
VOLUME 93, NUMBER 16 P H Y S I C A L R E V I E W L E T T E R S week ending
15 OCTOBER 2004
Fusion of the Extended Modified Liquid Drop Model for Nucleation
and Dynamical Nucleation Theory

D. Reguera and H. Reiss
Department of Chemistry and Biochemistry, UCLA, 607 Charles E. Young East Drive, Los Angeles, California 90095-1569, USA

(Received 28 April 2004; published 13 October 2004)
165701-1
We present a new phenomenological approach to nucleation, based on the combination of the
‘‘extended modified liquid drop’’ model and dynamical nucleation theory. The new model proposes a
new cluster definition, which properly includes the effect of fluctuations, and it is consistent both
thermodynamically and kinetically. The model is able to predict successfully the free energy of
formation of the critical nucleus, using only macroscopic thermodynamic properties. It also accounts
for the spinodal and provides excellent agreement with the result of recent simulations.
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During the last decade, there have been significant
advances in the theory of nucleation. These have included
the use of the i; v cluster [1], the Fisher droplet model
[2,3], the application of density functional theory (DFT)
[4], scaling relations [5], the introduction of dynamical
nucleation theory (DNT) [6], and many impressive simu-
lations [7,8]. Most of these developments require the use
of an intermolecular potential, unfortunately not reliably
available for most substances. For this reason, workers
have continued to rely on the classical nucleation theory
(CNT) which, despite its theoretical shortcomings, re-
quires only macroscopic thermodynamic parameters.

Recently, we developed a model, the ‘‘extended modi-
fied liquid drop’’ (EMLD) model [9], that was able to
reproduce with remarkable accuracy the properties of
very small confined systems, without the use of an inter-
molecular potential. In this Letter, we present a new
approach to nucleation with very useful properties, based
on a combination of EMLD with DNT [6]. The new model
does not require information concerning intermolecular
potentials but, instead, using the same macroscopic pa-
rameters as CNT, is able to predict the spinodal.
Moreover, it provides very good agreement with recent
simulations of nucleation in Lennard-Jones systems [7]
and fulfills scaling relations recently proposed in the
literature [5].

EMLD focuses on the behavior of a very small ‘‘ca-
nonical’’ system of N molecules confined to a spherical
volume V of radius R, at temperature T. Under appropri-
ate conditions, a liquid drop can form inside V. The drop
itself, modeled according to the ‘‘capillarity approxima-
tion,’’ is assumed to contain n molecules and to be
surrounded by an ideal gas, constituted by the remaining
N � n molecules. Under these assumptions, the free en-
ergy of formation �F�n� of the drop containing n mole-
cules, at a fixed position within the container, can be
evaluated by thermodynamic means alone, yielding [9]
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where p1��N�n�kBT=�V�nvl� is the pressure exerted
by the ideal gas, peq is the vapor pressure of the bulk
liquid, � is the (planar) surface tension, A is the surface
area of the spherical drop of radius r and n molecules, vl
is the volume per molecule in the liquid, and p0 �
NkBT=V. The first three terms on the right-hand side of
Eq. (1) represent the usual bulk term related to the satu-
ration, the contribution of the surface, and the volume
work, and the last term originates from the depletion of
vapor molecules when a drop is formed. In the thermody-
namic limit, p1 � p0 and the CNTexpression for the free
energy is recovered.

For systems containing just a few molecules, there are
some additional contributions to the free energy of for-
mation that become important. In the EMLD [9] two such
contributions are incorporated. These are (i) the trans-
lation of the drop through the volume of the container
[10] and (ii) the effect of fluctuations in n. (i) Since the
drop does not have to appear precisely at the center of the
container it can ‘‘collide’’ with the walls, thus contribut-
ing to the total pressure p�n�, which then consists of the
sum of the gas pressure p1 and the pressure pdrop exerted
by the translating drop, regarded as a single ideal hard
sphere molecule. Thus p�n� � p1�n� � kBT
�n�=Vc,
where Vc � 4��R� r�3=3 is the volume through which
the center of the drop can translate, and 
�n� is the unit
step function. (ii) Although N, V, and T are held constant,
the number n of molecules of the drop can fluctuate, so
that the chance of having a drop of size n is given by
f�n� �
e��F�n�=kBTPN
n�0 e

��F�n�=kBT
: (2)
Although such fluctuations are important only in very
small systems, consistent thermodynamic properties
should be obtained as averages using f�n� as a weighting
function. In particular, the pressure should be obtained by
2004 The American Physical Society 165701-1



VOLUME 93, NUMBER 16 P H Y S I C A L R E V I E W L E T T E R S week ending
15 OCTOBER 2004
averaging p�n� above to yield
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The exception to this rule is the total Helmholtz free
energy, which should be calculated using the standard
relation

�F � �kBT ln
XN
n�0

e��F�n�=kBT: (4)

Pressure-volume isotherms predicted by the EMLD,
using Eq. (3), for systems containing Lennard-Jones (LJ)
argon with different molecular contents N, at T � 85 K,
are plotted in Fig. 1. For large N, the isotherms, have a
van der Waals looplike shape, whose origin can be quali-
tatively understood. At very small volumes, almost all
molecules are condensed into a drop, leaving just a few
vapor molecules tightly squeezed between the drop and
the boundary of V. As V increases, the pressure decreases
(due to a decrease of vapor density) until a minimum
pressure is reached. At this point the evaporation of the
drop is the dominant effect and results in an increase in
pressure. If V continues to be increased, a point is reached
where the pressure of the vapor can no longer equal the
equilibrium pressure of the diminishing evaporating drop
so that it evaporates completely, leaving only ideal gas
and its corresponding pressure in the container. However,
below a certain N, in this case in the neighborhood of
N � 15, the loop disappears due to the effect of fluctua-
tions, and the P-V isotherm simply exhibits a monotone
decrease. Later, we see that this phenomenon is related to
the occurrence of a spinodal.

The isotherms predicted by the EMLD in Fig. 1 display
a remarkable agreement with those that have been gen-
erated by means of Monte Carlo (MC) simulations, re-
garded as experimental measurements [9,11].
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FIG. 1 (color online). P-V isotherms for LJ argon at T �
85 K and different values of N. The values of the surface
tension, liquid density, and equilibrium vapor pressure are
the same as in Ref. [9].
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The excellent accuracy achieved by EMLD in the
description of a canonical system then becomes the basis
of the formulation of a new model of nucleation with
surprising properties. This model is based on the assump-
tion that the N;V; T system described by the EMLD,
becomes, as a whole, the physical drop for nucleation.
We demonstrate that this ‘‘drop’’ is not only thermody-
namically consistent, but also the proper definition from
the dynamical point of view.

Notice that this N;V; T system, as a whole, constitutes
a kind of a ‘‘diffuse’’ cluster that includes some vapor and
differs from the compact capillarity cluster of CNT by
the presence of the volume V as a defining variable. The
necessity of including the volume as a relevant variable in
the description of a physical cluster was already noted by
molecular theories, such as in the formulation of the �i; v�
cluster [1]. However, the main problem was the absence of
a nonarbitrary physical criterion for selecting the vol-
ume, aggravated by the relative insensitivity of the free
energy to volume in some ranges [12]. However, there are
strong arguments, both from thermodynamics and from
kinetics, that support the notion that the volume Vm
corresponding to the minimum of the P-V isotherm of
Fig. 1, for each value of N, is appropriate for the physical
cluster.

Talanquer and Oxtoby provided some excellent physi-
cal insight concerning the choice of V in their work [13]
on DFT in the canonical ensemble. They noticed that sets
of N;V clusters could be found with identical liquidlike
cores but surrounded by different amounts of ‘‘vapor.’’
For a given N, the cluster in this set with the least vapor
was chosen to be the stable N cluster. The requirement of a
minimum amount of vapor corresponds to the lowest
vapor pressure and thus to the volume Vm that denotes
the minimum of the P-V isotherm for each N.

It is in kinetic considerations that DNT [6] enters the
picture. Since nucleation is a nonequilibrium kinetic pro-
cess, it is reasonable to search in the theory of rate
processes for a physical criterion for establishing the
value of V. From this point of view, the proper definition
of a cluster should be connected to the kinetics of the
addition and loss of cluster molecules. Defining a cluster
as a collection of N molecules confined to an arbitrary
volume V, the pioneering development [6] by Schenter
et al. of DNT shows (using variational transition state
theory [14]) that the proper kinetic definition of the
volume of a cluster is the one that minimizes its evapo-
ration rate. It can be demonstrated that this requirement is
realized by selecting the V which minimizes the change
of free energy with respect to volume, i.e., the V that
minimizes the pressure. But this is just the value of V at
the minimum of a P-V isotherm like those in Fig. 1, and it
is exactly the choice suggested by Talanquer and Oxtoby.
Thus, the thermodynamic and the kinetic criteria are
identical. The volume at the isotherm minimum, Vm�N�,
is then the volume used in defining the EMLD-DNT
cluster.
165701-2
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Now, Vm�N� can be obtained numerically as the mini-
mum, @P=@VjVm

� 0, of Eq. (3), but we have also verified
that a very good approximation to Vm can be obtained
following a simpler route. The minimum of the P-V
isotherm marks the physical onset of evaporation, and
this onset corresponds to the volume at which the stable
drop in the canonical ensemble becomes metastable.
Therefore, a good approximation to Vm can be obtained
from the simultaneous solution of @�F�n;N; V�=
@njVm;nd � 0 and �F�nd; N; Vm� � 0, equations which
define the stable drop and the onset of metastability,
respectively.

Once V has been specified, the next step involves the
use of the accurate value of the free energy of the whole
N;V; T system offered by Eq. (4). This value can be used
to construct the work of formation of the new physical
EMLD-DNT cluster in the �;V; T open system. The latter
is the ensemble relevant to nucleation. It is easy to prove,
either from thermodynamics [15] or from statistical me-
chanics, that at a chemical potential � and pressure p, the
Gibbs free energy or the grand potential are related to the
Helmholtz free energy of cluster formation as follows:

�G � �� � �F�N;Vm� � Vm�p� N��0; (5)

where �p � p0 � p and ��0 � �0 ��. Although N is
the natural size variable for the model, it is worth stress-
ing that it is not the physical molecular excess of the
cluster, which is determined by the nucleation theorem
[16].

Equation (5) provides the Gibbs free energy of forma-
tion of an EMLD-DNT cluster of N molecules for an
arbitrary value of chemical potential � or saturation
ratio. However, for nucleation the most important quan-
tity is the nucleation barrier, i.e., the free energy of for-
mation of the nucleus. Imposing @�G=@NjVm;T � 0 on
Eq. (5), it is easy to show that by choosing ��0 and p
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FIG. 2 (color online). Free energy of formation of the critical
cluster as a function of the saturation ratio for argon at T �
85 K using the EMLD-DNT model Eq. (6) (solid line) and
CNT (dashed line).
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in Eq. (5), equal to the chemical potential difference ��	
0

and the pressure P of the N;Vm; T system, each value of N
then becomes the size N	 of a critical nucleus (corre-
sponding to different values of supersaturation), and
Eq. (5) gives the height of the nucleation barrier in both
the constant pressure and constant � systems, namely,

�G	 ���	 ��F�N	;Vm��Vm�p0�P��N	��	
0; (6)

where �F�N	; Vm� is given by Eq. (4), P is given by
Eq. (3), and, for an ideal vapor, ��	

0 � kBTlnp0=P.
Equation (6) gives the work of formation of the nucleus,
rendered physically significant through the use of the
physically nonarbitrary cluster volume. The results for
LJ argon at T � 85 K are plotted in Fig. 2 and compared
with �G	

CNT � 16�v2
l �

3=3�kBT lnS�2, the prediction of
CNT under the same conditions (where S � P=peq is the
saturation ratio).

The most impressive feature in Fig. 2, and therefore of
the new model, is the appearance of the signature of the
spinodal, i.e., of the vanishing of the nucleation barrier at
a sufficiently high saturation ratio. In contrast, CNT
predicts a finite value of the nucleation barrier for all
values of supersaturation. The vanishing of the barrier
coincides with the fact mentioned earlier that, for very
small values of N, the P-V isotherm has no minimum (see
Fig. 1). This new feature originates in the inclusion of
both translation and fluctuation in the theory. Without
both ingredients, Eqs. (5) and (6) would reproduce the
standard CNT result.

Figure 3 shows the results of a recent MC simulation,
by ten Wolde and Frenkel [7], of the nucleation barrier in
a LJ system. These authors worked in the N;P; T en-
semble and simulated a truncated and shifted LJ fluid
(Rc � 2:5�LJ) at reduced temperature, T � 0:741. Under
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FIG. 3 (color online). Free energy of formation of the critical
cluster as a function of 1=��2 for a truncated and shifted LJ
fluid (Rc � 2:5) at reduced temperature T � 0:741 using the
EMLD-DNT model Eq. (6) (with the LJ equation of state)
(solid line) and CNT (dashed line). The circles are the data
from the simulation of Ref. [7].
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FIG. 4 (color online). Number of molecules in the critical
cluster �n	 as a function of 1=��3, for a LJ fluid at T � 0:741,
as predicted by the EMLD-DNT (solid line) and the CNT
(dashed line), compared to the simulation results of Ref. [7]
(open circles). The total number of molecules N	 confined in
the volume Vm in the EMLD-DNT cluster and nd (see the text)
are also plotted.
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these conditions, the pressure of the supersaturated LJ
vapor differs significantly from the behavior of an ideal
gas. To account for this, we used in our model, instead of
ideal gas values, the values of pressure and chemical
potential obtained from the LJ equation of state [17],
properly accounting for the truncation and shift of the
potential at Rc � 2:5�LJ, in the manner of reference [18].
The agreement between the new model and the simulation
is remarkable, especially for nucleation where severe
discrepancies between theory and experiment/simulation
are common.

Recently, McGraw and Laaksonen [5] proposed a set of
scaling relations for nucleation that seem to be obeyed by
most simulations and experimental data. These relations
predict a constant offset between the actual nucleation
barrier and that of the CNT. Figure 3 plots the value of the
barrier as a function of 1=��2 for the new model, the
simulations of Ref. [7] and CNT. The slopes are the same,
and the values differ only by a constant offset, showing
that the new model also satisfies these scaling relations.

Finally, the molecular excess �n associated with a
cluster is rigorously defined, in terms of the nucleation
theorem [16], by @�G=@��jV;T � ��n. Figure 4 plots
the molecular excess �n	 for the critical nucleus obtained
from the simulations of Ref. [7], and that predicted by the
EMLD-DNT model, and by CNTas a function of 1=��3,
for a LJ fluid at T � 0:741. The agreement among the
three approaches is excellent, confirming the accuracy of
the EMLD-DNT model and supporting the scaling rela-
tions [5]. Also, the value of N	 of the corresponding
(N	; Vm; T) cluster is plotted in Fig. 4 for comparison.
From this figure it is clear that the number of molecules in
the container is in general not the molecular excess of the
165701-4
cluster. This shows that the EMLD-DNT cluster involved
in nucleation is a diffuse physical entity still containing a
significant number of vaporlike molecules.

In summary, we have presented a new phenomenologi-
cal model for nucleation (EMLD-DNT) that shares the
ingredients and simplicity of CNT, but which, by properly
including translation and fluctuations and employing a
nonarbitrary cluster volume defined by kinetics (DNT), is
able to reproduce the spinodal. We have shown that the
new cluster model is both thermodynamically and kineti-
cally consistent and that, for LJ fluids, its predictions
agree remarkably well with both simulations and scaling
relations. The simplicity and consistency of the new
model offer the promise of providing simple yet accurate
predictions of nucleation rates for more complicated sub-
stances. The revised predictions for nucleation rates, pro-
vided by the model, may have important impacts in a
broad diversity of fields, especially in the material and
atmospheric sciences.
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