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1. Introduction

The study and classification of smooth projective varieties satisfying at least one Laplace equation is a
long standing problem in algebraic geometry. In [6], shedding new light on this subject, it was related
to another long standing problem in commutative algebra: the study and classification of homogeneous
artinian ideals failing the weak Lefschetz property (WLP). We contribute to these two problems resolving
the first question that was left open in [4].

To be more precise. Let k be an algebraically closed field of characteristic 0, R = k[xo,...,xn]
and I = (Fy,...,F;) C R ahomogeneous artinian ideal generated by forms of the same degree d.
Set A = R/I. We say that A fails the WLP from degree d — 1 to degree d if the homomorphism
x€ : [Alg—1 — [Alg induced by a general linear form ¢ has not maximal rank. As shown in [6], if
s < (”+g_1) then this assertion is equivalent to saying that the projection X{l’ 4 of the dth Veronese
variety V(n,d) C P" from (Fy,...,F;) satisfies at least one Laplace equation of order d — 1. We call
Togliatti systems the ideals satisfying these two equivalent statements (see Definition 2.3). The name is
in honour of Togliatti who gave a complete classification of rational surfaces parameterized by cubics and
satisfying at least one Laplace equation of order 2 (see for instance [12, 13]). Narrowing the field of study
we deal only with monomial ideals I, so X! n.q turns out to be a toric variety. In this sense, one can apply
pure combinatoric tools due to Perkmson in [10] to see whether I is a minimal monomial (smooth)
Togliatti system (see Definition 2.3 and Propositions 3.4 and 3.6). In [6], using these tools, Mezzetti,
Miré-Roig and Ottaviani classified all smooth minimal monomial Togliatti systems of cubics in four
variables and conjectured a further classification for n > 3. By means of graph theory, this conjecture
was proved by Mir6-Roig and Michalek [7] where a classification of smooth minimal Togliatti systems
I C klxo,...,x,] of quadrics and cubics is achieved. When d > 4 the picture becomes much more
involved and a complete classification seems out of reach for now. Therefore, in [4] it was introduced
another strategy: First to establish lower and upper bounds, depending on n and d > 2, for the minimal
number of generators of a monomial Togliatti system and then to study the monomial Togliatti systems
with fixed number of generators.
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In fact, in [4], Mezzetti and Miré-Roig bounded the number of generators of monomial Togliatti
systems and classified all minimal monomial (smooth) Togliatti systems reaching the lower bound or
close to reach it; namely those generated by 2n + 1 and 2un + 2 forms of degree d > 4. In this paper,
we use again combinatoric tools and we classify the first open case, i.e., all minimal monomial Togliatti
systems generated by 21 + 3 forms of degree d > 4 and n > 2.

Next we outline the structure of this note. In Section 2 we fix the notation and we collect the basic
results needed in the sequel. Then, in Section 3 we expose the main results of this note. First, we give a
complete classification of all minimal monomial Togliatti systems generated by 7 forms of degree d >
10 in three variables (see Theorem 3.8). In order to achieve this classification we have had to consider
all possible configurations of these 7 monomials regarded in the integer standard simplex dA, C Z°
and then apply combinatorial criteria to each configuration. Separating the problem in two basic cases
which we have also had to separate into a few more subcases has helped so as to reduce the number of
configurations to study. Once seen this classification we compute all minimal monomial Togliatti systems
generated by 7 forms of degree 6 < d < 9 getting a complete scene of what occurs in three variables.
From this result we can look apart all minimal monomial smooth Togliatti systems in three variables
generated by 7 forms of degree d > 6 and close the open question we were dealing with.

2. Preliminaries

We fix k an algebraically closed field of characteristic zero, R = k[xy, . . ., x,] and P" = Proj(k[xo, . . ., X,]).
Given a homogeneous artinian ideal I C k[xo, .. .,x,], we denote by ™! the ideal generated by the
Macaulay inverse system of I (see [6, Section 3] for details). In this section we fix the notations and the
main results that we use throughout this paper. In particular, we quickly recall the relationship between
the existence of homogeneous artinian ideals I C k[xp,. . .,x,] failing the WLP; and the existence of
(smooth) projective varieties X C PV satisfying at least one Laplace equation of order s > 2. For more
details, see [6] and [7].

Definition 2.1. Let I C R be a homogeneous artinian ideal. We say that R/I has the WLP if there is a
linear form L € (R/I); such that, for all integers j, the multiplication map

xL: (R/Dj — (R/Dj1

has maximal rank, i.e., it is injective or surjective. We often abuse notation and say that the ideal I has
the WLP. If for the general form L € (R/I); and for an integer number j the map xL has not maximal
rank we say that the ideal I fails the WLP in degree j.

Though many algebras are expected to have the WLP, establishing this property is often rather
difficult. For example, it was shown by Stanley [11] and Watanabe [14] that a monomial artinian complete
intersection ideal I C R has the WLP. By semicontinuity, it follows that a general artinian complete
intersection ideal I C R has the WLP but it is open whether every artinian complete intersection of
height > 4 over a field of characteristic zero has the WLP. It is worthwhile to point out that the WLP of an
artinian ideal I strongly depends on the characteristic of the ground field k and, in positive characteristic,
there are examples of artinian complete intersection ideals I C k[xg, x1, x2] failing the WLP (see, e.g.
[9, Remark 7.10]).

In [6], Mezzetti et al. showed that the failure of the WLP can be used to construct (smooth) varieties
satisfying at least one Laplace equation of order s > 2 (see also [4, 5, 7]). We have:

Theorem 2.2. LetI C R be an artinian ideal generated by r forms Fy, . . ., F, of degree d with r < ("jﬁ;l)
The following conditions are equivalent:

(1) the ideal I fails the WLP in degree d — 1;

(2) the homogeneous forms Fy, . . ., F, become k-linearly dependent on a general hyperplane H of P";



COMMUNICATIONS IN ALGEBRA® 2461

(3) the closure X := Im(g(-1),) C P =71 of the image of the rational map

n+d
Q(Ifl)d : ]P)n -—> ]P)( -‘; )—1’—1

associated to (I™1) 4 satisfies at least one Laplace equation of order d — 1.
Proof. See [6, Theorem 3.2]. O]

The above result motivates the following definition:

Definition 2.3. Let I C R be an artinian ideal generated by r forms Fy, ..., F, of degree d, r < (
We say:
(i) Iisa Togliatti system if it satisfies the three equivalent conditions in Theorem 2.2.
(ii) Iisamonomial Togliatti system if, in addition, I (and hence I~!) can be generated by monomials.
(iii) I isa smooth Togliatti system if, in addition, the n-dimensional variety X is smooth.
(iv) A monomial Togliatti system I is minimal if I is generated by monomials my, . .., m, and there is
no proper subset m;,, ..., m;_, defining a monomial Togliatti system.

.

The names are in honor of Eugenio Togliatti who proved that for n = 2 the only smooth Togliatti
system of cubics is I = (xg,xf,xg,xoxlxz) C klxo,x1,x,] (see [12, 13]). This result has been reproved
recently by Brenner and Kaid [1] in the context of WLP. Indeed, Togliatti gave a classification of rational
surfaces parameterized by cubics and satisfying at least one Laplace equation of order 2: There is only one
rational surface in P> parameterized by cubics and satisfying a Laplace equation of order 2; it is obtained
from the 3rd Veronese embedding V (2, 3) of P2 by a suitable projection from four points on it. In [6], the
first author together with Mezzetti and Ottaviani classified all smooth rational 3-folds parameterized by
cubics and satisfying a Laplace equation of order 2, and gave a conjecture to extend this result to varieties
of higher dimension. This conjecture has been recently proved in [7]. Indeed, the first author together
with Michatek classified all smooth minimal Togliatti systems of quadrics and cubics. For d > 4, the
picture becomes soon much more involved than in the case of quadrics and cubics, and for the moment
a complete classification appears out of reach unless we introduce other invariants as, for example, the
number of generators of I.

3. The classification of Togliatti systems with 2n + 3 generators

From now on, we restrict our attention to monomial artinian ideals I C k[xo, . . .,x,], n > 2, generated
by forms of degree d > 4. It is worthwhile to recall that for monomial artinian ideals to test the WLP
there is no need to consider a general linear form. In fact, we have

Proposition 3.1. Let I C R := k[xo,...,x,] be an artinian monomial ideal. Then R/I has the WLP if
and only if xo + x1 + - - - + xy is a Lefschetz element for R/1.

Proof. See [9, Proposition 2.2]. O
Let I C k[xo,...,x,] be a minimal monomial Togliatti systems of forms of degree d and denote by
1 (I) the minimal number of generators of I. In [8], the first author and Mezzetti proved:
d—1
1< pud) < <”+ 1 )
n —

In addition, the Togliatti systems with number of generators reaching the lower bound or close to the
lower bound were classified. Indeed, we have
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Theorem 3.2. Let I C k[xo,...,xu] be a minimal monomial Togliatti system of forms of degree d > 4.

Assume that u(I) = 2n+ 1. Then, up to a permutation of the coordinates, one of the following cases holds:
i) n=>2andl= (x?,...,xz) —l—xg_l(xo,...,xn), or

(i) (n,d) = (2,5) and I = (x3, X3, %3, X3x1X2, X0X2x3), or

(iii) (n,d) = (2,4) andI = (xo,xl,x‘zl,xoxlxz,xoxl)

Furthermore, (i) and (ii) are smooth while (iii) is not smooth.

Proof. See [4, Theorem 3.7]. O

Theorem 3.3. Let I C k[xo,...,x,] be a smooth minimal monomial Togliatti system of forms of degree

d > 4. Assume that u(I) = 2n+2. Then, up to a permutation of the coordinates, one of the following cases

holds: '

i) n>2andl = (xg,...,xg) + m(xo, . .., %x,) withm = xg’xll1 X" whereig > ip > - > i, > 0,

ip>0andig+i1+---+i,=d— L

(i) (n,d) = (2,5 andl = (xg,xf,xg,xgxlxz,x%x%xz,xox?xz) or (xg,x%,xg,xgxlxz, xox?xz,xoxlxg) or
(X3, X7, X3, Xo X3 X2, Xg X165, X0X1X3).

(i) (nd = 27)andd = 7and I = (xo,xl,x;xgxfxz,xgxlxg,xoxlxz) or (xo,xl,x;,

5 5 5 7 7 7 5 .3.3 2.2 7 7 A 2 2.4
XpX1X2, X0X] X2, X0X1X3), (xo,xl,xz,xoxlxz,xoxlxz,xoxlxz) or (xo,xl,xz,xoxlxz, xoxlxz,xox1 )

Proof. See [4, Theorem 3.17 and Proposition 3.19]. O

In this paper, we address the first open case and we classify all smooth minimal monomial Togliatti
systems I C k[xp, . ..,x,] of forms of degree d > 4 with pu(I) = 2n + 3 (see Theorem 3.9) as well as
all minimal monomial Togliatti systems I C k[xo, x1, x2] of forms of degree d > 6 with u(I) = 7 (see
Theorem 3.8).

In order to achieve this classification, we associate to any artinian monomial ideal a polytope and we
tackle our problem with tools coming from combinatorics. In fact, the failure of the WLP of an artinian
monomial ideal I C k[xo, .. .,x,] can be established by purely combinatoric properties of the associated
polytope Py. To state this result we need to fix some extra notation.

Given an artinian monomial ideal I C k[xo,...,x,] generated by monomials of degree d and its
inverse system I !, we denote by A, the standard n-dimensional simplex in the lattice Z" !, we consider
dA, and we define the polytope P; as the convex hull of the finite subset A; C Z"*! corresponding to
monomials of degree d in 1. As usual we define:

Affp(AD =1 nex|ngeZ, Y ne=1

x€A X€A]
the sublattice Affz(A;) in Z"*! generated by A;. We have the following criterion which will play an

important role in the proof of our main result.

Proposition 3.4. Let I C k[xo, .. .,X,] be an artinian monomial ideal generated by monomials of degree
d. Assumer < ("+d 1) Then, I is a Togliatti system if and only if there exists a hypersurface of degree d — 1

containing A; C Z" . In addition, I is a minimal Togliatti system if and only if any such hypersurface F
does not contain any integral point of dA,\ A except possibly some of the vertices of dA,,.

Proof. This follows from Theorem 2.2 and [10, Proposition 1.1]. O

Example 3.5. The artinian monomial ideal

3 3 3
I = (x0,x1)” + (x2,%3)” + (X3, X0X2X4, X0X3X4, X1X2X4, X1X3X4) C K[X0, X1, %2, X3, X4]
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defines a minimal monomial Togliatti system of cubics. In fact, the set A; C Z° is:

Ar ={(2,0,1,0,0),(1,0,2,0,0),(2,0,0,1,0), (1,0,0,2,0), (2,0,0,0, 1), (1,0,0,0,2), (0,2, 1,0,0),
(O) 1) 2’ 07 O)’ (0) 2’ 07 1) 0)) (Oi 17 0) 2) 0)) (0) 2) 0) 0) 1)’ (0) 1) 0) 0) 2)’ (Oi 0) 2) 0’ 1)7 (O) 0’ 1’ O) 2)’
(0,0,0,2,1),(0,0,0,1,2),(1,1,1,0,0),(1,1,0,1,0),(1,1,0,0,1), (1,0, 1, 1,0), (0,1, 1, 1,0),

(0,0,1,1,1)}.

There is a quadric, and only one, containing all points of A; and no integral point of 4A4\A;, namely,

4
Q(x0, X1, x2, x3,x4) = 2 lez + 9(xox1 + x2x3) — 5 Z XiXj.

i=0 0<i<j<4

The following criterion allows us to check if a subset A of points in the lattice Z"*! defines a smooth
toric variety X4 or not.

Proposition 3.6. LetI C k[xo, .. .,xy] be an artinian monomial ideal generated by r monomials of degree
d. Let A; C Z"*! be the set of integral points corresponding to monomials in (I71)y4, S the semigroup
generated by At and 0, Py the convex hull of A; and X, the projective toric variety associated to the polytope
P1. Then Xy, is smooth if and only if for any non-empty face I of Py the following conditions hold:

(i)  The semigroup S;/ T is isomorphic to ZI with m = dim(Py) — dim " 4 1.

(i)  The lattices Z"' N Affp(T) and Aff;(A; N T) coincide.

Proof. See [2, Chapter 5, Corollary 3.2]. Note that in this case X4, = X where X is the closure of the

n-+d
image of the rational map g1, : P" —> p("iH-r-1 -
As a direct application of this criterion we get:

Example 3.7. Let
3 3 3
I= (x0,x1)” + (x2,%3)” + (X3, XoX2X4, X0X3X4, X1X2X4, X1X3X4) C K[X0, X1, %2, X3, X4]

be the minimal monomial Togliatti system of cubics described in Example 3.5. Applying the above
smoothness criterion we get that the toric variety Xy, is smooth.

For any integer d > 3, we define M(d) := {xgx?xg |a+b+c=danda,b,c < d— 1} and we
consider the sets of ideals:

A= {(x%xz,xox%, x?,xlxg), (x%xz,xoxlxz,xf, x%xz), (xéxz, X0X1X2, x?,xlxg), (x%xl,xoxi, x?,x%xz),
(x(z)xl,xoxg, xf,xlxg), (x%xz,xoxg, x?,xlxg), (xox%,xoxg, x?,xlxg), (xgxz,x%xz, x?,xg),
(xox%,x%xz, x?,xi), (x%xz, xox%, x%xz,xlxg), (xox%,xoxg, x%xz,xlx%), (x(z)xl,xox%, xf,xg),
(x%xl,x%xz, xf, x%), (x%xz, xlxg, xf, x%), (xox%, x%xg, xlxg, xf),

(x0x1%2, xoxﬁ,xf, xlxﬁ), (xéxz, xoxﬁ,xf, x%xz), (xox%, xoxﬁ,xf, xg),
(x%xz,xox%, xf, xg), (x0x1%2, xox%, x?, x%xz), (xéxz, x%xz,xlx%, x‘;’)},

2 3 .4 .3 3 2 4 3 2.2 2 4 4 2 2.2 .4 4
B = {(xpx12x2, X023, X1, X1X2), (XpX2, X0XT> X2, X]> X1X3), (X X3, X0X] X2, X]5 X3)5 (XpX1X2, X1 X5, X %5) }
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and

2.2 3. .5 .5 (.3 2.2 .5 .5
C = {(xgx1x5, X0x7%2, X7, %3)» (XgX1X2, X0X] X5, X7, X%3) }.

Theorem 3.8. Let I C k[xo,x1,x2] be a minimal monomial Togliatti system of forms of degree d > 10.
Assume that w(I) = 7. Then, up to a permutation of the coordinates, one of the following cases holds:

1N I= (xg,x‘f,x‘zi) + m(x%,x%,xoxz,xlxz) with m € M(d — 2), or

2) 1= (xo,xl, ) + m(xo,xl,xoxl,xz) withm € M(d — 2), or

(3) I = (x4, xd) + m(xo,xl,xz,xoxlxz) with m € M(d — 3), or

4) 1= (xo,xl,xz) +x Srwith] € A, or

5B)I= (xo,xl,xz) +x 4T with ] € B, or

6)I= (xo,xl,xz) +x T with] € C.

Proof. It is easy to check that all of these ideals are minimal Togliatti systems. Vice versa, let us write
I= (xo,xf,xg, my, my, m3, my) where for 1 <i <4, m; = x; xlf‘xg‘ with a; + b; + ¢; = d. We consider
A; C dA; N Z3 and we slice A with planes in three possible manners:

For0 <j<2and0 < i < d, we define H] = {(to, t1, ) t; = i} andA(l]) = A OHJ

We divide the proof in two cases:

CasE 1: There exist 1 < iy, iy, ic < 4 such that a;,, bj,, ¢;, < 1.

CasE 2: There exists one variable whose square divides all monomials m;.

CasE 1: None of the squares of the variables divide the four monomials m,, m,, ms and my4. Up to
permutation of the variables, we have two possibilities:
Case 1A: ] = (xg,x‘li,xg,xglx“xg = el,xgx?xg b= ez,xoxf - eSx?,xOx'fxz ﬁ) with 0 < ej,ez,e3 <
,d—2—-—e >a>2d—-2—e >b>2,d—2—e > c > 2and only one of the exponents
o, f,d—a—Bis<1.

d— d—y—3§ .
Casg 1B: I = (xg,x‘f,xg,xglx?xg as ez,xgxf “ e3x§3,x0x’fx2 “ ’S,x0 xxy 770 with 0 < ep e,
e3 < 1.

In both cases, a straightforward computation using the hypothesis d > 10 shows that when we restrict
to xp + x1 + x the 7 monomials remain k—linearly independents. Therefore, I is not a Togliatti system.

CasE 2: Without loss of generality we can suppose that x3 divides each monomial m;. We can also assume
thata; > ay > a3 > as =s> 2.

Let F;_; be a plane curve of degree d — 1 containing all integral points of A;. Since s > 2, it factorizes
asFj_; = LgL(l) . -L?_le_S_l. Indeed, F;_; has degree d — 1 and contains the d points in A;l’o). So,
Fyj_1 = L?Fd_z. Since F4_, contains all d — 1 points of A}O’O) it factorizesas Fy_; = L(O)L?Fd_3. Repeating
the process we arrive to Fj_; = LgL? . L?_le_s_l. We claim thata; = a4 = s > 2.Ifas > ag = s
then A;S’O) has d — s points and F;_,_; contains them. Hence, F;_;_1 = LYF;__, contradicting the
minimality of I (Proposition 3.4).

So far we have a3 = a4 = s > 2and F;_; = Lg . ~L?71Fd,s,1 where F;__1 is a plane curve of
degree d — s — 1 which contains all integer points of Aj := A\ ( Ufc;}) A}k’o)). Set A;i’j) = AN H{ We
distinguish four subcases:
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CASE2A:a) =ay = a3 = a4 =: s > 2.
CASE2B:u:=a; > a, =as = aq =:s > 2.
CASE2C:u:=a; =ay > az = a4 =: s > 2.
CASE2D:u:=ay >v:i=apy > a3 =aq4 =: s > 2.

CASE 2A: We assume a; = a; = a3 = a4 =: s > 2. In this case, Fj_; = Lg .. -L? 1L?_H L?i—l'
Therefore,s = d — 3and I = (xJ, x{,x) + x573 (3, x3x2, x1x3, x3), which is of type (4).

CASE 2B: We assume u := a1 > dy = dz = d4 =: s > 2. In this case, u < s + 2. Indeed, if u > s + 2 we
have, Fy_,_1 = L? RREE Lg_le_u with F;_, a plane curve of degree d — u which contains in particular
A;S’O). By minimality, #(Fz—, N A}S’O)) =d—s—2 > d— u (Proposition 3.4) and we have F;_,, =
LF;_,,_1, which is a contradiction. Then, up to permutation of variables, I is as one of the following
cases:

Casebl:u=s+ Land I = (xd, x%, x§) + x§ (oxfxd ~07571, byl =b=s e xdme=s yeyd=e=s)

. 2 d— 2 . b.d—b— d— d—
CASEbZ.u:s—i—ZandI:(xo,xl,xz)+x“‘(x0x“x2 e IR S - )

Cask bl: In this case we are removing three points from H? and one from H? '+ 1- Up to permutation of
the variables y and z, we can assumed —s — 1 > a > |_d_§ 1] andd —s>b > c> e > 0.Letus first
suppose that L%J > e > 0. In this case
d—s e>1
(0.1 >
#(Fas 1 NAPY) =
d—s—1 e=0.

If e > 1, then #A;O’l) =d—sFj_ 1 = L}]Fd_s_z = L(l) . ~L(13_1Fd_5_e_1 and F;_;_._; contains
the integer points ofAf’l). Sincea > eand b > ¢ > e, we have #A}e’l) =d—s—eand Fj_,_,_ | =
L!F; s o contradicting the minimality of I. Therefore, it must be e = 0, and my = xf)ngs with
d—s—1=>c¢>1.Letus consider

d—s a,c>2

<11 d—s—1 a=1,c>2
#(Fa_s—1 NA;) =
d—s—1 a>2,c=1

d—s—2 a=c=1
and we study the four possibilities.

If a, ¢ > 2 then we have the factorization Fj_,_; = L%Fd_s_z. In particular, F;_;_; is a plane curve
of degree d — s — 2 containing the d — s — 1 points of A}O’l). So,Fy_s = L(I)Fd,s,3 which contradicts
the minimality of I. Therefore, if a > 2, then ¢ = 1.

Ifa =1, wehaved —2 > s >d—3.Ifs =d—-2,thenc = land I = (x ,xl,xg,xg lxl,
xg Zx%,xg lexz,xg_zx%) which is not a Togliatti system. Otherwise, s = d — 3, then we have several
possibilities:

i) c>2andlI= (xo,xl, ) + x (xf,x;,xoxlxz) + (xg_3x%x2) which is not minimal.
i) ¢ = land I = (xo,xl, ) + xo (xoxlxz,xf,xg) + (xg%xlx%) or I = (xo,xl,xz) +
xg_ x1%2 (X0, X1, X2) + (x0 xz). Both of them are not minimal.
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Ifd—s—1>a > 2ands < d—3. Wehavee = 0,c = 1 and (my, my, m3, my)
1 b—

(eIl xd 771 s xbxd— x‘f) x1xd 571, x5x37%) with d — s > b > 2. Let us consider

d—s d—s—1>bd—s—2>a
d—s—1 a=d—-s—1,d—s—1>0b
d—s—1 b=d—-s,d—s—2>a
d—s—2 b=d—-sa=d—s—1.

In the first case, we have the factorization Fj_;_; = L%Fd_s_z = L%L?Fd_5_3 and it contradicts the
minimality of I.
Ifa =d—-s—1andd—-—s—1 > b, thenb = d —s — 1. Otherwise,wewouldhave

Fy 4 =17 1Fd—s—> and it would contradict the minimality of I. Therefore we have I = (xo,xl, ) +

X (xpxd <~ l,x‘f Ty, x1 287571 x97%) with s < d— 3. For s = d — 3 it corresponds to a Togliatti system

of type (4), while for s < d—4is not Togliatti because when we restrict to xp+x1 +x; = 0 the generators,
they remain k—linearly independent.

Ifd—s—2>aand b= d—s,thena =d—s—2 Hencewehaves <d—4andI = (xo,xl,xz) +
xo(xoxd = sz,x‘f s,xlxg s=1xd x5 °) which is never a Togliatti system.

Finally, if b = d —sanda = d —s — 1, thens < d—3and I = (xo,xl,xz)—i—
x5 (x0 xd = l,x‘f S,xlxg = l,x2 *) which is a Togliatti system of type (4) fors = d —3 while fors < d—4
it is not Togliatti.

To finish with the case b1, we have to see what happens whend —s —2 > e > L%J. In this case
s <d — 3. Let us see that a = e. Otherwise, we can suppose a > e (the other case is symmetric) and we
have the factorization F;_;_; = L(l] .- -Lé_le_S_e_l. Sincea > eand b > ¢ > e, Age’l) hasd —s—e
points and we have the factorization Fy_s_,_; = L!F;_;_,_, which contradicts the minimality of I.
Hence a = eand in particulard —s — 1 > aandd —s > b > ¢ > a.

Let us consider A; := A;\ (U?~!) in the same spirit as A; and A;. If b = d — s, then A% consists in
k=0 p 1

d — s — e different points. Otherwise, d —s—1 > band #A(0 2 = d—s+1—e. Inboth cases A§O’2) have
more points than the degree of the curve F;_,_,_; which passes through them. Therefore, Fj_;_,_; =
L%Fd—s—e—Z and d — s — 1 > b. Since m, cannot be aligned vertically with any other monomial m;,
we can repeat this argument until we get thatb = c+ land Fy_;_, | = L(z) . 'Li_le—s—e—b—l Now
Fi_s—e—p—1 is a plane curve of degree d — s — e — b — 1 containing all d — s — e — b points of;l;b’z).
Hence, we can factorize Fj_s_._p_1 = LiFd— s—e—b—2 contradicting the minimality assumption.

CASE b2: We are removing from dA; to get Aj: three points of H? and one from H® +2 Up to permutation

of the variables y and z, we can suppose thatd —s —2 > a > L%J andd—s>b>c>e>0.
d—s—2
2

Let us suppose first that | | > e > 0. We argue as in the case 4 = s + 1 to prove that e = 0.

Let us consider #(Fj_s_1 N A;l’l)). Using the same argumentation we prove that if a,c > 2 we geta
contradiction. If a = 1, then eithers =d — 3 ors = d 4 and we have the following cases:

i) Ifs = d — 3, then (my,mp, m3, my) is xo (xoxl,xf,x%xz,xz) xo (xoxl,x‘;’,xlxz,xz) or
X373 (xx1, X33, X152, 53). All of them are Toghattl systems of type (4).

(i) If s = d — 4, then (my, my, m3, my) is x (xoxlxz,xl,x xz, ) x (xoxlxz,xl,xlxz, )
d_4(x0x1x2,x‘11,x1x2,x2) d_4(x6x1x2,x?x2,x%x2,x2) (xoxlxz,x‘;’xz,xlxz,xz) or

(3 x1%2, X323, x1%3, x3). The only one which is a m1n1mal Togliatti system is the second

one and it is of type (5).
Now, we assume e = 0,¢c = landd —s — 2 > a > 2. In particular, s < d — 4. We consider
#(F _s_1 N A?O’z)), and see thatifd —s—1>b > 2andd — s — 3 > a > 2, there is a contradiction
with the minimalityof . If b = d —sanda <d —s—3(tespa=d —s—2andb <d—s—1)
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thena = d — s — 3 (resp. b = d — s — 1). Otherwise we would incur again to a contradiction with the
minimality of I. So, we have three possibilities.
i) a=d—s—3>2,b=d—s,s<d—5and] = (xo,xl, )+x5(x%xf = 3x2,x‘f s xlxg s=1 d_s).

(iil) a=d-s—2,b=d—s—1,s <d—4andl = (xo,xl,x2)+x5(x%xf =2 x‘f = lxz,xlxg =1 xg ).
(iii) a=d—-—s—2,b=d—s,s<d—4and] = (xo,xl,x2)+x0(xéx‘li s=2 xf $ xlxg s—1 g ).

After restricting to xo + x1 + x2 = 0, we see that none of them corresponds to a Togliatti system

To finish with the case b2, we see what happens whend — s —2 > e > |4 == 4=5=2 | 'With the same
argument that we use before, we can see that a = e. The difference with the case u = s+ listhatin
this case we can have m; and m, aligned Vertically. This condition can be translated as the case when
d—b—s=d—a—s— 2.1fthis does not happen (i.e. b > a+ 2), then it will contradict the minimality
of I. Indeed: let us suppose that 0 < k := d — b —s < d — a — s — 2. Inductively we have the factorization
Fiogo1 = L(z] e Li_le—s—e—k—l Fj_s—e—k—1 is a plane curve of degree d — s — e — k — 1 which passes
through all d — s — e — k points of A]I‘. Hence, we have the factorization Fj_s_,__; = LiFd—s—e—k—z,
contradicting the minimality assumption.

Therefore it must be b = a 4+ 2 and, since b > ¢ > a we have ¢ = a + 1. Finally we get: I =
(e, x4, x8) + xox‘l‘xg 475722, x2, x1%2, %) which is of type (1).

CASE 2C: We assume that u :=a; = ap > a3 = a4 =: s > 2. Arguing asin case2Bwegetu = s+ 1
and I = (xf, x4, x§) + x5 (xoxxd =771, xpubxd =075~ 1,x1xg €5, x$x37¢7%). We can assume d —s — 1 >
a> Ld_g_lj,a> bandd —s>c>e> 0.

Let us suppose first that L%J > e > 0. We consider

d—s e>1,b>1 cl

- d—s—1 e=0b>1 <
#(Fg_s N AOY) =
d—s—1 e>1,b=0 c3

d—s—2 e=b=0 c4

Cask cl: Since F4_;_ is a plane curve of degree d — s — 1 which contains all d — s points of A;O’l) we
have the factorization Fj_,_; = LéFd, s—2. Now, intersecting Fy_;_, with Ag’l) and using the minimality
assumption, we see that the only two possibilities are either e > 2 and b > 2 or e = b = 1. In the first
case F;_;_, factorizesas Fy_,_, = L%Fd_5_3. Repeating the same argument we get that it mustbee = b

in any case. Now, we consider A as before and we take
d—s—e+1 d—s—2>ad—s—1>c

= 02 d—s—e a=d—-s—1,d—s—1>c¢
#(Fd—s—e—l ﬂA;’ )) =
d—s—e d—s—2>a,c=d—s

d—s—e—1 a=d—s—1lc=d—s
In the second and third cases we obtain directly a contradiction with the minimality of I. In the
fourth case, A;l’z) consists in d — s — e different points and we have Fj__ .1 = L%Fd_s_e_z.

Since A;O’z) has d — s — e — 1 different points, we get a contradiction with the minimality of
I. Finally, in the first case we obtain a factorization Fj_s_,_; = L%Fd,s,e,z and we repeat the
same argument until we get that m; and mj3 are always vertically aligned. Then, ¢ = a + 1 and
we have the factorization Fj_;_,_ = L2 Lﬁ sgoFa—e If a > e + 2 we have the factor-

ization F,_, = L!

o1’ ~L;_1F1, which contradicts the minimality of I. Therefore, a = e + 1
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and I = (xg,x‘li,xg) + x (xoerrl d—s—e— z,xox‘fxg sTer l,xiﬂ d-s—e=2 xﬁngsfe) = (xg,xl,xz) +

xox‘ix‘zi s—e=2 (X0X1, X0X2, X3, X3) Wthh is of type (1).

CASE c2: We assume e = 0 and b > 1. Let us consider
d—s b>2,c>2 (i)
d—s—1 b=1,c>2 (ii)
(L1 =
#(Fa_sy DAY =
d—s—1 b>2c=1 (iif)
d—s—2 b=c=1 (iv)

In Case (i) we factorize Fy_,_; = L%Fd_s_z. Since F;_;_; isa plane curve of degree d—s—2 containing

all d — s — 1 different points of A;O’l) it factorizesas Fj_;_, = L(I)Fd,s,g. This contradicts the minimality
of I.

Case (ii): assume e = 0, b = 1 and ¢ > 2. We consider #(F;j_,_1 N A;O’z)) and arguing as in the previous
cases we get three possibilities:

a=d—-s—1,c=d—s—1landl = (xg,xf,xg)—i—xf)(xox‘f = l,xoxlxg = Z,x‘f = lxz,xg .
a=d—s—2,c=d—sand] = (xg,xf,xg) +x5(x0xf7572x2,x0x1xg = 2,x1 ,x2 ).
a:d—s—1,c=d—sand1_(x0,x1, )+x0(x0xd = lxoxlxg =2 x‘f $ g %).

Restricting the generators to the hyperplane xo 4 x; 4 x2, we see that each of them is a Togliatti system
if, and only ifs = d — 3.

Case (iii): assume e = 0, ¢ = 1 and b > 2. In particular a > 3 and s < d — 4. Arguing as before, we

see that the only viable possibility is a =d—s—1landb = d —s— 2. Therefore I = (xd,x{,x9) +
d—s—1 d—s—3,2 d—s—1

x5 (x0x] » X0X| X5, X1%5 ,x2 %), which is never a Togliatti system.
Case (iv): assume e = 0 and b = ¢ = 1. Now it only remains to determinate a. If d —s — 2 > a,
we have Fj_,_1 = L(z) Lfi s 2F Since A§d_5_“_1’2) consists in a + 1 different points, we get a

contradiction with the minimality of I. Therefore,a = d — s — 1 Using the same argumentation we see
thata=b+1=2.Thuss=d—4andI = (xo,xl, ) + x (xoxf,xoxlx%,xlxg,x‘zl) which is not a
Togliatti system.

CAsE c3: Now, assume that b = 0 and e > 1. Since a > e by hypothesis, considering #(Fy_;_; N Agl’l))

we see thate = 1 and s < d — 3. If we consider #(Fj_,_; N A}O’Z)) we get that the only viable possibilities
are:

a=d—s—1,c=d—s—1landI = (xo,xl,x2)+x5(x0xd = l,xoxg - l,x‘f o 1x2,x1x§l .
a=d—s—2,c=d—sandI = (xo,xl,xz)—i—xo(xoxii = sz,xgxg = Ex’f S,x(lix2 s=hy,

1 1 1
a:d—s—l,c:d—sandl—(xo,xl,xz)—i—xo(xox T xoxy LAy axy ).

Each of them are Togliatti systems if, and only if s = d — 3.

CASE c4: in this case we assume that e = b = 0. If a,c > 3, we have the factorization F;_,_; =
L%LiFd_s_} Since F;_;_3 is a plane curve containing all d — s — 2 points of A;O’l), we get Fy_3 =
Lng,S,4 which contradicts the minimality of I. Therefore we can consider three subcases:

Case (i). Assume that a = 1, then it has to be either s = d — 2 or s = d — 3. Hence I is one of the
followmg poss1b1htles (xo,xl, )+x0 (xoxl,xoxz,xl,xz) (xg,x‘f,xg) +xg_2x2(x0,x1,x2)+(xg_lxl),
(xo,xl,xz) + x (xoxlxz,xoxz,xl,xz), (xo,xl,xz) + x xz(xoxl,xoxz,xl,xz) and (xo,xl, ) +
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xg 3 x5 2 (x0, %1, %2) + (nglexz). And only the first and the third possibilities give to minimal Togliatti

systems of type (1) and type (4) respectively.

Case (ii). Assume that a = 2, then it can be either s = d — 3, s =d—4o0rs = d—
5;1 "gherefore, I is one of the next idea15'3(x0,x1,x2) + x (xoxl,xoxz,xl,xz) (xo,xl,xz) +
b7 (xox%,xoxg,x%xz,xg) (xo,xl,xz) + x5 " (x0,x1,X%2) + (xO ) (xo,xl,xz) + x (xoxlxz,
xoxg,xl,xz) (xg,xl,xz) + X (xoxlxz,xoxg,xlxz, ) (xg,xl,xz) + x (xoxlxz,xoxg,x x2, )
(xo,xl,xz) + x xz(xo,xl,xz) + (x0 xz) (xo,xl, ) + x (xoxlxz,xoxz,xl,xz) (xo,xl, ) +

-5 5

(xoxlx%,xoxz,xlxz,xz) (xo,xl, )—i—xo (xoxlx%,xoxz,xfxz,xz) (xo,xl, )+x (xoxlx%,xoxz,
xlxz,xz) and (xo,xl, ) + xo xz(xo,xl,xz) + (x0 xlxz).

Only the first and the second ones correspond to minimal Togliatii systems.

Case (iii). Assume that a > 3 which implies that either ¢ = 1 or ¢ = 2 and we have s < d — 4. In both
cases, since a > 3 and ¢ < 2, m; cannot be aligned vertically with any m;. Therefore, in both cases, we
get a contradiction with the minimality of I.

To finish case 2C, let us assume e > L%J > 0. We will separate two cases: when b = 0 and when
b>1

Case (i). We assume b = 0, then considering #(Fj_,_; N A}l’l)) and using the bound for e, we obtain
thata = 1 and therefore it is either s = d — 2 or d — 3. So, I is one of the following ideals:
(xo,xl,xz) + xo 2x1 (%0, x1,%2) + (x xz) (xo,xl, )+ xo (xoxlxz,xoxg,xf,xlxz) (xo,xl, ) +

(xoxlxz,xoxz,xl,xlxz) and (xo,xl, ) + xo X1 x3(x0, X1, %2) + (xd 2 2) And any of them are
m1n1mal Togliatti systems.

Case (ii). We assume b > 1. In this case, we can assume e > b (the other case is symmetric) and we obtain
the factorization F;_,_; = L(l) e Lé,le—s—b—l- If e > b we get a contradiction with the minimality of

I. Hence, e = b. Now we consider as before A; and we have

d—s—b+1 d—s—2>ad—s—1>c

- d—s—b a=d—s—1,d—s—1>c¢

NO)Z > jutl

#(Fd—s—b—lﬂA§ ))=
d—s—b d—s—2>ac=d—s
d—s—b-1 a=d—s—1l,c=d—s

In the second and third cases we get immediately a contradiction with the minimality. In the
first case, we can repeat the same argument and we get contradiction unless m; and mj are

aligned vertically. Hence, we always obtain that ¢ = a + 1, and we have the factorization
Fispq = L% Lé sgoFa—p- Ifa > b+ 2, then A(d S=®2) consists in @ — b + 1 different
points, so we have the factorization F,_, = Ld—s—aFu*bfl' Now F,_p_; is a plane curve of
degree a — b — 1 which contains all @ — b points of A}dﬁs*a*lg) and then it factorizes as
Fop1 = L; s—a—1Fa—b—2 which contradicts the minimality of I. Therefore, a = b + 1 and
b+1, d—s—b—2 d—s—b—1 _b+2 d—s—b-2 d—s—b
I = (gxl,xz) 4 2 (ot T a0 xoacbad s b2 s b2 by desmhy =l xd L x) +
xf)xll’g - (xoxl,xoxz,xl,xz) Wthh is of type (1).

CASE 2D: We assume that u := a; > v :=ay > a3 = a4 =: s > 2. Recall that we have the factorization

Fgy = LJLY---1? |F4_,—; and we easily check that the minimality of I forces v = s + 1. So we

can write I = (x, x4, x4) + 5 (e x0xd—075", xgulxd 7077 =078 5 xd7¢79) with u = s+ rand

d—s—1>r>2.Wecanassumed —s—1> b > L%J andd —s > ¢ > e > 0, and we have
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d—s—1
2

d—s—r>a>0ands <d — 3. Let us suppose first that | | > e > 0. We consider

d—s e>1la>1 (dl)

- o1 d—s—1 e=0,a>1 (d2)
#(Fd_s_lﬂA§ ’ )) =
d—s—1 e>1,a=0 (d3)

d—s—2 e=a=0 (d4).

Cask d1: In this case a = e. Indeed, if a > e > 1 (the other case is symmetric) we have the factorization
Fy_s 1 = Lé . Li_le_S_e_l = L(l) . Li_lL;Fd—s—e—Z which contradicts the minimality of I. Let us
now consider

d—s—e b>e+2,c>e+2 (i)
d—s—e—1 b=e+1l,c>e+2 (ii)

~(e+1,1
#(Fd—s—e—l mA§e+ )) =
d—s—e—1 b>e+2,c=e+1 (iif)

d—s—e—2 b=c=e+1 (iv).

Case (i). Wehave Fy_,_,_1 = L;HFd,s,e,z, and since Fy_;_,_, passes through all d — s — e — 1 points

of A}e’l) we contradicts the minimality of I.

Case (ii). We assume b = e + 1. Let us consider A; as we did before and we examine
d—s—e+1 d—s—1>¢l<d—-s—e—r

= 02) d—s—e c=d—-s1<d—s—e—r
#(Fd—s—e—lmAI) )=
d—s—e d—s—1>¢cd—s—e—r=0

d—s—e—1 c=d—s,d—s—e—r=0

In the second and third possibilities we obtain directly a contradiction with the minimality of I. In the
last possibility we also obtain a contradiction. In fact, if c = d —s and s+r = d —e, we do not remove any
point ofo and we have #(Fd_s_e_lﬂ;lgl’z)) =d—s—e. ThenF;_,_, 1 = L%Fd—s—e—Z = L%L%Fd_s_e_3,
which contradicts the minimality of I.

Thereforeif b = e+ 1,itmustbed —s—1 > ¢ > e+ 2and 1 < d—s— e — r. Iterating this argument
we conclude that either c = e+ 2 and r = 2 or ¢ = e + 3 and r = 3. Therefore, either I = (xo, x1 , x2) +

xoxlxg sTem Z(x%,xoxl,x%,x%) which is of type (2); or [ = (xo,xl,xz)—i—xoxlxg = 873(x(3),x0x1xz,x1,x2)
which is of type (3).

Case (iii). Arguing as in case (ii) we get b = e + 2 and r = 2. Therefore, I = (xo,xl,x ) +
xoxlxg e 2(x%,x1x, x2,x3) which is of type (2).

Case (iv). Arguing as in case (ii) we get that r = 2 and [ is of type (1).

CasE d2: In this case we assume e = 0 and a > 1. We will separate the case b = 1 from the case b > 2.
Ifb=1> Ld_s_lj thens = d —3and r = 2. Hence, I = (xg,x‘li, g) + xg%(xoxlxz,x‘;’,xg) +
d—

(xg xOxl) (xo,xl, )—l—xO (xoxl,xoxlxz,x%xz,xz) or (xo,xl, )+x (x%xl,xoxlxz,xlx%,xg). The

first one is not minimal and the remaining two are of type (4).
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Assume b > 2. Let us first suppose d —s —r — 1 > 0 (i.e. m; ¢ Hg) and we consider
d—s a>2c>2 (i)
d—s—1 a=1,c>2 (i)
~(1,1
#(Fgos1 NATPY) =
d—s—1 a>2,c=1 (iif)
d—s—2 a=c=1 (iv).

Case (i). Weget Fy_s 1 = LIF; ¢ , = L(I)L%Fd,s,3 which contradicts the minimality of I.

Case (ii). Assume that a = 1 and ¢ > 2. Suppose thatd —s — r — 1 > 0 and let us consider
d—s d—s—2>bd—s—1>c
- 02) d—s—1 b=d—s—1,d—s—1>c
#(Fa_sm1 NA;Y) =
d—s—1 d—s—2>bc=d—s
d—s—2 b=d—-s—1l,c=d—s.

The first possibility contradicts the minimality of I.
Now let us suppose that d —s — r — 1 > 1. In this case, the second (resp. third) possibility can occur

if,andonlyifb =c=d—s—1 (resp.b = d —s—2and ¢ = d —5). Therefore I is one of the next types:
I = Gdad,xd) + (a1 xoxd =571 x5 1xz,x2 *) which does not correspond to a
Togliatti system
I= (xo,xl, )+x0(x0x xg ST l,xox‘li = zxz,x‘f S,x2 *) which is a Togliatti system if, and only if

r=2ands =d — 5 (of type (6)).

If d — s — r — 1 = 1, then there are no special restrictions for the second and third case. Therefore I
is one of the next types:

I= (xg,xl,xz) + x (% x4 2x1x2,xox’f =1 xlx‘zi = ‘21_5) which is a Togliatti system if, and only if
s=d—4andc=3 (oftype (5)), or

I = (xd, x5 4 x5 (635 2y xp, xgalxd =701 s

=d —5and b = 2 (of type (6)), or

I = (o, x x) 4+ x5 (xhxxd =771, xoxd =71 %975 x97%) which is a Togliatti system if, and only if
r=2ands=d — 3 (of type (3)).

Now, let us suppose that d — s — r — 1 = 0. Arguing as usual, we see that it cannotbed —s — 2 > ¢
andd — s —3 > b. Therefored —s>c>d—s—1ord—s—1>b>d — s — 2, and we have the
following possibilities:

,x2 *) which is a Togliatti system if, and only if

b=d—s—2,d—s—2>candI = (xo,xl, )—i—xo(xd = xl,xox‘li = sz,xlxg = C,x2 *) which
is a Togliatti system if, and only if s = d — 3and ¢ = d — s — 2 (of type (4)).

d—s—3> b,c:d—s—land[—(xo,xl, )+x0(xd = lxl,xoxi’xg s=b= l,x‘li = 1xz,x2 %) which
is a Togliatti system if, and only if d — 3 > s > d — 4and b = d — s — 3 (resp. of type (4) and (5)).

b:d—s—Z,c:d—s—landI—(xO,xl,xz)—i—xs(xd = 1x1,x0x'f = xz,x‘ffs 1xz,x2 ) which
is a Togliatti system if, and only if s = d — 3 (of type (4)).
b=d—-s—1, d—s—1>candl_ (xo,xl,xz)—i-xo(xd = lxl,xox‘li = lxlxg = g_s)whichis

a Togliatti system if, and onlyifs=d —3andd —s—1>c¢>d—s—2 (oftype (4)).
d—s—2>bc=d—sandl = (xd,x%,x )+x5(xd = lxl,xox?xg s=b= ,x‘f S,x2 *) which is a
Togliatti system if, and onlyifs=d —3andd —s—2>b>d —s—3 (oftype 4)).
b=d—-s—1,c= d—sandI_ (e, 1, 1) + x5 (x5 xl,xox‘f 71 x475, x475) which is a Togliatti
system if, and only if s = d — 3 (of type (4)).
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Case (iii). Assume ¢ = 1 and a > 2. We consider #(Fj_;_1 N A§0’2)) and we obtain that I is one of the
next types:

I= (xg,x‘f,xg) +xf)(x6x‘fl ST lxz,xox‘li = ,xlxg = l,x2 *) which is a Togliatti system if, and only
ifr=2andd—3 > s> d— 4 (of type (4) and (5)).
I= (xo,xl, )+x0(x6x‘1i = r,xox‘li = 2x2,x1x‘2i = 1,x2 *) which is a Togliatti system if, and only if
r—2ands— —3(oftype (4)).
(xo,xl, x4 + x (x(r)x’fl = r,xox’li = 1,x1xg = l,x2 %). In this case, let us consider #(Fj_,_; N

A§1 2) ) = d — s and inductively we obtain Fy_,_; = L% L}i _,F1. Therefore it must be r = 2 and
=d — 3,and I is of type (4).

Case (iv). Assume a = ¢ = 1. Letus first suppose thatd—s—r—1 > 0.Ifd—s—2 > bwe factorize Fj_;_;
asFy_s_1 = L%Fd_s_z which contradicts the minimality of I. Therefore, b = d — s — 1 and we factorize

Fj1= L% «++Lg_ s Fr41.Since #(Frﬁ;iy)’z)) —s—1wehaver+1>d—s—1andthend—s—
r—1 < 1. Therefore,d —s—r—1=1and I = (xo,xl,x2)+x‘(xd 2130, 2020 xS w7,

It is a Togliatti system if, and only if s = d — 4 (of type (5)).

Ifd — s —r — 1 = 0, we use the same argumentation to prove thatd —s —1 > b > d — s — 2 and
then we have two possibilities

b=d—s—1landI= (xo,xl, )+x0( xd=s= lxl,xox‘li = ,xlx‘zi = 1,x§l D)

b=d—s—2andl = (xo,xl, )—i—xo( d = xl,xoxii = sz,xlxg = l,xg %)

They are Togliatti systems if, and only if s = d — 3 (of type (4)).

Cask d3: Let us assume e > 1 and a = 0. Actually, it must be e = 1. Otherwise, e > 1 and #(Fy_s—1 N
A;l’l)) = d — s, and we have seen that this cannot happen.
Now, let us suppose d — s — r > 1. Arguing as before we see that there are three possibilities:
b=d-s—1l,c=d—s—1land = (x4, x{,x) —}—xs(x(r)xg = r,xox‘f = l,xf = lxz,xlxg s=hy,
b=d—s—2,c=d—sandal = (xg,xf,xg) —l—xo(x(r)xgl = r,xox’fl = xz,x'fl ,xlxg s=hy,
They do not correspond to a Togliatti system.
b=d—-s—1,c= d —s.Ifd — 2 > s+ r, then we have the factorization Fj_,_; = L% -oLj_s_r_1F,

and #(F, N ;\(0’2)) — s —2 > r, which contradicts the minimality of I. Hence we have s +r = d — 2
and I = (xo,xl, ) + xs(xd = Zx%,xoxf = l,x‘f S,xlxg =1y which is never a Togliatti system since
s<d-—4.

To finish, assume d —s —r = 1. Arguing in the same manner, we see that it cannot occurd—s—3 > b
and d — s — 2 > ¢ > 1. Therefore we have the following possibilities:

d—s—3>bc=d—s—1and I=(xdx% x%) + x5 (x3 5 Txg, xoalad 7071 x5y 571,
it is a Togliatti system if, and only if s = d — 3 and b=d—s— 3 (oftype (4)).

b=d—s—2,c=d—s—1andI = (xo,xl,xz) —}—xs(x”l = lxg,xox‘li = zxz,xil = lxz,xlxgl =1y it
is a Togliatti system if, and only if s = d — 3 but it is not minimal.

b=d—s—1,d—s—1>cand T = (x&,x% x9) + x5 (xd g, 2008 71, x$xd =57, sy 571, it is
a Togliatti system if, and only if s = d — 3 and ¢ = d — s — 1 (of type (4)).

d—s—2>bc=d—sand] = (xo,xl,xz) +x5(xd = lxz,xoxll’x;l s=b= l,x1 ,xlxg SSh Itisa
Togliatti system if, and onlyifs=d —3andd —s—2 > b > d — s — 3 (of type (4)), or s = d — 4 and
b=d—s—2(oftype (5)).

b=d—-s—1,c¢= d—sandI = (xo,xl, )—i—xo(xgl = xz,xox‘li 5= xz,x‘ljl ,xlxg sThitisa
Togliatti system if, and only if s = d — 3 (of type (4)).

CASE d4: Let us assume e = a = 0. If b > 3 and ¢ > 3, we have the factorization F;_,_; = LiL%Fd_S_3

and #(Fy_;_3 N A;O’D) = d — s — 2 and we contradict the minimality of I. Hence we distinguish three
cases:b=1,b=2and b > 3.
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dfsfl

Case (i). We assume b = 1. Since b > | ] it must be s = d — 3. Therefore I =
xo,xl,xz)—i—xo 3 (xox1%2, 63, %3) + (63 1xy), (xO,xl, 9y 4 x373 (x2xy, x0x1 %2, 3%, x3) or (x&, x4, x4) +

(xoxz, X0X1%X2, xlx%, xg). The first one is not minimal while the remaining two are of type (1).

dfsfl

Case (ii). We assume b = 2. Since b > L Jitmustbed —3>s>d— 5

Ifs =d-— 3 I= (xo,xl, ) + xo (xoxz,xoxl,xl,xz) (xo,xl, ) + xo (x(z)xz,xox%,x%xz,xg) or
(xo, x1 , ) + x (xoxz, xox%, xlxz,xz) All of them are of type (4).

Ifs = d—4,1 = (xo,xl, ) + xO (xoxz,xox%xz,xl,xz) (xo,xl,xz) + x (xgxz,xox%xg,
x%xz,xz) (xo,xl, ) + x (xoxz,xoxlxz,xlxz,xz) (xo,xl, ) + x (xoxz,xoxlxz, xlxg,xg)
(xo,xl,xz) + x (xoxz,xoxlxz,xl,xz) (xg,xl,xz) + x (xoxz,xox xz,xfxz,xz) (xo,xl, ) +

(xoxz, xoxlxz,x%xz, xz) (xo,x1 ,xz) +x (xoxz,xox%xz, xlxz, xz). Only the fifth one is a minimal
Togllattl system, and it is of type (5).
Finally, if s = d — 5, I has 15 possibilities, but any of them is a minimal Togliatti system.

Case (iii). We assume b > 3. Then, either c = 1 or ¢ = 2.

Casec = 1. We will see that b = d —s—1. Supposed —s—2 > b > 3, then #(Fj_s_; ﬂA;O’Z)) =d
and Fj_,_; = L%Fd,s,z. First we will see that this implies that m; and m; are aligned vertically (i.e.
d—s—b—1=d—s—r). Wesupposethatd —s —b—1 < d—s—r,andthendb > r — 1
(the other case is symmetric). Inductively we obtain F;_s_ = L2L2 L3y ,Fp.1fb>r—1,then

A(d 70=12) — 1 1 and it would mean to a contradiction with the minimality of I. Hence, b = r — 1

and we get the factorization Fy_;_; = L(Z)L Li b 2La,7$7h~-~Ld_s_2F1. Since # A;d s=b-1D) _

b > 3 we have again a contradiction with the minimality.

Once we have seen that b = d — s — 1, using the usual argumentation we see thatd —s — r = 1.
Therefore I = (x&, x4, x4) 4 x5 (x4~ x, x0x =571, 216571, x97%) with s < d — 3, which is Togliatti if,
and only if s = d — 3 and it is of type (4).

Case ¢ = 2. Since #A}l’l) = d — swe have Fj_,_; = L%Fd_s_z. Ifd—s—-—2>0b > 3,
then #A(O’Z) = d — s — 1 and F;_,_; would factorize as Fj_,_1 = L%L%Fd,s,} This contradicts

the minimahty of I because #A(O "' — 4 — s — 2 which would force the factorization Fij_1 =
LIL2LAF, s 4 Therefore b = d — s — 1 and again by minimality we see that d — s — r = 1. Hence,
= (xd, x4, xd) + x5 (35, 008571, 27572, x47%), which is Togliatti if, and only if s = d — 3 and
in this case it is of type (4)

To finish case 2D we see what happens whend —s > ¢ > e > |
thateithera>b=e,b>a=ce¢ore>a=>b.

Arguing as before we see that in the first possibility my and m3 must be vertically aligned and in
particular ¢ = e +2,a = eand r = 2. Therefore I = (xd, x¢, x9) + x‘x‘fx;l 7€ 2(x2, xox1, 2, x3) which
is of type (1).

Now we assume b > a = e. If b,c > e + 1, then we have the factorization Fj_;_,_1 = L; 1 Fd—s—e2

d*é‘*l 1. We see using the minimality

and, since #A;e’l) =d—s—e—1wegetFj_ . = LeLe 1 1Fd—s—e—3 which contradicts the minimality.
Now, suppose b = e+ land ¢ > e+ 2 (resp. b > e+ 2 and ¢ = e + 1). As we have seen earlier, m; and
ms3 (resp. my) must be aligned. Therefore, we can see using the minimality assumption that r = 2 and
c=e+ 2 (resp.r =2 and b = e + 2). In both cases I is of type (1).

Finally, let us assume e > a = b. If e > a + 2, we get a contradiction with the minimality of I. Hence
eithere = aore = a+ 1. If e = a we see that c = a + 2 and r = 2. Therefore I is of type (1). Otherwise
e=a-+landwegetc=a+ 2andr = 2and]is of type (1). O

For any integer d > 3, set M'(d) = {xOx x5 la+b+c=danda,b,c>1}.
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Theorem 3.9. Let I C kl[xo,...,x,] be a smooth minimal monomial Togliatti system of forms of degree
d > 10. Assume that u(I) = 2n + 3. Then, n = 2 and, up to a permutation of the coordinates, one of the
following cases holds:

i I= (xg,xl,xz) + m(xo,xl,xoxz,xlxz) with m € M°(d — 2), or

(i) I= (xo,xl, )+ m(xo,xl,xoxl,xz) withm € M°(d — 2), or
(i) I= (xo,xl, ) + m(xo,xl,xz,xoxlxz) withm € M°(d — 3).

Proof. By [4, Proposition 4.1], for n > 3 and d > 4 there are no smooth minimal monomial Togliatti
systems I C k[xo,...,x,] of forms of degree d with ;(I) = 2n + 3. So, n = 2. For n = 2, the result
follows from Theorem 3.8 together with the smoothness criterion Proposition 3.6. O

The following remarks shows that in the above Theorem the hypothesis of being smooth cannot be
deleted.

Remark 3.10. Ifn = 3and d > 10 one can easily check that] = (xg,xl,xz,x3)+x0 (xoxl,x2x3,x%,x%,x§)
is a minimal monomial Togliatti systems of forms of degree d with p(I) = 2n + 3 = 9 and it is non-
smooth.

Remark 3.11. Forn = 2and 6 < d < 9 one can check with the help of Macaulay?2 [3] that there
exist other examples of minimal monomial Togliatti systems I = (xo,xl,xz) + J C k[xo,x1,x2] with

u(I) = 7. For seek of completeness we give the full list of possible J’s not included in Theorem 3.8:

d =6 (x3x1, X323, xox%xz, x3%2), (xgxz, xSx?, x(z,x%x%, x3%2), (xoxz, x3xt, x3x3x3, x7x2), (xgxz, xSx?,

VI 4,27.3.3 ) 3 ,2,4 2,2 4,2 3.3 4,4

X0X1%5, X7%2), (xoxz, XpX7s xoxlxz, xlxz) (xoxz, XpX1s xoxlxz, xtx3), (xoxz, XpX]» xoxlxz, xixd), (3t
xgxg, x3x3%3, xlxz) x0%1 (X5 xox%, X0X1%5, xl) X0X1 (xoxz, x3x3, xoxlxﬁ, xlxz) x0x) (x3x2, x%x%, X0X1%3,
xlxz), X0X1 (xoxl, xéx%, xoxg, xlxz) xoxl (xo, xoxg, x‘f, xlxz) X0X1 (xo, xox%, X, x ) X0X1 (xo, xoxlxg, x‘f,
x‘z*), X0X1 (x%xz, x%x%, x%xz, xz), X0X7 (xoxz, xéx%, xoxlxz, 1), X0X2 (xoxlxz, x%x%, xoxlx%, xl), X0X7 (xoxz,
xox%xz, xoxlx%, x‘f), X0X2 (xsz, x%xlxz, xoxg, x‘ll), X0X2 chxz, x(z)x%, xox%, x‘f), X0X2 (xsz, xox%xz, xoxg, x‘ll),
X0X2 Qc(z)x%, x%x%, xoxf , x‘i’xz), X0X2 (x%x%, x%x%, xox%xz, xfxz), X0X2 (x%x%, xox? , xox%xz, x%xz), X0X2 (x%x%,

2,2 3 .4 2.2 2.2 .4 .3 2,2 2.2 4 2.2 3. A2 2. 4
X%55 x30x1, 9;1), xoxz(xole, ﬁoxz, X0 :ilxz), x%Xz(xoicl,3x02x2, X0 flxz)i -’goxz(xgx%: xsoxlxz, foxlxz’ xlg,
X0X2 (X X2, X5X1X2, X0X1X5, X])5 X0 (X0XT> X0X1%5, X0X5, X7X5)5 X0 (XgX2, X5X] > X0XTX5, X7), X0 (XgX2, XoX1%5,

5 3.2 2.3 4 2.2 .5 4 2 2 .5 .,2.3 2.3 4 3 3.2 4
) ;clxz)3xo(x0x2,xoxl,xoﬁzclﬁgz,écl) %0 (X0X25 xoxlaczz,3x1,x4x2) xo(xoxz,xoxl,xzox;xzs,x 1%)s xo(xoxz,
xoxz,xoxlxz,xl) xo(xoxz,xoxl,xl,xlxz) xo(xoxz,xoxl,xoxz,xlxz) xo(xoxz,xoxlxz,xl,xlxz) xo(xoxz,

4 4 .3 3 ,2.,3 .4 4 4 2.3 3 5 2 2 3 5 .5
X0xT, X0X3, X71%3), X0 (X533, X333, X{ X2, X1%5), X0 (X3X1, X223, X0X7 X2, X7), X0 (X3x1%3, X0X7 %2, X7, X3)

3 5 5 3.5 3 3 3
d=7 x0x1 (xgxz, xox‘f, xox%x%, x7)5 x0x1(xp5 x%x%xz, X0X1%3, X7 )> X0X1 (xgxl, xox%, xox‘z*, xlx%), X0X1 (xox%,
2.3 2.3 5 .2.2 5 .5 4 i.5 5 5 37,55 3.2
xox%, xoxg’ x1x2)> X0X1 (’io’ xo§1x2,2x1’ xi)’ 3§0x1 (xolexoxl, x31, X3)s 3;09615(360, xoﬁglxz, 3261,3x2), x092c2 gxoagz,
x5, xgx1Xz,2 x% M, xoxsz (xgxzz, xoxlxsz, xoxi, 3261) 2x<)2x22 (xoxz, X0X1X2, xoxzix%) 9;0 (zxozxz, ;cogclxz, xo3xl 3xz, ;‘13
x0 (x0x7 xoxlxz, xoxz, x1x5), xo(xpx2, xoxl, xoxlxz, x353), Xo(xgx3, xoxz, xoxlxz, X71%3)s X0 (X5X75 X555

2,2,2 2.4 2.4 22,2 2.4 3 5 25 3,3
x3x3xd, x33), xo(xoxlxz, xoxl,xoxz,xlxz) xo(xoxl,xoxlxz, x3x4, 33, xo(xoxlxz, xoxl,xoxz,xlxz)

X0 (xoxlx%, xoxf, xoxg, xlxz), X0 (xoxz, x(z)x?xz, x?, xlxz), X0 (xoxz, xox%xg, x?, xlxz), X0 (xoxz, xgx%, x?xz,
xlxz), xo(xgx%, xéx%, xi’xz, xlxg), xo(xgxf, xgxg, xfxz, xlxg), xo(xgxlxz, x%x%x%, x?, xg), xo(xéxlxg, x?,
x?xg, xg), X0 (x(z)x%x%, x?, x'i’xg, xg), X0X1X2 (xéx%, x%x%, xox%, x‘ll), X0X1X2 (xgxz, x%xlxz, xox%xz, x‘f), X0X1X2 (xé,
x%x%, xoxlx%, x‘f), X0X1X2 (xgxz, x%xlxz, xoxlx%, x‘f), X0X1X2 (xgxz, x%x%, xoxlxg, x‘f), X0X1X2 (x%xlxz, x%x%,
X013, 1), x0%1%2 (X3 %2, X0X3X2, X0X1 X2, xF), X021 22 (X3 %2, X3 X1 %2, X0X3, X1), X0X1 X2 (X322, X33, X023, x7),
X0X1X2 (xgxl, xoxf, xoxg, x‘f), X0X1X2 (xgxz, xox%xz, xoxg, x‘f), X0X1X2 (xgx%, x%x%, xoxi’, x?xz), X0X1X2 (x(z)xf,
x%x%, xox%xz, xfxz), X0X1X2 (x%x%, xox%, xox%xz, x%xz), X0X1X2 (xgxz, x%x%, xoxlx%, x?xg), X0X1X2 (xgxl, x%x%,
xoxlx%, x%xz), X0X1X2 (x(z)x%, x%x%, x‘f, xfxz), X0X1X2 (xg, xox‘;’, xoxg, x%x%), X0X1X2 (xg, xoxg, x‘ll, xlxg).

3.3 4 2,2.2 6
d=28: xoxl(xoxz,xoxl,xoxlxz,xlxz) xoxz(xoxz,xoxlxz,xoxlxz,xl)

3.3 ,2,2,2 A 6 3.3 ,3,3 ,2,2,2 3.3 6 ,2,2,2 6 ,6
d = 9: x0x1%2 (X3 %3, X3x333, Xox} %2, X3, X021 X2 (033, X33, X333, X3%3), %0 %1 %2, (65, 333 %3, %8, %5).
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