Journal of Cosmology and
Astroparticle Physics

Related content

Interpreting the CMB aberration and Doppler L —
measurements: boost or intrinsic dipole? - CMB sherration and Doppler effects as 2

source of hemispherical asymmetries
Alessio Notari, Miguel Quartin and
. . . Riccardo Catena
To cite this article: Omar Roldan et al JCAP06(2016)026

- Non-Gaussianity and CMB aberration and
Doppler
Riccardo Catena, Michele Liguori, Alessio
Notari et al.

View the article online for updates and enhancements.

Recent citations

- Probing the Cosmological Principle in the
counts of radio galaxies at different
frequencies
Carlos A.P. Bengaly et al

- Exploring cosmic origins with CORE:
Effects of observer peculiar motion
C. Burigana et al

- CMB in the river frame and gauge
invariance at second order
Omar Roldan

A%"sl '10P Astronomy ebooks

iopscience.org/books/aas

This content was downloaded from IP address 161.116.100.129 on 14/02/2019 at 11:15


https://doi.org/10.1088/1475-7516/2016/06/026
http://iopscience.iop.org/book/978-0-7503-1611-8/chapter/bk978-0-7503-1611-8ch12
http://iopscience.iop.org/article/10.1088/1475-7516/2014/03/019
http://iopscience.iop.org/article/10.1088/1475-7516/2014/03/019
http://iopscience.iop.org/article/10.1088/1475-7516/2013/09/036
http://iopscience.iop.org/article/10.1088/1475-7516/2013/09/036
http://iopscience.iop.org/1475-7516/2018/04/031
http://iopscience.iop.org/1475-7516/2018/04/031
http://iopscience.iop.org/1475-7516/2018/04/031
http://iopscience.iop.org/1475-7516/2018/04/021
http://iopscience.iop.org/1475-7516/2018/04/021
http://iopscience.iop.org/1475-7516/2018/03/014
http://iopscience.iop.org/1475-7516/2018/03/014
https://oasc-eu1.247realmedia.com/5c/iopscience.iop.org/30093228/Middle/IOPP/IOPs-Mid-JCAP-pdf/IOPs-Mid-JCAP-pdf.jpg/1?

ournal of Cosmology and Astroparticle Physics

An IOP and SISSA journal

Interpreting the CMB aberration and
Doppler measurements: boost or
intrinsic dipole?

Omar Roldan,” Alessio Notari® and Miguel Quartin®

®Instituto de Fisica, Universidade Federal do Rio de Janeiro,
21941-972, Rio de Janeiro, RJ, Brazil

®Departament de Fisica Fondamental i Institut de Ciéncies del Cosmos,
Universitat de Barcelona,
Marti i Franqués 1, E-08028 Barcelona, Spain

E-mail: oaroldan@if.ufrj.br, notari@ffn.ub.es, mquartin@if.ufrj.br

Received March 14, 2016
Revised May 6, 2016
Accepted May 23, 2016
Published June 10, 2016

Abstract. The aberration and Doppler coupling effects of the Cosmic Microwave Background
(CMB) were recently measured by the Planck satellite. The most straightforward interpreta-
tion leads to a direct detection of our peculiar velocity 3, consistent with the measurement of
the well-known dipole. In this paper we discuss the assumptions behind such interpretation.
We show that Doppler-like couplings appear from two effects: our peculiar velocity and a
second order large-scale effect due to the dipolar part of the gravitational potential. We
find that the two effects are exactly degenerate but only if we assume second-order initial
conditions from single-field Inflation. Thus, detecting a discrepancy in the value of 8 from
the dipole and the Doppler couplings implies the presence of a primordial non-Gaussianity.
We also show that aberration-like signals likewise arise from two independent effects: our
peculiar velocity and lensing due to a first order large-scale dipolar gravitational potential,
independently on Gaussianity of the initial conditions. In general such effects are not degen-
erate and so a discrepancy between the measured S from the dipole and aberration could be
accounted for by a dipolar gravitational potential. Only through a fine-tuning of the radial
profile of the potential it is possible to have a complete degeneracy with a boost effect. Fi-
nally we discuss that we also expect other signatures due to integrated second order terms,
which may be further used to disentangle this scenario from a simple boost.
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1 Introduction

Although we have attained a high-level of both precision and accuracy in our measurements
of the Cosmic Microwave Background (CMB), an observation of the intrinsic cosmological
dipole still eludes us. The reason is because its most straightforward effect — a dipole
anisotropy in temperature — is degenerate with the standard Doppler effect due to our
peculiar motion. For typical cosmic velocities (hundreds of km/s) the Doppler effect is
much higher than the simplest expectation for the magnitude of the intrinsic dipole, to wit a
~ 107° temperature anisotropy, which is what we observe on the other multipoles. Assuming
that the intrinsic component is negligible the total measured dipole can be converted into
a measurement of our peculiar velocity. To this end, use is made of the observed monopole
Ty = (2.7255 £ 0.0006)K [1] and the observed dipole Ty, = (3364.5 £ 2.0)uK [2] to derive
our peculiar velocity 8 = |v,|/c = (1.2345 4 0.0007) 10~3, a value that has changed little in
the past 20 years [3].

Such high precision is not necessarily met by a similar accuracy because in principle the
dipole might have other contributions, as discussed for instance in [4-7]. This uncertainty
has led to a search of other observables that could provide independent measurements of



our peculiar velocity. The most straightforward one is to look for a dipole in other distant
sources, such as the cosmic infrared background (see, e.g. [8]). Even though this avenue is yet
to produce precise results for diffuse sources, for galaxy surveys it may yield a 50 detection in
the next decade [9]. Another possibility is to look for secondary effects on the CMB itself that
a peculiar velocity might induce. The simplest of these is an effect of order the ¢-th power
of the dipole on a multipole ¢ (i.e., a 1075 Doppler quadrupole and 10~? Doppler octupole).
However, these quantities are smaller than the primordial fluctuations, and cannot be used to
measure 5. The temperature dipole also shows up as a frequency-dependent effect at second-
order, appearing in the so-called y-channel of the CMB. But this effect has been shown not
to distinguish between an intrinsic and Doppler dipole [10, 11].

Another secondary effect is aberration, as originally discussed in [12]: in a boosted
frame, the CMB anisotropies are displaced by an amount which is (to first order in ) dipolar
modulated. The actual effect on the CMB spectrum is to introduce 10~% couplings among
neighboring multipoles at all scales both due to Doppler and aberration. It was later realized
in [13, 14] that this could be observed by the Planck satellite, and at over the 50 confidence
level [15]. Such a measurement was later performed by Planck, although systematic errors in
practice limited the significance to around 30: B = (1.28 £ 0.46) 1073, and with a direction
consistent with the dipole [16].

This measurement of the Doppler and aberration couplings seem at first to confirm the
hypothesis that the dipole is due to a Lorentz boost of the CMB. However, so far a more
in-depth discussion of the interpretation of this measurement has been lacking. We aim to
address this gap in the present paper. In particular, it is not obvious a priori if one could not
also mimic the same effects with a large scale dipolar gravitational potential. Such a potential
could clearly reproduce the dipole at linear order, but could it also induce similar couplings
between multipoles at second order? The scope of the present paper is to check whether a
dipolar potential can produce both Doppler-like and aberration-like couplings exactly in the
same way as a peculiar velocity does.

This paper is organized as follows. We start by revising second order perturbation theory
in section 2, adapting the formalism to make the aberration effect more explicit. In section 3
we show that although an aberration-like coupling could in principle be produced by lensing
due to a gravitational potential without a peculiar velocity, a very special type of potential
would be required. If one dismisses such a possibility, the aberration measurements are indeed
a direct probe of our peculiar velocity. In section 4 we show instead that the Doppler-like
couplings are more naturally reproduced as they only require a dipole in the potential at the
last scattering surface. We draw our final discussions in section 5. Finally, in 3 appendices we
discuss in depth some of our derivations. In A we derive the general temperature anisotropies
up to second order; in B we discuss the general second order perturbation equations which
are necessary in our work; in C we digress over the scalar-vector-tensor decomposition and
the freedom we have at defining quantities at the origin.

2 Aberration and second order CMB perturbations

In what follows we will make use of the following notation: vectors and tensors will be written
in boldface; their components will not be in boldface, and will carry Latin letters super-scripts
which run from 0 (denoting the time component) to 3; second order perturbation quantities
will always carry a subscript “2”. Note however that by definition we will always treat vectors
and tensors as in Euclidean space and so we can raise and lower indices in all such quantities



just with a Kronecker delta; in fact, we take into account any effect due to the metric explicitly
as extra terms in perturbation theory. For this reason we can use boldface notation without
ambiguities, just to obtain a more compact notation. We assume a flat FLRW (Friedman-
Lemaitre-Robertson-Walker) background metric and that the gravitational theory is General
Relativity. Also, we shall use units in which ¢ = 1.

Consider the line element ds® = a?(n)g,,dz#dz”, where z# = (n,r), 7 is the conformal
time and a is the scale factor. The metric elements can be expanded up to second order in
the following way:

goo = —(1+2¢+¢2), (2.1)
1
goi = zi + 52 (2.2)
1
9ig = (1 =29 —12) 65 + Xij + 5 X245 » (2.3)

¥, ¢, z, x are first order perturbations to the background metric and g, ¢2, 2, X5 are second
order terms, with x traceless in order to make the separation of g;; unambiguous.
It is shown in appendix A that for an observer with peculiar velocity v, (see eq. (A.7))
observing photons coming from direction n, the CMB temperature anisotropies are given by
0T (n
]E) =vVo N+ T1(Ne,rs) + To(Ns,vs) + Vo 10 T1 (N, 1x) + (Vo n)2 , (2.4)
where a subscript * means evaluated at the Last Scattering Surface (LSS) or decoupling time,
r = (1, — n)n describes the coordinates of a photon from the LSS to us, as inferred by the
observer ignoring perturbations, and 7, is the present conformal time. Here T contains the
first order temperature fluctuations while 75 contains second order terms:

Th=¢—-—vy n+17-1, (2.5)
2 2 2
_ + T V. 1
T, = W+7—IQ—I(T+¢)+¢T—VW-11T1—§—§va-n+5Tp, (2.6)

where v 4 v2,/2 is the three “velocity” of the emitter (photon-baryon fluid) which is related
to the fluid four-velocity by (see egs. (A.17)—(A.19)). We introduce such a notation for the
three-velocity following [17, 18], which also makes the equations more compact.

v =u, vo=ug —2uy +u-yx, (2.7)
4 1T 1.
0 ) 7 A 7

Uk = (U9,U1), Uy = [uv - Qu%} : (2.8)

The other quantities are defined below, but we note now that the very last term in 75
contains the second order corrections due to the perturbed path characterized by r + dr:

x-n—nn-x-n
2

6T, =ér- [Vo — (vay) i + V] — v, { odt

+(5n} + O b
n 1. A

—/ dn {51‘- [V¢'+V¢'+ (Vz)n' =50’ (VX;]‘)”]} +Z"5n—n-x"5n} ;
Tlo

(2.9)

where 7 and 75/2 are the first and second order intrinsic temperature anisotropies at the
LSS, and 97/dd" tells us how the emission of photons depends on the direction of emission d



(in case of an anisotropic source), and the explicit form of dd is given in eq. (A.16). In this
paper we assume that 7 is determined exclusively by the energy density perturbations of the
photons (see eq. (3.24)) which depends only on position, and in that case 97/dd’ vanishes.
Finally, a prime means derivative with respect to conformal time n (0p = ' = 9,).

Some comments are in order. Egs. (2.5) and (2.6) were obtained in appendix A by
rewriting previous results of [19] including scalar, vector and tensor contributions. They are
fully general and valid in all gauges. This result is not new, except for two additions. First,
we are introducing a new ingredient, which is necessary when comparing to observations:
the direction of observation n (seen by an observer with peculiar velocity v,) instead of the
unit vector e (the direction of observation as seen by a comoving observer), following the
notation of ref. [19]. In order to study second order perturbations we must relate both up to
first order (see appendix A and eq. (A.22) in particular)

e =n+[-v,+n(v, -n). (2.10)

This will allow us to explicitly describe aberration. The other simplifying assumption we
made is that ¢ = ¢ = z = x = 0 at the observer’s position, which we set as the origin.
This is always possible as we discuss in appendix C and simplifies somehow our equations.
Note also that in [17, 18] the authors have a similar formula for the case of primordial scalar
perturbations, but which is valid only in the particular choice of the Poisson gauge.

We now define the remaining quantities appearing in egs. (2.5)—(2.9):

7

7- / dq A (2.11)
Tlo

Az(b—&—z/z—l—z-n—%n-x-n, (2.12)
n 1

IQI/ dﬁ[Q b+ (20 +2z n—n-x'n)A-(2¢+z-n)A'|, (2.13)
Tlo

1
A2=¢2+¢2+Z2-n—§n'X2'n- (2.14)

Here 7 can be interpreted in the Poisson gauge as the integrated Sachs-Wolfe effect, and 75
as the Rees-Sciama effect.

When we observe a CMB photon, we see it as coming from the apparent emission point
with coordinate r,. However, the true photon emission point at the LSS is given by the
coordinates ry + dr,. Such a correction is given up to first order by

n
or = n ér + or,, (57°:—/ dn A, (2.15)

51'1_:[—Vo+n(vo.n)](no—7])—/ndn[Z—n(z.n)—X'n—f—n(n.x.n)—l—(n—n)AJ_],

(2.16)

where
A =V (p+)+(Viz)n' — %nz (V1xij)n, (2.17)
Vi=V-nn-V). (2.18)



We want to stress that the true position at which a given photon was emitted is one and
unique, in that sense r, + Jdr, is observer independent. Since we have defined our zero order
trajectory to be a straight line along the observed direction n, the apparent position of the
CMB anisotropies represents an aberrated and lensed image of the sky, for that reason, the
above formula provides aberration and lensing corrections. In fact, the velocity dependent
terms in eq. (2.16) are de-aberration terms, while, in the Poisson gauge, the integrated term
could be called a de-lensing term. Finally, the second order anisotropies due to 07 in eq. (2.15)
can be interpreted in the Poisson gauge as time-delay. We further discuss these quantities in
section 3.

Aberration and lensing give a total deflection angle o which relates the direction of the
true emitting point to the apparent one'

1
a = ;5rJ_(7],n), (2.19)
but there is also a local? deflection angle given by?®

7
6n—[—vo—i—n(vo-n)}+z—n(z-n)—x-n+n(n-x-n)+/ dn A, . (2.20)
Mo

Note that it is « that is relevant in the Poisson gauge for the discussion of lensing effects on
CMB, because one is interested in the total deflection (the angular excursion) of a photon
as it travels from the LSS to our observation point, and not in the change in its direction
(see [21], pp.5).

In an analogous way to the discussion above, we see that n—+dn is observer independent,
as can be seen when expressing n in terms of e. It tells us that the photon 3-momentum
is being deflected due to inhomogeneities from the LSS up to the origin, and is therefore
observer independent, depending only upon the perturbations along the geodesic.

As stated before, the above formulas are fully general and valid in all gauges. But
in what follows we will restrict ourselves to the case of pure scalar perturbations in the
Poisson gauge.

2.1 Poisson gauge and scalar perturbations

At first order each mode (scalar, vector and tensor) evolves independently and so we can
study each one separately. To simplify our discussion, we consider only primordial scalar
perturbations since vector modes are decaying and tensor modes are known to be subdomi-
nant compared to the scalar modes [22]. However, at second order we need to consider every
mode, since vector and tensor perturbations are sourced due to non-linearities by the first
order scalar counterpart. We choose to work in the Poisson gauge which yields (see [23, 24])

zi = Xij = 0, &z = 8iX2ij =0. (2.21)

It is also well known that in the Poisson gauge the first order potentials ¢, 1 are equal (as
long as we neglect anisotropic stress).

!See eq. (A.30), and also [20]-pg.7-8 and [21]-pg.4.

2By “local” we mean that it depends of each point on the trajectory, which is in contrast with global (or
total) deflection angle. We borrow this terminology from [20]-pg.7-8.

3This notation agrees with eq. (3.5) of [17] except for the fact that we put aberration and lensing together.



3 Comparing aberration and lensing effects

In the first part of this work we discuss the second order temperature anisotropies due to
lensing and aberration. We note that such terms appear explicitly into dr;. However, it
could also happen that aberration and lensing terms are hidden into intrinsic second order
quantities, like ¢o. This is not the case for the Poisson gauge as we will stress later when
discussing the Doppler-like effects (vide eq. (4.3)); however it can happen in other gauges as
discussed in [25].

Aberration effects appears explicitly when we compare two different frames, one of them
in which the observer has, say v, = 0, and the other in which v, # 0. That implies that
the arrival direction of photons seems different in each frame. On the other hand, lensing
is the effect due to gravitational perturbations along the photon’s path, which also changes
the apparent direction of emission. It is an integrated effect encoded into dr;. Just for
completeness we mention that dr describes the so called time-delay or Shapiro delay [26]
which tells us that photons are not coming from a spherical shell of radius r but from a
distorted surface whose “radius” in direction n is r + §r.

It is convenient to use spherical coordinates so that r = (r,n) where r is the radial
coordinate centered at the observer position, and we split the gradient into its radial and
transverse parts

V—n%+ -V, @:é%+¢£§%, (3.1)
so that V =V is the gradient on the unit 2-sphere. With this definition we can see that
—vo+n(v, 1) = —V(v, - n), (3.2)

and (see egs. (2.16) and (2.19))
or; = —rV(vo-n)+1Ve, = a=V(-v,-n+4). (3.3)

Here we introduced the lensing potential

<Z_>(7“,n):2/ordf !

and used the fact that along the photon’s geodesic we need to set r =1, — n.

Note that lensing is similar to aberration; the difference is that in general ¢ contains all
terms of the multipole expansion (all the ¢’s and m’s), while v, - n has just the dipole ¢ = 1.
This is related to the known properties of lensing and aberration: the former couples a large
range of multipoles ¢ (see [20, 27]), while for the latter the most relevant coupling is between
¢ and its neighbors ¢ + 1 (see [12, 15]).

For dn we have

(3.4)

on=—V(v —2v/‘¢, (3.5)

which allows us to write the transverse part of eq. (2.9) as*

A n
0Ty =or - [V — (Vo)) n;+ Vr] —Vﬁ,-dn—2/ dn or, - V¢
U

o

:a~@[¢—v7-n+7']—2/ndna'@¢/+v7-(a—6n)

o

= Tdeﬁec + v, - VJ_&”, (36)

4That is, the part due to dr,. We do not consider the radial part here, which corresponds to time-delays.



where we used the fact that V (v, -n) = (@vfy)m +v, - a, and

9 . r
a—&n:rV/ dr ¢ = V_ or. (3.7)
0

Here T9¢fec defined through eq. (3.6) contains both lensing and aberration. Note that in
previous equations we defined « only at the observer, while én is a vector defined at any
point in the trajectory. However we remind the reader that we are treating all our vectors
simply raising and lowering their (three-dimensional) indices with a Kronecker delta so we
can safely sum such quantities together.

For the purpose of this work, we explicitly disentangle the modes that contribute to the
dipole of the CMB from the rest. We proceed as follows: the gravitational potential can be
expanded into spherical harmonics as ¢(n,1) = e (0, 7)Yem(n), from which we can extract
the dipolar part (i.e. terms containing only ¢ = 1). We will need to consider the radial
profile of ¢ in order to compute its lensing potential and other integrated terms. However,
for v, and 7, we only need to consider their values at LSS. In the following we therefore find
convenient to split each field as:

¢ = ¢a+ ¢, T —=Tq+T, Vo = Vg + Vs (3.8)

In this way we can extract the dipolar contribution from 77 and add it to v, - n so that the
total dipole of the CMB becomes®

n
@d:VO-n—i-(ﬁd—V,yd'n—i-Td—Q/ dﬁ(b:i (39)

o

In what follows we refer explicitly to all the remaining multipoles (i.e. everything in ¢ > 1)
coming from 77 simply as “©”:

"
@:(¢—V7'D+T)—2/ dn ¢ . (3.10)
eq. (2.4) can be thus written as
T
0 7(7“) = 04+ 0 + Ty + v, - n © 4+ quadrupole terms. (3.11)

In the following we do not consider quadrupole terms explicitly. The reason is that we focus
on aberration-like and Doppler-like couplings which affect all scales, so one can safely ignore
the quadrupole terms with no effective loss of information.

3.1 Aberration vs dipolar lensing

We now explicitly separate the dipolar dependence from T9¢fe¢ and call it Tgeﬂec (see eq. (3.6))

A 77 2,
Tgeﬂec:ad_v[¢vy‘n+7_]2/ dﬁad'vd)l, (312)

o

aq(n,n) = \Y (_Vo ‘n+ (Z_)d) ) (3.13)

which both describes aberration and dipolar lensing (lensing due to ¢4). Eq. (3.12) is the
more general expression describing aberration+dipolar lensing; for clarity of discussion we
now focus on the two extreme cases in which the dipole is purely of kinematical (boosted
induced) or intrinsic (lensing induced) type.

5Ty can also contain a second order contribution to the dipole but this is irrelevant in what follows.



Boosted induced dipole. If the observed dipole is purely kinematical, we can set ¢4 =
T4 = V44 = 0 as an extreme case, so ©O4 = v, - n and we see that the deflection is given by

T — Yv,m) ¥ |0 men) -2 [lane| = s VO, (314

o

where we used the fact that v, - n is constant along the line of sight, so that we could
take it out of the integral. This is a pure aberration term and it induces couplings between
multipoles which grow linearly with ¢ [12-14].

Intrinsic Dipole. We want now to check whether an intrinsic dipole can also produce
the same couplings as aberration through the lensing effect. In the more general case a
given potential will induce a velocity to the observer which is proportional to V¢ at the
origin (see eq. (3.22)). But let us consider here the case v, = 0, so that the temperature
anisotropies are totally determined by ¢, v, and 7 (the general case is given in next section).
We have

n
Oi=(p—vy - n+7),—2 dn ¢, (3.15)
To

and the lensing due to ¢4 is

Tgeﬂec:@(gﬁd)_@((Zs_v’y'n+7)_2/nd77@(¢d)-v(ﬁ'. (3.16)

Mo

A primordial dipole will thus produce exactly the same couplings as a boost induced aberra-
tion if this satisfies the integral condition

Tgeflee — _v(0y) - VO. (3.17)

Note that there exists no function ¢4 for which ¢4 is a constant function of r (or
equivalently of 7, see eq. (3.4)), so we cannot take Vg out of the integral as we did in the
boosted case. This expresses the fact that that lensing is cross correlated to the integrated
Sachs-Wolfe effect (ISW). Also note that lensing is correlated with other effects like the
Sunyaev-Zel’dovich effect (SZ) but for that we would need to consider the late reionization
due to the hot gas. However, the SZ effect is not included in formula (2.4). Generally, the
lensing effect on the reionization and ISW signals is very small as they are only important
on large scales (see [20]-pp.6). Henceforth we will thus assume for simplicity full matter
domination from recombination up to present time, which results in zero ISW effect. With
such considerations we can then write eq. (3.12) as

T3l ~ oy - VO, (3.18)
and the above aberration-mimicking condition is
og =—VOy. (3.19)

This would be the condition that insures that the aberration couplings measured by Planck [16]
are consistent with the measurement of the CMB dipole.



3.2 Matter domination

The 0 — i Einstein equation at first order in Poisson gauge is (see eq. (149) of [28])
3
V(¢ +Ho) = —57{2(1 +w)v, (3.20)

where w = P/p, v is the total-fluid velocity perturbation and H = a’/a is the conformal
Hubble parameter. Here P and p are the unperturbed pressure and density of the total fluid
(matter+radiation). In matter domination w =0, ¢ =1, ¢’ =0 and H = 2/n, so

2V 1
V=20 =—21V0, (3.21)

and we can compute the velocity induced by the potential ¢4 on the observer as

Vo = —%UOV%(T =0). (3:22)

In general eq. (3.21) only applies to the total matter fluid, however we can use it to compute
v, on large scales. In principle one could imagine situations in which the photon fluid
has a different large scale velocity compared to the rest, by invoking a non-standard initial
condition or vector modes. However in the present paper we do not consider such possibilities,
on the basis that anyway such modes would rapidly decay. Discarding such cases, then no
causal processes such as free streaming or diffusion can separate the components, so all fluid
velocities are equal (see [29]-pp.8). Therefore on large scales the photon-fluid velocity is also
given by eq. (3.21).5

During matter domination the gravitational potential is constant in time, the integrated
Sachs-Wolfe term Z vanishes, and the aberration-mimicking condition eq. (3.19) reduces to
(see eq. (3.13) and eq. (3.9))

ba(n,74) = = [¢pg — Vya -1+ 74, . (3.23)

Note that in arriving at this equation we made no hypothesis on the observer’s velocity, so it
is valid even for nonzero v,. So we can conclude that, if the lensing potential ¢4 satisfies the
equation above, the Planck measurement [16] in principle does not tell us which is the source
of aberration, either of kinematic or intrinsic type. However there is no reason to expect that
such a condition is satisfied and so one expects to see deviations between the velocity inferred
from the CMB dipole and the one inferred through aberration, as long as ¢4 is nonzero.
Now, in order to find radial profiles which satisfy eq. (3.23), we need to discuss the
intrinsic temperature anisotropies 7. They are given by (see egs. (80)-(81) of [30])
T = —0y, Ty = ~09, — 3772, (3.24)
where J, and d2,, are the first and second order density-contrast perturbations of the photons.
If o is a energy density, with mean value p, then density-contrast perturbations are defined by

_de 4 00

1
Q:p(1+5+52+-~), ) , (3.25)
2 p p

5Note however that one could imagine exotic cosmologies with a very large scale photon fluid velocity, as
an initial condition. Such a velocity would generically decay and in presence of Inflation it would then be
forbidden. For these reasons we do not consider it further in the present paper.



In order to be more general let us consider also the possibility of having isocurvature (or
entropy) perturbations. We introduce the entropy perturbation between the total matter
fluid (cold dark matter + baryonic matter) and radiation:

Om Oy
= — -] . 2
S=3 ( 3 4) (3.26)
Using the fact that on large scales d,, = —2¢ (see eq. (B.11)) we can rewrite the integral
condition as bo— S a6
Y d —»Pd | 1149q
)= (P4 2d  TT0d] 2
buln, ) = - | P25 150 (3.27
where we used the relation
UE N« d
V,Yd n = —ganbd = —gggbd(n,?“*). (328)

Note that we are considering the possibility of an isocurvature perturbation only for the very
large scales which correspond to a dipolar potential, so usual constraints from CMB do not
apply and moreover on such large scales we can treat baryons and CDM as a single fluid.
Now, that for a given radial profile ¢4(r), we can always satisfy eq. (3.27) by just choosing
the appropriate initial condition for S;. However, again there is no reason in principle to
expect that such a condition is exactly satisfied. Thus we regard such a choice for S as a fine
tuning of the initial conditions. We come back to this issue in the end of this section.

The velocity term v.,4 is suppressed by a factor of ~ 7, /1. = 1./n,, that is, by a factor
of about 100 compared to ¢, so we neglect it in the following. We now consider two extreme
cases: pure adiabatic perturbations S = 0, and pure initial isocurvature perturbations, for
which ¢, = —S/5 (see eq. (B.33)). In addition, we choose the z-axis so that ¢4(r) =
¢a(r) cosf. The integral condition can thus be written as (see eq. (3.4))

balre) = N/o dr ¢a(r) < o N =6, Adiabatic (3.29)

1 1 N =1, Isocurvature
r T*> '

Note that we study here the two extreme cases of pure adiabatic or isocurvature, but
more generally N can take other values by taking linear combinations of them. Given a
radial profile ¢4(r) we can check if it produces aberration-like couplings with the appropriate
magnitude or not by just computing the above integral. It is also clear that for a fixed
T+ there exist an infinite number of functions ¢4 which do satisfy eq. (3.29). However in
general, if they do satisfy the condition for a given r, they will do not for another value of
the LSS radius. In this sense, though we can mimic aberration with an intrinsic dipole, it
would be in principle a fortuitous situation. Note also that from the infinitely many solutions
to eq. (3.29) there exist one which is valid for any value of r,. In fact consider R = r,, and
take two derivatives with respect to R in both sides to obtain

d? d
RQ@%(R) + ZRﬁﬁbd(R) = N¢a(R), (3.30)

or

R3+ R’ Adiabati
$a(R) = {Cl et rabane (3.31)

c1R™ 4 coR™2, Isocurvature
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with ¢y, ¢y constants and my 2 = (—1 4 +/5)/2. The condition ¢4(R = 0) = 0 sets ¢; = 0,
then we finally get

R?, Adiabatic
¢d(R) X {R(_li\/g)/g ' (332)

Isocurvature

The isocurvature solution is not an analytical function of R as its derivative diverges at the
origin. Since we expect the gravitational potential to be analytical, we can conclude that
isocurvature modes can satisfy the aberration-mimicking condition only for fixed values of
7. Adiabatic perturbations on the other hand have a solution ¢4(r) oc 2, which is valid for
all r,. Clearly, this solution must have this parabolic form only in the region 0 < r < R for
some R 2 r.; the functional form outside the horizon can be of any type, since we are in
unobservable regions.

We summarize this section by saying that in order to reproduce Planck [16] measure-
ments on aberration couplings, a dipolar potential has to be negligible with respect to our pe-
culiar velocity (as is usually assumed) or it has to satisfy to the integral condition eq. (3.27).
In the purely kinematic case, this integral constraint is automatically satisfied as ¢4 = O.
However, there are some radial profiles which satisfies the constrain independently of the
amplitude of the perturbation. Since the dipole of CMB only fixes the amplitude of the
field at decoupling, a primordial dipole could in principle still produce aberration-like cou-
plings just as a kinematical dipole. Nonetheless, we do not expect the dipolar potential to
satisfy this integral condition, as such, a possible discrepancy between the inferred peculiar
velocity from a kinematic dipole and aberration could be accounted for by a non-negligible
contribution from a dipolar potential.

There is still one radial profile for adiabatic perturbations which mimics aberration
without any fine tuning in the amplitude or the LSS radius. However it seems that in that
case the observer is located at a special position in the Universe, one in which the radial profile
seems locally as ¢q(r) oc v and the angular profile a cos(f). Unless there is some mechanism
that comes to justify this radial profile, this also seems as a fine tuning (reminiscent of the
one found in inhomogeneous void models for dark energy [31-33]).

Even in the case in which the radial profile could mimic a kinematic dipole, there might
nevertheless be a way to completely disentangle lensing from aberration by looking at the
cross correlation between a dipolar lensing and the ISW (in a more realistic scenario, including
dark energy) could help to solve this degeneracy as a kinematic aberration has no correlation
with the ISW. The same could perhaps be done by looking at cross correlation between a
dipolar lensing and SZ. We leave a more quantitative investigation for a future work.

4 Doppler-induced multipole couplings

The observer’s peculiar velocity contributes to the CMB dipole through v, - n, but it also
induces Doppler couplings given by (v, - n) ©, (see eq. (3.11)). If the dipole is purely
kinematical then ©4 = v, - n, and the total Doppler effect is

TYP(n) =0, 0. (4.1)

Planck [16] measurements are consistent with the Doppler formula given above, so this can
be seen as a consistency check for a kinematical dipole.

However, we now show that an intrinsic dipole also leads to Doppler-like terms. For this
purpose, we turn our attention to the terms inside T besides 07}, (see eq. (2.6)). We dub
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these collection of terms “O5”. We still assume full matter domination and take the large
scale limit so that we can neglect terms involving v, and va, (V24 is subdominant as we can
see by looking at the 0 — 4 second order Einstein equation, the same way as we did with v).
So, in this case ©9 = T — 07}, becomes

P2 — P>+ 12 b2 — & + T2

B2 + Oyy = 5 —To+oT1+ +¢17—To| +quad. terms, (4.2)

2 d
where we have used the splitting given in eq. (3.8) and “quad. terms” means contributions
to the quadrupole. Here, the subscript d, means the part of that expression which is linear
in the dipole quantities. So for example, (¢?)q = 2¢ ¢q.

To proceed we need to know what are the expressions for ¢o and 9. It is shown in
appendix B.1 that”

1 0;0;
¢2 - 2¢2 — 6K + /\nl + — 14 V2 ( 3 z¢aj¢ 51]8 ¢ak¢> n, (4-3)
r = =26 4+ + 15 (00030~ 850%60k0 ) (1.4
k= %9 [ 00050 — 20 60 ¢] (45)

where summation over repeated indexes is assumed. Here, A\, is associated with the presence
of primordial non-Gaussianity and it is given by

Anl = g (¢ +2¢%) , adiabatic, (4.6)
1 2 o .
Anl = v —Sy + §S , isocurvature, (4.7)

where (, (2 (S, 52) are first and second order curvature (isocurvature) perturbations. It is
important to stress that in the adiabatic case (s is usually parametrized as (o = 2an(? so0
that Ay = —5(an — 1)$?/3, as was done e.g. in [17, 24]. Here, however, we take a more
general approach and make no assumption on the initial conditions for (s.

In egs. (4.3)-(4.4), n — 0 at the very beginning of matter domination which occurs
at some time after recombination. Note that since we are considering the simplified case in
which the Universe is matter dominated from the LSS until today, then we can set n — 0 in
the second order quantities when evaluating at LSS.

In the remaining of this section we will compute for simplicity only the perturbations
on large scales, but we have reason to believe that all the results below can also be extended
to small scales as well. We will pursue a careful derivation of this extension in a future work.
This is important observationally, as most of the Doppler (and aberration) couplings signal
comes from these scales [15].

4.1 Adiabatic perturbations

For adiabatic perturbations and on large scales we have (see eq. (B.19))

2 1 2

T=-3¢, =3¢ = ¢u T+¢Td:_§(¢)d, (4.8)

"See also eq. (3.14) of [19], egs. (2.18)—(2.26) of [24] and eq. (B.4) of [34].
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while (see eq. (B.24))

n= (1200 (1.9
9 d

Here, ¢ and ¢2 have to be evaluated at LSS. After replacing those expression into Ogy
(see (4.2)) we get®

2
O = % [¢2m —¢* + (16¢96¢2m)] —Toq — %(@Z
d
2
= <(1b8>d—lcd—|—é)\n1—12d. (4.10)

Remembering that ¢ + 7 = ¢/3, then (¢2)d =20 ¢q =18 (¢ +7),0, and so

1
B =06 (¢+T)d—lcd+6)\n1—zgd. (4.11)

4.2 Isocurvature perturbations

For isocurvature perturbations, we have on large scales (see eq. (B.20))

T=¢, ©0=20, = GaT+¢714= ()3, (4.12)

while (see eq. (B.26))
7 = (Y2 +3¢%), . (4.13)

Replacing into Oy yields

Os = 5 [Bom — & + (Yom +36%)], — Toa + (0}
=2 ((;52)d —Kag+ Al —Zog - (4.14)

Remembering that ¢ = 7, leads to 2 (¢2)d =4¢ ¢pg= (¢ +7),0, then
O9y = 0O (¢+T)d_lcd+)\nl_1.2d- (4.15)

We need now to add the kinematic contribution, which leads to

0" @+@ =0 @+7_IC -7 P 4.16
Vo, n 2d d d ™ +2d N =6, Adiabatic (410)

Anl N =1, Isocurvature
N
where we used that the total dipole is ©q = v, - n + (¢ + 7),;. Note that this N already
appeared in the aberration discussion. As a consistency check note that such a product ©4 ©
is a generalization of eq. (4.11) of [17], which was derived in the special case of a linear
gradient mode (which is a special case of our dipolar potential) and in absence of primordial
non-Gaussianity and which agrees with our result.
We now parametrize A\, as

Al = —=(ag — 1)¢?, (4.17)

8This agrees with eq. (1.2) of [24].
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not only for the adiabatic case (as was done in [24, 34]) but also for the isocurvature case.
Taking the d-dependent part

10

(Aal)a = _?(anl —1)¢ ¢q, (4.18)

and remembering that © = ¢/3 for adiabatic and © = 2¢ for isocurvature perturbations, we
get the Doppler-like couplings given by the initial conditions

An 5
Taopp-i.c. = 8= = (an — 1)64O. (4.19)

N 3
Now, from [24]-pp.(5) we know: in the standard scenario ay ~ 1, while in the curvaton case
an = 3/(4r)—r/2, where r is the relative curvaton contribution to the total energy density at
curvaton decay. In the minimal picture for the inhomogeneous reheating scenario, a,; = 1/4.

Egs. (4.11), (4.15) and (4.19) are our main results about Doppler-like couplings. If
Anl =~ 0, as predicted by single field inflation, then remarkably we see that such equations
lead exactly to the same couplings as the one produced in the usual kinematic Doppler
case. This striking result shows that in the simplest inflationary scenario there is no way to
disentangle a large scale potential from a boost using only Doppler-like couplings. In other
words: suppose that a future experiment will measure a deviation in the values of v, inferred
from the dipole and from the Doppler-like couplings. This would imply that there must be a
large dipolar potential perturbation and moreover coming from a non-standard inflationary
mechanism which generates non-Gaussianity.

We note that a dipolar potential also produces other effects which are due to Ky + Zog.
This is similar to what happens when studying aberration, where a ¢4 produces other effects
which a peculiar velocity does not, e.g, time-delay. As can be seen K contains non-local
terms (due to the inverse Laplacians); however, as discussed in [17] (section 5), those non-
localities must cancel somehow as observations cannot depend on perturbations well outside
our observable Universe. This is explicitly shown in [17] (appendix C), where they noted that
the non-locality of K is cancelled by boundary terms coming from the integral Z,. However
other terms survive, contributing to the CMB anisotropies. This can be see explicitly from

n
K+, = ;/ dijn[2(n- V)2 — V-Vl | (4.20)
Tlo

which follows from eq. (C.1) of [17]. We see therefore, that the additional terms coming from
K4 + Zoq do not contribute to aberration-like or Doppler-like couplings. Finally, we stress

that g + Zygq is an integrated term, so it can in principle be correlated with with dipolar
lensing, and also with SZ and ISW effects.

5 Conclusions

The Planck satellite has detected couplings between multipoles in the CMB at all scales
which are consistent with Doppler and aberration effects due to our peculiar velocity [16]. In
particular the Doppler couplings are ¢-independent, while the aberration ones grow linearly
with ¢ [12, 14]. The measured values are consistent in amplitude and direction with the well-
known measured CMB dipole. However in this paper we have tried to check whether a large
scale dipolar gravitational potential could produce or not the same observational signatures.
We have shown that such a potential, in addition to a dipole in the CMB, produces indeed
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103 dipole 10~® Doppler-like 10~® aberration-like

couplings couplings
Peculiar velocity yes yes yes
Adiab. dipolar potential yes yes* only with fine-tuning
Isocur. dipolar potential yes yes*® only w/ even more fine-tun.
Non-Gauss. dipolar pot. yes different only with fine-tuning

Table 1. Summary of the main conclusions of this paper. The * symbol is a reminder that we have
only been able to prove the corresponding result on large scales. See section 5 for details.

couplings due to lensing, which are similar to aberration, and couplings due to second order
potentials, which are similar to Doppler. However, crucially, we find important differences
compared to a boost effect. We illustrate in table 1 our main results, which we discuss in
more detail below.

First, the amplitude of the lensing couplings discussed above, relative to the dipole,
depends on the radial profile of the dipolar potential and in most cases only for fine-tuned
choices one could exactly reproduce a boost effect. For the adiabatic case a parabolic radial
profile could exactly mimic aberration without any fine tuning in the LSS radius. However,
the observer needs to be located at a special position in the Universe, to wit near the center
of such parabola. Unless there is some mechanism that comes to justify this, this can be seen
as a fine-tuning. For the isocurvature case, the problem is even worse as one would need also
to fine-tune the distance to the LSS.

So generically we expect to see a deviation in the measured value of v, through such
couplings due to the possible presence of a dipolar potential. One expects of course such a
potential to be present at least with a 10~° amplitude, but perhaps higher in more exotic
models which violate the global isotropy of the Universe. Detecting a larger deviation would
signal the presence of an unusually large dipolar potential.

Second, we have found that a primordial dipolar potential can also reproduce Doppler-
like couplings (just as a kinematical dipole) both for an adiabatic and isocurvature dipole,
as shown in eq. (4.15) and eq. (4.11). Such an effect depends on the initial conditions,
presumably set by Inflation. Strikingly in this case a single-field slow-roll scenario would
induce couplings which are exactly degenerate with a boost. So, detecting any inconsistency
between the value of v, from the CMB dipole and the one from the Doppler couplings would
signal the presence of physics beyond single-field inflation. As stated before, for the Doppler-
like couplings we derived the equations only on the large scale regime. We have reason to
believe that this result might extend also to small scales. We will develop a more careful
proof in a future work. If this is true, the only approximation here would be to assume we
are always in the complete matter domination regime.

We stress that a primordial dipole produces in addition other effects which are poten-
tially detectable: cross correlation with the ISW and SZ effects, time-delay and integrated
effects coming from Iy + Zo4, and which we will discuss in detail in a future paper.

In conclusion, better measurements of the dipole, the Doppler and aberration couplings
could in principle help us distinguish a boost from a dipolar gravitational potential; the latter

however can be detected only if it has an unusually large amplitude compared to the other
CMB multipoles.

~15 —



Acknowledgments

We thank Filippo Vernizzi and Mauricio Calvao for useful discussions. MQ and OR are
grateful to Brazilian research agencies CNPq and FAPERJ for support. AN is supported by
the grants EC FPA2010-20807-C02-02, AGAUR 2009-SGR-168.

A Derivation of temperature anisotropies up to second order

In this appendix we obtain eqs. (2.4)—(2.9) by interpreting and rewriting some previous results
of [19]. For clarity we repeat here the metric given at the beginning of this work,

goo = — (1+2¢ + ¢2) , (A1)
1
goi = zi + 572 (A.2)
1
gij = (1 =29 — ) 6ij + xij + 5 X2ij (A.3)

but this time we use coordinates x# = (7, x) for an easy comparison with [19]. We will also
make use of the unit vector e, defined as the direction of observation for a comoving observer.
We then define the functions Ty = T1(n,x) and T3 = T2(n, X) as

Th=¢—u,-e+717-1I, (A.4)
and
75:¢2;¢2 —L—(u,-e)9+(Z+uy-e)(-u-e—9¢—7+u,-e+I)
+ 62 A’ + (0x + 62°€) - [V — (Vb)) e; + V7] +u‘2’;u’27+¢7+ g;adi
+uo-e(7'+¢>)fu7-(z+I)+%(u207u27)-e+%7'2, (A.5)

where each quantity is defined below in egs. (A.10)—(A.16). Mollerach and Matarrese [19]
(see also [35]) have shown that the CMB anisotropies at first and second order are given by

d72(e)
T

(STl (e)
T

:uo‘e+T1(77*ax*)7 :7-2(77*73(*)7 Xy = (770_77*)97 (A-6)
where * means a quantity evaluated at decoupling (sometimes referred in the literature
with an &, for “emission”) and 7, the present conformal time. eq. (A.6) describes the CMB
anisotropies as seen by an observer with four velocity

Uy = (UngO) ) U, =u, + %uzo, (A?)

which measures the frequency of arrival photons with “normalized” four-momentum

kH = ﬁ = (k% k). (A.8)

“Note that we have changed a bit the notation of [19], see eqs. (2.4)—(2.7) of that work for comparison.
E.g. we interchange ¢ with .
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At the observer, we have
kt = (1,—e). (A.9)

Some comments are in order: in the previous equations we set ©» = ¢ =z = x =0
at the observer’s position (the origin), this is always possible as we discuss in appendix C.
Second, we have included two additional terms (ug, — u2,) - €/2 and 75/2 which were not
considered in the final expressions of [19] but were included in more recent papers [36].

We now define the quantities appearing in egs. (A.4) and (A.5).

n n

I:/ dn A', I:/ dn A, (A.10)
1 1 4

A=¢+y+z-e—ce-x e A=V +9)+(Vz)e' — 5 (Ve (A.11)
k' = —2p—z-e+1, bk=-2pe—z+x-e—1 (A.12)

n n
&voz/ dij[-2¢0 —z-e+ (n-n)A"], ox=— [ dj[2pe+z—x-e+(n—10)A],

Mo Mo

(A.13)

where a prime means derivative with respect to conformal time 7 (0p = ' = 9,). Note that
all quantities defined in the Lh.s. of egs. (A.10)—(A.13) are scalars while those of the r.h.s.
are vectors. Then we have

N 1 1
.[2:/ dn(2A2+Ag>, A2:¢2+1/12+22-e—§e'xz‘e, (A.14)

As = —(2/ —x'-e) - (6k + e 6k°) + 2 Gk° A’ + 20/ A + §2°A4" + 6x - A’ (A.15)

Finally, u, and uy,/2 are perturbations to the velocity of the emitter (photon-baryon
fluid) at first and second order, T and 72/2 are the first and second order intrinsic temperature
anisotropies at the LSS and d7/9d’ tells us how the emission of photons depends on the
direction of emission (due to possible anisotropic emissions), with

e — ok
dd=e— ——. A.16
© le — k| ( )
In general, the four-velocity is defined by
0 1 1
U“:(U,U), U=- u+§u2 ) (A.17)
a
Here we use instead a related quantity, with which the equations become more compact:
1 1
VZI:V+2V2:|, V:U(l—w)—i-U-%. (A.18)
a

Then we have the relations
vV =u, vo=uy—2uy +u-x. (A.19)
Note that this redefined three-velocity satisfies
o . 1 . 1
o5V = (Ui 0+ o) (60— 0 + S0 )
= (1 —2)U'U; + Ulx;U? + O(4) = g;;UU7 4+ O(4). (A.20)

17 -



A.1 Direction of observation and deflection angles

We draw the attention on the fact that e is not in general the true direction of observation. To
see this, note that the direction of observation n* of a photon is defined through'® (see [37])

Et = w(UF —nt), w=—guk'U". (A.21)
Plugging egs. (A.1)-(A.3), and (A.7)-(A.8) into eq. (A.21), we arrive at

e:n<1+uo~n+n-%~n—¢o)—uo

=n(l+u, -n)—u,, (A.22)

where the subscript o means evaluated at the observer’s position.!! The first line of the previ-
ous equation is a general result, in the second line we have used that in our case ¥, = x, = 0.
As the notation suggest, 0k° and 6k are perturbations to the photon’s four momentum, they
are first order and as we see from the previous formulae they generate second order per-
turbations so that we do not need to consider higher order perturbations of k. The same
applies to 620 and éx which are first order perturbations to the photon’s path produced by
inhomogeneities along the journey from the LSS to us. Note that we do not include second
orde terms in (A.22), since they would only affect third order observables.

It is helpful to split the photon’s path perturbation into its radial and transverse part,
as 0x + dz'e = e 6z + dx, with

X n—ndA

n
e . 0 g n . — P - = -
5x—(5x e+5:n) 2/%d77[¢+¢—|—z e—e-5-e > dn

n n
! —2/ dﬁ(A—;1>_—/ dij A, (A.23)
no o o

where in the first line we used the fact that

d
— .V .24
I 0o—e-V, (A.24)

=m-nA

and in the second line we integrated by parts and used A = 0 at origin. Now,

5xl:—/ndn{z—e(z-e)—X-e-i-e(e'X‘e)"‘(ﬁ—T])AL}’ (A.25)

o

where the definition of A is the same as that of A (see eq. (2.19)) but using the transverse
gradient V instead
Vi=V-—-e(e- V). (A.26)

In the same manner we split 6k + 6k%e = e dk + dk | with

k= —A, (A.27)

n
= [a—eare) - xeretex e+ [(ana. (4.29)
Mo

°Tn the egs. (A.7), (A.8) and (A.21) we are setting a = 1 as we are at the observer’s position.
"In [17] they set x, = O from the beginning but they missed the term %, into direction vector n. See
eq. (A.6) of [17].
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Note that at zero order e! = —k* represents both the backward direction of the photon’s
momentum, and also the direction of observation for an observer with zero peculiar velocity,
u, = 0. However, at first order, those concepts are not degenerate. Then what is the meaning
we should give to de? Hereafter, we define

de = —dk, , (A.29)

it therefore will represent the local deflection angle due to lensing and should not be confused
with the total defection angle o given by'?

1

which relates the direction of the true emitting point to the apparent one.
As noted before, x = (1, — n)e describes the unperturbed path followed by photons
from LSS to us, while the perturbed path is characterized by x + 6X:

6X = 6x + 0z’e = e dx + 0%, (A.31)

now, take the function T3 evaluated at the “true” emission point x 4+ 60X and compare with
its value at the apparent emission point x,

6T = Ti(n,x + 06X) — Ty (n,x) = 6¢p — [(&L’W) ei +uy - de| + 67

n A 1. .
— / dn [&b' + 0y + ((62]) €' + 2’ - de) — <2€Z5X;jej +e-x'- 5e>] , (A.32)
Mo

where in the last line we use the fact that x is symmetric. Then, we find

— 3 87’ i
0T = 6X - [qu — (Vuv) e; + VT] —u,-de+ 8di5d
n 1. .
- / dn {5X : [VW + V' + (Vzj)e' — QeZ(VX;j)eJ} +27z - de—e-x - (5e} ,
Mo
(A.33)
where we used
0¢p = 06X Vo, 0 = 6X -V, ox = 0X - Vx, (A.34)
and
o1 = 6X - VT + g;. 5d . (A.35)

Here, we took into account that in general the emission of photons at LSS depends
not only on position but may also depend on the direction. The direction of emission d
do change by a quantity dd when we go from the unperturbed path to the perturbed one
(see eq. (A.16)).

2See [20], pp. (7-8) and [21], pp.4. Note that our notation for de is different from theirs.
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A.2 TIsolating the contributions from the perturbed path

We now proceed to rewriting eq. (A.5), it allow us to get the simple form given a the beginning
of this work. First note that, by using 0y = d/d7 + e - V, we can rewrite the term 6xz0A" as

/ /

i dA i dA
024" = 520 ( i +e- A’) , = 02"A +ox-A' =62 i +6X - A/, (A.36)
now using
77 dA, ’ n /
/ dij 622 — 504" — / dij 5kOA', (A.37)
No d77 Mo Mo
and the fact that the fields vanish at origin, 62°A"| =0, yields
Mo
2
— + T ~
7’2:7@ q; 2—Ig—(uw-e)¢+[—I+(uo—uy)-e]T1

2

+0X- [V(;S—(Vufy)ei—t—VT] —%—kgfm‘—}— or

ad

6d'—u, - (z+1) - %ug,y-e,
(A.38)

where we neglect u2 and uy, - e from T as they only affect the monopole and dipole, respec-
tively. ug, can also be absorbed into a redefinition of u,. Here,

. U
I, = / dij [;A’Q —(z' —x'-e) - (eSk — de) + 6k" A’ + 2/ A+ 06X - A/| | (A.39)

where we used the relation de = —dk, . Now, by using e - V = 9y — d/dr, we have

m d
z+I:z+/ dn [e(&o—d>A+AL]
T

n U
:Z+G(I—A >+/ dnA |
Tlo °
"
:e~(I¢1/1+e~X-e)+ze(z-e)+/ dnA |
2 o
:e-(Z—qﬁ—w—e%.e)er.eMe. (A.40)
So, by using eq. (A.33) we get
2
_ + ~
75:W—IQ—F[—I—F(UO—UW)'G]Tl#-éT
2
— 1
+5T—%—§u27‘e+u7-e<—1+¢+e'§~e>—uq,‘x-e, (A.41)

with

_ n
12:/ dn [;A'Q+(z’-e—e-x’-e)A+5k‘0A’+2w’A]
Mo

7? o1
=5 /dﬁ[2 '2+(2@Z/—|—z'-e—e-x’-e)A—(2qz5—|—z-e)A’]
Tlo
2
;%+12, (A.42)

where we used eq. (A.12) and the fact that f;l dn TA' = 1?/2.
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We summarize this section as follows: the CMB temperature anisotropies up to second
order are given by

0T (e)
T
with T given in eq. (A.4)

_ Po—¢*+ 10 T?

=vo e+ T1(Ne,xXs) + To(Niy Xi) + Vo - € T1(Ns, Xy ), (A.43)

15 5 +?—IQ—I(T+¢)+¢T—v7-eT1
vg 1 1 =
—?—§v27~e+§v7-[e(e-x-e)—x~e]+5T, (A.44)

and the integral Zy defined in eq. (A.42). Here, and in the rest of this work, we used the
three velocities v, vy instead of u, ug, see eq. (A.19).

Finally, we remember that for §7 we must use eq. (A.33), with 60X given in
egs. (A.31), (A.25) and (A.23); and de given in eq. (A.29). This is so due to our interpreta-
tion of de as being the local deflection angle instead of total defection angle (see discussion
before eq. (A.30)). The expressions above together with eq. (A.22) allow us to easily obtain
eqs. (2.4)—(2.9).

B Second order gravitational potentials and intrinsic anisotropies

This appendix provides the formulas and concepts needed to study the Doppler couplings
in section 4. Though in that section we explicitly separate the d-dependent part (dipolar
components) in the potentials, in this appendix for simplicity ¢, ¢a,--- represent the full
perturbations containing also the dipolar terms. In what follows, all equation are given in
Poisson gauge.

The derivation that we follow in this appendix is similar to what was done in [30]; we
generalize it here by including also isocurvature perturbations and finally by specializing to
the case of an explicit separation of the dipolar part in the potentials.

By using the traceless part of the ¢ — j Einstein’s equations, one obtains (see [24]-
egs. (C.3-C.7), or [28]-eq. (154))

0;0; 0;i
Py — o = —4¢” + 3 v4j [F - ;F’“k} , (B.1)
Fyj = 2¢i¢; + 3(1 4+ w)Hvv;, (B.2)

where v is the total fluid velocity, and summation in repeated indexes is assumed. Here for
simplicity, we used ¢; = 9;¢. The 0 — i Einstein equation at first order (see [28]-eq. (149))

V(¢ +He) = —%7—[2(1 +w)v, (B.3)

yields ¢; = —3Hwv;/2 in matter domination (hereafter MD), and ¢; = —2Hv; in radiation
domination (hereafter RD). From this we get F;; = 10¢;¢;/3 for MD, and F;; = 3¢;¢;
for RD, so

Yy — gy = —4¢* + 10K,  MD (B.4)

s — ¢y = —4¢” + 9K, RD (B.5)
0;0; Oii

K= v4] [qs@j - ;qs%k] . (B.6)
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Now, by taking the trace of the ¢+ — j Einstein’s equations, one obtains during MD
(see [34]-eq. (B.3))

0;0; (10
5+ 3Hipy = vgj <3¢i¢j - 5ij¢k¢k> ; (B.7)
from which follows, with H =2/
1 8,0; (10 N
b2 = Pam + 1 V2j <3¢i¢j — 059 ¢>k> n,

where ¢9,, stands for the value of ¢ at the very beginning of MD, taken conventionally at
n — 0 in [34]. In this appendix, we rewrite the equation above as

1 0;0;
14 V2

b2 = dom + (13?@'%‘ - 5ij¢k¢k> (n* = n2) . (B.8)

where 7, is the value of 7 at the very beginning of MD.

B.1 [Initial conditions: isocurvature and adiabatic perturbations

The purpose of this section is to provide the tools for computing @94 as defined in eq. (4.2).
In that sense, we are interested in terms which are linear in ¢4 or its gradient. In what follows
we will find terms involving products of ¢4 with ¢, or gradients of them. Then, it is useful
to note that given the product of two arbitrary fields f and g, we have in Fourier space

(f9) (k)= /d3k1d3k2 d(k1 + ko — k) f(ki) g(ka). (B.9)

Given an arbitrary mode k of the product f g, it will in general involve all modes of both f
and g. However, since in our case we have products of the form f; g where f; is already a
large scale mode (small k1), then k and ko must be associated to the same scale. That is, g
determines the scale of the product f; g.'?

The 0 — 0 Einstein equation at first order is (see [38]-eq. (3.45), or [28]-eq. (148))

HW +Ho) — %v% = —%7—[26, (B.10)

where ¢ is the total-fluid density-contrast perturbation. So, for large scales where we neglect
gradient terms we have

_— B

Below, we will need to apply this equation in two special cases: matter domination (§ = d,,)
and at the very beginning of radiation domination (6 = d-). In both cases we have

O = —26m,  MD (B.12)
0y = =20y, RD, initial conditions, (B.13)

where we used ¢/ = 0 at MD and the fact that v’ is analytical so that n¢’ — 0 as 5 — 0. In
the radiation era we have # = 1/7. In addition we use ¢, to denote the primordial value of
the gravitational potential (at the very beginning of RD) while ¢, is the value in MD.

3Here g stands either for ¢ or V¢, while f4 stands for ¢4 or V.

- 292 —



The 0 — 0 second order Einstein equation is (see [38]-eq. (3.129) or [28]-eq. (153))

SH(Yh + Hoo) = Vi = 3(1)* = 3V - VY — 8YV*) — 12H*)* = —3H” [522 +(1+ w>v2] :

where 09 is the total-fluid density-contrast perturbation. Taking the d-dependent part (terms
linear in ¢4 or Vg ), and the large scales limit we get

MW+ Hon)a — (03 — 4H2($)a = — 5 H0aa. (B.14)

We stress that in general, even when taking the large scale limit, we should not neglect
terms like V4 - Vi), because they will involve all scales of each individual field. However, as
mentioned above when one of the scales is kept to be large (here ¢4) then necessarily the
other quantity must also be a large scale. Combining this with v o« V¢ (see eq. (B.3)), we
can safely neglect those terms.

We will henceforth, for simplicity, omit the subscript d just to keep the notation cleaner.
Eq. (B.14) gives rise to

Oom = —2pom + 8¢2,,  MD (B.15)
B2y = —26p + 8(;5?), RD, initial conditions, (B.16)

where we used again the analyticity of the potentials and eq. (B.8), from which follows that
vy =0.
n

m

B.1.1 First order

The continuity equation leads to

o Vv ,
o = B.1
Sitw 3 V70 (B-17)

which is valid for any fluid, photons, baryons, CDM as they do not interchange energy
(baryons and photons do interchange momentum through Thomson scattering but not en-
ergy, [39]-pp.(130)). At large scales we can neglect v so that, after integration we have

0 Om
Z’y—¢=01, ?—@02027 (B'18)

where we used the fact that for matter w = 0, and for radiation w = 1/3. Here C1(x) and
Cy(x) are constant fields fixed by the initial conditions, the way we choose them defines if we
are in the adiabatic mode, in the isocurvature mode or in a mixture of them. The adiabatic
condition is that for which Cy = (5, while the matter isocurvature, stands for the initial
condition ¢, = 1) = 0 and therefore C1 = 0.

Adiabatic Case: C7; = Ca. This condition immediately yields, using eq. (B.12)

Oy

4

_ 2, (B.19)

3
LSS

T

LSS
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Isocurvature Case: the isocurvature case is that with initial contitions 6,| = ¢, = C1 =

p
0. So eq. (B.18) yields 0, = 4% at any time (on large scales), then
1)
T= Z” = P - (B.20)
LSS

B.1.2 Second order
The continuity equation at second order on large scales is'*

w_ (¢ +2¢2)/_0 (B.21)

3(1+w) 2 o '

which is valid for any fluid only at large scales, because outside the horizon each fluid evolves
independently and no causal effect can produce energy transfer. Integrating we get

Sy — 02 — 52
- (e 2?) =, M—Wﬁ?lﬁ?):cw (B-22)

Again, the initial conditions define in which mode we are.

Adiabatic Case: ¢; = c3. This condition leads to:

= —bom + =(0m)?, (B.23)

where we used the adiabatic condition at first order. Using eqs. (B.15) and (B.12) we arrive at

_372:<M+4¢%>_3<4¢2):16¢%—6¢m, (B.24)

1
™= 3% 3 9 g¥m 9

LSS

where in the last line we use the assumption that recombination occurs at the beginning of
matter domination so we can set ¢9,, = ¢2x.

Isocurvature Case: the isocurvature case is that with initial contitions doy| = 19, =
P
c1 = 0. So eq. (B.22) yields at any time (on large scales)
02 2

-9
T mye 2t =

5o,

= o + 612, (B.25)

where we used ¢, = 47 from the first order isocurvature condition. This leads to

1
Ty = 1527 — 377 = o + 37, . (B.26)
LSS

1See also egs. (4.9) and (9.4) of [34] for continuity equations at all scales of both radiation and CDM. See
also eq. (237) of [28].
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B.2 Initial conditions: entropy and curvature perturbation

The initial conditions are usually given in terms of the gauge invariant quantities like the
curvature perturbation, which at first and second order are defined by!®

i
= — 1, B.2
C 3(1 —i—wi) w ( 7)
do; 14 3w; 5?2 49) 6; 20; V-v
= oy — | 2w 07 : B.2
G2 3(1 + w;) ¥z (I+w)?9  3(1+w) 91+w) H (B.28)

here i stands for the type of fluid, either radiation or matter (baryons + cold dark matter).
In terms of them it is usually defined the entropy (or isocurvature) perturbations

§ = 3(Cn— G, (.29)
So = 3(Com — C2v)- (B.30)

On large scales we neglect the velocity dependent term that appears into the definition
of (2;, and from the previous subsection we see that (;, = Ci, (; = C3, while by using
egs. (B.22) and (B.22) we get

CQ»V =1+ 2012, Com = co + 2022 . (B.31)

We see therefore that the curvature perturbations defined above are constant on large scales.
We now relate ¢, = ¥, ¢om and 1o, to the initial conditions.

First order. Let’s relate ¢ to its primordial value ¢,. Using egs. (B.12)-(B.13)

into eq. (B.18) yields
3

5)
7¢pa gm = _§¢ma (B'32)

= CV‘RD ~ 2

from which

o nas
Second order. From eq. (B.22) we get
3o = [Oom — 62, — 3 (Yham + 202,)] , =
3 (Com = Gn) = [~202m — 3tam — 2077] | (B.34)

where we used egs. (B.12) and (B.15). Now, by using eq. (B.4) into the previous equation
we get
—3( + 6¢2, adiabatic,

B.35
—Ss + %52 , isocurvature. ( )

5¢om — 1092, + 30K = {

Here we set (o = (2 = (2, for adiabatic perturbations.'® This previous result together
with eq. (B.4) immediately yields

Pom = 2¢° — 6K + An1 (B.36)
Yom = —2¢% + 4K + A1, (B.37)

with Ay as defined in eq. (4.6). Those expressions together with eq. (B.8) leads to
egs. (4.3)—(4.4).

Beq. (B.28) follows from [40], pp.(41-44) and eq. (6.3) of [34].
%eq. (B.35) agrees with [24]-eq. (2.17) for the adiabatic case.
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C Gauges and scalar, vector and tensor perturbations.

It is common to classify the perturbations as being of scalar, vector and tensor type according
to their transformation behavior under rotation on spatial three hypersurfaces (see [23, 38,
40]). For simplicity, consider just the first order metric perturbation, then we have that ¢
and v are scalars while we can write

% = Oizs + 27, (C.1)
1 v v
Xij = <aza] — g 5ijv2> Xs + (aixj + 8sz‘) + X;I;- , (CQ)

where 2z and X, are scalars, z; and x; are divergence free vectors; 0'z; = 9'x} = 0, and Xg;'

is a traceless and transverse tensor, that is (XT)z: = 86(5 = 0.

Under a gauge transformation defined by the parameters # = (o, £¢) the metric changes
at first order as follows [23, 40]

p=¢+d +Ha, (C.3)
Zi=zi—a;+&, (C.4)
. 1
p=v -8 —Ha, (C.5)
- 2
Xij = Xij +&ij + & — géijfi; : (C.6)

C.1 Setting Minkowski at the origin

Note that, the second order perturbations zs, X, enters only in the integrated terms through
their derivatives, so that any shift like: zy — z9 4 constant in those functions does not alter
the observed anisotropies. Also, ¢, 19, evaluated at the observer position only affects the
monopole, therefore we can safely set ¢po = 12 = zo = x5, = 0 at origin. Let’s now look at
the first order quantities.

It is well known that for any spacetime we can always choose the coordinates in such a
way that the metric looks locally Minkowski. However, in cosmological perturbation theory
we work with a fixed background, in our case, the FLRW space-time, which is built as the
solution for a perfectly homogeneous fluid of density p = p(n). So, setting the perturbations
equal to zero at a given position, seems to indicate that we are supposing that the density
at that point is equal to the mean density of the Universe. But what if that is not the case?
The question is that as far as we are in perturbation theory any point has a density which
is not too different from the mean density. Since we are interested only on the observable
Universe we can always superpose an isotropic and homogenous family of super-horizon
modes'” which cannot have any physical effect inside the horizon, but which will shift the
metric perturbations by a small constant value. So by using this shifting we can set those
perturbations to vanish at a desired point.'® In the following we show it explicitly by using
gauge transformation.

Start with a generic metric perturbation without fixing the gauge. Now, choose an
arbitrary event p. We will show that we can always set the metric perturbation to vanish at
that point. We will do it in two steps.

1"Those modes will belong to our background as seen in our observable Universe.
8Note however that this argument do not allow us to set the first derivative to zero.
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(i) Set z=0 and x =0 at p. First, apply the gauge transformation given by

a=0, gzﬁgﬂ+9%, (C.7)

for an arbitrary constant matrix w;;. Then by using egs. (C.3)—(C.6) we see that z;
and x;; transform as

F=2 0 (C.8)

~ 1
Xij = Xij + wij — géw wkk . (Cg)

By properly choosing w;; and ' we can get rid of x and z at the desired point p.

(ii) Set » =0 and ¢ =0 at p. We now apply a transformation

a=a(n), &=wr, (C.10)

for some constant w. We see that z and x become invariant, so that they still vanish
at p, while

d=¢+d +Ha, (C.11)
vV=9y-—w—-Ha. (C.12)

By properly choosing «(n), we can set ¢ = 0 at p. After that, we can fix w to set
1 =0 at p.
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