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In this letter, we describe the behavior of partially co-
herent, partially polarized focused vector beams after
passing a linear polarizer placed at the focal plane of a
high numerical aperture microscope lens. In particular,
we develop a mathematical framework for such beams
that helps to understand the performance of polarizers
when interact with non-paraxial beams. The features
of the focused field after the polarizer are numerically
evaluated for some illustrative examples. © 2018 Optical
Society of America
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Generally speaking, when a beam passes through a linear
polarizer, the electric field is projected in the direction of the po-
larizer axis. While this assumption is valid for collimated beams,
it becomes inconsistent for tightly focused beams because the
electric field may display a non-negligible longitudinal compo-
nent [1-11]. In a recent paper we showed that an ideal linear
polarizer placed at the focal plane of a high numerical aperture
(NA) optical system cannot be considered as a simple projector
device [12]. Very recently, other authors have developed another
model for focused fields interacting with linear polarizers [13];
in both cases, the results are in good agreement. Due to the wide
interest that partially coherent partially polarized beams attracts
[14-16], the present paper broadens our previous study to more
general fields.

In this letter we describe how a partially coherent and par-
tially polarized beam is modified after passing an ideal polarizer
placed at the focal plane of a high NA microscope lens. This pa-
per is organized as follows: first, we mathematically describe the
behavior of these beams. Then, equations are numerically evalu-
ated for some illustrative examples: we take into account both
non-polarized beams and fully polarized Gauss-Schell fields; in
particular, azimuthally and radially polarized cases are consid-
ered. Finally we present our conclusions.

According to the theory on vector field propagation [17], the

electric field at the focal region E is described by
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E(r) = A//\/COSOEO(B,q)) exp (—ikr-s)sinfdoéde (1)
00

where 0 and ¢ are the coordinates at the Gaussian sphere of ref-
erence, Eg(6, ¢) is the vector angular spectrum, r = (7,¢,z)
are the coordinates at the focal area, A is a constant, 0,
is the semi-aperture angle, k is the wave-number, and s =
(sin 0 cos ¢, sin O sin ¢, cos 0) is the wave-front vector. The an-
gular spectrum Eg(6, ¢) is described

Eo(0,9) = f1(0, p)e1(@) + f2(0, @)e2(6, ¢) V)]

where f1(0, ) = Es - e1 and f»(0, ¢) = E; - €} are, respectively,
the azimuthal and radial polarization components of the incident
beam; E; is the electric field of the incident beam and vectors e,
e; and ei2 are described by

e = (—sing,cose,0) (3a)
ep = (cosfcosq,cosfsing, —sinf) (3b)
e, = (cosg,sing,0) (3¢)

(see Fig. 1 for details).
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Fig. 1. Coordinate system.

Let us now consider an O-type ideal polarizer with the optical
axis (c—axis) described by (cos B, sin 8, 0). The electric field after
the polarizer is described as [12, 18]:

Om2m
E() = 4 [ [ Veost (Eo(6,9) - a(6,9,8)) p(0, . B)
00

x exp (—tkr-s)sinfdode (4)
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where vectors q(6, ¢, B), and p(6, ¢, B) are given by

cos by cos (¢ — B)
\/1 —sin? 6 cos? (¢ — B)
£, (0) sin (9 — §) & (5a)
\/1 —sin? @y cos? (¢ — B)

q(0,¢,B) = ts(0)

€1 —

cos by cos (¢ — B)
\/1 —sin? 6 cos? (¢ — B)

t(0) sin(¢ —p) e, (5b)
\/1 —sin? 6y cos? (¢ — B)

p(6, 9, B) = ti(6) e+

and t5(0) [ts(0)] and t,(6) [t},(6)] are the Fresnel transmission
coefficients related to the first [second] surface of the polarizer:

2cosf 2cosf
ts(0) = ——————— ty() = ——"——— 6
() cos 0 + n, cos by p( ) cos 0y + n, cos 0 (62)
2n, cos O 2n, cos b
Fo)=——2—"""2 (9= 0 6b
(0) cos 8 + n, cos Oy p() (6b)

cosy +1,cosf

Note that 6y is the refraction angle, i.e. sinf = n, sin 6y, and 1,
is the ordinary refractive index of the polarizer.

The 2x2 cross-spectral density matrix (CDM) W; for a paraxial
partially coherent, partially polarized incident beam described
by stochastic processes f1(6, ¢) and f>(6, ¢) is

Wi(ell 471/ 62/ @2) =

< fi (01, 01)f1(02,92) > < f{ (01, 91)f2(02, 92) > -
< f3 (01, 01)f1(02,92) > < f5(01,91)f2(02, 92) >

where W; is written using the base e; — e;. This beam passes
through an ideal linear polarizer placed at the focal plane of a
high NA objective lens. According to Eq. (4) and after some
algebra, the propagated CDM Wp (r1,12) reads
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r1,r2 ‘A|2 ////WO 91/§01/92/¢2)

0000
x exp (ik(r1s1 — 1287)) sin 07 sin 0,d01d0,dp1dg,  (8)

where

= 4/ COS 91 Y/ COS 921“(91, (p1,92, (Pz)

< p' (61, 91, )P (02, 92,B). 9

W (01, 91,02, 92)

and I'(0y, @1, 02, ¢2) is a scalar function given by

T(61, 91,02, 92) = q(61, 1) Wi(61, 91,62, 92)q" (62, 92) . (10)
Using the well-known coherent-mode expansion [19, 20], VA\/,- can
be written as a incoherent superposition of fully coherent-fully

polarized fields described by vectors F;,

Wi (01, 91,02, 92) = Y AZFL (01, 91)Fn(02,92) . (1)
n

Then, combining Egs. (8) to (11), the CDM after the polarizer
reads

Wp(rl,rz) = Z/\ZH+(r1)Hn(r2) with (12a)
E)M 27T
H(x) = [ [* Veosd (Fu(0, ) - a(6,9)) p(0, 9)
exp (—ikrs) sin0dbdg . (12b)

Equations (8) and (12) are one of the main results of this paper.
They provide the relationship between the CDMs of the incident
beam and the beam after the polarizer within the framework of
partially coherent and partially polarized highly focused beams.
According to these equations, it can be concluded that the fo-
cused field after the polarizer is partially coherent and displays a
non-uniform 3D polarization. This statement is based on the fact
that the focused field is not uniformly totally polarized, even
when the incident field is totally coherent and totally polarized,
as we theoretically and experimentally reported in reference
[12]. In fact, the characteristics of this field after the polarizer
depend on the spatial structure, coherence and polarization of
the incident beam, as we show in the remainder of the paper.

Now, we focus on analyzing the polarization characteristics
of the resulting field after the polarizer. We use the 3D degree of
polarization described by [21]

PfD(Tr[Wp( )Wy (x,1)] 1)/ 13)

2\ [mWp(eo)> 3

where operator Tr[] stands for the matrix trace. Using the
coherent-mode expansion [Eq. (12a)], the 3D degree of polariza-
tion can be written as

3 ntm )‘%/\%1 |Hy (r) ‘2|Hm( )|2 sin? aum (r)
2 (L, A3[Ha(r)2)? '

where a,,, (1) is the angle between vectors Hy, (r) and Hy, (r), i.e

L IH (H ()2
[ ()2 ()

Interestingly, for small angles of incidence and if the effect of
the Fresnel coefficients [Eq. (6)] is neglected, vectors Hy, (r) are
parallel to the polarizer axis direction (i.e. &y, = 0) and therefore
P;p = 1. In this case, we recover the conventional projector
character of the polarizer. Moreover, if the incident beam is
totally coherent and fully polarized, then we trivially obtain
P3p =1, as described in [12].

Since the set of angles a,,; (r) depend on the physical char-
acteristics of the incident field, it can be difficult to a priori
determine the behavior of P;p in a general case. In order to pro-
vide more insight, from now on we analyze beams with CDMs
expressed as

(14)

Py 1-

sin? @, (1) = (15)

Wi (61, 91,02, 92) = T:(01, 91,602, 92) M (16)

with M = UTDU. U is a constant unitary matrix and D is a

diagonal matrix
. a 0
0 b

The coherence properties of this class of fields (sometimes re-
ferred as pseudo-scalar beams [22]) are somewhat decoupled
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from their polarization properties [23]. In fact, the conventional
2D degree of polarization of the fields described by Eq. (16) is
independent of r and fully described by matrix D. Moreover, the
maximum Young’s experiment visibility that can be achieved
with these beams by means of local unitary transformations is
given by [24, 25]:

\Ti(61, 91,02, ¢2)|
VTi(61, 91,01, ¢1)Ti(62, d2, 02, ¢2)
According to the properties of function I'; (), we refer to coherent
incident beams when T';() is factorizable, and partially coherent

in other cases. In particular, for beams with T';(61, @1, 02, ¢2) =
§%(61, 91)g(62, 92), the 3D degree of polarization reads

(18)

|Hw | max =

_ 3ab|H; (r) P[Hp(r) [? sin® ayp(r)
(a|Hy (1) 2 + b|H (x)[2)*

P = (19)

where

M
A/ / Vcos 6 qll*) (0, 9)p(8, p)x
x exp (—ikrs) sin6dfde (20)

with j = 1,2. According to Eq. (19), P;p depends on angle a15(r)
between H; (r) and Hj(r), the modulus of these vectors and
values a and b from matrix D. Interestingly, in the present case,
it can be proven that P3p(r) > 0.5 Vr. Therefore, for a coherent
and uniform partially polarized incident beam and regardless its
degree of polarization, the field after the polarizer becomes non-
uniformly partially polarized with min{P;p} = 0.5. This means
that the field after the polarizer is not a genuine 3D optical field
[26].

In order to illustrate the behavior of these class of beams,
Figure 2 displays the irradiance of the field components, the
total intensity, angle aj, and Psp for a doughnut-shaped beam
with topological charge equal to 1 with the following profile:

2

sin“ 0 ;

0,0) =exp | ———~— | sinfe'? (21)
8(6, 9) = exp ( s 9M)
The calculation has been carried out using a focusing lens
NA=0.9 (sinfy; = 64°) and a filling factor fy = 1. The filling fac-
tor is related with the focal length f of the focusing system and

the beam waist wy by means of f, = . In the studied

fsin 9
case matrix U is the identity and thus, M;=D,anda=b=1;
polarization angle is set to § = 0. Note that the degree of polar-
ization P3p displays the same shape as angle 1. As expected,
Ps;p > 0.5.

Now if the field is partially coherent and totally polarized
(a=1,b=0)or(a=0,b=1)ie.

Ti(01, 91,02, ¢2) = Y A2gn (61, 91)8n(62, 92), (22)
n

the 3D degree of polarization P;p reads
3 Zn#m /\%/\%1 |Hnj(r) |2|Hmj(r) ‘2 sin’ D‘nmj(r)

5 (23)
2 (L AZHL, (1))

Pspj=1-

with

Om
A/ / Vcos 0 qll+> gn(0, @)p(0, ¢) x
x exp (—tkrs) sinfdfdp, (24)
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Fig. 2. Non-polarized coherentbeama = b = 1, NA=0.9,

fo = 1and B = 0. The minimum value of P;p is 0.52. These
distributions are calculated at the plane x — y (see Fig. 1). Axes
values are shown in A units. Intensities are normalized to the
maximum of the total irradiance.

and j = 1,2; j = 1(2) stands for the azimuthal(radial) polariza-
tion. Although Egs. (23) and (14) are formally equivalent, they
provide different physical information. Here the fundamental
role is played by the angles that form fields with identical initial
polarization but with different spatial distributions. In other
words, the response of the polarizer to different spatial profiles
is what in this case produces a non-uniform partially polarized
field after the polarizer.

To illustrate the behavior of a totally polarized partially co-
herent focused beam passing through a polarizer in the focal
plane, we use a Gauss-Schell source [27] with topological charge
equal to 1 [28]. The CDM of this field reads

o L
Ti(61, 91,62, ) o« Sa15I02 <_sn91+snez> y

f2sin? 0y f2sin? 0y
) .  he . .
X exp _sin 01 + sin’ 6, 2521n91 sinf, cos(¢1 — ¢2) o
L2/ f?

x exp (i(p2 — 1)) . (25

L/ f is the transverse longitude of coherence of the source di-
vided by the focal length; in particular, L/ f — Oand L./ f — oo
describe totally incoherent and totally coherent sources respec-
tively.

For illustrative purposes, we present several calculations us-
ing Eqgs. (8) and (13). For each considered case, we show (i)
the diagonal components of Wp(r, r) that explain the intensity
of the beam in the three Cartesian directions, i.e. Iy, I, and
I, (ii) the transversal part I} = I + I, and the total intensity
It = Iy + Iy + Iz and (iii) the square of the 3-D Polarization
degree P;p. Figure 3 displays the results for partially coherent
beams with a very small degree of coherence (L./f = 0.3) fo-
cused with an objective lens NA=0.9 (6); ~ 64°) and fy = 1:
in Fig. 3a the incident beam is radially polarized. In this case,
Iy = 0 (the polarizer is set in the y—direction (3 = 0) . In-
terestingly, Psp is nearly constant with P;p ~ 0.5; this means
that the radially polarized beam is greatly depolarized. Fig. 3b
shows the results for an azimuthally polarized beam. In this
case Iy ~ 0, I, displays low values and P;p ~ 0.6. Again the
beam becomes depolarized after passing through the polarizer.
In both cases, these fields do not behave as genuine 3D optical
fields. As expected, the maximum value of I, for the radially
polarized case is higher that the corresponding one in the az-
imuthal case. Fig. 4 provides information of the behavior of
a highly focused partially coherent beam with L./f = 3. In
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the two cases considered (radial and azimuthal polarization),
P3p displays a complicated spatial pattern that depends on the
local values of the intensity components and the angles between
involved vectors H;. Fig. 4 has been calculated in the same
conditions as Fig. 3. From the analysis of Figs. 3 and 4 it can
be concluded that as coherence increases, that is the number of
significant terms in Eq. (23) decreases, the P3p landscape is less
homogeneous. However, condition P;p > 0.5 always hold.

10 =
lo.s Ios
06 06

0.4 04

05
(b)

Fig. 3. Almost incoherent beam (L./f = 0.3), NA=0.9, fp =1,
B = 0: (a) radially polarized (a = 0,b = 1), min(P;p)=0.51; (b)
azimuthally polarized (2 = 1,b = 0), min(P3p)=0.64. These
distributions are calculated at the plane x — y (see Fig. 1). Axes
values are shown in A units. Intensities are normalized to the
maximum of the total irradiance.

In summary, we derived an analytical expression for the
CDM of the electromagnetic field after passing a linear polarizer
placed at the focal plane of a high NA lens when the incoming
beam is partially coherent and partially polarized. In general,
the focused field after the polarizer displays a three dimensional
structure and is non uniformly partially polarized. As expected,
the polarization properties of this field depend on the spatial
distribution and the coherence and polarization characteristics
of the incident field. To illustrate the features of the focused
field after the polarizer, we took into account a pseudo scalar
incident beam. In the cases considered, we found that the P3p
displays an inhomogeneous spatial distribution. Nevertheless,
P;p > 0.5 that means the field cannot be considered a genuine
3D optical field. On the other hand, when the incident beam is
partially coherent and totally polarized, the focused beam after
the polarized is depolarized. This effect is more noticeable for
incident radially polarized beams.
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