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Abstract

We analyze assortative assignment games, introduced in Becker (1973) and
Eriksson et al. (2000). We study the extreme core points and show an
easy way to compute them. We find a natural solution for these games. It
coincides with several well-known point solutions, the median stable utility
solution (Schwarz and Yenmez, 2011) and the nucleolus (Schmeidler, 1969).
We also analyze the behavior of the Shapley value. We finish with some
extensions, where some hypotheses are relaxed.
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1. Introduction

Several economic and other areas depend heavily on the allocation of in-
divisible resources, objects or persons. A simple but deeply analyzed prob-

lem is that of matching, by making valuable pairs, the elements of two finite
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sets. These are referred to hereafter as the agents’ sets. An assignment
matrix or array collects all these valuations.

There are at least two main issues to be addressed in any assignment
problem. Firstly we have to search/look and analyze how agents sort them-
selves out, that is, who is matched with whom. Secondly we have to solve
the assignment problem by proposing and studying fair allocations for the
agents. Both aspects have been dealt with extensively. Roth and Sotomayor
(1990) serves as an accurate well-written text at these issues and an up-to-
date survey is Nunez and Rafels (2015).

Concurrent in time with the seminal paper of Shapley and Shubik (1972),
Becker (1973) shows up an original application of assignment problems to
the marriage market in which households produce some output to share
between man and woman. In some assignment problems he conveys the
effect of mating of the likes.

To model the mating of the likes he introduces two independent condi-
tions on the assignment matrix. First, the association of likes is optimal
when traits are complements and second, each trait has a monotone effect
on the output, higher values have a larger effect. Moreover he proposes
and analyzes the core of the game as a decisive reference solution set for
searching allocations to solve the assignment problem. In Becker’s paper no
explicit allocation is proposed.

In Chapter 10, Open questions and research directions, Roth and So-
tomayor (1990) already expresses the aim of studying special classes of as-
signment problems “(...) of the kind explored by Becker (...)” (page 247).
Sherstyuk (1999) and Eriksson et al. (2000) manage to get insight into these
topics. Sherstyuk analyzes multilateral supermodular assignment games.

She proves the non-emptiness of the core and finds some extreme core allo-



cations a la Shapley and Shubik. She imposes not only supermodularity but
also monotonicity and opens a question about the possibility of relaxing the
monotonicity condition, which we tackle in the last section of this paper.
Eriksson et al. (2000) formalize Becker’s ideas and introduce what is known
as Becker’s assortative assignment problems. Eriksson et al.(2000) discovers
how to compute the buyers-optimal and sellers-optimal core allocations in
the square case. They point out that all core payoffs rank the agents of any
one side in the same way.

Finally Schwarz and Yenmez (2011) shows the existence of a family of
central stable utility imputations for any assignment game. No formula is
given and they open the question to analyze these allocations as a pon-
deration of the extreme core allocations. In particular, they show that for
monotone supermodular production functions the fair allocation (Thomp-
son, 1981) coincides with their median stable utility solution (MSUS).

The central purpose of this paper is to propose a new point solution to
solve any assortative, square or not, assignment problem. It outcrops after
a reexamination of the core of an assortative assignment game inspired by
the seminal Becker’s paper. Once defined and established an easy closed
formula in terms of the original entries of the assignment matrix, we devote
our efforts to intertwine its main properties.

Firstly we show that this solution always coincide with the median sta-
ble utility solution introduced in Schwarz and Yenmez (2011). Secondly it
always coincides with the nucleolus (Schmeidler, 1969) of the assortative
assignment game. This is a pleasant result since the nucleolus must be com-
puted by tedious algorithms. Thirdly, we analyze the core and obtain an
easy method to compute all extreme core points, and its number, a power

of two.



To end the paper, we analyze which are the conditions for the Becker’s
solution to coincide with the Shapley value (Shapley, 1953) and also some
extensions of the model to cover other assignment markets where our results

can be applied.

2. Preliminaries

A bilateral assignment market (F, W, A) is formed by two non-empty
disjoint sets, the set of firms F = {f1, fa,..., fm} and the set of workers
W = {w1,ws,...,w,} where m could be different from n and a non-negative
matrix A = (aij)( Ffowy)eFxw € M, ., where each entry a;; represents some
measure of the joint productivity of firm f; and worker w; when they are
matched together. Clearly this productivity depends on the agents and
could be written as a(f;,w;) or a(i,j). When m = n the assignment market
is said to be square.

A matching p from firms F to workers W is a bijection from F} C F
to Wi C W, such that |Fi| = |[Wyi| = min{|F|,|W|}.2 The set of all
matchings is denoted by M (F, W) . Similarly we use M (S,T") to represent
all matchings from S C F to T C W.

We say firm f; and worker w; are matched by p if w; = p(f;) or fi =
1t (w;) . In this case we also say that each one is the partner by u of the
other one. With some abuse of notation we also write (f;,w;) € p. When
dealing with indices we also use j = p (i) or i = u~!(j), if no confusion
arises. When an agent does not have any partner by u we say agent is

unmatched.

2| F| represents the cardinality of the set F.



A matching p € M (F, W) is optimal for the assignment market (F, W, A)

if for any other matching 1’ we have
Z a5 > Z Ajj-
(fiswj)en (fiswj)ep’

The set of all optimal matchings is denoted by M* (F,W).

Shapley and Shubik (1972) associates any assignment market with a
cooperative game,? the assignment game, where the set of players is F U W
and the characteristic function v, is defined for any @ # S C F and @ #

TCw,

SuUT) = ] 3
v (SUT) = ), 2
(fiswj)€Ep

where M(S,T) is the set of matchings from S to T. Moreover va(SUT) =0
if either S=g or T'= @.

Notice that any pair of firm and worker evaluates its worth by exactly
the corresponding matrix entry, and any other coalition determines its worth
by pairwise combinations its members can form.

The agents of an assignment market may divide among themselves their
worth in any way they like. An imputation is a non-negative vector (x,y) €
RY x RY such that 31", @ + 370 y; = va (FUW), where we interpret
x; and y; as the payoffs associated to firm f; and worker w; respectively.

The core of the assignment game C (v4) is described for any fixed p €

3In a cooperative game (N, v), the set of players is given by N = {1,...,n} and v is a
function that assigns a real number v(S) for any coalition S C N with v(f) = 0. Its core
is defined as C(v) :={x € R" | >, yxi =v(N) and forall SCN, > . _cx: >v(S)}. A

game is named balanced if its core is nonempty.



M (F, W) as those imputations (z,y) € R} x R’} satisfying

zi +y; = ag for all (fi,w;) € F xW,

Unassigned agents by u receive a zero payoff in any core allocation.

Shapley and Shubik (1972) proves that the core of any assignment game
is always nonempty. Among the core allocations of an assignment game,
there are two specific extreme core points: the buyers-optimal core allocation
(T4, QA) where each buyer attains her maximum core payoff and each seller
his minimum, and the sellers-optimal core allocation (z,7%) where each
seller attains his maximum core payoff and each buyer her minimum.

In Martinez-de-Albéniz et al. (2011) an alternative characterization of
the core is given. Let (F, W, A) be a square assignment market. Then the

core is described as those imputations (z,y) € R x R satisfying
i +y; KvaA(FUW) —va(FUWN\{fi,w;}) forall (fi,w;) € FxW. (1)

Moreover, given two square assignment markets (F, W, A) and (F, W, B),

their cores coincide C(va) = C(vp) if and only if

’UA(}-UW\{fZ',w]'}) = ’l)B(}-UW\{fi,w]'}), for all (fi,wj) e FxW. (2)

3. Assortative assignments. Extreme core allocations

Assortative assignment markets were introduced by Becker (1973). These
markets model special bilateral assignment problems where agents on each
side can be ordered by some trait with the consequence that the mating of

the likes or a positive assortative mating will form. Assortativity is modeled



by two monotonic effects with respect to the traits: the output effect and
the increment of output effect.

An assignment market (F, W, A) is an assortative market if it satisfies:
a) supermodularity* (the main diagonal is optimal in any 2 x 2 submar-

ket):
aj+ar; < ajj+ay  forall 1<i<k<m, and 1<j<li<n. (3)
b) monotonicity (non-decreasing rows and columns):
a;j <agforall 1<i<k<m, and 1<j<1<n. (4)

Matrix A is called assortative.

Only adjacent rows and adjacent columns are needed to check the su-
permodularity condition.

The class of assortative matrices is large enough. In fact, they form a

full-dimensional convex cone in M;!_~(see Eriksson et al., 2000).

mXxn
Let (F,W, A) be an assortative market with m < n. From the supermod-
ularity condition at least one optimal matching p € M (F, W) is monotone,

ie.
for all f;,, fi, € F and wj, = p(fi,), wj, = u(fi,) if i1 <y then ji < jo.

When the assortative assignment market is square, that is m = n, there
is only one monotone matching which is placed in the main diagonal i.e.
p(fi) =wj; for i =1,2,...,m. This is, by the previous observation, optimal

(maybe not unique).

4Notice that this condition implies that matrix entries as function of the indices is
supermodular in the lattice {1,...,m} x {1,...,n} with the usual order. When the

reverse inequalities hold, it is called submodularity.



We will concentrate in the square case since any non-square assortative
matrix with m < n could be analyzed by adding null rows at the beginning of
the matrix. In this way we preserve supermodularity and the monotonicity
conditions.

Now we summarize some important and known results for any square

assortative assignment game (F UW,v,) with A € M.

(a) The main diagonal of the assignment matrix A is an optimal matching
(maybe not unique).

(b) An allocation (z,y) € R* x R belongs to the core C(v4) if and only

if
T+ vy = ag foralli=1,2,...,m, (5)
Ti + Yit1 = Giit1 foralli=1,2,...,m—1, (6)
Tit1l + Ui > Qg1 foralli=1,2,...,m — 1. (7)

(c) At any core allocation (x,y) € C(va) we have

O<x1<x2<...§a}m,

0<y <y <...<Ynm.

Items (a) and (b) depend only on the supermodularity condition of the
assignment matrix, and a proof can be found in Martinez-de-Albéniz and
Rafels (2014). Item (c) depends only on the monotonicity and the fact
that we have an optimal matching in the main diagonal. It is known for
assortative matrices (see Eriksson et al., 2000).

Now we give a new and simple procedure to obtain all the extreme core
points. To this end, for notational convenience we introduce, for any square
assortative assignment market (F,WW,A) firm 0 and worker 0 and denote

agp = ag1 = aip = 0.



A central path (a path) p is a sequence of different places or positions in

(Fu{0}) x Wu{o})
b= ((07 0)7 (ilajl)a (17 1)7 (127j2>7 (27 2)7 RS (m - 17m - 1)7 (imyjm)7 (m,m)),

where (k — 1,k — 1) < (ig, jx) < (k,k),ig # ji, for k=1,2,... . m.

Notice that for any central path p and any k = 1,2, ..., m, either (k—1, k)
or (k, k—1) belongs to p but not both. Therefore there are 2™ different paths.
The set of all paths is denoted by P™.

A central path connects the initial position (0, 0) with the last one (m,m)
within the central strip. There are two important central paths, the one

through the upper part of the strip:
p*=((0,0),(0,1),(1,1),(1,2),...,(m—1,m—1),(m—1,m), (m,m)), (8)
and its symmetric path:
ps = ((0,0),(1,0),(1,1),(2,1),...,(m = 1,m 1), (m,m — 1), (m,m)). (9)

For each path p € P™ we associate an allocation vector, the p-vector
(xP,yP) € R™ x R™, by solving the linear equations given by all the places
of the selected path

a} +yf =agr for k=1,...,m, and (10)
ap +yh = ayg,  for k=1,....m, (11)

where we take for notational convenience zf, = yf = 0.
For each path p the above linear system has a unique solution, which
satisfies 2} > 0 and y, > 0 for k = 1,...,m, (2P,y?) € C(va), and in fact

it is an extreme core point. We prove it by induction over m.



Firstly notice that if m = 1 there are only two different paths which
vector is either (aq1,0) or (0,a11). Assume that the solution is unique up to
k,k > 1, and without loss of generality assume path p contains (k,k + 1).
Then by (10) and (11) we have

p p __
T, + Y, = Qkk;
p p _
Ty + Y41 = Akk+1,

D D _
Ty T Y1 = Qkt1k+1-

Simple manipulations yield, where we use the definition of assortative ma-

trix, see (3) and (4),

Yorr = Yp + kit — ank] > yp, >0,
Thoy = o)+ [aps1he1 — Gkp1] 2> 2 20,

D D __
Ty +Yp = Qkt1k+1 + Ak — Qkk41 = Akt 1k-

From here we obtain the uniqueness of the solution (z?,y?) and the fact
that (zP,y”) € C(va).

Moreover (zP,yP) is an extreme core point. To see it, just notice that if
it were the midpoint of two other core points, these points must satisfy with
equality all entries of path p. By uniqueness of the solution, they coincide
with (2P, yP).

We know that each central path gives an extreme core point. Let us
write Ext(C(va)) the set of all extreme core points. We prove next that
any extreme core point is linked to a central path, that is, there is a cor-
respondence between paths and extreme core points. This is the following

theorem. All the omitted proofs are in the Appendix.

10



Theorem 3.1. Let (F,W,A) be a square assortative assignment market

with A € M}, Then

Ext(C(v4)) = {(#.4")}pepr -

From the previous theorem there are at most 2" different extreme core
points. As the reader may suspect, different paths can give the same extreme
core point. Therefore to analyze this issue we introduce some additional
notation.

Given an square assortative matrix A, we define its principal elements

d{l = ailil Z 0, (12)
d;?:ak_lk_l—i—akk—ak_lk—akk_l20 for k=2,...,m. (13)
Notice that each d;?, k = 2,...,m, corresponds to a consecutive 2 X 2

submarket centered at the main diagonal. The number of extreme core
points is strongly related to the number of nonzero principal elements, n 4,
that is

na=|{ke{1,2,....m} | di #0}|.

Then we have the following theorem.

Theorem 3.2. Let (F,W,A) be a square assortative assignment market
with A € M\,. Then
|Ext(C(va))| = 2™4.

The proof is a direct consequence of the next lemma.

In the next lemma we analyze what happens with the allocation associ-
ated to a path when we move one and only one of its positions. In this way
we realize whether this change implies an actual change in the allocation.

This fact allows to count the number of extreme core points.

11



Lemma 3.1 (Switching lemma). Let (F, W, A) be a square assortative as-
signment market with A € M and let p € P™ be a central path through
(ig*, jp=) = (K*, k* — 1) for some k* € {1,...,m}. Let p’ € P™ be the same

path as p except we have switched (i, ji+) position to (k* —1,k*). Then we

have
xz/ = af and yZl =y for 1<k <E*—1, (14)
$il = xi + d]‘?* and yi’l = yz — d,‘?* for k* <k <m,

where (zP,yP) and (¥, y*") are defined in (10) and (11), and di’. in (12)
and (13).

Proof. We have to prove that the allocation defined in (14) satisfies equalities
of path p'. Since (2P, yP) is associated with path p, the only equality we have
to check is the corresponding to the position (k* — 1,k*). Then for k* # 1,

Tho 4+ Whe —dit) = [awr1p 1 — Y] + [are re — 2] —dit =

_ D D __
= A1k T Or k-1 — Ypr_q — Tpr = Qhr—1 k>

For k* = 1, recall y} = a1 and 28 + (y] — d’f‘) = 0 = ag1, finishing the

proof. O

It rests to analyze the proof of Theorem 3.2. Notice that only when
in the switching lemma, Lemma 3.1, d,‘?* = 0 then the extreme core points
corresponding to p and p’ coincide. Therefore each time a principal element
vanishes, the initial potential number of 2 extremes is divided by 2, which
concludes the proof.

This switching lemma indicates that whenever we raise up a path, firms’
sector is benefited, and consequently, workers’ sector is harmed. Recall

that d‘,;1 > 0 for all & € {1,...,m}. Clearly whenever a path is modified

12



downward, workers’ sector is benefited. Then as a direct consequence of the
switching lemma we have (2P, y?") = (4, QA), where p* is the path given in
(8), and path given in (9) is the path for the workers-optimal core allocation,

ie. (zP+ yP+) = (gA,yA).

4. The solution

We want to show that a specific point solution has outstanding proper-

ties. We define this solution and prove that it is a core point.

Definition 4.1. Let (F, W, A) be a square assortative assignment market

with A € M}, The solution is defined by (z*,y*) € R x R where for

i:1,2,...,m,
1 1 i—1 1 1—1
:m*zi aii"‘izakﬂk_ﬁzakkﬂ’ (15)
k=1 k=1
1 1 i—1 1 i—1
TR D SITIRE Srn (1)
k=1 k=1

We prove now that this solution is a core element, i.e. (z*,y*) € C(va).
To see that all components are non-negative, just observe that for i =

1,....m—1,

* *
Tip1 —T; = B [ai+1i+1 + Git14 — Qi1 — am’]

1
= 5 [@it1i41 + Qo5 — Qip1s — Q1] + (@1 — aig) >0,

using the supermodularity and monotonicity of matrix A, see (3) and (4).

Moreover x] = % a1 > 0. We have proved

12

v
8
%
v
8
=%
Vv
]

* *
Ty = Loy

Similarly,

v
<
N %
v
S
v
o

Ym = Ym—1 = -

13



Trivially z§ + vy = a;; for ¢ = 1,...,m. Finally, for i = 1,...,m — 1, we
have o} + 1y | > aiiy1 and 2} | +y; > a;114. We prove the first ones and

the others are proved similarly. For i =1,...,m — 1, we have

1
* *
T +Yip1 = B [@it1i41 + Gis — Qip1i — Q1) + Qi1 > Giiq1s

where we have used the supermodularity condition. Now using (5)—(7) we
obtain (z*,y*) € C(va).
Now we define the median stable utility solution introduced by Schwarz

and Yenmez (2011).

Definition 4.2 (Schwarz and Yenmez, 2011). Let (F, W, A) be an square
assignment market with A € M. The median stable utility solution (MSUS)

is the unique core allocation Vpegian(A) = (Z,y) such that, for all f; € F
and for all w; € W,

Ar({(@,y) € Clva) | mi > Ti}) = M({(2,y) € Clva) | 2 < Ti}),

Ar({(2,y) € Clva) | y5 2 553) = Ar({(2,y) € Clva) | y; < us}),

where A\, is the Lebesgue measure in R", with r = dim C(v4), see Nunez and

Rafels (2008).

We prove next that our solution coincides with the median stable util-
ity solution and the midpoint between the buyers-optimal and the sellers-
optimal core allocations. This last coincidence is stated in Schwarz and
Yenmez (2011). Moreover, we prove later that it coincides with the nucle-
olus of the assignment game. Therefore we provide a nice formula for the

nucleolus using only the matrix entries to compute it.

Theorem 4.1. Let (F,W,A) be a square assortative assignment market

with A € M}, Then the following statements are equivalent:

14



L (u,v) =3 [(@P",yP") + (aP=,yP*)] , where p* and p. are given by (8) and

2. (u,v) = (z*,y*), where (z*,y*) is given in Definition 4.1,
3. (u,v) = (T,y) where (Z,y) is given in Definition 4.2.

Proof. In order to prove the theorem we only need to check that (z*,y*) =

2 [(@P",yP") + (aP+,yP*)] , since by Schwarz and Yenmez (2011) vppeqian(A) =

(Z,9) = 5 [(a”,yP") + (aP,yP*)] for any square assortative assignment
market.
Clearly u; = v1 = %an and for k = 1,...,m, we have uj + vy = ag.

Notice that for all k£ € {2,...,m} position (k — 1, k) belongs to path p* and

position (k,k — 1) to path p,. Then we have, for k =2,... ,m.
Ug—1 + UV = [(:1:271 =+ 517211) + (yi + yk*)}

lak—1k+ b +ybr]

N RN RN

[ak—1k + Qk—1k—1 + Gk — Ak k—1]

1
= Ak—-1k + 5 d?

Solving the above linear equations we easily obtain

1 i—1 i—1

ui =5 aii+2@k+1k—zakk+1] fori=1,...,m,
k=1 k=1
1 Jj-1 J—1

(o =3 [ajj—Zak+1k+Zakk+1] forj=1,...,m.
k=1 k=1

O]

Now we turn to the nucleolus of the square assortative assignment game.
Among other solutions, the nucleolus (Schmeidler, 1969) is a “fair” solu-

tion in the general context of cooperative games. For balanced games, it

15



is the unique core-selection that lexicographically minimizes the excesses®

arranged in a nondecreasing way.

Here, we use the characterization of the nucleolus of a square assignment
game of Llerena and Nufez (2011). Given any square assignment game
(FUW,vy) and two arbitrary coalitions ) # S C F and ) # T C W, we
define

o4 z,y):= min Ti T +Yi — aij}, 17
S,T( Y) ies’jew\T{ iy Ty T Yj w} (17)
64 (z,y):= min LT Y — Qi) 18
T,S ( y) jeTieF\s {yj i T Yj z]} ( )

for any core allocation (x,y) € C (va).
Llerena and Nunez (2011) prove that the nucleolus of a square assignment
game v(v4) is characterized as the unique core allocation (z,y) € C(v4) such

that for some optimal matching u € M% (F, W)
(5?,#(5) (z,y) = (5;‘(5)73 (x,y),for any 0 # S C F. (19)

Now we are in the position to prove that our solution coincides with the
nucleolus of the assortative assignment game. Its rather technical proof can

be found in the Appendix.

Theorem 4.2. Let (F, W, A) be a square assortative assignment market,
and (F UW,va) be its associated cooperative game. Then, the solution

defined in Definition 4.1 coincides with the nucleolus of the game, i.e.

(#%,y%) = v(va).

5Given a coalition S C N, and an allocation & € RY the excess of a coalition is defined

as e (S, x) := v (8) — > ,cg=i- Note they can be considered as complaints.

16



5. The solution and the Shapley value

The most popular single point solution for cooperative games is the Shap-
ley value (Shapley, 1953). This solution assigns a vector for any cooperative
game, and it is based on marginalistic considerations. It can be regarded
as an ex-ante evaluation of the value (power) of any player in the game. It
is defined as the mean of all marginal worth vectors and a specific formula
can be derived. For any cooperative game (N, v) the Shapley value Sh(v)
is defined for all i € N as

s = 3 W eupn —us)]. @)
SCN\{i}
where |S| = s.

It is well-known that the Shapley value is usually outside the core for as-
signment games. Hoffmann and Sudhdlter (2007) study the Shapley value for
assignment games and prove that for all exact assignment games the Shap-
ley value belongs to the core. They prove that this is a sufficient but not a
necessary condition with a thorough study of 2 x 2 assignment games. Ex-
act assignment games have been studied by Solymosi and Raghavan (2001),
where they derive two conditions: dominant diagonal and doubly-dominant
diagonal.

Now we investigate the relationship between the Shapley value and our
solution, and show that for square assortative assignment games, both solu-
tions coincide only for some specific assortative matrices. This is our next

theorem.

Theorem 5.1. Let (F, W, A) be a square assortative assignment market,
and (FUW,vy,) its associated cooperative game. The following statements

are equivalent:

17



1. The solution in Definition 4.1 and the Shapley value coincide,

(z*,y*) = Sh(va).

2. The Shapley value belongs to the core, Sh(va) € C(va).

3. Matrix A is as follows:
a1 1 ... (65}

, with 0< o <ag <...<ap.

al a2 o e am

Roughly speaking, this result shows that the Shapley value belongs to the

core of an assortative assignment game only when the dominant diagonal
property holds. Combined with the monotonicity, we obtain the special

structure of the matrix.

6. Extensions

Now we introduce some extensions of the assortative market notion.
The first one contributes to relax the monotonicity condition (4). This
possibility was also pointed out in Sherstyuk (1999). We name this concept
weak-assortative and basically, apart from the supermodularity conditions,
we request the monotonicity only on the central strip of the matrix.

Given an assignment market (F, W, A) where A € M} we say it is a
weak-assortative market if it satisfies supermodularity condition (3) and an
alternative condition to (4), that is

b’) central strip monotonicity (entries of the central strip satisfy mono-

18



tonicity):

a;j <ap forall 1<i<k<m, and 1<j5<1<m, (21)

with |i —j] <1 and |k—1| <1.

As the name suggests, weak-assortative is a proper extension of the assor-
tative class of assignment markets. Nevertheless there is a kind of reverse
implication. The core of any weak-assortative market equals the core of an
assortative one. This is the essence to transfer the properties from assorta-
tive markets to weak-assortative ones. This result is constructive.
We introduce for any square matrix A € M, the matrix A € M,, defined
by:
Z?;; Ak k+1 — Z?;;H agr, for 1<i<j<m,
aij = aj for 1<i=j<m, (22)
Z;;lj apy1k — Z;;ljﬂ agr for 1<j<i<m,
where the summation over an empty set of indices is zero. Notice that in
general, entries a;; may be negative, but if matrix A is weak-assortative,

then A € M}, since expression (22) can be written as:

ajiv1 + Zi;;l[akkﬂ —app] >0 for 1<i<j<m,
a;j =94 ai for 1<i=j<m, (23)

i—1 . .
aj+15 + 27];:]'_,’_1[@]{;_}'_1]@ —apg) >0 for 1<j<i<m.
Notice that matrices 4 and A have the same central strip.

Theorem 6.1. Let (F, W, A) be an square weak-assortative market with
A € M. Then there exists an assortative market (F, W, A) with A € M,

given by (22) with the same core
C(va) = C(vy).
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As a consequence of the above theorem, we can apply to any weak-
assortative matrix, directly from its central strip our previous results for
assortative matrices, that is, the extreme core points, our solution, and its
coincidence with MSUS, the nucleolus,® etc.

Weak-assortative matrices open the possibility to look for a more general
class of assignment matrices that can be solved and their core described using
an appropriate assortative matrix. These matrices will be called assortative-
solvable.

Given an square assignment market (F, W, A) where A € M} we say it
is assortative-solvable if there exists an square assortative matrix B € M
with the same core, that is C'(v4) = C(vp).

Weak-assortative matrices are assortative-solvable, but there are another

ones, as the next example shows.

Example 6.1. Consider the following square assignment market (F, W, A)

with matrix
21 25 27 5

26 30 2 O
7 41 52 60
8§ 2 H3 73
The assignment matrixz A is not assortative, not even supermodular, not

even central strip monotone. An optimal matching is in boldface.

SNinez (2004) proves that for assignment games, equality of cores implies coincidence

of nucleolus.

20



Matriz
21 25 26 30

26 30 32 38
37 41 52 60
37 415 53 73
is assortative and defines the same core: C(vg) = C(va). To see this equality
of the cores, notice that va(F UW) = vg(F UW) = 176 and check the
equalities in (2).
As an application we know that C(va) has exactly 2"B = 8 extreme core

allocations, the firms-optimal and workers-optimal core allocations are
@, y?) =(21,26,46,59;0,4,6, 14),
(z4,74) =(0,5,16,17; 21, 25, 36, 56).

The nucleolus of the assignment game (F UW,va) is just the middle point
or the solution of Definition 4.1 applied to matriz B :

v(va) = v(vg) = (10.5,15.5, 31, 38; 10.5, 14.5, 21, 35).

Notice that we have to use matriz B to obtain the extreme core allocations
or our solution. We cannot apply our methods directly to matriz A, since

the central strip changes from matriz A to the assortative matriz B.

Two natural questions arise. Firstly how to know whether matrix A €
M.} is assortative-solvable and secondly how to find an associated assortative
matrix. First of all, we fix an optimal matching on the main diagonal: the
optimal partner of firm fi € F is worker w € W.

Given a matrix A € M}, with an optimal matching placed on the main

diagonal, we introduce an auxiliary matrix H(A) = (hg‘;) € M, defined by
hf}:vA(}'UW)—UA(]:UW\{fj,wi}), fori,j=1,...m. (24)
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Notice that in (24) we subtract the worth of the market without the partners
of firm f; and worker w;, that is, we drop out worker w; and firm f;. This
matrix is the cornerstone for our characterization.

In the above Example 6.1 we can compute matrix H(A) :

21 26 46 59
H(A) = 25 30 50 63
36 41 52 65
56 61 72 73

Notice that matrix H(A) is submodular and monotonic’. This will be
our main result, since both properties for matrix H(A) characterize the
assortative-solvability of matrix A. Moreover, an assortative matrix B is

directly related to H(A) as next theorem shows.

Theorem 6.2. Let (F, W, A) be a square assignment market where A € M,
and an optimal matching is placed on the main diagonal. Let matriz H(A)

be the matrix defined in (24). Then the following statements are equivalent:

1. Matriz A is assortative-solvable.

2. Matriz H(A) is submodular and monotonic.

Moreover, in this case, an assortative matriz B € M|, with the same core is

giwen by bij = ai; + ajj — hf}, for all (fi,w;) € F xW.

Notice that in Example 6.1 matrix B given by Theorem 6.2 does not
coincide with the one in the example. This shows that an assortative-solvable

matrix does not determine the assortative matrix which corresponds to it.

"For the definition of submodular, see (3) but reversing the inequalities, and for mono-

tonicity see (4).
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One possible extension of the current paper is to many-to-one markets

in the tradition of Kelso and Crawford (1982). In this setting, Chen et al.

(2016) show the existence of a median stable matching, and this is a line of

future research.
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AppendixA. Proofs
Proof of Theorem 3.1

Proof. One inclusion has been discussed previously. For the other, suppose
(x,y) is an extreme core point but it does not correspond to any path. Since
in any extreme core allocation either 1 = 0 or y; = 0 (see Hamers et al.,
2002), then either g + y1 = ag1 or x1 + yo = a1p where z9 = yp = 0 by
notational convenience. Let k € {1,2,...,m — 1} be the first index where
Tk + Yp+1 > akk+1 and xpy1 + yr > agy1k. Notice that a1 > 0 since if
Trp+1 = 0 then zp, = 0 and app = T +yr = Tp11 + Yk > agr1 i contradicting
(4). Similarly yg4+1 > 0.
Now take € € R defined below

€ = min {Tp41, Yrt1, That + Yk — Qkt1k, Tk + Yht1 — Gkgr1) > 0,
and define (z/,y') € R7 x R} by

vy =z and y; =y, for t <k,

Ty =x¢+ec and y, =y — ¢, for t > k.
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We have (2/,y') € C(va) and (2/,1y') # (x,y). Indeed it is enough to see that

/ /
Ty + Y1 =Tk + Ykt1 — € 2 Ak fot1-

Similarly define (z”,y") € RZ x R} by

z{ =z and vy =y, for t <k,

/"

i
ry =2t —¢e and y;

=y +¢, for ¢t > k.

Then (z”,y") € C(va) and (2", y") # (x,y). Moreover (z,y) is the midpoint
between (z',13’) and (2”,4"), a contradiction with (x,y) being an extreme

core point. [
Proof of Theorem 4.2

Proof. We first prove some technical results that the solution (z*,y*) in
Definition 4.1 satisfies.

Notice first that for j = 2,...,m,

T;—xi g = 5 lajj + ajj—1 —aj—1j — aj_1j-1]. (A1)

Lemma A.1 For all k € {2,...,m} we have
0>a] —a1, > 05— a9 > ... > T — Gk—1k, (A.2)
0>yl —ak1 > Y5 —ak2 > ... > Yp_y — Qhk—1- (A.3)
For the first inequality of (A.2), just observe ajp > ay1 > % a1 = «7. For

the rest of inequalities let j € {2,...,k—1} and because of supermodularity,

notice j < k, we have
Ajk — Gj_1k = Qjj—1— Gj—1j—1,
Ajk = Aj—1k = Qjj — Aj-1j-
Summing up and using (A.1) we get the desired result. Inequalities (A.3)

are left for the reader.
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Lemma A.2 For all k € {1,...,m — 1} we have

Ty = Qmk > Ty 1 — Gm1k = -+ = Tho1 — Gkglhs (A.4)

Y = Gkm = Y1 = Qkm—1 > -+ > Yjuq — Qkk1- (A.5)

To prove (A.4), let j € {k+2,...,m} and by supermodularity, notice j —1 >

k, we have

v

ajj = @j-1j Ajk = Gj-1k
Ajj—1—0j-1j-1 = Gjk — QGj_1k-
Summing up and using (A.1) we get the desired result. The proof of (A.5)

is similar.

Finally and from the expression of the solution in Definition 4.1, it is

easy to see that for all kK € {1,...,m — 1} we have

Tp 1 FYh— k1 k = Tp+Yhy1—Okkt1 = 5 [kt1 k41 + Okk — Qg1 k — Ak kt1] -
(A.6)
Let f. € F and denote R = {f1,..., fr} C F. Let Ag be the matrix A
restricted to the first r rows and columns. Notice now that the solution for
AR, (x5, y5) € R xR is just the restriction of the solution for A, and that
(R, yR) € Cluag)-
Now we prove that (z*, y*) is the nucleolus by induction over m. The case
m = 1 is obvious. Assume the statement is true until r,r € {1,...,m — 1}
and we prove it for r 4+ 1. Denote by R1 = {1,...,r+1} C F and Am
matrix A restricted to the first 7 + 1 rows and columns.
Since matrix A is assortative, the main diagonal is an optimal matching

p. Then S stands for p(S) and we must check that
0558 (@hi Vin) = 057% (thns i), for any 0 # S C R1. (A7)
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We proceed through cases.

Case 1: SC R, S # 0.

A * * . * % *
058 (R1,Yp1) = min x5, x; Y —aiip =
575’( R1> Rl) iES,jGRl\S{ R ) J U}

<A

rl%lél {65,?" (TrYR) »Ti + Ypi1 — air+1} =
A

min {035, (. vi) . + i1 — i}

where is = max {i | i € S}, and we have used (A.2) with k =r + 1.

In the same way we obtain

A * * . A * * * *
55/]:% (lev le) = min {55/175 (xR» ?/R) Yi, T T — ar+1is} .
Now we have two possibilities:

(a) is = r. By induction hypothesis (53’5, (x5, yR) = (5?,’?3 (%, v}) and by

(A.6) we have xy +yr\ | —arrr1 =Yy + 2y, — ary1, and (A.7) holds.

(b) is <r. Thenis+1 < r, and by (A.5) taking k = i5 we have x] +y;, | —
Qigr+1 = T + Y5 1 — igi.+1. Now notice is € S, i+ 1 ¢ S, and then

A . A
T7 + Yrp1 — Gigr41 2> 056 (TR, yR) - In this case g6 (Thy,YR1) =
AR

0g% (zh,yk) and similarly 5?/’% (TR, YR1) = 5?,’?5 (x%,y5), and by
the induction hypothesis (A.7) holds.
Case 2: S={r+1}.

AR * * o . * * * _
55,51 (TR1>YR1) = 5%111% {xr+1»$r+1 Ty — ar+1j} =

. * * *
min {xTH,xTH + Y, — ar+1r} =

* *
Tri1 T Yr — Qrtirs

where we have used (A.3) taking k =r+1and 0 > yf —ar+11 > Yf —artip-
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Similarly,

59}2‘ (TR1:YR1) = Tr + Y1 — Qrrg1-
Then (A.7) holds by (A.6).
Lastly Case 3: S =SU{r+1},S CR,S5 # 0.

A * * . * % *
0cB (¥R, Yp1) = min T Ty —a =
575’( R1> Rl) iES,jERl\S{ R Ead) i ZJ}

. AR * * * * *
min_ {5~ (TR YR) » Tri1, Ty T Y — ar+1j} =
. S,S

JER\S

. A * * * *
min {5§];~, (I'R, yR) » Tpg1 + Y, — ar+1jt} )

where we have noticed first that R1\ S = R\ S; we have Ty > Xy >

52%, (%, y}) and we have used (A.3) with & = 741 and j; = max {j |7 € R\ §} .

In the same way we obtain
51431 * * 0\ s 5AR * % * * )
s, (ZR1, YR1) = min 33 (TR, YR) + Y1 T TF, — Qjori1 -
Now we have two possibilities:

(a) ji = r. By induction hypothesis 6?%/ (ThUR) = (5?/% (%, y5) and by

(A.6) we have xy +yr\ | —arry1 =Yy + 27 — ary1, and (A.7) holds.

(b) ji < r. Then j; +1 < r, and by (A.4) taking k = j; we have z7 ; +

Y, — ar1j, > T, + Y5, — @414, Now notice j; € R\ S, ji +

1 ¢ R\S, and then &}y, + y}, — ar41j, > 655, (25, yp) . In this
case 53’;} (Th1: UR) = (5?}%/
A * *

551% (2%, %) - Then (A.7) holds.

(z%,y5) and similarly 5?,’?5{ (TR, Uy) =

This finishes the proof. O

Proof of Theorem 5.1
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Proof. 1. — 2. Immediate.

2. — 3. First, let (FUW,vy4) be an square assignment game with A €
M.} . Now we relate the Shapley value of this assignment game with the Shap-
ley value of the game when we add the same constant to all matrix entries.
This constant can be positive or negative, provided we stay into M;". Then,
from Hoffmann and Sudhdlter (2007), for any ¢ > —min(y, o, )erFxwiai;}
define matrix A* by af; = a;; +t, that is A* = A+ tU with matrix U € M,

a matrix of ones. Now we have

t

Shi(var) =5 + Shi(va), for all f; € F, (A.8)
t

Shj(vat) =3 + Shj(va), for all wj € W. (A.9)

Notice that if A is assortative then mingy, ., )erxw{aij} = a11. Take
now t; = —ay;. Matrix A’ is assortative and since Sh(va) € C(v4), clearly
Sh(vn ) € C(vyn ). Therefore since a’} = 0, then Shy (v, ) = 0, for f; € F.
As a consequence of (20), a"fj =0, for j = 2,...,m. Similarly, taking w; € W
we can obtain a?l =0, fori = 2,...,m. Then, we have proved that a;1 = a1
fori=2,...,m,and a;; = a1 for j =2,...,m.

Now players f; € F and wy € W are null players in (F U W, vt ) since
aflj =0, fori=1or j =1, and can be thrown out. Notice that the Shapley
value and the core satisfy the strong null property.® Proceed in the same
way and the result is achieved.

3. — 1. It is a simple computation taking into account (A.8). O

8 A solution satisfies the strong null player property if any element of the solution to a
game assigns zero to any null player of the game and the solution to a game (N U {i},v")
that arises from (V,v) by adding the null player ¢ arises from the solution to (NNV,v) by

adding a zero coordinate for the null player ¢ to any element of the solution to (N, v).
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Proof of Theorem 6.1

Proof. We show that matrix A given by (22) is assortative and C(vy) =
C(vj). First notice that for any 4, j such that |i — j| < 1 we have a;; = a;j,
that is, the central strip is the same in both matrices, A and A Ttis easy to
see that @;; +@;41j4+1 = Qi j41+ Qit1; for [i —j| > 1. From here we conclude
that the market (F, W, 12[) is supermodular.

We only have to show that a;; <ap for 1 <i<k<mand1<j<I<

m, or equivalently

Ziij g&’iﬂj for1<i<m-—1 and 1<j5<m, and (AlO)

Ziij §a¢j+1 fOFlSiSm and 1§j§m—1. (A.ll)

We concentrate on (A.11) and the other case (A.10) is proved similarly.
Fix i € {1,2,...,m} and we distinguish three cases: (a) 1 <i<j<m—1,
(byi=jori=j+1and (c) 1 <j+1<i<m. Cases (a) and (c) come
from (22) and the weak-assortative hypothesis on matrix A. The case (b) is
immediate.

Since both matrices A, A are supermodular with the same central strip,
the equality of the cores follows, see the description of the core for super-

modular matrices (5) — (7). O
Proof of Theorem 6.2

Proof. 1. — 2. Since A is assortative-solvable, there exists an assortative
matrix B € M,! such that C(v4) = C(vp). From here, since matrix A has
an optimal matching in the main diagonal, it is clear that the main diagonal
is also an optimal matching for matrix B and by = ap for k=1,2,...,m.

We can assume, maybe by applying Theorem 6.1, that the entries of matrix
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B are given by (22). Now we claim, for all (f;,w;) € F x W,
bij = bii + bj; —vB(FUW) +vp(FUWN\ {fj,w;}). (A.12)

Trivially (A.12) holds for 1 <14 = j < m. We discuss one case and the other

case is proved similarly. For 1 <17 < j <m,

j—1
bij = bk k+1 — Z ik,
k=1 k=i+1
7j—1
= kk+1+zbkk+ Z bik + bii + bjj — Zbkk
k=1 k=j+1

= by + bjj — ’UB(]:U W) —i—’UB(]'—UW\ {fj,wi}).

Notice that to compute the last equality, matrix without row j and column
¢ is a square assortative matrix and an optimal matching is placed in its
main diagonal.

Expression (A.12) can be written as
hB = by + by — by, for all (fi,w;) € F x W. (A.13)

Moreover, by (2) it is easy to see H(A) = H(B).
Now since B is supermodular it is immediate, see (A.13), that matrix

H(B) is submodular. To see monotonicity of matrix H(B) we show

hB<hZ+1J for1<i<m—1 and 1<j<m, and (A.14)
hB<h”+1 for1<i<m and 1<j<m-—1. (A.15)

We prove (A.15) and (A.14) is proved similarly. Fix i € {1,2,...,m}
and we distinguish three cases: (a) for 1 < i < 7 < m — 1 we have hf;- =
bii +0j5 —bij < by +bj41 —bijr1 < by +0j11541 —bijr1 = hiBjJ,_lv where the

first inequality comes from supermodularity and the second by monotonicity
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of matrix B; (b) for i = j or i = j + 1 just use the monotonicity of B; and
(c) for 1 < j+1 < i < m we use expression (22) to write b;; = 22—21] be+1k—
S by bk and bij1 = 3735 brg1 k= o bak. Therefore BZ | —hB =
(bii + bjt1j+1 — bijr1) — (bii + bjj — bij) = bjy1j — bjj = 0.

2. — 1. Define matrix B by

— s . A

for all (f;,w;) € F x W. (A.16)
Notice first that for £k = 1,2,...,m, h;?k = ayr and then by = agr. We
prove that matrix B is assortative and C(v4) = C(vR).

First we prove the equality C'(v4) = C(vp). Let it be (z,y) € C(va). We

have, for all (f;,w;) € F x W,

wi +y; = (@i — yi) + (a5 — 2j) = aii + aj; — (25 + i)

> aj; + ajj — vA(FUW) +va(FUWN\A{fj,wi}) = bij,

where we have used the expression of the core in (1). As a consequence, we
have for all matching u/ € M (F, W)

m m m

Dbk =) ak =Y zptye= Y. Ty = > by

k=1 k=1 k=1 (fiswj)Ep! (fiwj)en’
which proves that the main diagonal u = {(1,1),(2,2),...(m,m)} is also
an optimal matching for matrix B. Therefore we have proved that C(v4) C
C(vB).

To see the reverse inclusion, let it be any (z,y) € C(vg). Then for all

(fi,w;) € F x W, we have x; + y; > b;; and using (A.16) we obtain
i+ yi = (aj; — yj) + (@i — ) < aii + ajj — bij = hj.

Now taking into account that v4(F UW) = vgp(F U W) and the expression
of the core in (1), we obtain (x,y) € C(v4) finishing the proof. Notice that
from (2) we have the equality hf‘j = hg for all (f;,w;) € F x W.
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Now we prove that matrix B is assortative. Since by hypothesis matrix
H(A) is submodular it is immediate from (A.16) that matrix B is super-

modular. To see the monotonicity of matrix B we show

bijgbi+1j fOl“lSiSm—l and 1§j§m, and (A17)

bijgbij_;,_l forlgigm and 1§j§m—1. (A.18)

We prove (A.18) and leave the proof of (A.17) to the reader.

Fix i € {1,2,...,m} and we distinguish three cases: (a) for 1 <i < j <
m—1;(b)for1<i=j<m-—1;and (c) for 1 <j<i<m.
Case (a): 1 <i<j<m-—1.

Notice that for all 1 <1¢ < j < m we have

h = vp(FUW) —vp(FUW\ {fj,wi})
m i—1 j—1 m j j—1
= bk — | D bkt Y bkkgr+ D brk| =D bek— Y ka1,
k=1 k=1 k=i k=j+1 k=i k=i
where we have used the supermodularity of matrix B and the fact that in
the square submarket associated to coalition F U W \ {f;,w;} there is an
optimal matching on its main diagonal.

As a consequence, for 1 < i < j < m — 1 a simple computation using

(A.16) yields

_ B B

bij+1 = bij = bjt1j+1 — by + hij — hij
= bjr1j4+1 = bjj +bjjit1 — bjy1j4
= bjj+1—bj;

— i o RA g = pA _pa
= @jj + a1 — Ry — g = R = 150 20,

by the monotonicity of matrix H(A).
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Case (b) for 1 <1i = j < m — 1 is immediate and case (c) for 1 < j <

i < m is proved similarly to case (a). O
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