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A spatially flat Robertson-Walker spacetime driven by a cosmological constant is nonconformally

coupled to a massless scalar field. The equations of semiclassical gravity are explicitly solved for this case,

and a self-consistent de Sitter solution associated with the Bunch-Davies vacuum state is found (the effect

of the quantum field is to shift slightly the effective cosmological constant). Furthermore, it is shown that

the corrected de Sitter spacetime is stable under spatially isotropic perturbations of the metric and the

quantum state. These results are independent of the free renormalization parameters.
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I. INTRODUCTION

Our present understanding of cosmology assumes that
the Universe underwent a short period of accelerated ex-
pansion known as inflation [1–5]. The inflationary scenario
has been remarkably successful in explaining the observed
anisotropies of the cosmic microwave background [6–9].
In most inflationary models the accelerated expansion
phase is close to but never exactly de Sitter and this phase
eventually ends when the kinetic energy of the inflaton
field driving inflation starts to dominate over the potential
term. On the other hand, observations of distant supernovae
indicate that the Universe is presently undergoing a period
of accelerated expansion [10,11] that may be driven by a
small nonvanishing cosmological constant [12–15]. If that
is the case, the geometry of our Universe would tend to that
of de Sitter spacetime at sufficiently late times. Thus, a
detailed knowledge of the physics associated with de Sitter
space may play a key role in understanding both the very
early Universe as well as its ultimate fate. Furthermore, it is
conceivable that studying a possible screening of the cos-
mological constant driving de Sitter space, due to quantum
effects, could shed some light on the huge fine-tuning
problem that the current value of the cosmological constant
seems to pose.

An open question which has recently received increasing
attention is whether the quantum fluctuations of the metric
and the matter fields in de Sitter space can give rise to large
backreaction effects on the mean background geometry. It
has been argued that in pure gravity with a cosmological
constant the infrared effects due to two graviton loops and
higher-order radiative corrections could lead to a secular
screening of the cosmological constant [16,17]. There have
also been proposals that a significant screening of the

cosmological constant could appear in chaotic inflationary
models at one loop when both the metric and the inflaton
field fluctuations are considered [18–21]. In all these cases
the quantum fluctuations of the metric play an essential
role. However, whenever the metric perturbations are
quantized, one needs to confront the problem of defining
proper diffeomorphism-invariant observables in quantum
gravity [22], even when treated as a low-energy effective
field theory. In particular one needs to make sure that the
secular screening found in the analysis mentioned above is
not simply a gauge artifact. As a matter of fact, it was
shown in Refs. [23,24] that when a suitable gauge-invariant
measure of the expansion rate was considered the screen-
ing effect previously found in chaotic inflationary models
was not actually present (at least for single field models).
Similarly, a recent reanalysis of the pure gravity case which
made use of a diffeomorphism-invariant measure of the
change of the expansion rate revealed the absence of
secular effects to all orders in perturbation theory [25]
(although this conclusion is still subject to certain debate
[26]).
In recent work it was also found that the backreaction

due to one-loop effects of massless nonconformal fields
can give rise to substantial deviations from de Sitter space-
time [27]. This would be the case even if the quantum
fluctuations of the metric are not considered (provided that
there is some other massless nonconformal field in addition
to gravitons). Not quantizing the metric perturbations
means that the ambiguity associated with the gauge-fixing
term for the metric perturbations is no longer present, and
the mean geometry is a perfectly well-defined (and gauge-
independent) object. Hence, the subtleties mentioned in the
previous paragraph do not apply. The heuristic argument
provided in Ref. [27] is that one-loop contributions from
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massless nonconformal fields correspond to logarithmic
nonlocal terms [conformal fields only produce local terms
for Robertson-Walker (RW) geometries], and by analogy
with the situation in pion physics, one expects that they
become important in the infrared limit. However, it is not
clear that pion physics constitutes a good analogy because
the derivative coupling of the matter fields to the metric
generates higher powers of the momentum. This point can
be illustrated with the simple example of small metric
perturbations around flat space. In that case the Fourier
transform of the inverse propagator behaves like k2½1þ
bðk2=m2

pÞ lnðk2=�2
0Þ�, where b is a dimensionless number

roughly of order 1, mp is the Planck mass and �0 is some

fixed mass scale. One can see that although the logarithm
grows in the infrared, the whole term actually decreases
because it is suppressed by the factor ðk2=m2

pÞ. Indeed, a
detailed calculation of the quantum radiative corrections to
the Newtonian potential shows that the contribution from
that term is suppressed by the square of the ratio of the
Planck length over the radial distance [28–30]. Of course
the case of a RW metric, which involves a time-dependent
scale factor, is not so simple and deserves a careful analysis
in order to compare with the detailed calculation in
Ref. [27].

In this paper we approach this problem by explicitly
solving the backreaction on the mean gravitational field
due to the quantum effects of a massless nonconformally
coupled scalar field when the quantum fluctuations of the
metric are not considered. This kind of one-loop calcula-
tion is entirely equivalent to studying the corresponding
backreaction problem in the semiclassical gravity frame-
work [31–33] by solving self-consistently the semiclassical
Einstein equation, which includes the suitably renormal-
ized quantum expectation value of the stress-tensor opera-
tor acting as a source. Specifically, in our calculation we
assume the presence of a cosmological constant, which
would lead to a de Sitter solution in the absence of quantum
effects, and simplify the problem by focusing on RW
geometries, corresponding to spatially homogenous and
isotropic states of the quantum field. It should be empha-
sized that a complete analysis of the backreaction problem
in de Sitter spacetime and its stability should include the
effect of the quantum metric fluctuations as well. However,
as mentioned above, including the quantum fluctuations of
the metric in a satisfactory way is technically rather in-
volved and entails a number of conceptual subtleties. It is,
therefore, important to make sure first that there are no
significant effects even when the quantum metric fluctua-
tions are not taken into account, especially because the
existence of such effects has actually been suggested by a
number of studies in the literature.

There exist relevant antecedents to our analysis in the
context of quantum field theory in a fixed curved space-
time, i.e., when the backreaction of the quantum fields on
the spacetime geometry is not taken into account. The so-

called Bunch-Davies vacuum [31,34] for fields in de Sitter
is a state invariant under all the isometries of de Sitter
space, which is maximally symmetric. The renormalized
expectation value of the stress-tensor operator for that state
is proportional (with a constant factor) to the metric and
therefore its contribution to the semiclassical Einstein
equation has the same form as a cosmological constant
term. As is well known, this makes it possible to have self-
consistent de Sitter solutions of the semiclassical equation
[35–37] (this has also been found in models with modified
dispersion relations for trans-Planckian frequencies [38]).
More importantly, it was shown in Ref. [39] that for fields
with a wide range of mass and curvature-coupling parame-
ters evolving in a given de Sitter spacetime, the expectation
value of the stress tensor for any reasonable initial state
tended at late times to the expectation value for the Bunch-
Davies vacuum, where by reasonable states one means
states with the same ultraviolet behavior as the
Minkowski vacuum, i.e., with essentially no excitations
at arbitrarily high frequencies (technically they are known
as fourth-order adiabatic states [31,40]). This result can be
intuitively understood as follows: the exponential expan-
sion will redshift any finite frequency excitations of the
Bunch-Davies vacuum so that their contribution to the
stress tensor will tend to zero at late times.
The result described in the previous paragraph suggests

that even when taking into account backreaction effects,
perturbations around de Sitter will be redshifted away and
at late times the spacetime geometry will approach
de Sitter space with an effective cosmological constant
which includes the contribution from the expectation value
of the stress tensor for the Bunch-Davies vacuum.
However, in order to prove this expectation without any
room for doubt, one needs to solve both the semiclassical
Einstein equation and the Klein-Gordon equation for the
scalar field self-consistently. This is the main goal of this
paper. We will consider a fairly general family of Gaussian
initial states for the quantum field which are spatially
homogenous and isotropic, and discuss under what con-
ditions the trace of the stress-tensor expectation value
exhibits unphysical divergences at the initial time after
the standard renormalization procedure. We will also ex-
plain how to select appropriate states with regular initial
behavior, and then solve the backreaction equation explic-
itly. We obtain relatively simple analytic expressions for
the solutions at all times. The standard renormalization
procedure for the ultraviolet divergences of the expectation
value of the stress tensor requires the renormalization of
the gravitational and cosmological constants as well as two
new dimensionless parameters which are related to local
geometric terms in the gravitational action which are qua-
dratic in the curvature tensor. These new parameters should
in principle be determined experimentally in order to
eliminate the two-parameter ambiguity otherwise exhib-
ited by the backreaction equation. Nevertheless, for the
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particular case that we are considering (and at the order in
the Planck length at which we are working) the results turn
out to be independent of the particular value of these
renormalization parameters.

The plan of the paper is the following. In Sec. II we
introduce the particular model that we will be considering
and describe the procedure that we will employ to generate
the initial state of the quantum field. In Sec. III we use the
closed time path (CTP) formalism, whose application to
semiclassical gravity is briefly summarized in the
Appendix, to derive the effective action which encodes
the effect of the quantum fields on a spatially flat RW
spacetime. We also derive the relation between the time-
time component of the stress tensor and its trace, which
will be later used to derive the backreaction equation. In
Sec. IV the CTP effective action is used to obtain the
quantum expectation value of the stress-tensor operator,
and the suitable initial conditions for the quantum state of
the field and for the cosmological scale factor are discussed
in detail. Finally, in Sec. V the semiclassical Friedmann
equation that describes the backreaction of the quantum
field on the scale factor, driven by a cosmological constant,
is derived and solved perturbatively in powers of the
Planck length over the Hubble radius. We find an explicit
result valid for all times. It shows that there exists a self-
consistent de Sitter solution with a slightly shifted cosmo-
logical constant due to the one-loop effects and that all the
other solutions tend to this one at late times. The main
results are summarized in Sec. VI, where natural general-
izations of the work presented here are also discussed.
Some aspects of the functional approach to semiclassical
gravity and the renormalization of the stress-tensor expec-
tation value used in the paper are summarized in
Appendix A. Finally, the connection of the initial states
that we consider with the fourth-order adiabatic states and
the method of adiabatic regularization in RW spacetimes is
explained in Appendix B. Throughout the paper we use
natural units with @ ¼ c ¼ 1 and the ðþ;þ;þÞ convention
of Ref. [41].

II. A QUANTUM FIELD IN A RW BACKGROUND
AND ITS INITIAL STATE

In this section we describe our model for the backreac-
tion of quantum fields on a cosmological background. We
assume a spatially homogeneous and isotropic cosmologi-
cal model with flat spatial sections, described by the metric

g�� ¼ a2ð�Þ���; (1)

where ��� is the n-dimensional Minkowski metric (we use

arbitrary dimensions for the moment in order to perform
dimensional regularization later on), which takes the form
��� ¼ diagð�1; 1; . . . ; 1Þ when considering the usual in-

ertial coordinates, and að�Þ is the cosmological scale
factor in terms of the conformal time �, which is related
to the physical time t by a d� ¼ dt. The classical action

for a real massless scalar field �ðxÞ coupled to gravity is

Sm½g��;�� ¼ � 1

2

Z
dnx

ffiffiffiffiffiffiffi�g
p ½g��@��@��

þ ð�c þ �ÞR�2�; (2)

where the dimensionless parameters �c � ðn� 2Þ=½4ðn�
1Þ� (equal to 1=6 in four dimensions) and � give the
coupling to the Ricci curvature scalar R, given in this
case by

R ¼ 2ðn� 1Þ
�
€a

a3
þ n� 4

2

_a2

a4

�
; (3)

where here and throughout the rest of the paper overdots
denote derivatives with respect to the conformal time, i.e.,
_� d=d�. The minimal coupling case (no direct coupling
to the curvature) corresponds to � ¼ ��c; a massless
scalar field with minimal coupling mimics the behavior
of gravitons in the cosmological background, except for a
factor of 2 corresponding to the graviton polarizations.
When � ¼ 0 the classical action Sm½g��;�� is invariant

under conformal transformations with g�� ! �2ðxÞg��

and �ðxÞ ! �ð2�nÞ=2ðxÞ�ðxÞ; this is known as the confor-
mal coupling case and it can be used to mimic the behavior
of photons.
Since the RWmetric given by Eq. (1) is conformally flat,

it is convenient to introduce the rescaled scalar field

�ðxÞ ¼ aðn�2Þ=2ð�Þ�ðxÞ. The action in Eq. (2) then sim-
plifies to

Sm½a;�� ¼ � 1

2

Z
dnxð���@��@��þ �a2R�2Þ; (4)

which is the action for a free scalar field �ðxÞ in
Minkowski spacetime with a time-dependent quadratic
coupling �a2R�2. Identifying the matter Lagrangian Lm

from Sm ¼ R
d�Lm and the momentum �ðxÞ ¼

�Lm=� _�ðxÞ ¼ _�ðxÞ, one obtains the following
Hamiltonian for the rescaled scalar field:

Hm½�;�� ¼ 1

2

Z
dn�1x½�2 þ ð ~r�Þ2 þ �a2R�2�

� Hð0Þ
m þHint; (5)

where in the second equality we have separated the

Hamiltonian into that of a free massless field, Hð0Þ
m , and

an interaction HamiltonianHint, which is proportional to �.
Let us now discuss the kind of initial quantum states of

the field that we will be considering. We are interested in
the evolution of the scale factor driven by a cosmological
constant� plus the backreaction effect due to the quantum
scalar field, given some initial conditions for the scale
factor and its derivative at some initial time �i as well as
the initial state of the quantum field at that time. On the
other hand, we will use the evolution from � ¼ �1 to
� ¼ �i as an auxiliary way to prepare the initial quantum
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state of the field. More precisely, the initial state of the field
will be given by

j�ii ¼ Ûð�i;�1Þj0;�1i; (6)

where j0;�1i is the usual Minkowski vacuum at � !
�1 and Û is the time evolution operator associated with

the Hamiltonian given by Eq. (5). Ûð�i;�1Þ only depends
on the scale factor before the initial time �i, which will be
denoted from now on by a�ð�Þ and can be a fairly arbitrary
regular function, subject only to the condition

lim
�!�1a

2
�ð�ÞR�ð�Þ ¼ 0; (7)

where R�ð�Þ is the Ricci scalar corresponding to a�ð�Þ,
and to the requirement of a sufficiently smooth transition at
�i to the scale factor at later times (the reason for this latter
condition will be explained in detail in Sec. IV). Thus, our
initial state is a squeezed state1 that evolves (in the
Schrödinger picture) from the Minkowski vacuum state.
A particular case is the Bunch-Davies vacuum [34] for zero
mass and curvature coupling ð�c þ �Þ, which would follow
from considering a scale factor a�ð�Þ that corresponds to a
given de Sitter spacetime all the way from � ¼ �1 to
� ¼ �i [note that such a scale factor does satisfy condition
(7)]. Note that the state obtained from the construction
described above and defined by Eq. (6) is the state of the
rescaled field �ðxÞ. However, the state of the original field
�ðxÞ can be derived straightforwardly from it if one takes
into account the simple relation between �ðxÞ and �ðxÞ
involving the scale factor að�Þ.

Finally, the gravitational action for the scale factor can
be written as

Sg½a� ¼ V
2�

Z
�i

d�anðR� 2�Þ þ Scg½a�; (8)

where the first term is just the Einstein-Hilbert term with
� ¼ 8�G ¼ 8�=m2

p (G is the gravitational coupling con-

stant, mp is the Planck mass and we are using natural units

with @ ¼ c ¼ 1), V ¼ R
dn�1x is a spatial comoving

volume factor that will drop in the final expressions, and
Scg½a� accounts for the gravitational counterterms that will

be specified later. At this point the parameters � and �
should in principle be considered as bare parameters.
However, for a massless field these parameters do not
need to be renormalized when using dimensional regulari-
zation since the divergences in that case only require
counterterms which are quadratic in the curvature, as we
will see below.

III. THE EFFECTIVE ACTION FOR THE
COSMOLOGICAL SCALE FACTOR

A. The expectation value of the energy density and the
trace of the stress tensor

We can now follow the procedure outlined in
Appendix A to derive the semiclassical Einstein equation
describing the backreaction of the scalar field on the space-
time geometry. The expectation value of the stress tensor
for a given state of the field plays a key role in that
equation. As long as one considers spatially homogenous
and isotropic states of the quantum fields, it is consistent to
assume that the metric in the semiclassical equation (A1)
takes the restricted form (1) throughout, so that there is
only one dynamical variable að�Þ to be determined.
Hence, we can concentrate on just one of the equations

for the different components of Eq. (A1), and, in particular,
on the 00 component, which in this semiclassical cosmo-
logical context may be called the semiclassical Friedmann

equation. The expectation value hT̂00iren will be taken in
the state j�ii defined by Eq. (6). Both the classical stress
tensor and its quantum expectation value can be obtained
by functionally differentiating, respectively, the classical
action Sm and the influence action SIF with respect to the
metric, according to Eqs. (A7) and (A8). The influence
action describes the effect of the quantum matter fields on
the gravitational field and results from functionally inte-
grating the quantum matter fields. Note, however, that
since our metric has been assumed to have the form g�� ¼
a2ð�Þ���, with the scale factor as the only independent

kinematical degree of freedom, we can only functionally
differentiate with respect to að�Þ and will just be able to
obtain trace of the stress tensor, T

�
� . This can be seen as

follows. Since �g�� ¼ 2a����a ¼ 2a�1g���a, from

Eq. (A7) we can write

�Sm �
Z

dnx
�Sm
�g��

�g�� ¼
Z

dnx
ffiffiffiffiffiffiffi�g

p
T��g��

�a

a

¼
Z

d�
Z

dn�1xan�1T�
��a; (9)

so that �Sm=�a ¼ Van�1T
�
� , where the spatial comoving

volume V appears as a consequence of the spatial homo-
geneity of the stress tensor. This also means that by func-
tional derivation with respect to the scale factor we obtain,
from the renormalized influence action SrenIF in Eq. (A8), the
renormalized expectation value of the trace of the stress-
tensor operator:

hT̂�
�i ¼ 1

Van�1

�SrenIF ½aþ; a��
�aþ

��������aþ¼a�¼a
; (10)

where from now on we will drop the subscript ‘‘ren’’ in the
expectation value to simplify the notation.
In principle one could use either the 00 component of the

semiclassical Einstein equation (the Friedmann equation)
or the equation for the trace. There is, however, a subtle

1This means that we restrict our attention to a family of
Gaussian pure states.
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difference. For the sake of argument let us consider the
classical limit only; whereas the classical Friedmann equa-
tion is a first-order differential equation in time for the
scale factor the equation for the trace is of second order in
time. The solutions of the Friedmann equation automati-
cally satisfy the trace equation, but the Friedmann equation
also constrains the initial conditions for the scale factor and
its time derivative. If one works only with the trace equa-
tion, this additional information is missed. (When quantum
corrections are added, higher-order derivatives appear in
both equations, but we will explain how to deal with them
in Sec. V.)

In this paper we will work with the semiclassical
Friedmann equation. Therefore, we need to calculate

hT̂00i. One possibility is to start with a metric of the form
ds2 ¼ �N2ð~�Þd~�2 þ a2ð~�Þ�ijdx

idxj with Nð~�Þ and að~�Þ
independent,2 functionally differentiate with respect to N
and a, and finally take N ¼ a only after that. The func-

tional derivative with respect to N gives hT̂00i and the
Friedmann equation. Alternatively, one can make use of

a useful relation between hT̂00i and hT̂�
�i in a RW space-

time which is a consequence of the stress-tensor conserva-

tion law r�hT̂��i ¼ 0, and the fact that ~� ¼ @=@� is a

conformal Killing field, i.e., 2rða�bÞ ¼ 	g�� with 	 ¼
2 _a=a in our case [31,42]. These two equations lead to

r�ðhT̂��i��Þ ¼ _a

a
hT̂�

�i; (11)

which can be integrated over the spacetime volume
bounded by the spacelike hypersurfaces corresponding to
�0 ¼ �1 and �0 ¼ � (for the construction introduced in
Sec. II to generate the initial quantum state of the field the
stress tensor is also conserved from �0 ¼ �1 till our
initial time �0 ¼ �i). Using Gauss’s theorem we get a

relationship between the integration of hT̂00i on the two

hypersurfaces and the spacetime integral of hT̂�
�i which

reads

hT̂00ð�Þian�2ð�Þ ¼ C�
Z �

�1
d�0an�1ð�0Þ _að�0ÞhT̂�

�ð�0Þi;
(12)

where C ¼ hT̂00ð�1Þian�2ð�1Þ and we have divided by
the spatial volume V , which appears due to the spatial
homogeneity of the stress-tensor expectation value. Since
the constant C is proportional to the expectation value of
the energy density of a Minkowski vacuum, as follows
from Eq. (6), it should vanish. Hence, from now on, we
will take C ¼ 0.

B. The effective action

In this section we compute the influence action needed
to derive the expectation value of the trace of the stress
tensor according to Eq. (10). Using the so-called CTP
formalism, the influence action SIF½gþ; g�� for an arbitrary
metric is defined in Appendix A by Eqs. (A4) or (A10) for a
general initial state of the field. Specializing Eq. (A10) to
the conformally flat metric g�� ¼ a2��� with the defini-

tion of our initial state as given in Eq. (6), we get

eiSIF½aþ;a�� ¼
Z

D’h0;�1jÛ�ð�1; �fÞj’i

� h’jÛþð�f;�1Þj0;�1i; (13)

where j’i are the properly normalized field eigenstates,
such that ’̂ð ~xÞj’ð ~x0Þi ¼ ’ð ~xÞj’ð ~x0Þi, and the time evolu-
tion operator is

Û �ð�f;�1Þ ¼ T exp

�
�i

Z �f

�1
d�Ĥm½a�; �̂; �̂�

�
: (14)

Using the path integral representation for the time evolu-
tion operator in terms of the action (4) for the scalar field
we have

eiSIF½aþ;a�� ¼
Z

D�þD��eiðSm½aþ;�þ��S�m½a�;���Þ; (15)

where �þð�fÞ ¼ ��ð�fÞ. This expression corresponds to

Eq. (A4) for an initial Minkowski vacuum state. To enforce
this state we must take the usual �i
 prescription.
Integrating by parts and taking into account that the action
Sm is quadratic in the field, we can write

eiSIF½aþ;a�� ¼
Z

D�þD��eði=2Þ
R

dnxð�þAþþ�þþ��A����Þ

¼ ðdetAÞ�1=2; (16)

where the matrix A is defined by Aþþ ¼ ���@�@� �
�ðaþÞ2Rþ þ i
, A�� ¼ �ð���@�@� � �ða�Þ2R� � i
Þ,
and Aþ� ¼ A�þ ¼ 0, and a Gaussian integration has
been performed in the last equality. Introducing the inverse
matrix G ¼ A�1 we thus have

SIF½aþ; a�� ¼ � i

2
tr lnG: (17)

The matrix G can be computed perturbatively.
Following Refs. [43–45] we define A ¼ A0 þ V, where
the matrix V includes the time-dependent interaction
with Vþþ ¼ ��ðaþÞ2Rþ, V�� ¼ �ða�Þ2R�. Then up to
second order in �, G ¼ G0ð1� VG0 þ VG0VG0 þ � � �Þ
where G0 is the Minkowski 2� 2 CTP propagator with
G0þþ ¼ �F, G0�� ¼ ��D, G0þ� ¼ ��þ, and G0�þ ¼
��, and where �F and �D are, respectively, the
Feynman and the Dyson propagators and �� are the
Wightman functions:

2Provided that Nð~�Þ is nonvanishing and differentiable, such a
metric can always be rewritten as ds2 ¼ a2ð�Þð�d�2 þ
�ijdx

idxjÞ through a coordinate transformation involving a re-
definition of the time ~�.
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�F=DðxÞ ¼ �
Z dnp

ð2�Þn
eip�x

p2 � i

;

��ðxÞ ¼ �2�i
Z dnp

ð2�Þn e
ip�x�ðp2Þ�ð�p0Þ:

(18)

Substituting into Eq. (17) we have (up to second order in �)

SIF½aþ; a�� ¼ � i

2
tr lnG0 þ i

2
trðVþþ�FÞ

� i

2
trðV���DÞ � i

4
trðVþþ�FVþþ�FÞ

� i

4
trðV���DV���DÞ

þ i

2
trðVþþ�þV����Þ: (19)

The first three terms do not contribute to the dynamical
equations for að�Þ: the first term is independent of a, and
the second and third terms are tadpoles which are identi-
cally zero in dimensional regularization [46], so that there
is no linear term in � in the effective action. The fourth and
fifth terms involve the product of Feynman and Dyson
propagators and need regularization, whereas the last
term is finite. Following closely Refs. [43,44] we get, after
expanding in powers of ðn� 4Þ, that the real part of SIF in n
dimensions is

ReSIF½aþ; a�� ¼ � 9�2V
8�2

�
1

n� 4

Z
d��

��
€a

a

�
2
�

þ 1

3

Z
d��

�
€a

a

�
3

�
_a

a

�
2 þ 2

€a

a

��

þ 2
ZZ

d�d�0�
�
€a

a
ð�Þ

�
~Hð�� �0Þ

��

�
€a

a
ð�0Þ

��
þOðn� 4Þ; (20)

where we have used the difference and semisum notations
�ðfÞ � fþ � f� and �ðfÞ � ðfþ þ f�Þ=2, respectively,
and the kernel ~Hð�� �0Þ is given by

~Hð�� �0Þ ¼
Z d!

2�
e�i!ð���0Þ

�
lnj!j þ i�

2
sgnð�!Þ

� 1

2
ð2þ ln4�� �Þ

�
; (21)

where � is the Euler-Mascheroni constant. Note that
although the argument of the logarithm is not dimension-
less, when combining the influence action with the coun-
terterms in the bare gravitational action, the contribution
involving the renormalization scale � will finally render
the argument of the logarithm dimensionless, as we will
see below. There is also an imaginary part in SIF, but it does
not contribute to the expectation value (10), and thus to the
semiclassical equation for a, because it depends quadrati-
cally on the difference variable �ð €a=aÞ. This means that
when functionally deriving with respect to aþ and then

taking aþ ¼ a� ¼ a to get the expectation value, the
imaginary contribution vanishes, as it should. The role of
the imaginary part of SIF is related to the so-called noise
kernel, which accounts for the fluctuations of the stress
tensor and allows to go beyond the semiclassical equations,
which capture only the averaged value of the stress tensor.
The noise kernel plays a key role in stochastic gravity; see
Refs. [47–51] for the general theory and Refs. [45,52–55]
for cosmological applications.
As explained in Appendix A, the dynamical equations

for the gravitational field can be derived from the so-called
CTP effective action, �½aþ; a��, the two ingredients of
which are the gravitational action Sg½a�, given by

Eq. (8), and the influence action SIF½aþ; a��.
Specializing Eq. (A5) to the conformally flat metric in
Eq. (1), the regularized CTP effective action becomes

�½aþ; a�� ¼ Sg½aþ� � Sg½a�� þ SIF½aþ; a��: (22)

The real part of the regularized influence action is given by
Eq. (20) and diverges for n ¼ 4. Thus, we need to add
appropriate local covariant counterterms, which we de-
noted by Scg½a�, to the bare gravitational action. For a

massless field only counterterms quadratic in the curvature,
as explicitly given by Eq. (A12), are needed. The integrand
of the first term on the right-hand side of Eq. (A12), which
is independent of �2, is proportional to the square of the
Weyl tensor in n ¼ 4 dimensions. For a conformally flat
metric like the metric (1) that we are considering here, the
Weyl tensor vanishes and thus this term vanishes in four
dimensions. However, it plays a crucial role in the trace
anomaly [31]. In fact, expanding in powers of ðn� 4Þ and
neglecting a total divergence, we have

�n�4
Z

dnx
ffiffiffiffiffiffiffi�g

p ðR���R
��� � R��R

��Þ

¼ �V ðn� 4Þ
Z

d�

�
3

�
€a

a

�
2 �

�
_a

a

�
4
�
þOððn� 4Þ2Þ;

(23)

which is of order Oðn� 4Þ and therefore gives a finite
contribution when multiplied by the divergent ðn� 4Þ�1

factor. On the other hand, due to the Oðn� 4Þ dependence
there will be no contribution proportional to the parameter
� from Eq. (A12), as expected since the tensor A�� in

Eq. (A1) vanishes for a conformally flat metric. As for the
second term on the right-hand side of Eq. (A12), we have

�n�4
Z

dnx
ffiffiffiffiffiffiffi�g

p
R2 ¼ V

Z
d�

�
36

�
€a

a

�
2 þ 12ðn� 4Þ

�
�
3

�
€a

a

�
2
lnða�Þ

þ €a

a

�
3

�
_a

a

�
2 þ 2

€a

a

���

þOððn� 4Þ2Þ: (24)
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When multiplied by ðn� 4Þ�1, the first term of this ex-
pansion cancels out the ðn� 4Þ�1 divergence of Eq. (20).

Finally, we can add the regularized counterterms of
Eq. (A12) with the particular values in Eqs. (23) and (24)
to the Einstein-Hilbert action (including the cosmological
constant) to obtain the total bare gravitational action Sg½a�.
Together with the regularized influence action, whose real
part is given by Eq. (20), it gives the regularized CTP

effective action �½aþ; a��. We can then take the limit n !
4 to obtain the four-dimensional effective action in terms of
the renormalized gravitational action and influence action:

�½aþ; a�� ¼ Sreng ½aþ� � Sreng ½a�� þ SrenIF ½aþ; a��: (25)

The result for the renormalized real part of the influence
action in four dimensions is

ReSrenIF ½aþ; a�� ¼ V
Z

d�

�
� 1

2880�2
�

�
3

�
€a

a

�
2 �

�
_a

a

�
4
�

þ 9�2

8�2

�
�

��
€a

a

�
2
lna

�
� 2

Z
d�0�

�
€a

a
ð�Þ

�
Hð�� �0; ��Þ�

�
€a

a
ð�0Þ

���
; (26)

where we have incorporated the renormalization scale �� ¼
� exp½ð2þ ln4�� �Þ=2� in the new kernel

Hð�� �0; ��Þ ¼
Z d!

2�
e�i!ð���0Þ

�
ln
j!j
��

þ i�

2
sgnð�!Þ

�
:

(27)

From the action in Eq. (26) one can obtain the renormal-
ized expectation value of the trace of the stress tensor
(remember that the imaginary part of the influence action
plays no role in that). Similarly, by taking the functional
derivative of the CTP effective action �½aþ; a�� with
respect to aþ and then equating aþ ¼ a� ¼ a we obtain
the trace of the semiclassical Einstein equation. Note that
the CTP effective action, given by Eq. (22) or equivalently
by Eq. (25), is renormalization-group invariant, i.e., it is
independent of the renormalization-group scale �, and so
are the physical predictions that one can derive from it. The
dependence on � in ReSrenIF ½aþ; a��, which gives rise to a
local term of the form ð9�2=8�2Þ ln��ðð €a=aÞ2Þ, is exactly
compensated by the dependence on � of the renormalized
parameter � multiplying the R2 term in the renormalized
gravitational action. This can be traced back to the fact that
the bare parameter �B is independent of�, as explained in
Appendix A.

We close this section by mentioning an alternative (but
entirely equivalent) method of calculating the influence
action provided in Ref. [56]. The approach, which is based
on decomposing the field in spatial Fourier modes, com-
puting the unitary evolution operator for each mode per-
turbatively in the interaction picture, and summing over all
the modes at the end, can be useful when considering more
general initial states at a finite initial time �i which are not
necessarily of the form given by Eq. (6).

IV. THE EXPECTATION VALUE OF THE STRESS
TENSOR

A. The trace

Functionally differentiating with respect to aþ the ex-
pression for the influence action given by Eq. (26) and

using Eq. (10), we obtain the expectation value of the trace
of the stress tensor:

hT̂�
�i ¼ 1

a3

�
� 6

2880�2

�
d2

d�2

�
€a

a2

�
� €a2

a3

�

� 4

2880�2

�
d

d�

�
_a3

a4

�
þ _a4

a5

�

þ 9�2

4�2

�
d2

d�2

�
€a

a2
lna

�
� €a2

a3

�
lna� 1

2

�

� d2

d�2

�
1

a
�

�
€a

a
;�

��
þ €a

a2
�

�
€a

a
;�

���
; (28)

where �½f;�Þ ¼ R1
�1 d�0Hð�� �0; ��Þfð�0Þ. One can

easily check that the usual result for the trace anomaly is
obtained in the conformal limit � ! 0. Indeed, taking into
account that in four dimensions

hR ¼ � 6

a3

�
d2

d�2

�
€a

a2

�
� €a2

a3

�
(29)

and

R���R
��� � R��R

�� ¼ � 4

a3

�
d

d�

�
_a3

a4

�
þ _a4

a5

�
; (30)

Eq. (28) can be rewritten as

hT̂�
�i ¼ 1

2880�2
hRþ 1

2880�2
ðR���R

��� � R��R
��Þ

þOð�2Þ; (31)

which coincides with the trace anomaly [31] for a massless
conformal scalar field when � ¼ 0. Note that the counter-
term in Eq. (23), when multiplied by the divergent factor
ðn� 4Þ�1, plays a key role for this result.
Equation (28) has a nonlocal term which includes the

functional �½ €a=a;�Þ and its first and second derivatives.
Let us examine this nonlocal part in some detail. The
Fourier transform in Eq. (27) can be computed [see
Eq. (VII.7.18) in Ref. [57]] to yield
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Hð�� �0; ��Þ ¼ �Pf
�ð�� �0Þ
�� �0 � ð�þ ln ��Þ�ð�� �0Þ;

(32)

where Pf stands for Hadamard’s finite part prescription,
and � is the Euler-Mascheroni constant. This prescription
means that

�½f;�Þ ¼ � lim

!0þ

�Z ��


�1
d�0

�� �0 fð�0Þ

þ ðln
þ ln ��þ �Þfð�Þ
�
: (33)

Since the evolution from � ¼ �1 to �i can be regarded as
an auxiliary way to generate the initial state of the quantum
field, which is determined by the scale factor að�Þ for
times � 	 �i and denoted earlier by a�ð�Þ, it is conve-
nient to define vð�Þ � ð €a�=a�Þð�Þ. Therefore, for � 	 �i

we have �½ €a�=a�;�Þ ¼ �½v;�Þ, whereas for �> �i the
integral in Eq. (33) can be separated into two parts:

�

�
€a

a
;�

�
¼ �1

�
€a

a
;�

�
þ �2½v;�Þ; (34)

where

�1

�
€a

a
;�

�
¼ � lim


!0þ

�Z ��


�i

d�0

�� �0
€a

a
ð�0Þ

þ ðln
þ ln ��þ �Þ €a
a
ð�Þ

�
; (35)

which involves a time integration only after �i, and

�2½v;�Þ ¼ �
Z �i

�1
d�0

�� �0 vð�0Þ; (36)

which involves a time integration only before �i.
Following this notation one can also separate the trace in

Eq. (28) for �> �i into two parts: hT̂�
�i ¼ hT̂�

�i1 þ hT̂�
�i2,

where the first term involves �1½ €a=a;�Þ and the second
one involves �2½v;�Þ. From Eqs. (5) and (6), and taking
into account that in four dimensions a2R ¼ 6 €a=a, we see
that vð�Þ completely determines the initial state of the

quantum field. Thus, hT̂�
�i1 is state independent, whereas

hT̂�
�i2 contains all the dependence on the initial state. In

fact, the former will appear in the trace even if the initial
state does not have the form given by Eq. (6).

B. The initial conditions

We can now see that the state-independent part of the

trace of the stress tensor, namely hT̂�
�i1, diverges in the

limit � ! �þ
i , corresponding to the initial time. Let us

consider the definition of �1½ €a=a;�Þ in Eq. (35) and
Taylor expand €a=a around �0 ¼ � so that ð €a=aÞð�0Þ ¼
ð €a=aÞð�Þ þOð�� �0Þ; we then have

Z ��


�i

d�0

�� �0
€a

a
ð�0Þ ¼ � €a

a
ð�Þ ln
þ €a

a
ð�Þ lnð�� �iÞ

þOð�� �iÞ; (37)

which implies that

�1

�
€a

a
;�

�
¼ � €a

a
ð�Þ½lnð�� �iÞ þ ln ��þ ��

þOð�� �iÞ; (38)

so that �1½ €a=a;�Þ is finite for all �> �i, but diverges

when � ! �þ
i . Moreover, in addition to �1½ €a=a;�Þ, hT̂�

�i1
also contains the first and second time derivatives of �1.
Obviously upon derivation Eq. (38) becomes more singular
at � ! �þ

i , and in general the divergences of the three

singular terms will not cancel out. Therefore, hT̂�
�i1 ! 1

in the limit � ! �þ
i .

Thus, hT̂�
�i will diverge at the initial time unless we

choose an initial state that cancels the previous divergen-
ces. This partly motivates the class of initial states we
consider in this paper. Taylor expanding v around �0 ¼
�i, and following a procedure analogous to the one that led
to Eq. (37) [notice that condition (7) ensures that �2½v;�Þ
is well behaved in its lower limit], one can check that

�2½v;�Þ ¼ vð�iÞ lnð�� �iÞ þ finite terms; (39)

where by ‘‘finite terms’’ we mean terms which are finite in
the limit � ! �i. Therefore, �½ €a=a;�Þ ¼ �1½ €a=a;�Þ þ
�2½v;�Þ is finite at �i provided that vð�iÞ ¼
lim�!�þ

i
ð €a=aÞ. If this condition is satisfied, it is easy to

see from Eqs. (35) and (36) that ðd=d�Þ�½ €a=a;�Þ ¼
�½dð €a=aÞ=d�;�Þ. Thus, by iterating the same argument
we find that the conditions that an initial state of the class
(6) must satisfy in order to avoid initial time divergences of

hT̂�
�i are

vð�iÞ ¼ lim
�!�þ

i

�
€a

a

�
; _vð�iÞ ¼ lim

�!�þ
i

d

d�

�
€a

a

�
;

€vð�iÞ ¼ lim
�!�þ

i

d2

d�2

�
€a

a

�
:

(40)

In other words, the cosmological scale factors before and
after the initial time must be matched with continuity up to
the fourth derivative. Equations (40) have been presented
as conditions on the preparation of the initial state given a
scale factor að�Þ for � 
 �i. Alternatively, one can regard
these equations as initial conditions on the scale factor
given some initial state defined by Eq. (6). Henceforth
we will assume that these conditions are satisfied.

C. The energy density

Once the expectation value of the trace of the stress
tensor is known, the 00 component of the stress tensor

may be obtained from Eq. (12). The local part of _aa3hT̂�
�i
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is a derivative, so it gives rise to local terms in a2hT̂00i. The
result, for �> �i, is

a2hT̂00i ¼ 6

2880�2

�
_a
d

d�

�
€a

a2

�
� 1

2

�
€a

a

�
2
�
þ 3

2880�2

�
_a

a

�
4

� 9�2

4�2

�
lna

�
_a
d

d�

�
€a

a2

�
� 1

2

�
€a

a

�
2
�
þ _a2 €a

a3

þ T½a; v�
�
; (41)

where T, which includes the nonlocal part of this expecta-
tion value and comes from integrating the last two terms in
Eq. (28), is defined by

T½a; v;�Þ ¼
Z �

�1
d�0 _a

�
� d2

d�02

�
1

a
�

�
€a

a
;�0

��

þ €a

a2
�

�
€a

a
;�0

��
: (42)

Making use of the ‘‘smoothness’’ of the scale factor at �i

assumed above, and following the previous notation for the
separation of the nonlocal terms, we can again write

T½a; v� ¼ T1½a� þ T2½a; v�; (43)

where we split T½a; v� into two parts: one independent of v
and a second one which contains the entire dependence on
v. This is achieved by splitting the integral in Eq. (42) as
well as the functional �. The first part is given by

T1½a;�Þ ¼
Z �

�i

d�0
�
_a

a

�
ð�0Þ

�
2

d

d�0

�
_a

a

�
�1

�
€a

a
;�0

�

þ 2

�
_a

a

�
ð�0Þ�1

�
d

d�00

�
€a

a

�
;�0

�

� �1

�
d2

d�002

�
€a

a

�
;�0

��
: (44)

This is obtained from Eq. (42) by explicitly applying the
second-order derivative d2=d�02 and taking into account
that when the conditions in Eqs. (40) hold, the derivatives
acting on the functional � can be taken inside and applied
to the argument. All this is done before splitting the inte-
gral and the functional �. Similarly, the second part in
Eq. (43) can be written as

T2½a; v;�Þ ¼
Z �

�i

d�0
�
_a

a

�
ð�0Þ

�
2

d

d�0

�
_a

a

�
�2½v;�0Þ

þ 2

�
_a

a

�
ð�0Þ�2½ _v;�0Þ � �2½ €v;�0Þ

�

þ
�
_a

a

�
2ð�iÞ�½v;�iÞ �

�
_a

a

�
ð�iÞ�½ _v;�iÞ

þ
Z �i

�1
d�0vð�0Þ�½ _v;�0Þ: (45)

The different form of the last three terms, which corre-
spond to the integral from �1 to �i, is because we made
use of the following equivalent expression for the last two

terms in Eq. (28) times ð� _aa3Þ:

� _a
d2

d�02

�
1

a
�

�
€a

a
;�0

��
þ _a

€a

a2
�

�
€a

a
;�0

�

¼ � d

d�0

�
_a
d

d�0

�
1

a
�

�
€a

a
;�0

���
þ €a

a

d

d�0 �
�
€a

a
;�0

�
:

(46)

In addition to being convenient later on, we did this so that
it became manifest that T2½a; v� depends on a� only
through v. From Eqs. (44) and (45) it is clear that all the
dependence of the energy density on the initial state of the
quantum field is included in T2½a; v�. We should, however,
remember that conditions (40) have been used so that the
divergences from the evolution after �i and those from the
initial state would cancel out. Consequently, the integrand
on the right-hand side of Eq. (44) and the integrand of the
first integral in Eq. (45) only exhibit logarithmic divergen-
ces when �0 ! �i which would cancel out when adding T1

and T2. In fact, they give a finite contribution even sepa-
rately since, being logarithmic, they are finite upon
integration.
The energy density that we have just computed is valid

for any scale factor at � 
 �i and an initial state corre-
sponding to any regular function vð�Þ which satisfies con-
ditions (7) and (40). It can be included in the semiclassical
Friedmann equation in the presence of any other classical
source. In this paper we concentrate on the case where the
classical source is a cosmological constant.

V. THE SEMICLASSICAL FRIEDMANN
EQUATION

A. The equation

Next, we proceed to analyze the evolution of the scale
factor after the initial time �i, when it is driven by a
cosmological constant and a free massless scalar field
nonconformally coupled to the curvature. We will use the
00 component of the semiclassical Einstein equation (A1),

namely, G00 ¼ ��g00 � �B00 þ �hT̂00iren. Note that we
have already taken into account that A�� ¼ 0 in our con-

formally flat spacetime. On the other hand, evaluating B��,

as given by Eq. (A3), for the RW metric (1), we get

B00 ¼ � 72

a2

�
_a
d

d�

�
€a

a2

�
� 1

2

�
€a

a

�
2
�
; (47)

which can also be obtained by using Eq. (24) for n ¼ 4 and
noticing that the term proportional to �ð €a=aÞ gives rise to
the first term on the right-hand side of Eq. (41). Taking into
account that G00 ¼ 3ð _a=aÞ2 for the metric (1) and using
Eq. (41) we obtain the following expression for the semi-
classical Friedmann equation:
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_a2 ¼H2a4 þ l2p
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�
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�
þ _a2 €a

a3
þT½a;v�

��
;

(48)

where ~� ¼ 576��� 1=ð60�Þ, and we have introduced

the Hubble constant H � ð�=3Þ1=2 and the Planck length

lp ¼ ffiffiffiffi
G

p ¼ ð�=8�Þ1=2. These two constants introduce two
different time scales into the problem, the Hubble time
H�1 and the Planck time tp ¼ lp, which we will assume to

be well separated, namely, H�1 � lp. It should also be

emphasized that the semiclassical Friedmann equation (48)
is invariant under conformal-time translations in the fol-
lowing sense. We already know that vð�Þ, with domain
ð�1; �i�, characterizes the initial state of the quantum
field, j�ð�iÞi, when it is of the form given by Eq. (6).
The time translation of vð�Þ, given by v�ð�Þ ¼ vð�þ �Þ,
is defined in the domain ð�1; �i ��� and corresponds to
an initial state j��ð�i ��Þi ¼ j�ð�iÞi. It is then easy to
see from Eq. (48) that if að�Þ is a solution for some initial
state j�ð�iÞi characterized by vð�Þ, then að�þ �Þ is a
solution for the initial state j��ð�i � �Þi, characterized
by v�ð�Þ.

Our semiclassical Friedmann equation (48), which is a
nonlinear third-order integro-differential equation, looks
like a typical backreaction equation. Because of the
higher-order time derivatives, those equations exhibit extra
degrees of freedom which usually translate into unphysical
runaway-type solutions [58]. [Indeed, if we had proceeded
analogously to what was done in Ref. [59] for QED, the
Friedmann equation and the equation for the trace would
fix the third and fourth derivatives of the scale factor at the
initial time, given some freely specified initial values for a,
_a, and €a. This is in contrast to the classical case, where only
a (or alternatively _a) can be specified independently at the
initial time.] To get rid of the unphysical solutions several
methods have been proposed. In some methods one looks
only for analytic solutions, in a suitable perturbative pa-
rameter, in order to select physical solutions only [60–62].
In some other methods the equation itself is changed in
order to get rid of the higher-order derivatives; this is the
case of the so-called order-reduction method [63]. See
Ref. [33] for a review of the advantages and the short-
comings of the different methods in the context of semi-
classical gravity.

Given how we have proceeded in this paper, it is more
natural in our case to interpret the point discussed in the
previous paragraph as follows. The solutions of our semi-
classical Friedmann equation (48) must satisfy the three
initial conditions in Eqs. (40). This means that given some
initial state, completely characterized by the function vð�Þ,
the semiclassical Friedmann equation together with the
equation for the trace fix að�iÞ and _að�iÞ since the second,

third, and fourth derivatives at the initial time are fixed by
Eqs. (40). Thus, there is in general a unique solution
compatible with a given initial state. Certain initial states,
however, give rise to solutions with characteristic time
scales of the order of the Planck time (corresponding to
exponential growth or oscillatory behavior), which lie
beyond the regime of validity of the low-energy effective
field theory approach that we have implicitly been using. In
those circumstances the higher-order corrections involving
terms with positive powers of the curvature and suppressed
by the corresponding powers of the Planck mass can no
longer be neglected and the low-energy expansion breaks
down (since there are in principle an infinite number of
such terms). We will consider only situations with no
Planckian features where higher-order corrections are neg-
ligible. Hence, in the spirit of the effective field theory
approach (valid for lpH � 1), we will look for perturba-

tive solutions3 in powers of ðlpHÞ2 as
að�Þ ¼ a0ð�Þ þ ðlpHÞ2a1ð�Þ þOððlpHÞ4Þ; (49)

where a0ð�Þ satisfies the classical Friedmann equation.
From now on we will use the subscript 0 to indicate the
classical unperturbed values. Without loss of generality we
can focus on the solutions að�Þ with a0ð�Þ ¼ �1=H�
defined for �i < �< 0 since any other well-behaved so-
lution not involving Planckian scales is connected to one of
these by a time translation. The function characterizing the
initial state is given by vð�Þ ¼ v0ð�Þ þOððlpHÞ2Þ, and the
conditions in Eqs. (40) imply

v0ð�iÞ ¼ 2

�2
i

; _v0ð�iÞ ¼ � 4

�3
i

; €v0ð�iÞ ¼ 12

�4
i

:

(50)

Substituting the expression (49) into the semiclassical
Friedmann equation (48), we obtain an equation for the
first-order perturbation a1ð�Þ:

3A perturbative expansion may sometimes miss the right long-
time behavior of the semiclassical solution. This can happen
when the effect of the quantum corrections, although locally
small, builds up over long times giving rise to substantial
deviations from the classical solution. An example of such a
situation is the evolution of a black hole spacetime when the
backreaction of the emitted Hawking radiation is taken into
account. One possibility in those cases is to modify the back-
reaction equation using an order-reduction procedure and then
solve the resulting equation nonperturbatively [64]. In the cos-
mological case considered here one can argue that such an
accumulation effect will not be present. That is because the
classical cosmological constant implies a monotonous growing
behavior for the unperturbed solution and the locally small effect
due to the vacuum polarization of the quantum fields (much
smaller than the classical cosmological constant) generates a
perturbation which is always small compared to the unperturbed
solution. Moreover, one can explicitly check a posteriori that the
deviation from the classical solution does not become significant
at late times.
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_a1 ¼ � 2

�
a1 þ 1

H

�
1

720�

1

�2
� 3�2

�

�
2

�2
þ �2T½a0; v0�

��
;

(51)

which is a first-order differential equation. Notice that

there is no dependence on the free parameter ~�. This is

not surprising if one takes into account that ~� is the
coefficient of a term proportional to hR in the trace [see
Eqs. (28) and (29)] and that for the classical background
R0 ¼ 4� is a constant (where R0 is the Ricci scalar for the
classical background).

Let us now compute the nonlocal term T½a0; v0� in the
previous equation. After substitution of a0 into Eq. (44),
the state-independent contribution of this term reads

T1½a0;�Þ ¼ � 3

2�4
þ 1

�2
i �

2
þ 4

�3
i �

� 7

2�4
i

; (52)

which is independent of the arbitrary renormalization scale
�. The latter is again because when substituting the local
part of �1½f;�0Þ into Eq. (44), one obtains an integrand
proportional to hR0 ¼ 0; this point could also have been
anticipated from the fact that the term proportional to ln�

should have the same form as the term proportional to ~�,
which has been found to vanish above.4

Substituting a0 and v0 into Eq. (45), we get the follow-
ing result for the state-dependent part of T½a0; v0;�Þ:

T2½a0; v0;�Þ ¼
Z �

�i

d�0 Z �i

�1
d�00

�0 � �00

�
�
2

�03 v0ð�00Þ � 2

�02 _v0ð�00Þ � 1

�0 €v0ð�00Þ
�

þ 1

�2
i

�½v0;�iÞ þ 1

�i

�½ _v0;�iÞ

þ
Z �i

�1
d�0v0ð�0Þ�½ _v0;�

0Þ: (53)

The conditions (50) guarantee that the dependence on� of
the last three terms cancels out. The integral over �0 in the
first term can be easily computed. Finally, adding up the
two contributions T1 and T2 we get

T½a0; v0;�Þ ¼ � 3

2�4
þ A�

�2
þ B�

þ
Z �i

�1
d�0 ln

�
�ið�� �0Þ
�ð�i � �0Þ

�

�
�
2

�03 v0ð�0Þ � 2

�02 _v0ð�0Þ � 1

�0 €v0ð�0Þ
�
;

(54)

where

A� ¼ 1

�2
i

þ
Z �i

�1
d�0 v0ð�0Þ

�0 (55)

and

B� ¼ 1

2�4
i

� 1

�2
i

Z �i

�1
d�0 v0ð�0Þ

�0 þ 1

�2
i

�½v0;�iÞ

þ 1

�i

�½ _v0;�iÞ þ
Z �i

�1
d�0v0ð�0Þ�½ _v0;�

0Þ: (56)

We have already pointed out that the first-order equa-

tion (51) includes neither the free parameter ~� nor the
arbitrary renormalization mass scale �. Moreover, it does
not depend on � either since A�� ¼ 0 for a conformally

flat spacetime. This means that the semiclassical
Friedmann equation (48) is fully predictive to this first
perturbative order for the particular case of a de Sitter
background that we are considering.

B. The solution

Equation (51) for the function a1ð�Þ is a first-order,
linear differential equation, which can be easily solved in
an explicit form. The general solution of a differential
equation of the type y0ðxÞ ¼ �ð2=xÞyþ fðxÞ is yðxÞ ¼
k=x2 þ ð1=x2ÞR dxx2fðxÞ, where k is an arbitrary integra-
tion constant. Therefore, the solution of Eq. (51) is

a1ð�Þ ¼ k

H2�2
þ

�
1

720�
� 3�2

2�

�
1

H�

� 3�2

�H

�
A�

3
�þ B�

5
�3 þ ��ð�Þ

�
; (57)

where

��ð�Þ ¼
Z �i

�1
d�0�ð�;�0Þ

�
2

�03 v0ð�0Þ � 2

�02 _v0ð�0Þ

� 1

�0 €v0ð�0Þ
�
; (58)

with

�ð�;�0Þ ¼ 1

5�2

�
�5 ln

�
�ið�� �0Þ
�ð�i � �0Þ

�

� �05
�
1

4

�
�

�0

�
4 þ 1

3

�
�

�0

�
3 þ 1

2

�
�

�0

�
2 þ �

�0

þ ln

�
1� �

�0

���
: (59)

The condition (7), which v0ð�Þ must also satisfy, ensures
that the integral in Eq. (58) is finite in its lower limit. As for
the upper limit, all the possible divergences in the inte-
grand cancel out (moreover, even if they did not cancel out,
they would give a finite contribution when integrated since
they are logarithmic). Thus, ��ð�Þ is finite and, further-
more, it vanishes at future infinity, i.e., when � ! 0�.

4Note that the results obtained in Ref. [27] in a similar context
exhibit a nonvanishing dependence on �. This should not be the
case for the reasons given here.
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The solutions associated with the different possible val-
ues of the arbitrary integration constant k are related to
each other by time translations: að�þ ðlpHÞ2�Þ ¼
�1=H�þ ðlpHÞ2½a1ð�Þ þ�=H�2� þOððlpHÞ4Þ. For

the particular case k ¼ 0, and provided that H�1 � lp,

the first-order term in the expansion (49) is much smaller
than the zeroth-order term for all times �i < �< 0, and
one expects that the higher-order corrections can be ne-
glected [since they are suppressed by an additional power
of ðlpHÞ2] and the solution að�Þ can be approximated by

the first-order perturbative expansion. This approximation
is no longer suitable for solutions (initial states) associated
with other values of k, but we already know that they are
just time translations of the solutions with k ¼ 0.
Therefore, we can conclude that for reasonable states,
namely, those which do not involve Planckian scales (and
up to time translations) the scale factor after the initial time
�i is given by

að�Þ ¼ � 1
~H�

� ðlpHÞ2 3�
2

�H

�
A�

3
�þ B�

5
�3 þ ��ð�Þ

�

þOððlpHÞ4Þ; (60)

where the modified Hubble constant is

~H ¼ H

�
1þ ðlpHÞ2

�
1

720�
� 3�2

2�

��
: (61)

The result in Eq. (60) is valid for all times (after the initial
time). It is the sum of a corrected de Sitter solution plus
terms that vanish at future infinity � ! 0�. The corrected
de Sitter term dominates at late times, regardless of the
initial state. Therefore, we conclude that de Sitter space-
time is stable under spatially isotropic perturbations in
semiclassical gravity. Note that for extremely excited states
(highly squeezed), i.e., for sufficiently large values of A�,
B�, and ��ð�iÞ, the perturbative expansion in Eq. (60)
would break down at early times. It may still be possible to
solve the semiclassical equation consistently by using
some order-reduction method and solving the resulting
backreaction equation exactly rather than considering a
perturbative solution. However, although this would hap-
pen well before the energy density of the quantum field
becomes Planckian, and a low-energy effective field theory
approach should still be possible, the quantum fluctuations
of the metric around the mean background geometry can
then become important even for scales larger than the
Planck length and the usual mean field approximation
where the fluctuations are treated perturbatively, may no
longer be adequate. In any case, our explicit perturbative
solution will at least signal whether that can happen for a
given initial state.

The semiclassical shift of the Hubble constant does not
have a definite sign; it depends on the coupling between the
quantum field and the curvature. For instance, while the
shift is positive for the conformal coupling case (� ¼ 0),

when � ¼ �1=6, which is expected to mimic the effect of
gravitons, this shift is negative, implying a small time-
independent screening of the cosmological constant. The
deviation from the conformal coupling, �, is what makes
the Hamiltonian (5) time dependent through the term in-
volving the scale factor. This is what allows us to prepare a
wide range of initial states by evolution of the in-vacuum
with different scale factors a�ð�Þ. In fact, the effect of this
time dependence of the Hamiltonian can be interpreted as
particle creation. Since the term proportional to �2 in
Eq. (61) is negative, one can say that at late times the effect
of the created particles is to slow down the de Sitter
expansion by a small amount, whereas the other vacuum
polarization term, already present in the conformal case,
has the opposite effect.
A particularly interesting initial state is the Bunch-

Davies vacuum j�BDð�iÞi, which is obtained by evolution
of the in-vacuum from �1 to �i according to the scale
factor of de Sitter spacetime or, in other words, with
v0ð�Þ ¼ 2=�2. In this case, one can check that A� ¼
B� ¼ ��ð�Þ ¼ 0, so the solution (60) is just the
de Sitter solution with a semiclassically modified Hubble
parameter. Therefore, the Bunch-Davies vacuum together
with de Sitter spacetime with the semiclassically modified
Hubble constant constitutes a self-consistent solution of
the semiclassical Friedmann equation, to which other per-
turbed solutions tend at late times. This self-consistent
solution corresponds to the solution close to the classical
one found in Ref. [37]. On the other hand, the second
solution found in Ref. [37] for the massless case (when
�2 < 1=1080) exhibits characteristic scales of the order of
the Planck length and lies beyond the domain of validity of
a low-energy effective field theory approach; it was auto-
matically excluded in our perturbative treatment in powers
of ðlpHÞ2.

VI. DISCUSSION

In this paper we have computed the one-loop vacuum
polarization for massless nonconformal fields in a general
spatially flat RW background. This has then been applied
to studying the evolution of spatially isotropic perturba-
tions around de Sitter spacetimewhen the backreaction due
to a massless nonconformal field is self-consistently in-
cluded, which corresponds to solving the equations of
semiclassical gravity for this case. There is a self-
consistent solution, associated with the Bunch-Davies vac-
uum for the quantum fields, with an effective cosmological
constant slightly shifted from its classical value due to the
vacuum polarization effects. Furthermore, we have found
that this solution is stable under spatially isotropic pertur-
bations since the perturbed solutions tend to it at late times.
It should be stressed that our results are independent of the
particular value of the renormalization parameters � and
�, and therefore fully predictive (at the first order in l2p at

which we are working). It should also be pointed out that
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our results seem to be at variance with those of Ref. [27]. In
this respect, it is important to keep in mind that one should
consider the stability of the self-consistent solution with
the shifted effective cosmological constant rather than that
of the classical solution obtained in the absence of vacuum
polarization effects. Moreover, when comparing the per-
turbed solution to the self-consistent de Sitter ‘‘attractor’’ it
is important to properly take into account any relative
conformal-time translation since that can give rise to a
spurious growth in time of their ratio. This can be clearly
illustrated by comparing two copies of the same self-
consistent de Sitter solution with a relative conformal-
time translation. Finally, as already emphasized in the
Introduction, a complete analysis of the backreaction prob-
lem in de Sitter spacetime and its stability should take into
account the effect of the quantum metric fluctuations as
well. Including the metric fluctuations is certainly a crucial
aspect, and some steps in that direction are briefly dis-
cussed below. However, given the complexity of a com-
pletely satisfactory treatment involving the quantized
metric perturbations, it is important to make sure that there
are no significant effects even when they are not taken into
account, especially because such effects have actually been
suggested by a number of studies in the literature.

We were able to obtain explicit analytic results by using
two approximations. First, we considered a perturbative
expansion in the parameter �, which characterizes the
deviation of the curvature-coupling parameter from the
conformal case, and truncated the expansion to quadratic
order. Hence, our effective action is exact through order �2.
Second, we introduced a perturbative expansion in powers
of ðlpHÞ2. Its purpose was to obtain a fairly accurate

description for phenomena involving length scales much
larger than the Planck length while discarding spurious
solutions involving Planckian scales, where the effective
field theory approach that we have been using breaks
down. Truncating such a perturbative expansion for the
solutions (rather than doing so at the level of the equation
of motion and then solving it exactly) can sometimes miss
the right long-time behavior. However, as we discussed in
Sec. V, this should not be the case for the situation consid-
ered here.

There are a number of natural extensions or general-
izations of our work in this paper. First, one could consider
the other possibility for having weakly nonconformal
fields, namely, the case of fields with conformal coupling
but with a small nonvanishing mass such thatm2 � H2. In
that case one should be able to proceed analogously to what
we did here by computing the effective action perturba-
tively inm2 through orderm4 and then solving the equation
of motion through order ðlpHÞ2. Second, the case of

strongly nonconformal fields with a large mass M2 � H2

could be explicitly calculated using an adiabatic (or WKB)
expansion [65]. The effective action in that case could be
written as a local expansion of positive powers of curvature

invariants suppressed by the corresponding power ofM2, a
form which can be anticipated from local effective field
theory arguments based on power counting and taking into
account the relevant symmetries (diffeomorphism invari-
ance in this case). On the other hand, the case of strong
nonconformal coupling to the curvature could be treated by
introducing a field-dependent conformal transformation
relating the original Jordan frame to the Einstein frame,5

where the curvature scalar does not couple to the scalar
field [67]. The case of massive fields for both small and
large masses, which correspond, respectively, to the
weakly and strongly nonconformal regimes, is analyzed
in detail in Ref. [68]. The effective action calculated per-
turbatively for the small mass case has the same form as
that obtained in Ref. [69] for one-loop graviton effects.
Therefore, one can compare the result for solutions of the
backreaction equation for the small mass case in Ref. [68]
to that in Ref. [69].
Third, even though the construction based on Eq. (6) can

generate a fairly wide family of squeezed Gaussian states
by considering a sufficiently general form of the auxiliary
scale factor a�ð�Þ, other approaches are needed in order to
deal with all possible Gaussian states or even non-Gaussian
ones. One possibility is to make use of the method devel-
oped in Ref. [40] for a fixed background spacetime, which
is based on the construction of fourth-order adiabatic vac-
uum states (one can show that the classes of states that we
have considered here are compatible with their approach
and encompassed by the general class of states it can deal
with). However, even if we restrict ourselves to the sub-
class of initial states generated by Eq. (6), the procedure
can be straightforwardly generalized to states with non-
vanishing expectation values of the field or its canonically
conjugate momentum. Since we are considering Gaussian
states, this can be done by decomposing the field as a sum
of a classical part which characterizes the evolution of the
expectation value and satisfies the classical equation of
motion plus a field with vanishing expectation value whose
initial state can be generated by Eq. (6). This implies that
when solving the backreaction equation in powers of
ðlpHÞ2 one first needs to find the self-consistent solution

for the background scale factor and the classical configu-
ration of the field (corresponding to the evolution of its
expectation value), and then solve for the perturbation of
the scale factor due to the vacuum polarization effect of the
quantum fluctuations evolving on that background
geometry.

5Any physical predictions derived in the Jordan and Einstein
frames should be equivalent, at least at the classical level. In the
quantum mechanical case one still expects such an equivalence
for small perturbations of the metric and the scalar field around
their mean values [66]. In that case, however, it may be necessary
to treat the perturbations of the metric and the scalar field on an
equal footing, and the metric perturbations may need to be
quantized.
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Throughout the paper we have considered spatially iso-
tropic perturbations, i.e., RW geometries and quantum
states compatible with their symmetries (spatial homoge-
neity and isotropy). It would be interesting to study the
stability of de Sitter spacetime with respect to general
inhomogeneous and anisotropic perturbations. In that
case one has nontrivial results even for a massless and
conformally coupled field. The underlying reason is that
when considering inhomogeneous and anisotropic metric
perturbations, the perturbed geometry is no longer confor-
mally flat. Whereas the stability of Minkowski spacetime
with respect to general linear perturbations has been
studied for arbitrary masses and curvature couplings (see
Refs. [33,70] and references therein), such results do not
exist for RW backgrounds. In order to analyze the dynam-
ics of inhomogeneous and anisotropic perturbations around
a spatially flat RW background one can make use of the
effective action and the semiclassical Einstein equation for
general linear perturbations around a spatially flat RW
background obtained in Ref. [43] for a massless and con-
formally coupled field (see also Ref. [55] for a more
compact form). Unfortunately this linearized semiclassical
equation is a complicated integro-differential equation and
its solutions have not been studied in detail so far6; see,
however, Ref. [71] for recent work in this direction.

We have studied the backreaction of the quantum fields
on the dynamics of the spacetime geometry within the
framework of semiclassical gravity, which can be under-
stood as a mean field approximation where the mean
gravitational field is described by a classical metric
whereas its quantum fluctuations are not considered. In
order to study the quantum fluctuations of the gravitational
field one can consider the metric perturbations around a
background geometry corresponding to the semiclassical
gravity solution and quantize them within a low-energy
effective field theory approach to quantum gravity
[28,29,72,73]. So far this approach has been mostly applied
to weak-field problems [30], but it seems particularly
interesting to extend its application to strong-field situ-
ations involving black holes and cosmological spacetimes
[74,75]. The stochastic gravity formalism [50,51] can be a
useful tool in this respect since one can prove its equiva-
lence to a quantum treatment of the metric perturbations if
graviton loops are neglected, which can be formally justi-
fied in a large N expansion for a large number of matter
fields [76]. A central object in this formalism is the sym-
metrized connected two-point function of the stress-tensor
operator for the quantum matter fields, which determines

the metric fluctuations induced by the quantum fluctuations
of the matter fields. Such an object has been computed for a
massless minimally coupled field evolving in a de Sitter
background spacetime and the fluctuations of the stress
tensor were found to be comparable to its expectation value
[77]. Therefore, studying in detail the quantum fluctuations
of the metric in this context constitutes a natural extension
of our work worth pursuing. The results obtained here
would still be relevant in that case because they provide
the right background around which the metric should be
perturbed and quantized.
We close this section with a brief discussion of the

relationship between our results and the linearization in-
stability for metric perturbations around de Sitter space-
time coupled to a scalar field found in Ref. [78], where it
was concluded that it is only consistent to consider
de Sitter invariant states for the quantum field. This con-
clusion does not directly affect our analysis because we did
not consider fluctuations of the metric and studied only the
dynamics of the mean geometry, which couples to the
expectation value of the stress-tensor operator of the matter
field. The expectation value of the stress tensor for the class
of states that we have considered in this paper, which are
spatially homogenous and isotropic, automatically satisfies
the linearization stability constraint given by Eq. (44) in
Ref. [78]. It is when considering the quantum fluctuations
of the metric that the linearization stability condition im-
poses additional restrictions on the state of the matter field
because in that case the condition must be imposed on the
n-point correlation functions of the stress tensor as well,
and this implies that the state of the field must be de Sitter
invariant.
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APPENDIX A: SEMICLASSICAL EINSTEIN
EQUATION

In this Appendix we briefly review the semiclassical
Einstein equation and its derivation by functional tech-
niques. When neglecting the effects of graviton loops,
the backreaction of quantum matter fields on the mean
gravitational field is described by the semiclassical
Einstein equation, which can be written as

Gab½g� þ�gab þ �Aab½g� þ �Bab½g� ¼ �hT̂ab½g�iren;
(A1)

where Gab is the Einstein tensor associated with some

6For perturbations around Minkowski it is relatively easy to
solve the integro-differential equation because it can be trans-
formed into a purely algebraic equation by Fourier transforming
with respect to not only the spatial coordinates but also the time
coordinate. By contrast, that is not possible in the RW case due
to the time dependence of the scale factor, and the nonlocality in
time cannot be eliminated.
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globally hyperbolic spacetime with metric gab, hT̂ab½g�iren
is the suitably renormalized expectation value of the stress-
tensor operator corresponding to the scalar field operator

�̂½g�, and �, �, �, and � are renormalized parameters

evaluated at the same renormalization scale as hT̂ab½g�iren.
The tensors Aab and Bab are obtained by functionally
differentiating with respect to the metric terms correspond-
ing to the Lagrangian densities CabcdCabcd and R2 in the
gravitational action,

Aab ¼ 1ffiffiffiffiffiffiffi�g
p �

�gab

Z
d4x

ffiffiffiffiffiffiffi�g
p

CcdefC
cdef; (A2)

Bab ¼ 1ffiffiffiffiffiffiffi�g
p �

�gab

Z
d4x

ffiffiffiffiffiffiffi�g
p

R2; (A3)

where Cabcd is the Weyl tensor and R the Ricci curvature
scalar. These Lagrangian densities CabcdC

abcd and R2 are
related to the counterterms introduced in the bare gravita-
tional action needed to renormalize the ultraviolet diver-
gences arising in the expectation value of the stress tensor.
Note that from their definitions the tensors (A2) and (A3)
are divergenceless: raAab ¼ 0 ¼ raBab.

Let us see how the semiclassical Einstein equation can
be derived by functional methods. To compute the expec-
tation value on the right-hand side of Eq. (A1) we can use
the closed time path (CTP) or ‘‘in-in’’ functional formal-
ism [43,74,79–83]. Let us foliate the assumed globally
hyperbolic spacetime with t ¼ const spacelike hypersurfa-
ces �t, and denote the initial and final times by ti and tf,

respectively. In the CTP formalism we introduce two cop-
ies of the metric and the field, ðgþab; g�abÞ and ð�þ; ��Þ,
which will coincide at the final time: gþabðtfÞ ¼ g�abðtfÞ and
�þðtfÞ ¼ ��ðtfÞ. Let i½�þðtiÞ; ��ðtiÞ� be the matrix

element of the density operator describing the initial state
of the scalar field. The Feynman-Vernon influence action
[84,85], SIF½gþ; g��, which describes the effect of the
matter field on the gravitational field, is defined as the
following path integral over two copies of the scalar field:

eiSIF½gþ;g�� ¼
Z

D�þD��i½�þðtiÞ; ��ðtiÞ�
� �½�þðtfÞ ���ðtfÞ�eiðSm½gþ;�þ��Sm½g�;���Þ;

(A4)

where Sm½g;�� is the action for the scalar field in the
spacetime described by the metric gab. Neglecting graviton
loops, the CTP effective action for the gravitational field is
then

�½gþ; g�� ¼ Sg½gþ� � Sg½g�� þ SIF½gþ; g��; (A5)

where Sg½g�� is the bare gravitational action. �½gþ; g�� is
the effective action for the mean gravitational field coupled
to the quantum scalar field. SIF½gþ; g�� has ultraviolet
divergences which can be renormalized by using a suitable

regularization procedure and by adding the aforemen-
tioned counterterms to the bare gravitational action
Sg½g��. More specifically, one starts with a regularized

gravitational action in Eq. (A5) which includes the bare
parameters �B, �B, �B, �B; at the end of the calculation
one takes the regularization parameter to its physical value
and the divergences are absorbed into the bare parameters
which acquire their dressed physical values. The renormal-
ized effective action can then be written as

�½gþ; g�� ¼ Sreng ½gþ� � Sreng ½g�� þ SrenIF ½gþ; g��; (A6)

where the superscript means that these terms have been
already renormalized and are finite.
Since the classical stress tensor of the matter field is

defined as

Tab ¼ 2ffiffiffiffiffiffiffi�g
p �Sm

�gab
; (A7)

one can see from the definition of the influence action in
Eq. (A4) that the expectation value of the stress tensor in
the given quantum state of the field is given by

hT̂ab½g�iren ¼ 2ffiffiffiffiffiffiffi�g
p �SrenIF ½gþ; g��

�gþab

��������gþ¼g�¼g
; (A8)

where the renormalized value of the influence action has
been used. Finally, the semiclassical Einstein equations
(A1) can be derived by functional derivation of the effec-
tive gravitational action, �½gþ; g��, with respect to gþab and
then taking gþab ¼ g�ab ¼ gab:

��½gþ; g��
�gþab

��������gþ¼g�¼g
¼ 0: (A9)

Notice that doubling the number of fields, the ‘‘plus’’
field, which evolves forward in time, and ‘‘minus’’ field,
which evolves backward in time, is what allows us to
obtain an expectation value from the above functional
derivative in the CTP formalism, rather than a transition
element as in the ordinary ‘‘in-out’’ effective action
method. This can be clearly seen from the following alter-
native representation of the influence action:

eiSIF½gþ;g�� ¼ tr½Ûgþðtf; tiÞ̂iÛ
y
g�ðtf; tiÞ�

¼ h�ijÛg�ðti; tfÞÛgþðtf; tiÞj�ii; (A10)

where the last equality holds for a pure initial state of the

field ̂i ¼ j�iih�ij and Ûg� is the unitary time evolution

operator for a field �̂ propagating in a spacetime with
metric g�ab:

Û g�ðtf; tiÞ ¼ T exp

�
�i

Z tf

ti

dtĤm½g�; �̂; �̂�
�
; (A11)

where T denotes time ordering and Ĥm½g; �̂; �̂� is the
Hamiltonian of the scalar field obtained by considering
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the spacetime foliation f�tg and introducing the corre-
sponding 3þ 1 decomposition.

In this paper we use dimensional regularization, which
means that the regularization parameter is n� 4, where n
is the number of spacetime dimensions. In that case the
square of the Weyl tensor in the Lagrangian density of
Eq. (A2) must be substituted by 2

3 ðRabcdR
��� � RabR

abÞ,
where Rabcd and Rab are the Riemann and Ricci tensors.
Such a Lagrangian density reduces to the square of the
Weyl tensor in n ¼ 4 when the Gauss-Bonnet theorem is
taken into account.

We also consider a massless scalar field throughout.
Using dimensional regularization the counterterms for a
massless scalar field can be read from the divergent parts in
the effective action computed using the DeWitt-Schwinger
expansion of the Feynman propagator in the coincidence
limit; see Eq. (6.44) in Ref. [31]. It should be remarked that
the DeWitt-Schwinger expansion is defined for massive
fields and it is ill defined in the massless limit. However, it
can still be used to extract the divergent terms. There are
three divergent terms in this expansion; the first and second
terms have coefficients related to a constant and to the
Ricci scalar, respectively. These two terms vanish in the
massless limit. The third term has a coefficient which is
quadratic in the curvature, and in this case it is convenient
to keep the mass as an infrared regulator which can be
removed at the end of the calculation by redefining the
renormalization scale. This term leads to the following
counterterm for the gravitational action:

Scg½g;�� ¼
�
�ð�Þ þ �n�4

2880�2ðn� 4Þ
�

�
Z

dnx
ffiffiffiffiffiffiffi�g

p ðRabcdR
abcd � RabR

abÞ

þ
�
�ð�Þ þ �2�n�4

32�2ðn� 4Þ
�Z

dnx
ffiffiffiffiffiffiffi�g

p
R2;

(A12)

where �ð�Þ and �ð�Þ are the renormalized dimensionless
parameters which appear in Eq. (A1), and� is a parameter
with dimensions of mass which ensures that the action has
the correct dimensions even when n � 4 and plays the role
of the renormalization scale in dimensional regularization.
The bare parameters �B and �B, which correspond to the
whole factor multiplying the first and second integrals,
respectively, should be independent of the renormalization
scale �. Therefore, under a change of the renormalization
scale � ! �0 [and neglecting terms with positive powers
of ðn� 4Þ, which vanish when n ! 4] the renormalized
parameters change as follows: �ð�0Þ ¼ �ð�Þ �
ð2880�2Þ�1 lnð�0=�Þ and �ð�0Þ ¼ �ð�Þ � ð�2=32�2Þ�
lnð�0=�Þ.
Note that as seen from Eq. (23), the R2 counterterm in

the action can be easily inferred from the ðn� 4Þ�1 diver-
gence in Eq. (20), but it is not so obvious how to come up

with the other counterterm (with the Riemann square)
because no other divergence is present. That is because
the first term in Eq. (19), which would be the entire con-
tribution for a conformal field, is finite in the particular
case of a conformally flat metric. However, a slight depar-
ture from conformal flatness (e.g., by considering inhomo-
geneous perturbations around the flat space geometry)
renders the first term in Eq. (19) divergent and such a
divergence is accounted for by the above general DeWitt-
Schwinger expansion [86,87]. Hence, even though the first
term in Eq. (19) would still be independent of a when
regulated with dimensional regularization, the counter-
terms that cancel the divergences in the limit n ! 4 would
bring the a dependence into the problem.

APPENDIX B: REGULAR INITIAL STATES

As has been pointed out in Sec. IVB, the expectation
value of the trace of the stress tensor diverges at the initial
time unless we choose an appropriate vacuum state for the
quantum field. Such an appropriate vacuum state is ob-
tained when the scale factors before and after the initial
time match with continuity up to the fourth derivative, as
given by Eq. (40). In this Appendix we will examine this
point in more detail. First, closely following Ref. [40] we
will derive the condition that any homogeneous and iso-
tropic vacuum must satisfy in order for the trace to be finite
at the initial time. This is a well-known result: the vacuum
must be fourth-order adiabatic (see, for instance, [40,88]).
Next, we will specialize this condition to the class of
vacuum states that has been considered in this paper, and
show that it is equivalent to the ‘‘smoothness’’ condition
(40). In other words, among all the vacuum states consid-
ered in this paper Eq. (40) selects those that are fourth-
order adiabatic.
Let us first define what we mean by a general homoge-

neous and isotropic vacuum. Setting the variation of the
classical action (4) with respect to the scalar field � equal
to zero yields the dynamical equation for the scalar field,
i.e., the Klein-Gordon equation

ð���@�@� �M2Þ� ¼ 0; (B1)

where the time-dependent mass Mð�Þ is defined as M2 ¼
�a2R. This equation admits a complete set of orthonormal
solutions of the form

u ~kð�; ~xÞ ¼ fkð�Þ 1

ð2�Þ3=2 e
i ~k� ~x; (B2)

where ~k 2 R3, and k ¼ j ~kj. The Klein-Gordon
equation (B1) implies that the mode functions fk satisfy
the equation of a harmonic oscillator with a time-
dependent frequency:

€f k þ�2
kfk ¼ 0; (B3)

where the time-dependent frequency �kð�Þ is given by
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�2
k ¼ k2 þM2. In order for the set fu ~kg to be orthonormal,

the mode functions must also satisfy the Wronskian con-
dition

_f kf
�
k � fk _f

�
k ¼ �i: (B4)

The general operator-valued solution of the Klein-Gordon
equation (B1) can be written as a linear combination of the
orthonormal solutions:

�̂ ¼
Z

d3kðâ ~ku ~k þ ây~k u
�
~k
Þ; (B5)

where â ~k and ây~k are the annihilation and creation opera-

tors, respectively. The vacuum state j0i is defined as the
state annihilated by all the annihilation operators: a ~kj0i ¼
0 for all ~k. Because of the particular spatial dependence of
the orthonormal solutions u ~k, this vacuum is invariant

under spatial translations and rotations, i.e., it is homoge-
neous and isotropic. Note that the vacuum is not fully
specified until we give initial conditions for the solutions
of the mode equation (B3), which must also be consistent
with the Wronskian condition (B4). Different choices of
initial conditions give rise to different sets of mode func-
tions, and thus to different homogeneous and isotropic
vacua.

The bare expectation value of the trace of the stress
tensor in a general homogeneous and isotropic vacuum
can be written as a sum over all the modes associated
with it (see, for instance, Ref. [88]):

hT�
� i ¼ � 6�

2�2a4

Z 1

0
dkk2

�
_hjfkj2 þ 2hjfkj djfkjd�

� j _fkj2 þ�2
kjfkj2

�
; (B6)

where h � _a=a. This equation is obtained by substituting
Eq. (B5) into the definition of the stress-tensor operator in

terms of the rescaled field �̂, and making use of the
standard commutation relations among the creation and
annihilation operators. In order to renormalize this expec-
tation value, let us introduce theWKBmode functions. The
most general mode function satisfying the Wronskian con-
dition (B4) can be written as

fkð�Þ ¼ 1ffiffiffiffiffiffiffiffiffi
2Wk

p exp

�
�i

Z �

�i

d�0Wkð�0Þ
�
; (B7)

with real, positive Wk. We have chosen fk to be real and
positive at the initial time �i, but that means no loss of
generality because of global phase freedom. With this
change of variables, the mode equation (B3) becomes

W2
k ¼ �2

k �
1

2

� €Wk

Wk

� 3

2

� _Wk

Wk

�
2
�
: (B8)

Solving this equation iteratively, starting with Wk ¼ �k,
yields an adiabatic expansion for Wk. This is the WKB
solution of Eq. (B8), and the mode associated with it

through Eq. (B7) is a WKB mode. The WKB solution
can be expanded in inverse powers of k as

Wk ¼ kþM2

2k
�M4 þ ðd2M2=d�2Þ

8k3
þOðk�5Þ: (B9)

The fourth-order adiabatic approximation to the WKB
solution, which contains up to fourth-order derivatives of
the scale factor, is obtained by truncating the iterative
procedure after the second iteration:

ðWð4Þ
k Þ2 ¼ �2

k �
1

2

� €�k

�k

� 3

2

� _�k

�k

�
2
�
; (B10)

and agrees with the exact solution (B9) up to Oðk�3Þ. The
bare expectation value (B6) can be renormalized by the so-
called adiabatic subtraction procedure [89–92], which
amounts to subtracting the same expectation value com-
puted with the fourth-order adiabatic approximation to the
WKB modes:

hT�
� iren ¼ hT�

� i � hT�
� ið4Þ; (B11)

where hT�
� ið4Þ is the trace (B6) associated with the modes

(B7) withWk given by Eq. (B10). This procedure has been
shown to be equivalent to covariant regularization and
renormalization methods specialized to Robertson-
Walker spacetimes [93,94].
In this Appendix we are concerned with the renormal-

ized expectation value of the trace at the initial time �i.
The first question that we want to address is for which
homogeneous and isotropic vacua (B11) is finite at the
initial time. In other words, we want to determine the class
of initial conditions for the modes ffkg that render (B11)
finite at �i. According to Eq. (B7), the most general initial
conditions that fulfill the Wronskian condition (B4) are

fkð�iÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2wk

p ; (B12)

_f kð�iÞ ¼
�
�iwk þ vk

2

�
fkð�iÞ; (B13)

where wk and vk are two arbitrary real functions of k (with
wk > 0). By making use of Eqs. (B6), (B7), and (B11)–
(B13), the renormalized expectation value of the trace at
the initial time can be explicitly written as follows:

hT�
� irenð�iÞ ¼ � 3�

2�2a4i

Z 1

0
dkk2

�
_hi

�
1

wk

� 1

Wð4Þ
ki

�

þ hi

�
vk

wk

þ _Wð4Þ
ki

ðWð4Þ
ki Þ2

�
� ½wk �Wð4Þ

ki �

þ�2
ki

�
1

wk

� 1

Wð4Þ
ki

�
�

�
v2
k

4wk

� ð _Wð4Þ
ki Þ2

4ðWð4Þ
ki Þ3

��
;

(B14)

where the subscript i indicates that the function is eval-
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uated at the initial time �i. This integral is finite provided
that the integrand falls off faster than k�1 as k ! 1, which
is achieved if

jwk �Wkij<Oðk�3Þ; (B15)

��������vk þ
_Wki

Wki

��������<Oðk�2Þ; (B16)

when k ! 1. Here we have used the fact thatWð4Þ
k andWk

agree up to order Oðk�3Þ. Among all possible homogene-
ous and isotropic vacua this condition selects those which
have a finite trace of the renormalized stress-tensor expec-
tation value at the initial time. They correspond to the so-
called fourth-order adiabatic vacua.

Let us now concentrate ourselves on the particular class
of vacuum states that have been considered in this paper.
They were defined by means of an auxiliary scale factor a�
in the time domain ð�1; �i�, which gives a time-
dependent massM2

� ¼ �a2�R�. Note thatM� must vanish

at past infinity [see Eq. (7)] and is otherwise an arbitrary
function of the conformal time. The vacuum states that we
have considered, given by Eq. (6), correspond to the fol-
lowing initial conditions for the modes:

fkð�iÞ ¼ f�k ð�iÞ; (B17)

_f kð�iÞ ¼ _f�k ð�iÞ; (B18)

where f�k ð�Þ is the solution of the mode equation (B3) with

M� replacing M,

€f �
k þ�2

k�f
�
k ¼ 0; (B19)

and behaves as a standard plane wave at past infinity:

f�k ð�Þ !
1ffiffiffiffiffi
2k

p e�ik� when � ! �1: (B20)

In fact, we can be more specific about these initial con-
ditions. In this paper we have computed the expectation
value of the trace of the stress tensor to order �2. Since the
trace is of order � for any state (except for the trace
anomaly terms, which are of order �0 and independent of
the state), we only need to know the modes ffkg to order �
[see Eq. (B6)]. Solving Eq. (B19) to this order, and choos-
ing appropriately the global phase, we find that our initial
conditions can be written as in Eqs. (B12) and (B13) with

wk ¼ kþ
Z �i

�1
d� sin½2kð�i � �Þ�M2

�ð�Þ þOð�2Þ;
(B21)

vk ¼ �2
Z �i

�1
d� cos½2kð�i � �Þ�M2

�ð�Þ þOð�2Þ:
(B22)

The second issue that we are concerned with in this
Appendix is how the constraints (B15) and (B16) affect
our particular class of vacuum states, associated with the
initial conditions (B17) and (B18). To answer this question
we do not need to use any perturbative approximation like
that in Eqs. (B21) and (B22). Indeed, in the ultraviolet limit
k ! 1 Eq. (B19) admits a solution of the form (B7) with a
frequency W�

k given by Eq. (B9) with M� replacing M.

Let us call it ~f�k . Since M� vanishes at past infinity, this
solution behaves as a standard plane wave at past infinity,

i.e., it satisfies Eq. (B20). Hence, f�k ð�Þ ¼ ~f�k ð�Þ in the

ultraviolet limit. The initial conditions (B17) and (B18) can
then be written as in Eqs. (B12) and (B13) with wk and vk

given by

wk ¼ W�
ki ; (B23)

vk ¼ � _W�
ki

W�
ki

; (B24)

for k ! 1, where the subscript i again means that the
function is evaluated at the initial time �i. The conditions
(B15) and (B16), which select the fourth-order adiabatic
vacua, become

jW�
ki �Wkij<Oðk�3Þ; (B25)

���������
_W�
ki

W�
ki

þ _Wki

Wki

��������<Oðk�2Þ: (B26)

Making use of the expansion in Eq. (B9), we can rewrite
these inequalities as

��������
1

2k
½M2

�i �M2
i � �

1

8k3
½M4

�i �M4
i þ ðd2M2

�=d�
2Þi

� ðd2M2=d�2Þi� þOðk�5Þ
��������<Oðk�3Þ; (B27)

��������
1

2k2
½ðdM2

�=d�Þi � ðdM2=d�Þi� þOðk�4Þ
��������<Oðk�2Þ;

(B28)

which are satisfied if and only if

M2
�i ¼ M2

i ; ðdM2
�=d�Þi ¼ ðdM2=d�Þi;

ðd2M2
�=d�

2Þi ¼ ðd2M2=d�2Þi:
(B29)

These are precisely the conditions (40), which we found by
other means in Sec. IVB. Therefore, we conclude that
requiring the scale factors before and after the initial
time to match smoothly enough, according to Eq. (40), is
equivalent to demanding that the initial vacuum state is
fourth-order adiabatic.
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