stochastic process
{W(t),t > 0} that satisfies the following conditions:

(i

) W(0) =0 as.;

(ii) the paths t — W (t) are continuous a.s.;
)
)

(iii) for 0 < s <t < 00, the increment W (t) — W(s) is independent of W (s);

(iv) for 0 < s <t < oo, the increment W (t) — W (s) has the normal distribution
with mean 0 and variance ¢ — s.

We now give some definitions and results concerning the increments of Brownian
motion.

Definition 2.4. A stochastic process £(t), where ¢t € T, is said to have stationary
increments if for any s,t € T with s < ¢, the increment £(¢) — £(s) has the same
probability distribution as £(t — s) — £(0).

Proposition 2.1. Since for any 0 < s < t < oo, W(t) — W(s) has the normal
distribution with mean 0 and variance t—s the Brownian motion W (t) has stationary
imncrements.

Proposition 2.2. For any 0 =ty <t < ... <t, the increments
W(ty) — Wi(to),...,W(tn) — W(tn_1)
are independent random variables.

Remark 2.1. Let s,t € [0,00). Then, from condition (iv) in Definition (2.3) it
follows that
E(JW(t) = W(s)?) = [t — 5.

Definition 2.5. The o-field F is known as the filtration generated by {W(r) : 0 <
r < s}. In other words, F, represents our knowledge at time s and it contains all
events {W(r),0 < r < s} such that at time s it is possible to decide whether W (r)
has occurred or not.

Corollary 2.1. For any 0 < s < t the increment W (t) — W (s) is independent of
the o-field
Fs=oc{W(r):0<r<s}

Definition 2.6. A continuous time stochastic process {{(t),t > 0} is adapted to
a filtration {F;,t > 0} if for all £ > 0 the random variable £(¢) is measurable with
respect the o-field Fj.

The following result, given without proof, shows that the Brownian motion can also
be characterized by its martingale properties. Let us recall the notion of martingale.
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Definition 2.7. A stochastic process {(t) parametrized by ¢ € T is called a mar-
tingale with respect to a filtration F; if it holds

(i) &£(t) is integrable for each t € T';
(i1) &(t) is Fy-measurable for each t € T
(i) E(&(t)|Fs) = £(s) for every s,t € T such that s < t.

Theorem 2.1 (Lévy’s martingale characterization).

Let {W(t),t > 0} be a stochastic process and let Fy = o{W(s),s < t} be the
filtration generated by it. Then W (t) is a Brownian motion if and only if the
following conditions hold:

(1) W(0)=0 as. ;

(i1) the paths t — W(t) are continuous a.s;
(iii) W (t) is a martingale with respect to the filtration F;
(iv) |[W(t)|? —t is a martingale with respect to JF;.

We conclude this chapter by providing a result regarding the highly oscillatory
nature of the sample paths of the Brownian motion.

2.2 Sample paths

Let us consider ¢} = L "and define the partition A, = {0 =t <! < --- <" =T}
of the interval [0, 7] into n equal parts. We denote by

A}LW = W(t;'l-&-l) - W(t?)
the corresponding increments of the Brownian motion W(t).

Definition 2.8. The variation of a function f[0,7] — R is defined to be
n—1
g 3 17(60) = S0)
]:

where t = (tg, t1,...,t,) is a partition of [0, 7], and where

At = max  [tj — 1]

Proposition 2.3. The sum of the increments of the Brownian motion converges to
T in L?. That is,

n—1
. n 2 . 2
nh_g)log (ATW)* =T in L*
=0
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The limit above is said to be the quadratic variation of the Brownian motion. The
fact that Brownian motion has finite quadratic variation is used to proof the result
presented below. A proof of this result can be found in [10, Chapter 7, p. 36-37].

Theorem 2.2. The variation of the paths of a Brownian motion W (t) is infinite
a.s.

This result ensures that the paths of a Brownian motion have not bounded variation
with probability one. Therefore, integrals of the form

[ 766 awes

cannot be defined pathwise (that is, separately for each w € Q) as in Lebesgue-
Stieltjes' integral. For this reason, we will need to take advantage of the fact that
Brownian motions are random functions and one can make use of weaker forms of
limits. This is the approaching idea of defining such integrals described in the next
chapter.

!See [17, Chapter 1, p. 1] for the related definition of the Lebesgue-Stieltjes integral.



Chapter 3

Ito Stochastic Calculus

Our aim in this chapter is to provide a construction of the It6 stochastic integral
and to study stochastic differential equations. The construction of the It stochastic
integral will be made by steps and will resemble the construction of the Riemann
integral, where some restrictions will be needed. Once introduced the It6 stochastic
integral, several examples will be given and some properties will be presented.
Finally, we are going to look at stochastic differential equations (or SDE for short).
Namely, it will be described the class of [t6 processes and it will be considered a
particular notation of writing such processes, the stochastic differential notation.
Then, we will introduce the so-called stochastic differential equations, that is, the
equation

de(t) = f(&(1)) dt + g(&(t)) AW (2).

We will conclude this chapter proving the theorem of existence and unicity of solu-
tions of a SDE and giving some examples to illustrate the theory.

As in the previous chapter, W (¢) will denote a Brownian motion adapted to a filtra-
tion F;. The main concepts of this chapter hold relationship with Brownian motion,
so it is essential to be confident with its properties.

3.1 Ito Stochastic Integral: Definition

The construction of the Ito integral will be similar to the construction of the Rie-
mann integral. Firstly, we will define the integral for a class of piecewise constant
process called random step processes. Then, it will be extended to a larger class by
approximation.

The main differences between the Riemann and the [to integral are the following:

e The type of convergence: The approximations of the Riemann integral con-
verges in R whereas the sequences of random variables approximating the It
integral will converge in L?.

e The definition of the sum approximating the integral: On the one hand, the
Riemann sums approximating the integral of the function f : [0,7] — R are

12
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of the form )
D Fs) (e — 1),
§=0

where 0 = tg < t; < ... < t, = T and s; is an arbitrary point in the
subinterval [t;, ;1] for each j. On the other hand, in the stochastic case the
approximating sums have the form

—

n—

F(s5) (W (tj1) = W(ty)).

Il
o

J
A problem that arises in the first approximating sums is that the value of the
Riemann integral does not depend on the choice of the points s; € [t;,¢;41].
Nevertheless, the limit of the latter approximation does depend on the choice
of Sj S [tj,tj+1].

The next example shows the ambiguity resulting from different choices of the inter-
mediate points s; in each subinterval of the partition.

Example 3.1. Let f(t) = W(t) and 0 =t} <7 < ... <l =T, where { = I,
be a partition of the interval [0, T] into n equals parts. Then:

3
I

L= 3 WEN W () - W(t) =

n—o0

1 , 1
SW(T) - 5T (3.1)

Il
o

J
and

Ry =Y W) (Wt - WE) ——

n—oo

%W(T)Q + %T. (3.2)

Il
=)

J

To show (3.1) and (3.2) we will use the following identities
BRI | 2

a(b a) - 2(b a ) 2((1/ b) ?

Lo oy 1 2

b(b—a)zé(b —a )+§(a—b) :

From the first identity we obtain

S WEW ) - W) = 53 (W) - W)
I Wi - W)
= WP S W) - W)
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Thus, by Preposition 2.3 the limit in L? is

n—1

T S WE) (W (E) — W (E) = %W(T)Q - %T.

Straight forward application of the second identity enable us to write

:|
—_
:|
—_

WD) V() = W) = 53 (W(E P~ W)
+% ; (W(th) —W(t))
= —W(T)2+%n_ (W(t],) =W (L))

which implies that

T}E&Z Wt ) (W(th,) — W(tj>) - §W(T)2 + §T

in L2. In conclusion, by considering two different choices of intermediate points we
get different results.

To overcome this issue, we use the following reasoning: the value of the approxima-
tion should consist only of random variables adapted to Fj;. This amounts to say
that the given approximation should depend only by what has happened up to time
t. Then, we shall use the left endpoint for the evaluation of the integrand, that is,
s; = t; for each j.

Let us now define the concept of random step process and its stochastic integral.

Definition 3.1. A random step process f(t) is a stochastic process

n—1
t) = Z njl[tjvtj+1)(t>7 (33)
=0

where 0 =ty < t; < ... <t, =1Iis a partition of [O 1] and n; are square integrable

random variables F; -measurable for j = 0,1,...,n — 1. We note for M ftep the set
of random step processes.
Definition 3.2. The stochastic integral of a random step process f € M, step of the

form (3.3) is defined by

Znﬂ (tjr1) — W(t))). (3.4)
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Remark 3.1. The map [ : M?>

step — L?is linear. In other words; for any f, g € M2
and any o, 5 € R

step

I(af + Bg) = al(f) + BI(g).

Proposition 3.1. The stochastic integral I(f) of a random step process f € Mftep
is a square integrable random variable, i.e I(f) € L*, such that

s(nP) = ([ 1P a)

Proof. Similarly as in Section 1.3, let us denote the increment W (t;,1) — W (t;) by
A;W and t;4q —t; by At for brevity. Then

E(A;W) =0 and E(AW) = Ajt.

Firstly, we compute the expectation of

n—1 n—1 n—1
TP =)0 nmeS ;WA = 2 ASW + 2 nym AW AW
=0 k=0 =0 k<

Since 7; and A;W are independent, it holds

E(; AJW) = E(nf) E(AJW) = E(n;)Ajt.
Also, if k < 7, then n;n,Ar and WA, are independent, so
EmymAsWA;W) = E(mineAW)E(A;W) = 0.
Putting all together we have
n—1
B0 ) = B
5=0

Consequently, as 79,71, - .., M,_1 belong to L%, it follows that I(f) belongs to L2

On the other hand,

n—1 n—1 n—1
|f(t)|2 = Z Z njnkl(tj,tj“r‘l}(t)l(tk7tk+l](t) = Z n?l(tj,tj+1](t)a
j=0 k=0 Jj=0
which implies
) n—1
B( [TIrra) =X pupa

This means that

as desired. O
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The stochastic integral I(f) has been defined for any random step process f € M, ftep
and has been proven that I(f) € L? . Now, we want to look at a larger class of
processes, which is described below, and define the stochastic integral I(f) for such
class by approximation.

Definition 3.3. We denote by M? the class of stochastic processes f(t),t > 0 such

that
E(/Ooo\f(t)Ith) <o

and there is a sequence f1, fa,... € M?>

step Of random step processes satisfying

iim £ [7150) - fu0Par) <o 55

In this case we shall say that f is approximated by the sequence of random step
processes f1, fa,...in M2,

Definition 3.4. We call I(f) € L? the Ité stochastic integral (from 0 to co) of
feM?if

lim B(|1() = I(f2)) =0 (3.6)

n—oo

for any sequence fi, fo,... € Mftep of random step processes that approximates

f € L?, i.e which holds (3.5). Indistinctly we shall also write

/0 " p) aw(e)

instead of I(f).

Remark 3.2. By definition of the norm in L2, we have

E(12(5) = IGP) = () = 1(F)l e

Thus, equality (3.6) can be stated as follows

lim [[1(f) = I(fu)llz2 = 0

n—oo

for any sequence fi, fo,... € Mftep of random step processes that approximates
f € L2. In other words, the processes for which the stochastic integral exists have

been defined as those that can be approximated by random step processes.

The following preposition ensures the existence of the Ito stochastic integral for any
f € M?. Furthermore, it gives rise to the strong relationship between the class of
stochastic processes M? and the space of integrable functions L? in terms of their
expectations.
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Proposition 3.2. For any f € M? the stochastic integral I(f) € L* exists, is
unique' and satisfies

B(0P) = 5( [ 1nopar). (37)

Proof. Let us first write the norms of f and 7, for any f € M? and n € L?. These
norms? are in M? and L?, respectively, and have the form:

(a2 = \/E</om|f(t)l2dt> and |[[n][r2 = \/E(1?).

On the one hand, we set a sequence of random step processes fi, fa,... € M ftep

approximating f € M?, i.e satisfying equality (3.5), which can also be formulated
as

lim ||f — fulla2 = 0. (3.8)
n—oo
On the other hand, we claim that I(f;), I(f2),...is Cauchy sequence in L?. Indeed,

due to (3.8), for any € > 0 there is an N such that for all n > N, ||f — fu||3; < €
and for any m,n > N

[ (fr) = ICf)lle2 = [ (fm = fo)ll22

= Hfm - anM2
< ||f_fm||M2 + ||f_fn||M2
<5+5=¢

where in the first step we have used the linearity of the stochastic integral (see
Remark 3) and in the second, Preposition 3.1. Therefore, I(f1), I(f2),...is Cauchy
sequence in L2.

Now, since L? with the norm || -||2 is a complete space, every Cauchy sequence has
its limit. It follows that I(f1), I(f2),... has a limit in L? for any sequence fi, fo, ...
of random step processes approximating f.

It remains to prove the uniqueness of the limit for all sequences. Suppose that
f is approximated by two sequences of random variables, namely fi, fo,... and
J1, 92, - .- Then, the interlaced sequence f1, g1, f2, 92 ... approximates f too and
reasoning as above the sequence I(f1),1(g1),1(f2),1(go),... has its limit in L.

Inote that I(f) is unique as an element of L?, meaning uniqueness within equality a.s.

2We adapt the wide used notation of identifying these norms with any element of a class of
functions as a representative, from M? and L? respectively, determined by the relation of equality
a.s.
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As a consequence, all subsequence of the latter sequence has the same limit. In
particular, the sequences fi, f2,... and g1, g2, ... have the same limit in L2, which
we denote by I(f).

Then, by Remark 3.2,

T [[1(f) = I(fu)llz2 =0 (3.9)
for any sequence fi, fo,... € Mftep of random step processes that approximates

f € L% Moreover, since f,, are random processes for each n, Preposition 3.1 holds
and we have

L (f)llez = {1 fallar2-

From equalities (3.8) and (3.9), taking the limit as n — oo in the last equality we
can conclude that

(O ez = 1 f]ar

and the proof is complete. O

Example 3.2. For any random step processes f,g € M? it can be seen that

B(1n1) = 5( [ r0ato) ).

It is enough to consider suitable scalar products in M? and L? and to use Proposition
3.2. Let us present the following scalar products in M? and L?:

(f:9)m2 = E(/OOO [f(t)g@)l* dt) and (1, ()2 = E(nC)

for any f,g € M? and n,( € L?. They can be expressed in terms of the correspond-
ing norms defined in the proof of Proposition 3.2,

1 1
(fr9hae = ZIf + 9l = 711 = dllare,
1 1
(n, ez = 2l +Cl72 — S lln = CllZe.
4 4
Finally, applying Proposition 3.2 we have

(fr9)m2 = (0, Q)2

which amounts to the equality to be proved.

A question we may wonder is whether we can consider stochastic integrals over any
finite time interval [0, 7] or not. The answer is yes, and it stems from the fact that
we can restrict the class of stochastic processes M? to any finite time interval [0, T
via indicator functions of such time interval.
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Definition 3.5. For any T > 0 we shall denote by M2 the space of all stochastic
processes f(t),t > 0 such that
1[0’T)f S MZ.

The It6 stochastic integral (from 0 to T') of f € M2 is defined by

IT(f) = ](1[0,T)f)'

Indistinctly we shall also write

ft) dw(t)

0

instead of Ir(f).

Before we proceed to discuss a straightforward result for a stochastic process to
belong to M? and M?, let us present a useful proposition.

Proposition 3.3. Each random step process f € M2 belongs to M? for any t > 0

and

step

t
- / £(s) AW (s) (3.10)
0
is a martingale with respect to the filtration F; = o{W(s): 0 < s < t}.
Proof. 1t is easy to see that if f € M Step C M? for any t > 0.
This implies that f € M2 for any t > 0.
We now need to verify that [;(f) is a martingale with respect to the filtration ]—"t

Let 0 < s < t, by definition of random step process (see Definition 3.3) f € M,
can be written as

then 1[0 t]f e M

step

step

where
O=ty<...<tp=s5<tp1 <...<lp=1<tpy <...<tl,

is a partition of [0,¢,]. We shall denote the increments of the Brownian motion
Wi(tjs1) — W(t;) by A;W as in the proof of Proposition 3.1 for brevity. Then

m—1
Loy f = Z ML (t;851]
=0

and

L(f)=I(1pgf) = ZmA W,

where 7); are square integrable random Varlables JFi,-measurable for j =0,...,m—1.
Thus, I,(f) is adapted to F; and square integrable, and so integrable.

Proving that [,(f) is a martingale with respect to the filtration F; amounts to
proving that

E(L(f)] Fs) = L(f) (3.11)
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Let us show (3.11): We have

m—1
E(L(f)|F) = Eq(L g f)|1F) =Y (0 W] F).
7=0

If j <k, then n; and A;W are F,-measurable and
EnAW) = n;A;W.
If j > k, then F; C F, and

E(n; AW |F5)

E(E(n; AW F,)| F)
= E(n E(A;W|F,)|Fs)
= E(n;|Fo) E(A;W) =0,

since 7); is JFy;-measurable and A;W is independent of F;,. The above give rise to

k—1
B(L(NIF) =Y _mAW = I(1pqf) = I(f)
=0
which is indeed Equation (3.11) as desired. O

For practical purposes, to find a straightforward condition for existence of the Ito
stochastic integral is of special importance. That is because is not always easy to
find a sequence of random step processes that converges to a stochastic process of
the class either M? or M?%. Hereupon, we present a theorem that provides this
straightforward condition.

Theorem 3.1. Let f(t),t > 0 be a stochastic process with a.s continuous paths
adapted to a filtration F;. Then

1) f € M?, i.e the Ité integral I(f) exists if

E(/OOO |f(1)]? dt) < 00; (3.12)

2) f € M2, i.e the It integral I (f) exists if

E(/OT|f(t)|2 dt) < 00. (3.13)

The notion of Jensen’s inequality for integrals and a result that ensures the inter-
change of the limit and the integral under certain restrictions, i.e the dominated
convergence theorem, will be needed to prove the previous Theorem.
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Proposition 3.4 (Jensen’s Inequality for integrals). Let (2, u, P) be a probability
space such that (1(Q2) =1 and a,b € R. If f : [a,b] — R is a non-negative Lebesgue
integrable function and ¢ : R — R is a convex® function, then

1 b 1 b
w—/fdu < —— | pofdu
b—a /, b—a J,

Theorem 3.2 (Dominated convergence theorem). Let (§,), be random variables
such that &, — & and |&,| < ¢ for all n a.s., for some integrable random variable ¢.
Then

E(&n) — E(§).

Proof of Theorem 3.1.
1) Suppose that f(t) is an adapted process with a.s continuous paths. If (3.12)
holds, then

k
n [, f(s) ds §<t§%f0rk::1,2,...,n2—l,
fa(t) = " (3.14)

0 otherwise,

is a sequence of random step processes in M2 Using the sequence above, we

step”
observe that for £k =0,1,2,...
k
I rw
k—1

where in the second step, we have used Jensen’s Inequality applied to the function
o(t) = [t*.

We need to verify that the sequence approximates f in the sense of Definition 3.3,
that is, it holds

k

e 2 k
ﬁ |f ()] dt =n < A_l If(@®))? dt  as. (3.15)

n

lim E(/Ooo |f(t) — fn(t)|2dt> =0. (3.16)

n—o0

We are going to proof it by using the dominated convergence theorem and the
following result

(o)

lim If(t) — fu®)?dt =0 as. (3.17)

n—oo 0

3We call a function ¢ : R — R conver if satisfies p(Az + (1 — \)y) < Ap(z) + (1 — N)p(y) for
any z,y € R and X € [0, 1].
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First let us see (3.17):

Aﬂﬂw—h@%ﬁzl ww—hwﬁa+/ﬁﬂw—hwﬁﬁ

N

§!A|ﬂﬂ—h@WdHJZTOﬂM“Hh®W
< [T - far aa [ s as

N—-1
The last inequality holds since by taking the sum from k = nN to oo in (3.15), it
follows that

Aﬁh@ﬁﬁg/iﬁ@ﬁﬁg/wuwﬁﬁ "

N N-1

n

for any n and N. But we have

lim If®)Pdt=0 as.
N—oo N_1
by (3.12) and
N
lim If(t) — fu®)?dt =0 as.
n—oo 0

for any fixed N by the continuity of paths of f, completing the proof of (3.17).
Now we go back to the proof of (3.16). Note that

/OOO 1f(t) — fu(®)? dt < 2/000 (£ + 1fa(0)2) dt
S4Amvmﬁﬁ.

The last inequality yields since

/0 | fa(D)] dtﬂ/o |f()]7 dt a.s.

for any n, by taking the sum form k£ = 0 to oo in (3.15). Now, by applying the
dominated convergence theorem and condition (3.12) it follows that

tim £( [ 170 - st ) <o

Therefore, the sequence fi, fo, ... € MZ,,
3.3, 50 f € M.

2) Proving that f satisfies (3.13) is analogous to prove that 11 f satisfies (3.12).
The fact that f is adapted and has continuous a.s. paths implies that 1o 1) f is also
adapted and its paths are continuous, except perhaps at T'. Nevertheless, condition
1) is not affected by the lack of continuity at the single point 7. Thus, 1y 1) f € M?
and we conclude that f € Mz. O

approximates f in the sense of Definition
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Remark 3.3. The Brownian motion W (t) belongs to M2 for each T' > 0.

Next theorem provides a characterization of M? and M2. This gives rise to necessary
and sufficient conditions for a stochastic process, say f, to belong to M? and M?3.
It involves the notion of progressively measurable stochastic process.

Definition 3.6. A stochastic process f(t),t > 0 is called progressively measurable
if for any ¢ > 0 the function

f:0,t] xQ2—=R
(s,w) = f(s,w)
is measurable with respect to the o-field B[0, t] x F. Here BJ0,t] x F is the product

o-field on [0,¢] x Q. That is, the smallest o-field containing all sets of the form
A x B, where A C [0,¢] is a Borel set and B € F.

Theorem 3.3.

1) The space M? consists of all progressively measurable stochastic processes f(t),

t > 0 such that
E( [ sor dt) < oo
0

2) The space M# consists of all progressively measurable stochastic processes f(t),

t > 0 such that ,
E(/ FO dt) < .
0

3.2 Simple Examples of Ito6 Stochastic Integrals

Example 3.3. In this example we want to proof that the following Ito stochastic
integral exists and satisfies

/T W(t) dW(t) = %W(T)Q — %T. (3.18)

Furthermore, we want to see the similarities between the different definitions con-
cerning the Ito6 stochastic integral appearing throughout Section 2.1. First of all, we
have seen in Remark 3.3 that the Brownian motion belongs to M for any T > 0.
Therefore the Ito stochastic integral fOT W (t) dW (t) exists.

In Example 3.1 we tried to find the limit of the stochastic approximating sums for
the Brownian motion W (). When we used the left endpoint of each subinterval in
a partition of [0, 7] to evaluate the integrand, we get the sum L,, in Equation (3.1).
Now if we take as the integral the limit of L, as n — oo according to Equation
(3.1) we have

/T W(t) dW(t) = %W(T)Q - %T
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Is this value equal to the integral fOT W (t) dW(t) described in Definition 2.5 for
f(t) = W(t)? Let us consider the partition A, ={0=1¢) <t} <--- <tl =T} of
[0, 7] and define the sequence fi, fa,... of random step processes given by

fn(t) = W(t?)v t;‘l <t S t?—',—l'
Then by Definition 2.4 we see that the Itd stochastic integral fOT W(t) dW(t) is

described as follows

/TW(t) dW(t) = lim I(f,), in L*

n—oo

On the other hand, by Definition 2.2 the Ito stochastic integral I(f,,) is given by
I(fa) = Y _ W(EN (W (t],0) = W (1))
j=0

which is indeed L,, in Equation (2.1). Hence the It6 stochastic integral fOT W (t) dW (t)
as defined in Section 2.1 has the same value as the one in Equation (3.18).

Example 3.4. We use the same idea as in Example 3.3 to show that

/ T aw) = %W(T)?’ - / W (3.19)

where the integral in the left-hand side is the [to stochastic integral for the Brownian
motion W (t)? whereas the integral in the right-hand side is the Riemann integral
for the Brownian motion W (t). Let us consider the partition A, = {0 =t} <t} <
- < tp =T} of [0,T] where t} = %T and define the sequence fi, fo, ... of random
step processes given by

fult) = W(tT), 17 <t <t

Then the It0 stochastic integral fOT W (t) dW (t) is given by

[ Wz avo = i Swereve. -ww), 620

where if the series of the right-hand side converges, it does in L?. Working out the
Newton’s binomial for n = 3 of the series in the right-hand side and rewriting it in
a suitable way we get that

3 WOV (1)~ W(E)
= WY - WO~ S (W(5) ~ W)

-3 2_: W) (W (t,.) — W(t))* (3.21)
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where by definition, W (0)®> = 0. In order to determine the limit (in L?) of the
series in Equation (3.20) it needs to be checked the corresponding limits of the

summations appearing in (3.21).
For the first summation, we use the fact that E|W (t) — W (s)|® = 15|t — s|>. Then,

—_

2

B (W(t?H) W(t?))g - 152 j+1 J

n—

=0
< 15||A§Lt||2T BN (3.22)
n—oo
since ||A%Tt|| = ax ]t] 1 —t7] tends to 0. For the second summation in Equation
(3.21), let us denote W(t;ﬁrl) W (t}) by A?W and t},, — t7 by A%t as earlier in
this section. We consider
n—1 n—1
O, = [WENATW)? = W (AM)] =D X; (3.23)
=0 =0

where X; = W (t7)(A}W)? — W(t7)(A%t). Then,

n—1
=) = XX

7,k=0

For ¢ # j we have E(X;X)) = 0 since W(¢) has independent increments and
E(W(t) — W(s))?> = |t — s|. On the other hand, E[W(t) — W (s)]* = 3(t — s)? and
so for i = j we have

E(X3?) = E[W(t)*(ATW)* = 2W (£2)*(ATW)*(Alt)
"

+W(t])? ( ) ]

= E[W( ATW) = 2(ATW ) (AT) + (AT)?]

=17 [3(A7 A”t) (A71)?]

= 17 [2(A]1) }

It follows that
n—1 n—1
B0, =E| Y X;| =) 2t7[(ATt)? < = m 0. (3.24)

=0 =0

Hence, the convergence in L? for the first and the second summations in the right-
hand side of Equation (3.21) are 0 and fo t) dt, respectively. In conclusion, from
Equations (3.20) and (3.21) the equality in Equatlon (3.19) is obtained.

3.3 Properties of the It6 Stochastic Integral

Below we state a theorem that summarizes the basic properties of the It6 integral.
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Theorem 3.4. The following properties hold for any f,g € M?, any o, 3 € R, and
any 0 < s < t:

1) linearity

A«ﬁwww%v»dww»—qéfvwmmm+ﬁﬂgwwmam

jz([ﬁ@?w)

2) isometry

E(‘ /Otf(r) dW (r)

3) martingale property

E(/Otf(r) 4 (r)

Proof. 1) If f and g belong to M7 then the functions 1y f and 1j94g belong to
M?, so that there are sequences fi, fo,... and ¢i, ¢a,... in Msztep approximating
both 1y f and 1j4g. It follows that 1y (af + Bg) can be approximated by
afi + g1, afs + Bga, . ... By linearity od the stochastic integral (see Remark 3.1)

a):AUMdWm-

I(afo + Bgn) = ol (fn) + BI(gn)

for each n. Hence, taking the L? limit on both sides of the equality above as n — oo,
we obtain

I(Ljopy(eufu + Ban)) = al (L fn) + BI(Lj0.5)9n)

which is the required assertion.

2) The function 1jg4) f can be approximated by random step processes in M, 82tep. It

enables us to write
E(L[f&)ﬂﬂﬂz)=E0AUW)=E(AWﬂmFdQ

where the second equality follows from Preposition 3.1. This proves 2).

3) If f belongs to M} then 1p ) f belongs to M2 Let fi, fo,... be a sequence of
random step processes approximating 1y f. By Remark 3.3

E<[(1[0,t)fn)|f8) = [<1[0,5)fn)

for each n. Now we observe that the sequences 1o f1, 1jo,s) f2, - - - and 1jo ) f1, 1jo,0) f2, - - -

belongs to M 52tep and approximates 1o, f and 1y ) f respectively. Hereby, we have
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L2
I(110,6)fn) — I f)

and
L2
I(Li04)fn) — I(Li0 f)-

The lemma below implies that

B(I (Lo fu)lFs) == E(I(1o0 f)| )

completing the proof.

O

Lemma 3.1. If £ and &,&, ... are square integrable random variables such that
£, — & in L? as n — oo, then

L2

E(6,|9) 2 B(€l9)
for any o-field G on Q contained in F.
Proof. By Jensen’s Inequality applied to the function p(z) = |z|? we have
IB(&l9) — EEOI = 1B~ €l9)F < B(J& - ¢|9).

which implies that

2

B(|Bl9) - BE6)]) < B(B (6 - £PI6))
= B(j& ) >0

as n — 0o. |

Next we study the continuity property of the stochastic integral fot f(s) dW(s) as
a function of the upper limit . Note that the stochastic integral is not defined for
each fixed w € () as a Riemann, Riemann-Stieltjes, or even Lebesgue integral. Even
for the Brownian integral case, it is not defined this way. Therefore, the continuity
of the stochastic process f € M? is not a trivial fact as in elementary real analysis
[17].

Let us first recall the notion of modification of a stochastic process.

Definition 3.7. Let £(t) and ((t) be stochastic processes defined for t € T', where
T C R. We say that £(t) is a modification of ((t) if

P{(t) =C(t)} =1forall teT. (3.25)



28

Remark 3.4. If " C R is a countable set, then (3.25) is equivalent to the condition

P{&(t) =((t) for all te T} =1.

However, this does not necessarily hold if 7" is uncountable. In the following example
we see that two processes which are modifications of one another may have quite
different sample paths.

Example 3.5. Let 7 be a nonnegative random variable with continuous distribution
function. Set 7= [0, 00). The processes

E(t)=0 forall teT,

I
g(t)_{l if =t

are equivalent but their sample paths are different.

In the next theorem, stated without proof, we consider the stochastic integral
fg f(s) dW(s) as a function of the upper limit ¢. It yields information about the
continuous behavior of this function in terms of ¢.

Theorem 3.5. Let f(t) be a process belonging to M? and let

£@=AﬂwW@

for every t > 0. Then there exists an adapted modification ((t) of £(t) with a.s
continuous paths. This modification is unique up to equality a.s.

From now we shall identify fot f(s) dW (s) with the adapted modification having a.s
continuous paths, which works extremely well alongside with Theorem 3.1. Then,
it will be helpful to use this convention whenever there is a need to show that a
stochastic integral can be used as the integrand of another stochastic integral, i.e
belongs to M2 for T'> 0. This is illustrated by the next example.

Example 3.6. The stochastic integral

£®=AW%MW®

belongs to M2 for any T > 0. Indeed, by Theorem 3.5 £(t) can be identified with
an adapted modification having a.s continuous paths. Therefore, it suffices to verify
that £(t) satisfies condition (3.13) of Theorem 3.1. That is, we shall see that

E</0T|§(t)\2 dt) < .

Since the stochastic integral is an isometry,



29

2 t t t2
)W) =B [ W) ds:/o sds=".

Consequently,

B[ ewpa=n [

i.e (t) satisfies condition (3.13). This means that £(¢) belongs to M?.

2 2 3
T
s) dW (s) dt:/ t—dt — < 0
0

2 6

3.4 Stochastic Differential Equations

In this section we first introduce the notion of stochastic differential and Ito for-
mula. Then, we focus on analysing stochastic differential equations and present a
theorem regarding the existence and unicity of solutions for a SDE. Several elabo-
rated examples are given throughout the section to illustrate the theory.

3.4.1 Stochastic differential and It6 Formula

Ito’s theory of stochastic integration was originally motivated as a direct method
to construct diffusion processes (a subclass of Markov processes) as solutions of the
yet to be defined stochastic differential equations [4]. Now we are going to briefly
introduce a crucial tool for transforming and computing the also yet to be defined
stochastic differential established by It6, which we denote by [to formula.

Let x(t) be a continuously differentiable function such that x(0) = 0 satisfying

z(T)? = 2/0 x(t) dx(t) (3.26)

x(T)* = 3/0 x(t)? dx(t), (3.27)

where dx(t) shall simple be understood as a shorthand notation for /(t) dt and the
integrals on the right-hand side being Riemann integrals. It turns out that from
Examples 3.3 and 3.4 we got similar formulae for Brownian motions:

W(T)Q—/T dt+2/ W(t) dWt (3.28)

/W dt+3/ W ()2 dW (¢) (3.29)

where this time the integrals of the right-hand side being a Riemann integral and
an Ito integral. This leads to a very special class of stochastic processes that are
defined as follows.
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Definition 3.8. A stochastic process £(t),t > 0 is called an Ité Process if it has
a.s. continuous paths and can be represented as

£(T) = £(0) + /0 a(t) dt + /0 b(t) AW (t) as., (3.30)

where b(t) is a process belonging to M# for all T > 0 and a(t) is a process adapted
to the filtration JF; such that

/T la(t)| dt < oo a.s. (3.31)

for all T > 0. The class of all adapted processes a(t) satisfying (3.31) for some
T > 0 will be denoted by L1

For an It6 process £ it is costumary to write (3.30) as
dé(t) = a(t) dt + b(t) dW (t) (3.32)

and to call d€(t) the stochastic differential of £(t). The latter equation is also known
as the Ito differential notation. Let us emphasize that the stochastic differential
d¢(t) has no well-defined mathematical meaning on its own and should always be
rigorously understood in the context of (3.30). Hence, the It6 differential notation is
not an attempt to give a precise mathematical meaning to the stochastic differential
but merely an efficient way of writing this equation.

The Equations (3.28)and (3.29) resemble the ones for an smooth function x(t), that
is, Equations (3.26) and (3.27). However, there exist intriguing terms fOT dt and

3 fDT W (t) dt; Such terms are a feature inherent in the It6 formula and referred to
as the Ité correction. The formulae for W(T)? and W (T)? are examples of the [té
formula. Below we state a simplified version of the formula, followed by the general
theorem. The proofs of these results are rather complicated and can be found in
[4, Chapter 7, p. 196-200] and [17, Chapter 7, proof of Theorem 7.1.2|, respectively.
We consider that a deeper analysis of the It6 formula and its applications is beyond
the scope of this paper so that for a detailed treatment on this topic we refer to [17,
Chapter 7-8].

Theorem 3.6 (It6 formula, simplified version). Suppose that F'(t,x) is a real-valued
function with continuous partial derivatives F)(t,x), F.(t,z) and F! (t,x) for all
t >0 and x € R. We also assume that the process F/(t,z) belongs to M2 for all
T > 0. Then F(t,W(t)) is an Ito process such that

F(T,W(T)) — F(0, W(0)) = /O (Fg(t,W(t)H%F@(t,W(z))) dt

T
+/ F(t,W(t)) dW(t) a.s. (3.33)
0
In differential notation this formula can be rewritten as

dF(t,W(t)) = (Ft’(t,W(t)) + %F;;(t,W(t))> dt+ F.(t, W(t)) dW(t). (3.34)
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Remark 3.5. The latter equation yields similarity with the chain rule
dF(t,x(t)) = F/(t,x(t)) dt + F,(t,x(t)) dz(t) (3.35)

for a smooth function x(t), where dx(t) = 2/(t) dt. We also note that the additional
term 1FV (¢, W(t)) dt in (3.34) is denoted by the It correction.

The following result will give rise to a general formula of the simplified version just
stated. The Brownian motion W (¢) will be replaced by an arbitrary It6 process
&(t) such that

d¢(t) = a(t) dt + b(t) dW (t), (3.36)
where a and b belongs £} and M? for all ¢ > 0, respectively.
Theorem 3.7 (Ito formula, general case). Let £(t) be an Ité process satisfying
(3.36). Suppose that F(t,x) is a real-valued function with continuous partial deriva-
tives Fl(t,z), FL(t,x) and F!.(t,x) for allt > 0 and x € R. We also assume that

the process b(t)F.(t,&(t)) belongs to M2 for all T > 0. Then F(t,£(t)) is an Ito
process such that

F(Taf(T))—F(Oé(O)):/O (Ftl(taf(t)) + FL(t,£(1)) a(t)

1

+ 5 FLL(EEW) b(t)2> dt + /0 TF;@,g(t)) b(t) AW (1)  a.s. (3.37)

In differential notation this formula can be rewritten as

2 T
+ FL(t,&(t)) b(t) dW(t). (3.38)

dF(t,£(t)) = (F{(tf(t)) + FL(t,€(1) alt) + 9% (t,£(1)) b(t)Q) dt

Example 3.7. Suppose that & € R and ¢ > 0. Consider the It6 process X (¢) and
the Langevin equation

dX(t) = —aX(t) dt + o dW(t), X(0) = =, (3.39)

This equation can be interpreted as in Definition 2.8, that is, by the following
stochastic integral equation:

X(1) = 2o —oz/OtX(s) ds+o/0tdW(s).

We are going to use the It6’s formula to find the solution of the Langavin equa-
tion. Let us consider F(t,z) = ez, some elementary calculus shows that F'(t, z)
has continuous partial derivatives such that F)(¢t,z) = ae®x, Fl(t,z) = e* and
F!.(t,z) = 0. Since ce* is bounded on each set of the form [0,7] x R we can
assume that oe® belongs to M2 for any T > 0. Then F(t, X(t)) = e* X (¢) is also



32

an [t6 process and the hypothesis of Theorem 3.7 are attained. Thus by the Ito
formula we have

X (1) = zo + /O t (aeaSX(s) — ae® X (s) )dt + /0 s AW (s)

¢
=z +/ e dW (s).
0

Hence, we have the following stochastic integral equation
t

e X(t) =z —i—/ oe® dW (s).
0

Finally, since the term e“t # 0 for all ¢t > 0, the expression above can be divided
by e*t and the solution of the Langavin equation X () is obtained:

¢
X(t) =e "z + ae‘at/ e ¥ dW(s).
0

3.4.2 Stochastic Differential Equations

Now we are fully prepared to look at the main goal of this section, which is to
analyze stochastic differential equations of the form

de(t) = f(&(t)) dt + g(&(t)) dW(2). (3.40)

The term f(£(t)) is referred to as the drift coefficient, while g(£(t)) is called the
diffusion coefficient. The solutions will be sought out in the class of It0 processes
€(t) with a.s. continuous paths and will be called diffusion processes. As in the
theory of ordinary differential equations, an initial condition

£(0) =& (3.41)

needs to be specified. Here &, can be either a fixed real number or a random
variable. Although in general it tends to be a random variable. From the fact that
€(t) is an Ito process, it must be adapted to the filtration F; of W (t), so & must
be Fy-measurable.

Definition 3.9. An It6 process £(t),t > 0 is called a solution of the initial value
problem

dé(t) = F(E(1)) dt + g(&(t)) dW (1),
f<0> = <0

if £y is an Fy-measurable random variable, the processes f(£(t)) and g(£(t)) belong,
respectively, to £ and M2 and

ET) = & + / F(EW) dt + / GE(t)) AW () as. (3.42)

for all T > 0.



33

Remark 3.6. Observe that once we have the stochastic differential equation (3.40)
with initial condition (3.41), we can immediately convert it into the integral form
of Equation (3.42).

Remark 3.7. Stochastic differential equation relies on stochastic differential nota-
tion, hence it has no well-defined mathematical meaning. Only stochastic integrals
equations of the form (3.42) have a rigorous mathematical meaning. Then, why
we try to write stochastic integral equations in such way? The answer is because
by using stochastic differential equations we are able to draw on the analogy with
ordinary differential equations.

This analogy will be employed to solve some stochastic differential equations later
on this section. Moreover, it will play a key role in modeling, as it will be seen in
the next chapter.

Example 3.8. From Example 3.7, we have that the Langevin equation
dX(t) = —aX(t) dt + o dW(t), X(0) = xo,

is an example of an inhomogeneous linear stochastic differential equation. The
solution with an initial condition zy = 0 is the Ornstein-Uhlenbeck process

t
X(t) = oe / =05 dIV(s).
0
Example 3.9. Consider the stochastic differential equation
dX, = X} dt + X} dW (t), X, = 1. (3.43)

We write X instead of X (¢) for short. Now, by applying the It6 formula to the
function F(t,x) = 1 we get

L [ (e ) e [ v
:1—/; A (s) = 1— W(t).

Thus the solution of Equation (3.43) is given by

1

)

and may explode? at the first exit time of the Brownian motion W (¢) from the
interval (—oo,1).

The example above is a simple modification of a well-known example in ordinary
differential equations for the Leibniz-Newton calculus. Then, we would expect to
encounter similar phenomena in stochastic calculus for the [t6 calculus. This means
that in order to ensure the existence and unicity of a globally defined solution, we
need to impose the Lipschitz condition [17].

4Suitable extensions of the It6 formula and the definition of a solution are required to study
stochastic differential equations with non-Lipschitz coefficients and explosion time. Therefore, to
prevent an explosion of this paper, we refer the interested reader to [18].
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Theorem 3.8. Suppose that f,g : R — R are Lipschitz continuous functions, i.e
there is a constant C' > 0 such that for any x,y € R

|f(z) = f(y)] < Clz -y,
l9(z) — g(y)| < Clz —yl.

Moreover, let & be an Fy-measurable square integrable random variable. Then the
1matial value problem

dg(t) = f(§(t)) dt +g(£(t)) dW (1), (3.44)
£00) = & (3.45)
has a solution £(t),t > 0 in the class of Ité processes. The solution is unique in the

sense that n(t),t > 0 is another Ito process satisfying (3.32) and (3.45), then the
two processes are identical a.s., that is,

P{&(t) =n(t) forall t >0} =1.

Proof. To obtain the solution to the initial value problem given by Equations (3.44)
and (3.45) it suffices to take a modification with a.s. continuous paths of the process
£ € M2 such that

— &+ / FE@)) dt + / gle(®)) dW(t)  as. (3.46)

for all s € [0,T]. By Theorem 3.5 the existence of such modification is guaranteed.
In order to find out the solution to the stochastic integral Equation (3.46) we are
going to use the Banach fixed point theorem in M2 alongside with the norm defined
by

T
€|z = B / e M) dt, (3.47)

which turns M? into a complete normed vector space. As we will see below, the
number A > 0 shall be taken large enough. To apply the fixed point theorem let us
consider ® : M2 — M2 defined by

=& +/ f&(t)) dt +/ g(&(t)) dW (t) (3.48)
for any £ € M2 and s € [0, T]. Now, if we see that ® is a strict contraction, i.e

12(&) = 2(OIx < afl§ — ¢l (3.49)

for some o < 1 and all £,¢ € M2, we can apply the fixed point theorem. Thus, by
the Banach theorem, ® will have a unique fixed point £ = ®(&). It turns out that
this is the desired solution to (3.46) and the proof is complete.

It remains to check that ® is indeed a strict contraction. By the definition of ®, it
amounts to prove that the maps ®; and ®, described by

o) — / CFE®) dt, By = / g(€(t)) AW (t),
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are strict contractions. In both cases this yields due to the Lipschitz continuity of
f, although for ®, the isometry of the It6 integral (see Theorem 3.4) is also needed.
Let us prove in detail the latter case. For any &, ¢ € M2

2

[122(8) — P2(¢)[[x = E/ e /S[Q(S(t)) —9(C(®)] dW(t)| ds

- / [ late®) = alconP at as
<C / /\g (t)|? dt ds
e / ( / s ”ds)e%(t)—c(tnz it

02 C?
< S [ eMew - o a=S el

where the second step is due to the isometry of the It integral and the fifth step
holds since ftT MM ds =1(1—e M) <1 T hroughout the above C' denotes
the Lipschitz constant of g. If we choose A > O such that & < 1, that is C? < \ |
then ®, is a strict condition.

The main idea of the proof is presented above. A slightly more general result on
this vein and its proof may be found in [17, Chapter 10, Theorem 10.3.5]. O

Let us conclude this section by discussing an example of a linear stochastic dif-
ferential equation. This example emphasizes that the solution to the initial value
problem for any linear stochastic equation can be found by exploiting the analogy
with ordinary differential equations.

Example 3.10. Let a and b be real numbers. The aim of this example is to verify
that X (t) = Xoe® W ® is a solution of the linear stochastic differential equation

dX (1) = (a + b—22> X(t) dt +bX(t) dW(t) (3.50)

with the initial condition X (0) = X,. To do so we are going to use the It6 formula
applied to the function F(t,x) = e+ and the It process W (t). First of all we
need to check the assumptions of Theorem 3.7. We have that F'(¢, z) has continuous
partial derivatives F(t,x) = ae®*" F’ T(t,x) = be® and FV (t,x) = bPette,
Also, the term FY (t, W (t)) = b?e at+W(®) is hounded on each set of the form [0, T]xR
implying that b2e®*W® belongs to M2 for all T > 0. Thus by the It6 formula we
have

t
Xoeat-‘er(t) =X, +/ X, (aeas-l—bW(s) + 1b26a5+bW(s)) ds
2
0

t
+/ Xobeas—l—bW(s) dW(S)
0

= Xo+ (a+b—22) /OtX(s) ds+b/0tX(s) AW (s)
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Then we can convert this integral stochastic equation into a differential stochastic

equation,
2

dX(t) = (a + %)X(t) dt + bX (t) AW (t).

Thus, X () satisfies the stochastic differential equation (3.50) and it only remains
to be checked that X (0) = X,. In fact,

X(0) = Xoe* WO = X,



Chapter 4

Applications

In thread manufacture, the cotton fiber length distribution determines many of the
characteristics of the thread. In particular, fiber length gives information about
the spinning efficiency, the yarn strength and the yarn uniformity of the cotton,
which are good indicators of the resulting weave quality. It is logical to wonder how
fiber length distribution is affected, and it is due to breakage during processing.
It appears that the development of a SDE model for fiber length distribution has
provided more understanding of the fiber breakage phenomenon and the origination
of different fiber length distributions. See [16] for more information about the work
dealing with fiber breakage reported in textile industry.

In the first section of this chapter we develop two equivalent stochastic differential
equation (SDE) models for cotton fiber length distribution. The two SDE models
are equivalent in the sense that they are structurally different yet they have identical
probability distribution [3]. In the second section simulations are work out for
different number of fibers having different length to indicate the behavior of the
SDE model.

4.1 SDE Model Construction

The construction of a discrete stochastic model studying changes in the system
components over a small time interval At is a natural extension of the procedure
used for many years in modeling deterministic dynamical processes in physics and
engineering. This procedure results in a differential equation as the time interval
approaches zero. However, in the case considered here when the process is stochastic
rather than deterministic, a finite At produces a discrete stochastic model. The
discrete stochastic model then leads to a stochastic differential equation as At — 0
(see e.g [1, Chapter 5, p. 135-144] for a detailed treatment of the modeling procedure
used for solving SDE models, where several examples are given).

37
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In the development of the stochastic model, fibers are grouped by length. In this
manner, the cotton fiber distribution can be considered as a population distribution
[1, 2]. There appears to be three procedures for developing SDE models for appli-
cations in population biology, physics, chemistry and mathematical finance. In this
investigation only two of them are discussed. The first procedure is indicated as fol-
lows. Firstly, a discrete stochastic model is derived where the breakage phenomenon
is carefully studied for a short time interval. Secondly, the expected change and
covariance matrix for the change are calculated for the discrete stochastic process.
Finally, a system of stochastic differential equations is identified whose probability
distribution approximates that of the discrete stochastic model [2]. The idea for the
second procedure is to explicitly determine all the different random changes that
occur in the system and to include additional Brownian motions as an alternative
to the matrix square root of the covariance matrix that arises in the first procedure.
Note that it is assumed that probabilities are given to the order of At2.

The development of the SDE model involves d populations, {Ny(t)}¢_,, of fibers
having different lengths considered as a functions of time t. Let us state some
terminology associated with the SDE model:

Let L = fiber length, where it is assumed that 0 < L < L4

Let Ly = kh for k=0,1,...,d where h = Ly4./d.

Let Ni(t) = number of fibers of length Ly for k =1,... d.

Let g, At = fraction of fibers of length Lj broken in time At. (Note that ¢; At = 0.)

Let Sy = fraction of fragments of length L; formed from breakage of fibers of length
Ly.

Let pr(t) At = Ng(t)SkiqrAt = probability of a fragment of length L; being formed
from breakage of fiber length L in time ¢ to ¢t + At.

From the above definitions, it follows that Zf:_ll Ski =1, Spx_1 = Sk Let (AN)*
be the change to the vector N(t) for a small time interval At, with probability
pra(t) due to breakage of a fiber in group k to produce one fiber each in group I
and k — [. Then, the expression of the the ith element of the change (AN)! is

—1, if i=k
(AN =31, if i=1 or i=k—1 (4.1)
0, otherwise.

To develop a SDE model using the first procedure, the expected change E(AN(t))
and the covariance in the change

T

E((AN — EAN)(AN — EAN)") = E(AN(AN)") — E(AN)E(AN)”
— E(AN(AN)")
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are calculated for the intervals At. Notice that the value of the expected change
E(AN) for any small time At is computed by summing the products of the changes
with the respective probabilities. Thus, the term E(AN)E(AN)T arising in the co-
variance in the change is of order At? and can be removed.

For example, let us consider the case of d = 7 types of fibers where a fiber in the 6th
group is breaking into two fibers, one in the 2nd group and one in the 4th group.
For this special case the change (AN)%* is given by:

(AN)®* =10,1,0,1,0,—1,0]" with probability pe4(t)At = Ng(t)SsaqeAt.

Now it is useful to calculate the expected change and the covariance matrix for
the change AN. As said previously, the value of the expected change E(AN)
for any small time At is computed by summing the products of the changes with
the respective probabilities. In general, for any d, it can be shown that the [th
component of the vector F(AN) has the form:

E(AN), =2 Zpkl At—ZPZk

k=l+1

=2 Z pri(t)AL — Ni(t) g At. (4.2)
k=1+1
where the second step above follows from the fact that p;x(t) At = Ni()S, @At
and Zi:l Sir = 1. In addition, the covariance matrix has the form

d k-1

E(ANAN)") =) ) CHpi(t)At (4.3)

k=1 l=1

where C*! is a d x d matrix that accounts for a fiber of group k breaking into a
fiber of group [ and group k& — [. From the special case where d = 7 and a fiber
in the 6th group breaks into two fibers, one in group 4 and one in group 2 , the
corresponding term produced in the covariance matrix is:

00 0 0 0 0 0
01 0 1 0 —10
00 0 0 0 0 0
C% = (AN)**((AN*HT =10 1 0 1 0 -1 0
00 00 0 0 0
0 -1 0 -10 1 0
0 0 0 0 0 0 0

Neglecting terms of order At?, it follows that the expected change and the covariance
matrix can be defined in terms of the expectation vector p and the symmetric
definite positive V. That is,
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(AN) = u(t, N(t))At and E(AN(AN)T) = V(t, N(¢))At. (4.4)

Let us verify that, in fact, the covariance matrix V' is positive definite. We must
check that 27 E(AN(AN)T)z for any € RY, 2 # 0. To do so, we observe that

tTE(AN(AN)D)z = E(zTAN(AN)Tz) = E(zTAN (T AN)T)

where the term E(zTAN(zTAN)T) is basically Z?Zl a? where a; = z' (AN); for
1 = 1,2,...,d, which is positive. Thus, V is positive definite and has a positive
definite square root. Denote B = V2. Now, following the same argument as in
reference [12], the vector change AN can be expressed by the sum of the expected
change u(t, N(t))At plus a term that only depends on the increments of Brownian
motions: B(t, N(t))AW (t). This heuristic interpretation of the vector change AN
then leads to a SDE system of the form

AN (t) = pu(t, N(t)) dt + B(t, N(¢)) dW (¢), (4.5)

where N (t) = [Ny(t), ..., Na(t)]” are the fiber populations of each length group and
W(t) = [Wi(t),...,Wa(t)]" is a d-dimensional Brownian motion. In other words,
the stochastic differential equation system (4.5) is obtained by letting the expected
change divided by At be the drift coefficient and the square root of the covariance
matrix divided by At be the diffusion coefficient.

The formulation of the SDE system (4.5) entails the computation of the square root
of the covariance matrix to obtain the diffusion process. However, for a d x d sym-
metric positive definite matrix V' with d > 3, there is no explicit formula for V1/2
and it must be calculated numerically. Fortunately, there exist suitable numerical
procedures for computing V'/2 directly (see e.g [6, 9]) although, for a large matrix,
it is computationally intensive' to accurately compute square roots of matrices.
Therefore, it is interesting to give an equivalent SDE model to system (4.5).

In the second procedure the calculation of the square root of the covariance matrix
V' can be avoided by including additional Brownian motions in the stochastic system
(4.5). It is shown in [1, Chapter 5, p. 186-193] and [3] that if

where G is a d X m matrix, then system (4.5) is equivalent to

AN(t) = u(t, N(t)) dt + G(t, N(t)) dW*(t), (4.6)

1To compute V1/2, the matrix V is put in canonical form V = PTDP, where PTP = I and
dii >0fori=1,2,...,d, then V¥/2 = PTDY/2P_ A issue that arises from this method is that all
eigenvalues and eigenvectors of V' must be explicitly calculated to determine P and D.
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where W (t) = [Wi(t),...,Wa)]F, W* = [W}(t),...,Wr(t)]T, and W;(t) for i =
1,2,...,d, and W}(t) for i = 1,2,...,m are independent Brownian motions and
m = d(d — 1)/2. We shall recall that the two SDE models are equivalent if they
have identical probability distribution. Essentially, this means that system (4.5) and
system (4.6) must have identical covariance matrix V (¢, N(t)) = E(AN(AN)T)/At.
Then, the entry 7, j in the matrix G' can be determined? in terms of the ith element
of change (AN)"! to the vector N(t) given by (4.1) and the probability py At.
Applying the assumptions given above, the SDE system (4.6) can be rewritten in
the form

k—1

AN(t) = p(t, N(t)) dt+ Y > (AN pea ()7 dwy, (1), (4.7)

d
k=1 l=1

where W,j’l(t) forl=1,2,...,k—1land k =1,2,...,m are m independent Brownian
motions.

Before proceeding with the next section, it is interesting to remark that in the first
SDE model (4.5) only d Brownian motions are required, whereas for the second
m = d(d — 1)/2 Brownian motions are needed. This brings up to the question of
whether the system (4.5) is more complicated than system (4.6). It turns out that
system (4.6) is generally easier to solve computationally than (4.5) , as the d x d
matrix B is the square root of V' even though G is d x m.

4.2 Computations

Firstly, a short introduction to the approximation model used to test SDE models
is made. Then, a possible simulation approach for the first SDE model (4.5) is
indicated and simulations for different numbers of fibers having different length are
work out for the second SDE model (4.7).

4.2.1 The Euler-Maruyama Method

For the simulation of solutions of SDE models, a numerical method needs to be
used. The Euler method is one of the simplest methods used to generate solutions
of ordinary differential equations. Here, we use the Euler-Maruyama method, or
EM for short. This method is the analogue of the Euler’s method for ordinary
differential equations but applied to stochastic differential equations.

For computational purposes, to apply the method over the interval [0, T it is useful
to consider the step size At = T/N for some integer N and the discrete points
t; =jAtfor j =0,1,..., N of the interval [0, 7.

2See [3] for a detailed discussion about the equivalence between the two procedures and, in
particular, for more information about this procedure for a general discrete stochastic model.
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Then, the Euler-Maruyama method is described as follows: Given a stochastic
differential equation of the form

dX(t) = f(X(t)) dt + g(X(t)) dW () (4.8)

and a step size At, we approximate and simulate with

Xj = X1+ f(Xjo0) AL+ g(X;—1) AW (4.9)

where X; = X(¢;), AW, = (W(t;) — W(t;—1)) for j =1,2,..., N. To understand
where (4.9) comes from, let us rewrite Equation (4.8) into stochastic form

X0+/ F(X dt+/Tg(X(t)) AW (). (4.10)

Now, setting t = t; and ¢t =t;_; in (4.10) we get

X0+/ F(X dt+/tjg(X(t)) AW (1) (4.11)

and

X(tj1) = Xo+ / i) dr + / @) aw).  (12)

We see immediately that subtracting the equations above ((4.11) and (4.12)) the
following stochastic equation is obtained

X(t) = X(t;1) / F(X dt+/tj JX) AWV,  (413)

J '_

Then, notice that each of the three terms on the right-hand side of (4.9) approxi-
mates ? the corresponding term on the right hand-side of (4.13). That is,

/ T IE) di e FOG) (G — o) = FOG)A (4.14)

tj—l

and

| o) av e = o(x;0aW; (4.15)

j—

Hence, the approximations (4.14) and (4.15) alongside with (4.13) gives us Euler-
Maruyama formula (4.9). The reader who is interested in the type of convergence of

3The first integral (i.e the deterministic) is approximated by using conventional quadrature
approximation. For the second integral, we use 1t6 formula [14].
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the EM method and the relationship with others approximation methods is referred
to [13].

Finally, it is of importance to point out that the crucial question when simulating
stochastic differential equations is how to model the Brownian motion AW;. The
answer is given in for example [15]: We define N(0,1) to be the standard random
variable that is normally distributed with mean 0 and variance 1. Then, each
random number AW is an independent random variable that can be computed as

AWj == Zj\/ Atj

where z; is chosen from N (0, 1).

4.2.2 Simulations

After this brief introduction, we focus on the particular case of the stochastic dif-
ferential equation model for fiber length distribution. Therefore, we aim to solve
the systems of SDE given in the previous section. Notice that in these cases the
drift coefficient f(X(t)) and the diffusion coefficient g(X(¢)) arising on Equation
(4.8) are a vector valued function and a matrix valued function, respectively. Fur-
thermore, W is a multidimensional Brownian motion and the solution X is a vector
valued stochastic process.

In the simulation of the SDE systems (4.5) and (4.7), each fiber length is checked for
breakage for each small time step. Assumptions for breakage are adapted from [2]
and are taken in the way that for each previous breakage, the probability of another
breakage is randomly divided. This gives a constant A that accounts for the rate of
fiber breakage fraction of fibers of length k broken in time At. Furthermore, it is
assumed that the probability for breakage is proportional to the length of the fiber.

Considering this new situation, the fraction ¢zAt of fibers of length L; broken in
time At can be set up as

max

L
ae At = A(L b )At, (4.16)

where \ will be considered to be the unity. In addition,

Sk h (4.17)

_h_1
T Ly k

being Sy ; the fraction of fragments of length L; formed from breakage of fibers of
length L;. Note that the second step in Equality (4.17) follows directly from the
fact that Ly = kh for k =0,1,...,d.

Now, putting (4.16) and (4.17) and together, we have

" At (4.18)

max

SijqkAt =
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As an aside, let us observe that this assumptions may be taken in a different way.
For instance, for a slightly different scenario of simulation where it is consider that
the probability of another breakage may be either not changed or reduced by a
factor of 2 and fiber may break more frequently at certain points than others, see
[16].

It turns out that getting back to our specific breakage assumptions, the SDE system

(4.5) can be simplified to a SDE system of the form

dN(t) = ON(t) dt + B(t, N(t)) dW (t) (4.19)

where © is a constant d x d matrix. To understand how the new drift coefficient is
determined, let us recall that in system (4.5) the drift coefficient p(t, N(t)) satisfy
the first equality of (4.4), in other words, u(t, N(t)) = E(AN)/At. In addition, the
Ith component of the expected change E(AN) is given by (4.2). In consequence,
we can work out a new expression for the {th component of the expectation vector

u(t, N () = E(AN),/At

—9 Z pea(t) — Ni(t)q

k=l+1
d
=2 Z Ni(t)Skaqr — Ni(t)q
k=l+1
SV Alh
Lma:c k(t) Lmax l(t>
k=i+1
d
=92 Z Hk’lNk(t) - ellNl(t>
k=Il+1

where 0y for k. =1,14+1,...,d are the entries k, [ of the matrix © given by

2K, if k> 1
Oy = —IK, if k=1k#1

0, otherwise

and K = A/ Lyay is a constant. For example, in the particular case of d = 7 fiber
groups presented earlier in this chapter, the matrix V is
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0 2 2 2 2 2 2
0 -2 2 2 2 2 2
00 -3 2 2 2 2

O=K|0 0 0 -4 2 2 2
00 0 0 -5 2 2
00 0 0 0 —6 2
00 0 0 0 0 -7

A similar approach has been adopted to obtain the diffusion coefficient under this
breakage assumptions. In this case, we let one more time B = V'/2. Then, the
expression V (t) = Zizl ;:11 CHINL(£)Ah/ Liax for the covariance matrix is de-
rived from the second equality of (4.4) and the definition of covariance matrix, i.e
Equation (4.3). Note that for example, if there exist d = 7 fiber groups, the term
C%* has the form

000 0 0 0 0
01 0 1 0 -10
000 0 0 0 0
C% = (AN (AN =10 1 0 1 0 -1 0
00 0 0 0 0 0
0 -1 0 -10 1 0
0 0 0 0 0 0 0

A simulation of the previous system (4.19) would be potentially based on the com-
putation of the matrix B, which is the square root of the covariance matrix and
it has been seen that its calculation may be computationally intensive. Hence, it
is important to look out for an alternative (and easier) way of simulation. This
alternative scheme of simulation exists and arises from the second procedure shown
in section 4.1. Then, let us model the new scenario:

Under the same breakage assumptions, we may substitute the diffusion coefficient
B(t, N(t)) for the diffusion coefficient arising in the SDE system (4.7). Then an
equivalent SDE model is obtained and has the form

d
AN (t) = ) dt+ Elpea () AW (). (4.20)

Now, applying the assumptions taken upon py;(t) to the latter system, the second
term on the right hand side can be rewritten as

d k-1

d k-1
> Y (AN )2 AW, (1) = K ) (AN)MNG(5)2 Wy (t),

k=1 =1 k=1 I=1

where K is a constant that accounts for Ah/Ly.,. Henceforth, we are fully pre-
pared to simulate system (4.20) via the Euler-Maruyama method. In the simulation
scheme, two situations have been assumed for different groups of fibers having differ-
ent length. We refer to Appendix A for the implementation of the EM method in C.
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For the following graphics appearing on the left hand side, it has been assumed
that the number of steps are N = 20 and the fibers are initially distributed as
Np(0) =30+ 105 for j =0,...,d—1and k = 1,...,d. Whereas, for the graphics
appearing on the right and side, it has been assumed that the number of steps are
also N = 20 and the fibers are initially distributed as Ni(0) =0fork=1,...,d—1
and N4(0) = 100.

160

N1t ——
N_2(t) ——
140 —

120

100

80

number of fibers
number of fibers

60

40

20

0
0 01 02 03 04 0.5 08 07 08 0.9

time time

As it can be seen, the first couple of graphics consist in three groups of fibers having
different length and the right end of the interval [0,77] is taken as 7' = 0.9. In this
manner, we are able to observe that the groups of larger length loses components in
favour of the groups of fibers of smaller length. Hence, when the groups consisting
of fibers of larger length lose all of their components, the group of smallest fibers
does not neither win nor lose any more fibers, but become constant. This implies
that there is no need to study to extend the interval chosen. This phenomena is
due to the assumption that breakage of fibers of the group of smallest fibers cannot
occur, that is, the fraction of fibers of length L; broken in time At is zero.

Let us now present two graphics consisting of five groups of fibers having different
length:
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200

150 100
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time time

For these graphics, the right end of the interval [0, T'| has been chosen as T' = 1.3. Tt
is noticeable to point out that in the two graphics above there exist a larger number
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of fibers than in the graphics previous graphics. As a consequence, the group Ny(t)
ends up reaching a greater number of fibers (376 and 201, respectively) than in the
previous graphics, which were 141. Also, it is seen that in the graphic of the left
hand side the numbers of fibers reached for the group Ni(t) is greater than the one
on the right hand side. This means that, even having 100 fibers of the group N5(t),
which is the groups of fibers of largest length, the number of fibers in group Ny(¢)
formed by breakage are less than the number of fibers formed by breakage of fibers
of different groups with less components, and components of smaller length.

It will remain to be checked the equivalence of the two SDE models through com-
putations, which shall be left for future work. Even so, we refer to [2, Chapter 4]
for more information about computational results showing the agreement between
the two procedures.



Chapter 5

Conclusions

The construction of the Ito stochastic integral is build up firstly for the class of
random step processes M 52tep and thereafter, for a larger class of stochastic processes
denoted by M?2. The strong relationship between the class of stochastic processes
M? and the space of integrable functions L? is treated in terms of their expectations
and the concept of Itd stochastic integral is extended over a finite time interval
[0, T via indicator functions of the elements of M? to any finite time interval [0, T,
generating the class of stochastic process denoted by M2. It turns out that trying
to find a sequence of random process approximating a stochastic process of the class
M? or M? could not be an easy task. Therefore, straightforward conditions for a

stochastic process to belong to M? or M2 are given.

Thereupon, the notion of stochastic differential and a crucial tool for transforming
and computing the stochastic integral, known as It6 formula, are explained and lead
us to the definition of stochastic differential equations. Furthermore, the class of
processes for which the solutions of a SDE will be sought is defined and is referred
to as Ito processes. Several elaborated examples of stochastic differential equations
such as Langevin equation and its solution, the Ornstein-Uhlenbeck process, are
also given. Finally, a theorem of existence and uniqueness of a solution for a SDE
that resemble the one arising in the theory of ordinary differential equations but
for Ito stochastic integral is provided.

In the last part, an application of the theory of stochastic differential equations to
textile industry is developed. To generate a stochastic differential equation system, a
discrete-time stochastic model is presented which is then approximated by a system
of stochastic differential equations. In particular, the two stochastic differential
equation systems studied are produced by the first and second procedures briefly
explained in the introduction and fully explained in Chapter 4. This last part ends
with the presentation of a basic situation of simulation for each of the systems
previously formulated and the corresponding simulation for the latter, where the
Euler-Maruyama method is used.
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Appendix A

C programme for the simulation
of the SDE system (4.20)

#include<stdio.h>
#include<stdlib.h>
#include<math.h>

/*

*This programme simulate the system dN(t) = Theta N(t) dt + G dW(t)
*using the E-M method where

*Theta = constant matrix

*G = Covariance matrix

*dW = d x d Lower Triangular matrix of Brownian motions with m >= d

*and zeros at the diagonal.
*

*T = right end of the interval [0,T]
*N = number of steps
xdt = T/N

*
*Recipe to get dW:

*Step 1: d random numbers from Normal Distribution are generated
*Step 2: Each component is set equal to sqrt(dt)*N(0,1)

*/

double **Theta(int d);

double *squareRoot(int d, double *);

double **crea_mat(int n, int m);

double *crea_vect(int n);

double randn (double mu, double sigma);

void prod_mat_vect(double **a, int na, int ma, double *x, double *y);
double *Change(int d,int k,int 1);
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int main (void) {

int i,k,1, cont;

double d,dt,N,*Neulermethod_temp,*drift,*Neulermethod, **theta,
*¥kxdiffusion, **dW, *diffusionVect, *coeffl, *coeff2;

FILE *f;

f=fopen("solution.dad", "w");

/*
*Number of fibers of different length. This value determines the
*number of population used in the simulation.

theta=crea_mat(d,d);
Neulermethod_temp=crea_vect(d) ;
Neulermethod=crea_vect(d);
dW=crea_mat(d,d);
drift=crea_vect(d);

diffusion = crea_mat(d,d);
diffusionVect=crea_vect(d);
coeffl=crea_vect(d);
coeff2=crea_vect(d);

theta = Theta(d);
N=20;
dt = (double) (1/N);

k = 0;

for (i=0; i<d; i++) {
Neulermethod_temp[i] = 30+k;
k =k + 10;

printf("%13.61le, Yle, %13.61le, %le, %13.61le, %le \n",
Neulermethod_temp[0],0.0, Neulermethod_temp[1],0.0,
Neulermethod_temp[2],0.0);

fprintf (f,"%13.6le, %le, %13.6le, %le, %13.6le, %le \n",
Neulermethod_temp[0],0.0, Neulermethod_temp[1],0.0,
Neulermethod_temp[2],0.0);
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cont = 0;
while (dt <= 1) {

cont++;
prod_mat_vect(theta,d,d,Neulermethod_temp,drift);
/*computation of diffusionVectx*/

coeffl=squareRoot (d,Neulermethod_temp) ;
/*coeffl returns the vector of the square rooth of the solution
*vector evalued at dt
*/
for (k = 0; k < d; k++) {
coeff1[k] = coeffl[k]/(double) (d);
}

/*A matrix of independent Brownian motions are computed for any
*time interval dt
*/
for (k = 0; k < d; k++) {
for (1 =0; 1< k; 1++) {
dw[k] [1] = sqrt(dt)*randn(0,1);

for (k = 0; k < d; k++) {
for (i = 0; i < d; i++) {
/*the values of are initialized to zerox/
diffusionVect[i] = 0.;

for (1 =0; 1 < k; 1++) {

coeff2 =Change(d,k,1);
/*For any k and 1, coeff2

*returns the values of the change vector

*/

for (i = 0; i < d; i++) {
/*the components of the kth row of G are the
xcomponents of the change vector

*/

diffusionVect[i] = coeff2[i] + diffusionVect[i];

+

/*the vector diffusionVect is multiplied
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*by a Brownian motion

*/

for (i = 0; i < 4d; i++) {
diffusionVect[i]=diffusionVect[i]*dW[k] [1];

}

/*the vector diffusionVect is multiplied by the vector
*0f the square rooth of the solution vector evalued at
*dt divided by d
*/

for (i = 0; i <d; i++) {
diffusionVect[i]l=diffusionVect[i]*coeffl[k];

/*scheme for one step of E-M methodx*/

for (i =0; 1 <d; i++) {
Neulermethod[i] = Neulermethod_temp[i] + drift[i]*dt
+ diffusionVect[i];

for (i = 0; i < d; i++) {
if (Neulermethod[i] < 0) {
Neulermethod[i]=0.;

printf("%13.61le, Yle, %13.61le, Y%le, %13.61le, %le \n",
Neulermethod[0] ,dt,Neulermethod[1] ,dt,Neulermethod[2] ,dt);

fprintf (£,"%13.61le, Yle, %13.61le, Y%le, %13.61le, %le \n",
Neulermethod[0] ,dt,Neulermethod[1],dt,Neulermethod[2],dt);

/*the values of the solution at the step dt (Neulermethod) are
*transferred to Neulermethod_temp
*/
for (1 = 0; i < d; i++) {
Neulermethod_temp[i] = Neulermethod[i];

dt = dt + (double) (1/N);



}
fclose(f);

return O;

/%

* Function that returns the constant matrix Theta
*/

double **Theta(int d)

{

int 1,j.,k,1;
double **theta; /*It is assumed that lambda =

theta = crea_mat(d,d);

/*coeff of matrix Theta equals to 0%/
for (i= 0; i<d; i++) {
for (j=0; j<d; j++) A
theta[i] [j1=0;
}

/*matrix Thetax/
for(k=0; k<d; k++) {
for(1=k; 1<d; 1++) {
if (k ==1&& k !'=0) {
theta[1] [1] = -(1+1)/(double) (d);

}
if (k<1) {
thetalk] [1]

2/ (double) (d);

return theta;

/%
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1, h = L_{max}/d*/
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* Function that returns the vector change

*/
double *Change(int d,int k,int 1)
{
int 1i;
double *vector;
vector=crea_vect(d) ;
for (i = 0; i<d; i++) {
if (i == k-1-1) {
vector[i]l=1;
}
if (i ==1) {
vector[i]l=1;
}
if (4 == k) {
vector[i]=-1;
}
}
return vector;
}
/%

* Function that returns the square root of the elements of a vector
*/
double #*squareRoot(int d, double *v)
{
int i;
double *vectorl, *vector2;

vectorl=crea_vect(d);

vector2=crea_vect(d);

for (i = 0; i<d; i++) {
vectorl[i] = 0.;

}

for (i = 0; i<d; i++) {
vector2[i] = fabs(v[i]);

for (i = 0; i<d; i++) {
vectorl[i] = sqrt(vector2[i]);



return vectorl;

}
/%
* Function that creates a vector
*/
double *crea_vect(int n)
{
double *vect;
vect=(double*)malloc(n*sizeof (double));
if (vect==NULL) {
return NULL;
}
return vect;
}
/%
* Function that creates a matrix
x/
double **crea_mat(int n, int m)
{

double **mat;
int i;
mat=(double**)malloc(n*sizeof (double*)) ;

if (mat==NULL) {
return NULL;
for(i=0;i<n;i++) {
mat [i]=(double*)malloc (m*sizeof (double)) ;

if (mat[i]==NULL) {
return NULL;
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return mat;

/*

* The following function uses the function rand() to generate a
*random number from a Normal distribution of mean mu and standard
*desviation sigma

*/
double randn (double mu, double sigma)
{
double U1, U2, W, mult;
double X1,X2;
/*static int call = 0;*/
/*¥if (call == 1)
{
call = !call;
return (mu + sigma * (double) X2);
+x/
do
{
Ul = ((double) rand() / RAND_MAX);
U2 = ((double) rand() / RAND_MAX);
W = pow (U1, 2) + pow (U2, 2);
}
while (W >= 1 || W == 0); /*to avoid division by zerox*/
mult = sqrt ((-2 * log (W) / W);
X1 = Ul * mult;
/*normally distributed with mean O and
*standard deviation 1
*/
X2 = U2 * mult;
/*xcall = lcall;x*/
return (mu + sigma * (double) X1);
}

/%
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* Function that derives a vector "y" from the multiplication of the
*matrix "a" and the vector "x".

*/

void prod_mat_vect(double **a, int na, int ma, double *x, double *y)

{
int i,j;

for (i=0; i<na;i++) {
y[i]1=0.0;
for (j=0;j<ma;j++) {
y[i]l += ali]l [j1*x[j];
}
}

return;
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