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ABSTRACT
In this article, we combine experiments and theory to investigate the transport properties of anisotropic hematite colloidal rotors that dynam-
ically assemble into translating clusters upon application of a rotating magnetic field. The applied field exerts a torque to the particles forcing
rotation close to a surface and thus a net translational motion at a frequency tunable speed. When approaching, pairs of particles are observed
to assemble into stable three-dimensional clusters that perform a periodic leap-frog type dynamics and propel at a faster speed. We analyze the
cluster formation and its lifetime and investigate the role of particle shape in the propulsion speed and stability. We show that the dynamics
of the system results from a delicate balance between magnetic dipolar interactions and hydrodynamics, and we introduce a theoretical model
that qualitatively explains the observed phenomena.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5086280

I. INTRODUCTION

Recent years have witnessed a surge of activities in realiz-
ing artificial microscopic prototypes that could be remotely guided
toward a defined target in a fluid medium.1–3 The driving interest
arises from both fundamental and technological needs. The physics
of artificial microswimmers navigating fluids fascinates scientists
due its direct connection with biological systems, such as bacteria,
that operate at the low Reynolds number. From the point of view
of applications, artificial prototypes demonstrated the capabilities of
performing useful tasks in microfluidic chips,4–6 in biomedicine,7,8

or to transport microscopic cargoes.9–15 Thus, the community has
been mainly focused on designing individual microswimmers and
understanding their principle of propulsion or on analyzing their
collective dynamics in high density suspensions.16–23,37,38 However,
investigating the interactions and dynamics between few micropro-
pellers represents a first step toward understanding the complex

phenomena arising from a collection of them. In particular, the
use of colloidal particles as model microswimmers has the advan-
tage that it avoids the intrinsic complexity of biological systems,
providing tunable interactions and experimentally accessible length
scales.

In this context, we recently realized controllable colloidal rotors
that are composed of anisotropic hematite particles and are driven
in water by an external rotating magnetic field.24 The particles
rotate close to a surface, and the hydrodynamic interaction with the
plane rectifies the rotational motion into a net drift velocity.4 We
find that when two rotors approach each other, they couple form-
ing a dynamic bound state by adjusting their translational speed.
The relative orientation of the particles within these states depends
on the field parameters: the hematite ellipsoids align side-to-side
or tip-to-tip, i.e., with the relative position parallel or perpendic-
ular, respectively, to their long axis. However, in all the observed
cases, the bound states remain confined in two dimensions with a
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relatively long interparticle distance. Here, by further exploring the
space parameter, we discover a new type of cooperative dynamics,
where a pair of propellers combines into a rolling three-dimensional
cluster that displays a leap-frog type motion while propelling faster
than individual rotors. We observe that this bound state can be
formed by two or more rotors, and we characterize its stability and
dynamics by varying the different field parameters. We comple-
ment these experiments with a theoretical model that considers the
hydrodynamic interactions between the particles and the bounding
plane.

II. EXPERIMENTAL PART
We realize micropropellers by using anisotropic hematite par-

ticles that are synthesized via the “sol-gel” technique.25 The particles
present a long and a short axis equal to α = 2.5 µm and β = 1.4 µm,
respectively, and a permanent magnetic moment m perpendicular
to their long axis, as shown in the schematic of Fig. 1(a). In a pre-
vious studies,24,39 the magnitude of this moment was measured as
m ≃ 9 × 10−16 Am2. After synthesis, the particles are diluted in
highly deionized water (Milli-Q system, Millipore) and are stabilized
by adding sodium dodecyl sulfate (SDS), namely, 0.11 g of SDS for
80 ml of water. This surfactant is used to avoid sticking of the par-
ticles due to van der Waals interactions. Before the experiments, the
pH of the resulting solution is raised to 9.5 by adding tetramethy-
lammonium hydroxide. The particles sediment on a glass surface,
and the balance between gravity and steric interactions due to the
SDS confines them on the plane.

The external magnetic field used to propel the particles is
generated by using a triaxial magnetic coil system connected to
a waveform generator (TGA1244, TTi) feeding a power amplifier
(AMP-1800, AKIYAMA or BOP 20-10M, Kepco). A rotating field
in a given plane is obtained by passing through two perpendic-
ular coils two sinusoidal currents with 90○ phase shift. We then
use optical microscopy (Eclipse Ni, Nikon) to record the parti-
cle motion with an area-scan camera (scA640-74f, Basler) working

at 50 fps. The videos are then analyzed via particle tracking rou-
tines26 to extract the position and the orientation of the hematite
particles.

III. DYNAMICS OF AN INDIVIDUAL ROTOR
We start by describing the propulsion of a single rotor and later

focus on the emergence of the three-dimensional leap-frog states.
The particles are propelled by applying a rotating magnetic field
circularly polarized in the (x̂, ẑ) plane that is perpendicular to the
glass substrate, as shown in Fig. 1(a). The applied field is given by
H = H0(cos (ωt)x̂ − sin (ωt)ẑ), being H0 the amplitude and ω the
driving frequency. Figure 1(b) shows two snapshots of a dilute sus-
pension of rotors driven toward the right by the rotating field. Since
the permanent moment of the particles is directed along the short
axis, Fig. 1(a), during propulsion, the particles keep their long axis
always perpendicular to the direction of motion, here given by x̂.
From particle tracking, we extract the position of each particle i,
(xi(t), yi(t)), and determine the mean speed of the individual rotors
as ⟨vx⟩ = 1

N ∑
N
i

∆xi
∆t , where the average ⟨. . .⟩ is performed over

N different and independent particles. As shown in Fig. 1(c), the
particle dynamics is characterized by two regimes of motion, sep-
arated by a critical frequency ωc. The synchronous transport occurs
for ω < ωc, where the magnetic moment of the particle follows the
applied field, and thus, the particle rotational frequency Ω coincides
with the driving one, Ω = ω. In this situation, assuming that the
particles have an elevation from the surface equal to ∼β/2, the net
drift velocity is given by vx ∼ βω/2. The dashed lines in Fig. 1(c)
show the corresponding fit to the experimental data in this linear
regime. For ω > ωc, the motion becomes asynchronous, and the
phase lag angle between the particle’s moment and the field is not
constant. This effect induces characteristic back-and-forth oscilla-
tions during each field cycle and a consequent reduction of the aver-
age particle rotational motion. Neglecting thermal fluctuations, the
average speed of the particles can be calculated as27 vx ∼ βΩ/2 with

FIG. 1. (a) Schematic illustrating a ferromagnetic hematite ellipsoidal particle propelling in water due to the application of a rotating magnetic field H. Green arrows indicate
the direction of propulsion. (b) Sequence of images showing a dilute solution of hematite particles that propel toward the right due to a rotating field with amplitude H0 =
2700 A m−1 and angular frequency ω = 251.3 rad s−1. In the bottom image, the trajectory of one particle is superimposed and the scale bar is 20 µm. (c) Average speed
⟨vx⟩ vs driving frequency ω for a single propeller when subjected to a rotating field with amplitudes H0 = 1400 A m−1 (black circles) and H0 = 2700 A m−1 (orange circles).
Dashed (continuous) lines are fit to the synchronous (asynchronous) regime, while ωc is the critical frequency. Error bars are obtained from the statistical average of different
experiments.
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Ω = ω −
√
ω2 − ω2

c , as shown by the continuous lines in Fig. 1(c).
From the fits to the experimental data, we determine the critical
frequencies for the two field amplitudes ωc = 243 ± 3 rad s−1 for
H0 = 1400 A m−1 and ωc = 376 ± 3 rad s−1 for H0 = 2700 A m−1,
which, as previously observed,27 increase linearly with H0. Thus, our
hematite rotors display a tunable speed that increases linearly with
the driving frequency up to ωc, while this threshold frequency could
be further raised by tuning the field amplitude.

IV. LEAP-FROG DYNAMICS OF ROTORS
At large density of rotors, propelling particles start to inter-

act with each other. Very close hematite rotors may couple their
motion forming bound states and altering their translational speed.
As shown in the diagram in Fig. 2(a), we observe different situa-
tions depending on whether the motion occurs on the same plane or
becomes three-dimensional (leap-frog state). For high driving fre-
quencies, we observe that the rotating particles never come too close
to generate the leap-frog state, but rather they bound into metastable
states confined in the plane of motion (x̂, ŷ). In this situation, the

FIG. 2. (a) Diagram in the (ω; H0) plane showing the regime where the leap-frog
dynamics is observed (yellow region) and where the movement of the hematite
particle is limited to a 2D plane (gray region). The magenta dashed line corre-
sponds to ω = 54.8 rad s−1. (b) Position vs time of two particles performing the
leap-frog dynamics. Insets at the top show experimental images of the hematite
particles exchanging their positions during propulsion and the microscope image
visualizes the (x̂, ŷ) plane at a fixed height. The inset at the bottom shows the
corresponding schematic in the (x̂, ẑ) plane.

relative particle arrangement is the same to that reported in a previ-
ous study24 and thus here will not be described. By contrast, at low
frequency, we find that the pair of approaching particles can form
three-dimensional leap-frog states, where the hematite ellipsoids roll
one on top of each other, periodically exchanging their positions
and always keeping their long axis perpendicular to the propulsion
direction [Fig. 2(b)].

The resulting dynamics is mainly dictated by the balance
between the magnetic dipolar and hydrodynamic interactions. The
first type of interaction favors that the particles arrange side by
side with their long axis parallel to each other. In this configu-
ration, the permanent moments tend to be aligned along a com-
mon direction in order to minimize the magnetic energy of the
couple, Um. If we consider two hematite rotors with moments mi,
mj and at a relative distance rij = |ri − rj|, the dipolar interaction
between the couple is given by Um =

µw
4π (

mimj

r3
ij
−

3(mi ⋅rij)(mj ⋅rij)
r5
ij

). Here,

µw ∼ µ0 = 4π ⋅ 10−7 H m is the magnetic susceptibility of the medium
(water) and ri is the position of particle i. Thus, the dipolar poten-
tial is maximally attractive (repulsive) for particles with magnetic
moments parallel (perpendicular) to rij. Since the moment of the
particles follows the field that rotates in the (x̂, ẑ) plane, the leap-
frog motion minimizes the potential Um. This follows from the
fact that the distance between mi and mj is shorter (longer) when
mi ,j ∥ rij (mi ,j � rij) during one field cycle. The time average poten-
tial between two dipoles performing the leap-frog motion is indeed
attractive in the plane (x, z) and given by Um = −µ0m2

/(8π(x+z)3
).

In the opposite case, when the particles are aligned tip to tip
on the same plane, the moments are always perpendicular to
their separation distance, and the potential becomes repulsive
Um = µ0m2

/(4πy3
).

This configuration, however, could be perturbed by the hydro-
dynamic interactions (HIs), which arise from the particle spinning
and the generated vortical flow field. The order of magnitude of
the two competing interactions can be estimated, in first approxi-
mation, by considering the range of forces that act over the pair.
The magnetic dipolar forces Fm between two equal dipolar parti-
cles of radius a and moment m and located at distance r = 2a is
given by Fm = 3µ0m2/(64πa4), while the viscous force generated by
a single hematite particle is Fh = 3πηΩh2/4, being η = 10−3Pa s the
solvent viscosity and h ∼ a the particle elevation from the surface.
Hence, for a ∼ β/2 = 0.7 µm, we find that when both forces bal-
ance, Fm = Fh, the angular frequency becomes Ω = µ0m2/(16π2ηa6)
= 54.8 rad s−1, which corresponds to the dashed line in Fig. 2(a).
Thus, at low driving frequencies, magnetic interactions dominate
over HIs and help keeping the leap-frog stable, as shown in the dia-
gram in Fig. 2(a). However, our simple argument does not explain
how the transition region depends on the field amplitude. Indeed, at
large values of H0, the presence of an induced dipole moment mind
∼ H0 within the particle may lead to strong dipolar interactions and
further favor the leap-frog state. While magnetization measurements
of similar particles show a negligible value of mind,27 its contribu-
tion to Fm may become important for large amplitudes, as it grows
as ∼ H2

0 .
In Fig. 3(a), we measure the average speed ⟨vx⟩ of a cluster

of hematite particles performing the leap-frog and compare its val-
ues to the speed of individual rotors in the synchronous regime.
The cluster displays a faster translational motion until it reaches the
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FIG. 3. (a) Average propulsion speed ⟨vx⟩ vs angular driving frequency ω for
single rotors (open symbols) and for a leap-frog state (filled symbols). The straight
lines are linear fits that serve as guides to the eyes. (b) Average lifetime ⟨τ⟩ vs
ω for a bound state performing the leap-frog dynamics for two field amplitudes. In
both graphs, the error bars are obtained from the statistical average of different
experiments.

critical frequencyωc, where the two particles enter the asynchronous
regime reducing their rotational motion. In this case, the couple eas-
ily breaks due to the difference in speeds between the two hematite
rotors. Furthermore, we report in Fig. 3(b) the average lifetime ⟨τ⟩
of the observed leap-frog states for two different field amplitudes.
The presence of thermal noise or disorder in the experimental sys-
tem may produce the disassembly of the pair during propulsion,
even at frequencies well inside the synchronous regime. The disor-
der may be due to small polydispersity in the particle shape, in their
magnetic moments, or to the presence of surface asperities. These
sources of noise can induce variations of the hydrodynamic flow that
easily destabilize the propelling cluster. In general, we find that stable
clusters with longer ⟨τ⟩ are observed at low frequencies when mag-
netic dipolar interactions completely overcome the hydrodynamic
ones.

V. THEORETICAL MODEL
We describe the HIs between a pair of particles performing the

leap-frog state by considering the direct interactions and the pres-
ence of the bounding plane. The surface is replaced by an hydrody-
namic singularity located below the interface at the same distance

to it as the colloidal particle. The latter image is represented by a
particle rotating in the opposite sense that the actuated colloid, and
contributing to the flow field with additional stresslet and source
doublets.28 We neglect the magnetic dipolar interactions between
the pair and assume that the imposed rotating field simply prescribes
the angular velocity of the colloid Ω. Thus, in the synchronous
regime, the colloids of radius a rotate at Ω = ω. In the far field, the
flow generated by one of them is given by

ui
a3 =

�ijkΩjrk
r3 −

�ijkΩjRk

R3

+ 2h�kjzΩj(
δik
R3 −

3RiRk

R5 ) + 6�kjz
ΩjRiRkRz

R5 , (1)

where r is the position vector from the center of the particle, R is
the position of its image, and the subscripts (i, j, k, z) refer to vector
components. From Eq. (1), we can derive analytic expressions for
the speeds vi of the two spheres i = 1, 2 rotating with angular speed
Ωi and at elevation hi; see the Appendix for the full expressions. To
explore the role of anisotropy on the leap-frog state, we perform
numerical simulation of single spheres rotating at a common angu-
lar velocity and of colloidal dumbbells. We model a dumbbell as a
pair of spherical particles linked by a harmonic potential with a stiff
spring constant that allows the particle rotation but not separation
between the pair. Thus, the dumbbells are made of a pair spheres
(i, i + 1) bounded by a harmonic potential

V(ri,i+1 = r) =
k
2
(r − r0)

2, (2)

where r0 defines the distance between the two composing spheres at
rest and k is a spring constant. Thus, each sphere evolves according
to an overdamped dynamics

γṙi = γvi + f i, (3)

where γ is the viscous friction and f i = −∇iV(ri ,i+1) is the spring
force. We choose a relatively very stiff spring (k = 103) that guaran-
tees the dumbbell stability (k ≫ Ωγa) avoiding particle separation
and set r0 = a.

Figures 4(a)–4(d) show the results of our numerical simulations
based on the hydrodynamic model. We start by first calculating the
flow profile generated by a pair of spherical rotors that moves toward
right along the x̂ direction side by side [Fig. 4(a)] and one on top of
the other [Fig. 4(b)]. In the first case, the effective flow field induced
by the pair creates an elongated dipole with a source corresponding
to the front particle and a sink on the back one. When one particle
is above the other, the two flow patterns superimpose, creating two
lateral swirls with opposite rotational motion. Thus, tracer particles
could be easily transported by the propelling pair, being attracted
to it when at the back of the pair and pushed when in front of
it.

Furthermore, we explore the role of shape anisotropy on the
propulsion speed and on the formation of the leap-frog states.
As shown in Fig. 4(c), we find that single spheres and dumbbells
present almost the same speed that linearly increases with ω. The
main difference arises when the pair of spheres or dumbbells per-
forms the leap-frog as we observe a much faster propulsion speed
for the latter. However, we find that the normalized velocity ⟨vx⟩
overshoots the experimental data by almost a factor of two. This
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FIG. 4. [(a) and (b)] Plot of the streamlines of the fluid flow velocity u generated by a pair of spherical rotors performing the leap-frog motion before one particle jumps on top
of the other (a) and when the particle sits on top of the other. The (x, y) coordinates are normalized with respect to the particle radius a. The velocity field was calculated in
(a) considering both particles at the same elevation (z1 = z2 = 2a) and in (b) with different elevations (z1 = a; z2 = 3a) being a the particle radius. The motion of the particles
occurs toward the right. (c) Average speed ⟨vx⟩ vs frequency for a single sphere (green filled points) and dumbbell (orange circles) and for a pair of spherical rotors (magenta
triangles) and dumbbells (blue squares) performing leap-frog motion. The continuous line is obtained from Eq. (1) in the main text. The inset illustrates enlargement of the
main graph. (d) Diagram illustrating the regions where the leap -frog is stable (black squares) and not (red squares) by varying the initial distance dx and orientation angle α
between the two dumbbells. The schematic inset shows α and dx .

discrepancy could result from the different simplifications used in
our model. Specifically, the theoretical model disregards both grav-
ity and magnetic interactions and neglects the homogeneous surface
of the particles by considering them as dumbbells. Nevertheless, we
find that the leap-frog states could be formed by both spherical and
anisotropic rotors, which does not limit our mechanism to magnetic
particles with anisotropic shape but also to other types of colloidal
systems.29

We also observe that the leap-frog state is much more sta-
ble for spherical rotors than for pairs of dumbbells. In the first
case, according to the hydrodynamic model, we find that there is
no preferred distance between two particles to generate the leap-
frog motion. Thus, identical spherical particles will always be cou-
pled, unless thermal dissipation or other types of noise break the
bound state. This contrasts with our experimental observation of a
finite lifetime [Fig. 3(b)] and can be explained by considering the
anisotropic shape of the particles and the presence of a relative ori-
entational motion. In Fig. 4(d), we show the stability of a pair of

dumbbells performing leap-frog by varying their initial distance dx
and orientation angle α. We define the stable leap-frog when it lasts
for all the simulation time (1000 Ω−1 with Ω = 200 rad s−1) while
unstable when it breaks, or does not form at all, as observed for
larger distance or angle between the dumbbells. Leap-frog motion
might be broken by thermal fluctuations, or other sources noise
such as particle inhomogeneities, tumbling induced by particle col-
lision, and substrate roughness. These factors may easily change
the distance and relative orientation or even change the particle
speed as the cluster of rotors could develop a self-propelling velocity
that depends on their elevation (the closer they are, the faster they
move).

VI. TRANSPORT OF SEVERAL PARTICLES
The leap-frog state is reminiscent of the walking-like dynamics

observed both on dimers30,31 and clusters32,33 assembled from para-
magnetic colloids. However, in contrast to the mentioned studies,

FIG. 5. (a) Sequence of optical microscopy images illustrating the transport of a cluster formed by 4 hematite rotors that move toward the right. The scale bar at the bottom
is 10 µm. (b) Position (x̂) vs time of two clusters composed by 3 (cluster 1) and 4 [cluster 2, image (a)] particles propelling toward the right. (c) Average speed ⟨vx⟩ vs
number of particles N of a propelling cluster for two different driving frequencies and field amplitudes. The error bars are obtained from the statistical average of different
experiments.
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here, we find that increasing the number of particles, the leap-
frog extends along the x̂ direction, thus parallel to the plate, rather
than forming tumbling columns perpendicular to it. This situation
is illustrated in Fig. 5(a), where a cluster composed by 4 hematite
rotors translates toward the right at an average speed of ⟨vx⟩ = 5
µm s−1. During propulsion, particles forming the chain are expelled
from it to the top, roll on top of the chain, and re-attach at the
front of it creating the pair of propelling leap-frog states. This pro-
cess can be appreciated by tracking the position of the individ-
ual particles within smaller clusters, as shown in Fig. 5(b) for two
particular cases. If we consider “cluster 2” composed by 4 parti-
cles, the positions of each particle periodically alternate with short
and long periods where the slope, and thus the velocity, changes
or it remains constant, respectively. This indicates that the parti-
cles approach the edges of the cluster and slow down, while when
they slide above the other 3 particles, they display a constant speed.
This process becomes more evident for longer clusters containing
more than 6 particles. However, we find that these structures are
more difficult to track due to the continuous particle overlapping
that impedes the identification of the single elements within a clus-
ter. The average speed along the propulsion direction for different
number of particles N is shown in Fig. 5(b). Here, we measure the
average speed of the center of symmetry of the cluster that approx-
imately coincides with the center of velocity. We find that larger
clusters propel faster until reaching a saturation value for N ∼ 7. The
general trend is similar to that reported for paramagnetic colloids
assembled into two-dimensional carpets, where the speed rapidly
increases at the beginning and then it saturates at a large value of
N. We have explained this behavior in terms of the hydrodynamic
coupling among the colloids. Generically, beyond a characteristic
length of the chain, the hematite rotors composing the colloidal
structure start to be far away, and the relevance of flow additivity
vanishes.

VII. CONCLUSIONS
We have investigated the transport properties of anisotropic

hematite colloidal rotors that are driven in a viscous fluid via an
external rotating magnetic field. We find that close propelling rotors

assemble into rotating clusters performing a leap-frog type dynam-
ics. The clusters display an enhancement of their average speed
which arises from the hydrodynamic coupling between the pair. We
explain the propulsion using the far field approximation by extend-
ing Blake’s tensor formalism to our system.28 We further investi-
gate the role of shape on the dynamics of the pair by comparing
numerical simulations of single spheres with dumbbells. We find
that while both types of rotors display the leap-frog state, the orien-
tational degrees of freedom of the dumbbells make such a state more
unstable.

Our colloidal rollers require a confined geometry to propel and
thus could be implemented in microfluidic environments in order
to trap, control, and transport micro-objects in a fluid medium.
Indeed, previous experimental studies based on paramagnetic col-
loids,34 hematite-polystyrene composite,35 and ellipsoidal particles36

showed promises in this direction. In our particular case, one could
use the pair of rotors to transport a biological cargo entrapped in
their vortical flow and then release it by simply varying the frequency
of the applied field that allows to tune the lifetime of the leap-frog
state. From a more fundamental perspective, our work invites fur-
ther investigations related to the role of hydrodynamic interactions
in synchronization phenomena between emerging suspensions of
actuated magnetic colloids.
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APPENDIX: DETAILS ON THE THEORETICAL MODEL
For two particles of radius ai located at positions (xi, yi, hi) with

an angular velocity Ω⃗i = Ωiŷ, the velocities at which they will displace
are given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

vx,1 =
Ω1a5

1

8h4
1

+ Ω2a3
2(6h1

(x1 − x2)
2

(∆2 + (h1 + h2)2)5/2 +
h1 − h2

(∆2 + (h1 − h2)2)3/2 +
h2 − h1

(∆2 + (h1 + h2)2)3/2 ),

vx,2 =
Ω2a5

2

8h4
2

+ Ω1a3
1(6h2

(x1 − x2)
2

(∆2 + (h1 + h2)2)5/2 +
h2 − h1

(∆2 + (h1 − h2)2)3/2 +
h1 − h2

(∆2 + (h1 + h2)2)3/2 ),

vy,1 = 6h1Ω2a3
2
(x2 − x1)(y2 − y1)

(∆2 + (h1 + h2)2)5/2 ,

vy,2 = 6h2Ω1a3
1
(x2 − x1)(y2 − y1)

(∆2 + (h1 + h2)2)5/2 ,

vz,1 = Ω2a3
2(

x2 − x1

(∆2 + (h1 − h2)2)3/2 +
x1 − x2

(∆2 + (h1 + h2)2)3/2 + 6h1
(x1 − x2)(h1 + h2)

(∆2 + (h1 + h2)2)5/2 ),

vz,2 = Ω1a3
1(

x1 − x2

(∆2 + (h1 − h2)2)3/2 +
x2 − x1

(∆2 + (h1 + h2)2)3/2 + 6h2
(x2 − x1)(h1 + h2)

(∆2 + (h1 + h2)2)5/2 ),

(A1)
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with ∆2
≡ (x2 − x1)

2 + (y2 − y1)
2.
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