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We measured persistence exponents �ð�Þ of Ostwald ripening in two dimensions, as a function of the

area fraction � occupied by coarsening domains. The values of �ð�Þ in two systems, succinonitrile and

brine, quenched to their liquid-solid coexistence region, compare well with one another, providing

compelling evidence for the universality of the one-parameter family of exponents. For small �, �ð�Þ ’
0:39�, as predicted by a model that assumes no correlations between evolving domains. These constitute

the first measurements of persistence exponents in the case of phase transitions with a conserved order

parameter.
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When a homogeneous off-critical binary mixture is
quenched deep enough, it separates into two phases, each
characterized by a different concentration of the two con-
stituents. The process of phase separation commences by
the nucleation of droplets of one phase that grow both in
size and number, until the droplet volume fraction� nearly
attains the equilibrium value determined by the lever rule.
A late-stage regime then ensues whereby no more droplets
form, and existing ones undergo a coarsening process in
which large droplets grow at the expense of sufficiently
small ones, with the average droplet size growing in time.
This coarsening process, called Ostwald ripening, consti-
tutes a classical example of the evolution of nonequilib-
rium, spatially extended systems [1]. The theoretical
description of the late stage of this dynamics is a celebrated
problem in statistical mechanics, starting from the seminal
work of Lifshitz, Slyozov [2,3], and Wagner [4] (LSW).
Assuming that the volume fraction of the coarsening phase
is small (� ! 0), so that domains evolve independently
from one another, LSW predicted a scaling regime in

which the average domain size increases as t1=3, and the
statistical pattern properties are time invariant.

The LSW exponent, being independent of � and the
same in two and three dimensions, cannot play a role
classifying systems as critical exponents do in the case of
equilibrium systems. Furthermore, it has become clear in
recent years that characterizations such as two-time corre-
lations do not capture fully the history of evolving, ex-
tended nonequilibrium patterns, and attention has focused
on a new property, the persistence, that measures the
statistics of first passage events in the system [5]. In

general, persistence is the probability PðtÞ that at a given
point in space, a scalar order parameter has not crossed a
threshold value up to time t, starting from a random initial
configuration. In the scaling regime, PðtÞ decreases alge-
braically at long times, PðtÞ � t��, where � is the so-called
persistence exponent. This exponent is nontrivial and un-
related to the two known static critical exponents and the
dynamic exponent z [5]. The average length of the long-
est excursions together with persistence exponents provide
a good characterization of generic nonequilibrium dynam-
ics [6].
Persistence exponents have been measured in various

systems ranging from breath figures [7], one-dimensional
gas diffusion [8], step fluctuations in crystals [9,10], coars-
ening two-dimensional soap froths [11], and advancing
combustion fronts [12]. Of particular fundamental impor-
tance are evolving patterns produced as a result of phase
transitions. Measurements of persistence exponents in thin
layers of twisted nematic liquid crystal, which provide a
physical realization of a quenched thermodynamic sys-
tem characterized by an Ising-like nonconserved order
parameter have been carried out [13]. However, beyond
computer simulations of Ising ferromagnets with con-
served Kawasaki-like dynamics [14], no measurements
of persistence were performed in coarsening systems char-
acterized by conserved dynamics and controllable volume
fraction [15].
In a spatially extended coarsening system that has

reached the late-stage regime, persistence has the natural
interpretation of being the fraction of space that remains in
the same phase after the initial quench. Lee and Rutenberg
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have calculated persistence exponents for Ostwald ripen-
ing in the limit of small values of �, for which local
correlations in both growth rates and sizes can be neglected
[16–18]. They found that � is proportional to the area
fraction, � ¼ �2�, �2 ¼ 0:390 08 being a universal con-
stant in two dimensions that is independent of quench
depth, surface tension, temperature or mobility [15]. The
analogous universal constant in three dimensions is differ-
ent (�3 ¼ 0:509 45).

Here we present experimental measurements of the per-
sistence exponent � in two-dimensional Ostwald ripening,
as a function of the area fraction �. The integral of the
density over the system’s volume is the conserved parame-
ter in this system. In an attempt to demonstrate the univer-
sality and utility of the concept of persistence, we have
measured �ð�Þ in two different physical systems: thin
layers of succinonitrile in their liquid-solid coexistence
region [16,17], and the coarsening of ice crystals [19] in
thin brine layers, as illustrated in Fig. 1. In both systems the

average solid domain size increases as t1=3, as predicted by
the LSW model, irrespective of the volume (area) fraction
occupied by solid domains However, there are significant
�-dependent deviations in the distribution of domain sizes
from the LSW prediction [16–18], which is only appro-
priate in the limit � ! 0þ. These deviations stem from
correlations in sizes [20,21] (direct correlation effect) and
rates of growth [22] (medium polarization effect) of neigh-

boring domains. Correlations are already apparent for area
fractions of few percents [18]. As we will show, our ex-
perimental results provide compelling evidence for the
universality of �ð�Þ, and in the small � limit agree very
well with the theoretical predictions of Lee and Rutenberg.
Experimental setup and procedure.—Experiments with

succinonitrile were described extensively before [17].
Experiments on ice were performed on a cold stage de-
scribed previously [23], whose temperature was controlled
with a stability of 0:001 �C. The sample cell consisted of a
3 �l solution (200 mM NaCl and 5 mM fluorescein in
double-distilled water) placed between two 12 mm diago-
nal glass cover slips. The calculated height of the liquid
was about 25 �m. The sample cell was sealed with oil
(Type DF, Cargille, Cedar Grove, NJ) to avoid evaporation
of the water.
The cover-slip cell was placed in thermal contact be-

tween two copper plates to ensure low temperature gra-
dients in the sample, one of which contained a 2 mm
diameter hole for observation covered with a third cover
slip as window for observation. This multilayer arrange-
ment was placed on the cold stage within a thermally
anchored metal box. Dry air was continuously circulated
through the box to avoid fog on the observation window.
The experimental stage was placed on a fluorescence

microscope (BH2, Olympus, Center Valley, PA) equipped
with a fluorescence cube suitable for fluorescein observa-
tion, and illumination was modulated with a computer-
controlled shutter (Model 225, Uniblitz, Rochester, NY).
Ice rejects both salt and fluorescein and thus could be
clearly detected with fluorescence imaging as dark patches
in a bright background as illustrated in the right panels of
Fig. 1. We used a 4X objective to image the sample. A
CCD camera (SPT-M124, Sony, Park Ridge, New Jersey)
was used to record images directly to a computer via a
Labview-controlled video frame grabber (IMAQ-PCI-
1407, National Instruments). Images were taken every
minute with an integration time of 2 s in order to reduce
the bleaching of the dye. Typical runs lasted for 6 h. The
LABVIEW program controlled the temperature of the sam-

ple, and also calculated � in real time.
A sample was initially cooled to a temperature between

�15 and �20 �C, freezing the liquid completely. The
sample was then warmed until part of the ice melted and
fragmented into small grains. In order to overcome residual
concentration gradients and the effect of finite cell size, the
temperature was slowly adjusted (at a maximum rate of
0:002 �C=min ) to keep � constant.
Ice is a uniaxial material with a strong anisotropy in

many parameters. In particular, for the small supercoolings
which were used in these experiments, ice grows slowly
and in a faceted manner in the c axis direction and faster
with no faceting in the perpendicular direction to the c axis.
In a confined nearly two-dimensional �25 �m-high cell,
crystals whose c axis was perpendicular to the sample

FIG. 1. Snapshots of coarsening solid domains in thin layers of
succinonitrile and brine in the scaling state. (a)–(c) Suc-
cinonitrile quenched to T ¼ 54 �C, with � ¼ 0:31. (d)–(f) Ice
quenched to T ¼ �0:68 �C, with � ¼ 0:25. For both cases the
thickness of the layer is 25 �m. The capture times indicate the
time spanned since the beginning of recording, with the top
snapshots (a) and (d) corresponding to the earliest detection of
Ostwald’s dynamics. Scale bars are 200 �m. In both systems the
sequences of pictures cover a range of about a decade in solid
domain size and two decades in time.
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plane, a circular crystal shape resulted whereas crystals
whose c axis was parallel to the sample plane resulted in
rectangular shapes. Raising the temperature in a controlled
fashion, individual crystals could be partially melted, be-
coming smaller than 25 �m and thus allowing them to
rotate. Upon growth (as disks), the glass walls aligned
crystals so that to have their c axis perpendicular to the
sample plane.

Image and data analysis.—From each experiment with
either succinonitrile or ice a family of about 20 images
were extracted, and covering the entire duration of the
experiment in logarithmic scale in time. Each image was
processed and thresholded to obtain a sharp, black and
white description of the evolving system. The images
were then studied to extract the time evolution of the
growing domains and verify that their average radii obeyed

the scaling regime rðtÞ � t1=3. An image at time t0 within
the scaling regime was then chosen and used as the base
image to overlay all subsequent, thresholded images up to
time t.

The resulting composition provided the unswept area
Að�Þ that was never visited by a domain, with � ¼ t� t0.
The persistence exponent � was determined as a power law
fit Að�Þ � ��� at long �. We repeated the analysis using
different base images t0 and considering different power
law fitting intervals. The value of � that we finally used is
the average over the different analyses, and their corre-
sponding error bars take into account both the spread of
values in � and the artifacts from image processing and
thresholding.

Results and discussion.—To compute the persistence
exponent in our experiments for given values of �, the
area AðtÞ unswept by domain boundaries up to time t after
the quench was measured from a library of pictures ob-
tained during coarsening, as is illustrated in Fig. 2.

We show a typical early-time image of coarsening suc-
cinonitrile crystals obtained at � ¼ 0:31 in Fig. 2(a) and
the same image after applying a threshold in Fig. 2(b), in
order to highlight the solid domains. After applying the
threshold filter to the full library, all pictures corresponding
to times prior to t were overlaid, as shown for intermediate
and late times t in Figs. 2(c) and 2(d), respectively, and the
white area AðtÞ was measured. For late times t, AðtÞ decays
as a power law with the persistence exponent AðtÞ � t��. In
Figs. 3(a) and 3(b) we show typical plots of AðtÞ normal-
ized by the total area for both succinonitrile and ice crys-

FIG. 2. Algorithm for the calculation of persistence exponents.
(a) Typical picture of coarsening domains of succinonitrile at
� ¼ 0:31. (b) Same snapshot as in (a) after thresholding, used as
base image t0. (c) Superposition, over image at time t0, of all
pictures obtained up to time t1 after thresholding. (d) Same as in
(c) but up to a later time t2 (t1 < t2). Scale bar is 200 �m.
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FIG. 3. Area AðtÞ unswept by domain boundaries up to time t,
normalized by total system area. (a) Typical results for succino-
nitrile obtained at various area fractions�. (b) Similar data as for
the top but for ice crystals in brine. Solid lines in (a) and (b) are
fits to the long time regime of the data, whose slope yields the
persistence exponent �. (c) Constancy of � throughout time;
lines are the average value of �ð�Þ.
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talline domains. The area fraction � remains practically
constant during the measurements, as shown in Fig. 3(c).

The central result of this work is presented in Fig. 4,
where we show a plot of �ð�Þ for both succinonitrile solid
domains and ice crystals in brine. Both systems yield
comparable values of �ð�Þ that increase linearly with �
to a good approximation, as long as � remains small. For
intermediate and large values of �, however, i.e., deeper
quenches, there is an increasing deviation from linearity,
and � reaches large values, reflecting a faster rate of
memory loss of initial conditions. We ascribe the deviation
from linearity to correlations in growth. Indeed, correla-
tions, which become stronger with �, can induce domain
distortions whose effect is to reduce AðtÞ (see, for example,
Fig. 10 in Ref. [17]). We now compare the prediction of
Lee and Rutenberg with our data. As shown in the inset of
Fig. 4, their prediction compares very favorably with ex-
periment, the exponents in both experiments approaching
the linear dependence asymptotically (� ! 0þ). Indeed,
linear fits to both succinonitrile and ice data, in the range
0 � �< 0:45, yield 0:43� 0:04 and 0:39� 0:03 for �2,
respectively.

Despite considerable differences between the two sys-
tems such as temperature and composition, the families of

persistence exponents �ð�Þ measured in our experiments
coincided within experimental error, providing strong evi-
dence for the universality of �ð�Þ. This finding clearly
indicates that persistence exponents may play a role char-
acterizing nonequilibrium systems analogous to the one
critical exponents play in the case of equilibrium. It re-
mains as a future theoretical challenge to include correla-
tions between growing domains in calculations of �ð�Þ.
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FIG. 4 (color). One-parameter family of persistence exponents
� parametrized by the area fraction �. Solid circles correspond
to succinonitrile data while empty circles to ice. The dashed line
is a guide to the eye. Inset: detail of the small-� region of the
data. The red line is the small-� theoretical prediction � ¼
0:390 08� by Lee and Rutenberg [15]. Error bars reflect both
the freedom in the choice of range over which the fits to
determine � were carried out (e.g., Fig. 3), as well as the
dependence of the value of � on the choice of first image such
as that shown in Fig. 2(a).
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