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Abstract: In this work we study the formation of primordial black holes, through the collapse of
spherically symmetric overdensities during the radiation era. We study the effect of departures from
Gaussianity of the primordial curvature perturbations in the threshold for collapse of high peaks.
We find that non-Gaussianity can affect the probability of black hole formation significantly.

I. INTRODUCTION

Primordial Black Holes (PBH) may have formed dur-
ing the radiation dominated era due to unusually high
peaks in a nearly-Gaussian distribution of cosmological
density perturbations. [1, 2] There are strong observa-
tional constraints on the abundance of PBH over a wide
range of mass scales. Nonetheless, these still allow for
several phenomenologically interesting possibilities. For
instance, PBH of sublunar or stellar mass may consti-
tute a sizable fraction of all dark matter in the universe.
Also, the origin of supermassive black holes at the cen-
ter of galaxies is not very well understood at present, and
one possibility is that they may have formed by accretion
from a smaller intermediate mass PBH seed [3].

It is customary to characterize perturbations to the
homogeneous Friedmann-Robertson-Walker (FRW) uni-
verse by using the so-called gauge-invariant curvature
perturbation ζ(~x, t) [see Eq. (11) below]. An important
property of this variable is that it stays constant in time
ζ ≈ ζ(~x) on superhorizon scales, while the wavelength
of the perturbation is still larger than the Hubble ra-
dius. PBH will form if perturbations are sufficiently large
(ζ ∼ 1) at the moment of re-entering the cosmological
horizon, otherwise they will simply dissipate into pres-
sure waves. Hence, in order for the PBH to be produced
in significant abundance, the power spectrum (or vari-
ance) Pζ(k) of cosmological perturbations (of wavenum-
ber k) has to have a significant amplitude at the comoving
scale corresponding to the size of the PBH. The power
spectrum is thought to be determined by inflationary dy-
namics in the early universe. Observationally, the power
spectrum is known to be very small Pζ ∼ 10−9 and nearly
scale invariant on cosmological scales, ranging from the
scale of the current Hubble radius down to the galactic
scale. However, certain inflationary models [4] can pro-
duce the necessary enhancement Pζ ∼ 10−2 to form PBH
at much smaller scales. Some of these models also give
a specific type of non-Gaussianity in the distribution of
ζ, which is called local non-Gaussianity, which may have
some effect in the probability of PBH formation.

A question of practical interest in cosmology is to de-
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termine the abundance of PBH in a given scenario. A
useful estimator for the strength of a spherically sym-
metric perturbation is the so-called compaction function
C[ζ(r)]. This is an average of the density perturbation
over a region of size r. Denoting by rm the maximum of
this function, the idea is that a PBH will form if the op-
timized compaction function C[ζ(rm)] exceeds a certain
threshold Cth [5]. The precise threshold value Cth ∼ 1
actually depends on the specific profile of the spherically
symmetric perturbation, and can be found through nu-
merical simulation.

In this work we perform a numerical simulation of pri-
mordial black hole formation, with initial conditions mo-
tivated by inflationary models [4] where the power spec-
trum has a very sharp enhancement at the PBH scale.
We model such enhancement by a δ function in momen-
tum space. In this case, the high peaks of the random
field ζ(r) have a typical profile which is nearly spherically
symmetric and which can be given analytically in terms
of elementary functions, even if we include the effect of
local non-Gaussianity [4].

We will use numerical simulations in order to deter-
mine the corresponding threshold value Cth. The forma-
tion of the black hole for a given initial condition can
be inferred from the behaviour of perturbations which
do not dissipate after entering the horizon but continue
growing until a trapped surface [6] is formed. This sig-
nals the onset of gravitational collapse. Furthermore, we
will analyse the effect of a small local non-Gaussianity on
the value of Cth.

To implement the simulation we have used A. Escrivà’s
code [7], which uses spectral methods in order to solve the
Misner-Sharp (MS) partial differential equations [8] for
spherically symmetric gravitational collapse. The code is
able to provide values of Cth with accuracy of order 10−3

in a very short time-scale, of the order of a few minutes on
a laptop computer. This is in contrast with other existing
codes based on adaptive mesh refinement, which require
a much longer time-scale for each run. The original code
was developed in a slightly different gauge than we will
use, so we have introduced a small modification in order
to use the curvature perturbation ζ as our input for initial
conditions.

The plan of the paper is the following. In Section II, we
present the Misner-Sharp equations for spherically sym-
metric spacetimes. In Section III, the long wavelength
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approximation is introduced to implement initial condi-
tions. In section IV, we particularize the typical shape of
a high peak in the curvature perturbation profile and we
introduce local non-Gaussianity. In section V, the crite-
ria which determine the formation of PBH are explained.
The results are presented in section VI. Our conclusions
are summarized in Section VII.

II. THE MISNER-SHARP EQUATIONS

The Misner-Sharp equations (MS) are the Einstein’s
equations for a spherically symmetric spacetime, in a
frame comoving with an ideal fluid [8]. In this case, the
metric can be written in the general diagonal form

ds2 = −A(r, t)2dt2 +B(r, t)2dr2 +R(r, t)2dΩ2 (1)

where dΩ = dθ2 + sin2 θdφ2 is the metric on the unit
2-sphere, and with the radial coordinate r moving along
with the fluid. The metric components A(r, t), B(r, t)
and R(r, t) are all positive, the latter one corresponding
to the areal radius of the 2-spheres. Following [8], the
proper-time and radial proper distance derivatives are
defined as

Dt ≡
1

A

∂

∂t
and Dr ≡

1

B

∂

∂r
. (2)

Applying the last two operators to R we can also define

U ≡ DtR =
1

A

∂R

∂t
and Γ ≡ DrR ≡

1

B

∂R

∂r
. (3)

We may now introduce the Misner-Sharp mass M(r, t)
through the equation

Γ2 − U2 = 1− 2M

R
. (4)

We will also use the form of the stress energy tensor of
an ideal fluid

Tµν = (p+ ρ)uµuν + pgµν (5)

where uµ is the four-velocity field of the fluid, ρ is the
internal energy density of the fluid, and p is the pressure.
The fluid is at rest in comoving coordinates. During the
radiation era, the equation of state is p = 1

3ρ.
In terms of these variables, the MS equations take the

form

DtU = − Γ

ρ+ p
Drp−

M

R2
− 4πRp, (6)

Dtρ = −ρ+ p

ΓR2
Dr(R

2U), (7)

DrA = − A

ρ+ p
Drp, (8)

DrM = 4πR2Γρ. (9)

We may now discuss the issue of initial conditions.

III. THE LONG WAVELENGTH
APPROXIMATION AND INITIAL CONDITIONS

Initially, at early times, perturbations have a physical
wave-length L much larger than the Hubble radius H−1.
Hence, we are going to consider the long wavelength ap-
proximation to determine the form of our initial metric
and hydrodynamical variables. This is based in expand-
ing the exact solutions in a power series of a parameter

ε(t) ≡ 1

H(t)L(t)
, (10)

to the lowest non-vanishing order in ε(t)� 1.
In the limit ε → 0, the metric of a perturbed FRW

model takes the form [9]

ds2 = −dt2 + a2(t)e2ζ(r)(dr2 + r2dΩ2). (11)

This is written in a coordinate system where the energy
density of the fluid is used as a clock, so that t = const.
surfaces coincide with ρ = const. surfaces in the long
wavelength limit. He have also restricted to spherical
symmetry, which excludes the presence of tensor modes
(gravitational waves).

In Ref. [7], the metric

ds2 = −dt2 + a2(t)

[
dr̂2

1−K(r̂)r̂2
+ r̂2dΩ2

]
(12)

is used instead of Eq. (11). Both are related by the coor-
dinate transformation r̂ = reζ(r), (1 −K(r̂)r̂2)−1/2dr̂ =
eζ(r)dr. We have used this transformation in order to
write the explicit long wavelength approximate solutions
of the Misner-Sharp equations, which were originally ex-
pressed in terms of K(r̂) in [7, 10].

In terms of ζ(r), we have

A = 1 + ε2Ã = 1 + ε2 − 1

4
ρ̃,

R = a(t)eζ(r)r(1 + ε2R̃) = a(t)eζ(r)r(1 + ε2 − 1

8
ρ̃+

1

2
Ũ),

ρ =
3

8π
H2(t)(1 + ε2ρ̃),

U = H(t)R(1 + ε2Ũ),

M =
4π

3
ρR3(1 + ε2M̃) =

4π

3
ρR3(1 + ε2 − 4Ũ),

where the tilde variables are the explicit expressions of
the perturbation. The functions ρ̃ and Ũ represent the
energy density and velocity perturbation, given by

ρ̃ = −4

9

e2ζ(rk)

e2ζ(r)
r2k

[
(ζ ′′(r)

+ζ ′(r)

(
3

r
− 1

r(1 + rζ ′(r))
+ ζ ′(r)

(
1

2
− 1

1 + rζ ′(r)

))]
,

Ũ = −1

6

e2ζ(rk)

e2ζ(r)
ζ ′(r)

[
2

r
+ ζ ′(r)

]
r2k.
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where rk is the comoving lengthscale of the perturba-
tion associated to the wavenumber k, i.e. rke

ζ(rk) =
1/H(t)a(t)ε.

IV. THE TYPICAL HIGH PEAK PROFILE

Quantum fluctuations in an inflationary phase of the
very early universe yield inhomogeneites ζ(~x) which can
be treated as a random field. A random field can be
thought of as an infinite set of random variables ζ~k, one

for each Fourier mode ~k. Such variables are nearly-
Gaussian distributed. In the Gaussian case, the distribu-
tion is fully determined by the variance σ(k), or equiva-
lently, by the dimensionless power spectrum,

Pζ(k) ≡ σ2k3

2π2
. (13)

which characterizes the variance of the random field per
logarithmic interval in k. The peaks of a Gaussian ran-
dom field have a mean profile that depends on the spatial
two-point correlation function of ζ(~x) [11]

ψ(r) ≡ 1

σ2
0

〈ζ(r)ζ(0)〉 =
1

σ2
0

∫
Pζ(k) sinc kr

dk

k
(14)

where σ2
0 ≡

∫
dk
k Pζ(k) is a normalization factor such that

ψ(0) = 1. We are interested in high peaks, whose typical
profile is approximately given by [11]

ζ(r) = µψ(r) +O(σ0) (15)

with an amplitude µ � σ0. As mentioned in the intro-
duction, we are going to consider an idealized form for
the enhancement in the power spectrum at the PBH scale
k0, given by a delta function, i.e.

P (k) = σ2
0k0δ(k − k0). (16)

In this case, the typical shape of a high peak is given by

ζ(r) = µ sinc(k0r). (17)

In realistic scenarios σ0 ∼ 10−1 [3], while PBH are pro-
duced by rare non-linear perturbations with µ ∼ 1.

So far, we have assumed that the primordial curvature
perturbation is given by a Gaussian random field, but
as mentioned in the introduction it is also interesting to
consider the effect of a small local-type non-Gaussianity.
This feature is usually present in models with a sharp
enhancement of the power spectrum at small scales. If
the non-Gaussianity is small, the curvature perturbation
ζ can be parametrized as

ζ(~x) = ζG(~x) + fNLζ
2
G(~x), (18)

where ζG is a fictitious Gaussian distributed random vari-
able, and we have introduced the non-Gaussianity pa-
rameter fNL.

FIG. 1: In this figure we show the compaction function C(r) of
the Gaussian profile with µ = 0.64 for different moments in time.
C is dimensionless, r is in units of ti and time is in terms of the
horizon crossing time tH which is also in terms of ti. The threshold
value Cth of the compaction function is also shown as a dashed grey
horizontal line.

V. THE CRITERION

Assuming spherical symmetry we can introduce the
compaction function C [5] as the mass excess relative to
the FRW background Mb, divided by the areal radius [5]

C ≡ M(r, t)−Mb(r, t)

R(r, t)
. (19)

In the long wavelength limit, the compaction function is
time independent, and can be expressed in terms of the
curvature perturbation as

C(r) =
1

3
(1− (1 + rζ ′(r))2), (20)

where the prime denotes the partial derivative with re-
spect to the radial coordinate.

It turns out that C is a very useful estimator of the
strength of a perturbation. In particular, if the initial
C(r) has a maximum at r = rm which satisfies C(rm) >
Cth, then a PBH will be formed after R(rm, t) enters the
horizon [5]. From Eq. (20) it is easy to see that Cth
cannot be larger than 1/3. Also, it has been argued that
Cth cannot be smaller than 0.21 [12], so the threshold
must lie in the range

0.21 ≤ Cth ≤ 1/3. (21)

The precise value of Cth depends on the profile of the ini-
tial perturbation, and we will find it for our model by the
use of numerical simulations. The criterion for formation
of a PBH is that a trapped surface is formed during the
evolution of the overdensity. This implies that a singu-
larity will form to the future of the trapped surface [6],
and thus signals the onset of gravitational collapse.
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To identify the trapped surfaces, we consider the ex-
pansion Θ ≡ ∇µkµ of null geodesic congruences kµ or-
thogonal to a spherical surface Σ. There are two such
congruences, which we may call inward and outward di-
rected. Let us denote by Θin and Θout their respective
expansion. In flat space, Θin < 0, while Θout > 0. Sur-
faces Σ with this property are called “normal”. If both
expansions are negative, the surface is called “trapped”,
while if both are positive, the surface is “anti-trapped”.
In terms of the MS variables [13], we have

Θin =
2

R
(U − Γ) and Θout =

2

R
(U + Γ). (22)

In a spherically symmetric spacetime, any point in the
(r, t) plane can be thought of as a closed surface Σ of
proper radius R(r, t). We can classify such points into
normal, trapped and anti-trapped. In the transition from
a normal region to a trapped region, we must go through
a boundary where Θin < 0 and Θout = 0. This is a
marginally trapped surface which is usually called the
apparent horizon. Since ΘinΘout ∝ U2 − Γ2 = 0 and
using Eq. (4), the condition for the formation of an ap-
parent horizon is simply

R = 2M. (23)

This could be marginally trapped, as it occurs for black
holes, or marginally anti-trapped, as is the case for a cos-
mological horizon. If the condition R < 2M is satisfied
in the vicinity of the apparent horizon, this means that
we have trapped surfaces, and a PBH will be formed in
the subsequent evolution.

VI. RESULTS

All variables in the following section are in units of the
initial time ti = 1. Numerical simulations are performed
by using 95 Chebyshev grid points for the r-axis, with
0 ≤ r ≤ 200. The range of r is large enough to keep
the formation of the PBH far from the boundaries. We
consider an initial wavelength such that the maximum
of the initial compaction function is at rm = 20 for the
Gaussian case, and therefore using rk = rm, we have ε =
1/HL ≈ 0.1. Hence, the long wavelength approximation
is justified. The corresponding scale re-enters the horizon
at tH = 100. As boundary conditions we are taking
U = R = M = Drρ = 0 at r = 0, and Drρ = 0 at the
final grid point, r = 200.

A. Gaussian curvature perturbation

The time evolution of the peaks of the compaction
function of the Gaussian profile is given in FIG. 1. At
initial time, the compaction function has equally spaced
peaks with a very similar amplitude, except for the first
one that is slightly larger, and is the maximum of the

FIG. 2: The difference (2M − R) for the Gaussian profile with
µ = 0.64 is plotted for different moments in time as a function of r.
The condition 2M − R < 0 implies that we have normal surfaces,
while 2M − R > 0 implies trapped surfaces. The transition point
where 2M = R is a marginally trapped surface or apparent horizon.

compaction function. Over time, we can appreciate that
the secondary peaks dissipate and eventually disappear
while the first maximum moves towards the center of
symmetry while it grows. In FIG. 2, we show the differ-
ence (2M − R). Normal surfaces satisfy R > 2M , while
trapped surfaces satisfies R < 2M . When R = 2M , the
apparent horizon is formed, signaling the onset of gravi-
tational collapse. In this particular case, with fNL = 0,
the apparent horizon is already formed for an amplitude
µ ≈ 0.63 and thus the corresponding threshold for the
compaction function is Cth ≈ 0.30. Note that the for-
mation of the trapped surface in the limit case happens
approximately 16 times after the overdensity has entered
in the cosmological horizon tH .

B. The effect of local non-Gaussianity

To estimate the effect of local non-Gaussianity, we
have determined the threshold amplitude µth and the
threshold compaction function Cth for different values
of the non-Gaussianity parameter fNL, in the range
−0.5 ≤ fNL ≤ 6. The results are shown in FIG. 3.
As expected, the value of Cth has only a rather modest
variability. This is expected, since this threshold value
has to be within the bounds given in Eq. (21). This
is the reason that makes C a rather robust estimator
of the strength of a perturbation. Actually, the mini-
mum threshold that we find in our one parameter fam-
ily of non-Gaussian profiles is approximately 0.28, for
fNL ≈ 1.7. This does not even saturate the minimum
possible value Cth ≈ 0.21 which can be obtained with
more general profiles. On the other hand, the maximum
threshold value Cth = 1/3 seems to be within the family
for negative values of fNL. Unfortunately, however, for
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FIG. 3: The threshold values µth and Cth are plotted as a function
of the local non-Gaussianity parameter fNL. While Cth is almost
independent of fNL, we find that µth varies quite significantly.

fNL < −0.5 our numerical simulation becomes unstable
and the calculation is interrupted before the black hole
could be formed, so we did not explore smaller values
of fNL. This is left for further study. By contrast with
Cth, we find that the threshold amplitude µth, which is
needed for the formation of a PBH, decreases quite sig-
nificantly with the increase of the non-Gaussianity pa-
rameter fNL, from µth ≈ 0.81 for fNL = −0.5 to its
minimum µth ≈ 0.28 for fNL = 6. Consequently, the

probability of PBH formation, P ∝ exp
(
−µ2

th

2σ2
0

)
, is en-

hanced very significantly for profiles with fNL > 0, since
a smaller threshold µth for the amplitude triggers gravi-
tational collapse.

VII. SUMMARY AND CONCLUSIONS

Primordial black holes may be formed in the radiation
dominated era when superhorizon cosmological pertur-
bations ζ re-enter the horizon with a sufficiently large

amplitude, to continue growing until a trapped surface
is formed. The abundance of PBH is determined by the
power spectrum Pζ(k), which should be enhanced at the
PBH scale k0. Here, the power spectrum has been mod-
elled by a δ function in momentum space. This leads us
to high peaks of ζ(r) with a typical profile which is nearly
spherically symmetric, and of the form given in Eq. (17)
(for the Gaussian case). Inflationary models with a sharp
enhancement in the power spectrum usually give rise to
local non-Gaussianity in the distribution of ζ. In this
work, we have shown that this can significantly affect
the probability of PBH formation. Through numerical
simulation, we have determined the threshold amplitude
µth of the high peak profiles for different values of the lo-
cal non-Gaussianity parameter 0.5 ≤ fNL ≤ 6. This can
vary substantially, by a factor of order 3 in this range.
Since the probability of PBH formation is proportional
to exp(−µ2

th/2σ
2
0), we conclude that PBH formation is

more likely for larger values of the non-Gaussianity pa-
rameter fNL, since smaller values of µth are needed for
the gravitational collapse to take place. We have also
computed the corresponding threshold values Cth for the
compaction function, which turn out to be fairly insensi-
tive to fNL. This confirms that the compaction function
is a quite robust estimator of the strength of density per-
turbations. In particular, it saturates to a constant value
0.28 for fNL >∼ 1. This can be used, for instance, in order
to find µth for any fNL >∼ 2 without the need of running
additional simulations.
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