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ABSTRACT

Motivated by recent applications of Carroll symmetries we investigate the geometry of
flat and curved (AdS) Carroll space and the symmetries of a particle moving in such a space
both in the bosonic as well as in the supersymmetric case. In the bosonic case we find that
the Carroll particle possesses an infinite-dimensional symmetry which only in the flat case
includes dilatations. The duality between the Bargmann and Carroll algebra, relevant for
the flat case, does not extend to the curved case.

In the supersymmetric case we study the dynamics of the N/ = 1 AdS Carroll superparti-
cle. Only in the flat limit we find that the action is invariant under an infinite-dimensional
symmetry that includes a supersymmetric extension of the Lifshitz Carroll algebra with
dynamical exponent z = 0. We also discuss in the flat case the extension to N/ = 2 super-
symmetry and show that the flat N’ = 2 superparticle is equivalent to the (non-moving)
N = 1 superparticle and that therefore it is not BPS unlike its Galilei counterpart. This is
due to the fact that in this case kappa-symmetry eliminates the linearized supersymmetry.

In an appendix we discuss the A/ = 2 curved case in three dimensions only and show
that there are two N = 2 theories that are physically different.
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1 Introduction

Space-time symmetries have played a central role in the understanding of various physical
theories such as Newtonian Gravity, Maxwell’s Electromagnetism, Special Relativity, Gen-
eral Relativity, Strings and Supergravity. Most of these models are based on relativistic
symmetries. An example of a model with non-relativistic symmetries is Newtonian Gravity
which is based on the Galilei symmetries. Such non-relativistic symmetries arise when the
velocity of light is sent to infinity.

A formulation of non-relativistic gravity that is invariant under diffeomorphisms was
introduced by Cartan [1], see also [2-6]. This so-called Newton-Cartan gravity can be
reformulated as a gauge theory of the Bargmann algebra [7,8]. The interest in Galilean-
invariant theories with diffeomorphism invariance has increased recently due to their relation
with condensed matter systems [9-11], see also [12, 13] and references therein. Galilean-
invariant theories have also appeared recently in studies of Lifshitz holography [14,15].

Other non-relativistic theories such as non-relativistic superstrings and superbranes have
been studied as special points in the parameter space of M-theory [16,17]. Non-relativistic
strings have also attracted attention due to the fact that they appear as a possible soluble
sector within string theory or M-theory [18,19].

A less well known example of a non-relativistic symmetry are the Carroll symmetries
which arise when the velocity of light is sent to zero [20]. In this sense the Carroll symmetries
are the opposite to the Galilei symmetries. This can also be seen by looking at the light
cone which in the Carroll case, at each point of spacetime, collapses to the time axis whereas
in the Galilei case it coincides with the space axis. These Carroll symmetries have played
an important role in recent investigations. For instance, theories with Carroll symmetries
occur in studies of tachyon condensation [21]. More recently, they also have appeared in
the study of warped conformal field theories [22].

A systematic investigation of the possible relativity groups' was initiated by Bacry and
Lévy-Leblond [23]. They showed that all these groups can be obtained by a contraction
of the anti-de Sitter (AdS) and de Sitter (dS) groups”. As Table 1 shows there are three
different types of contractions: the non-relativistic limit ¢ — oo of the AdS group leads to
the Newton-Hooke (NH) group. The flat limit R — oo leads to the Poincaré (P) group and
the ultra-relativistic limit ¢ — 0 leads to the AdS-Carroll (AC) group [20]°. In a second
stage, the flat limit of the AdS-Carroll group and the ultra-relativistic limit of the Poincaré
group leads to the Carroll (C) group while the non-relativistic limit of the Poincaré group
and the flat limit of the Newton-Hooke group leads to the Galilean (G) group.

All the algebras corresponding to the groups given in Table 1 contain the same commu-
tators involving spatial rotations. These commutators are given by

[Map, Mea] = 204 Map — 2151 Mapq » (1.1)

[Maba Pc] = 250[bPa} ’ [Mabch] = 250[bKa} ) (12)

LA relativity group is an invariance group of a physical theory that contains the generators of special
relativity: time translations, spatial translations, boosts and spatial rotations.

2In this paper we will only consider the AdS case.

3Bacry and Lévy-Leblond [23] call this algebra the para-Poincaré algebra.



AdS

c—0 R oo c— 00
AC P NH
c—0 c— 00
R — o0 R — o0
C G
TABLE 1
The figure displays the different contractions of the AdS group. The different abbreviations are explained
in the text.
where a = 1,...,D—1, for a D-dimensional space-time. The Galilean algebra can extended

with a central charge generator Z to the so-called Bargmann algebra [24]. It has been
recently shown that there is a duality between this Bargmann algebra and the Carroll
algebra by the exchange of Z and the generator of time translations H [25]. Note that this
duality does not extend to a duality between the Newton-Hooke and AdS-Carroll algebras.
This is due to the expression for the commutator [P,, P,], see Table 2.

The aim of this paper is to study the general structure of the Carroll symmetries along
the same lines as this has been done for the Galilean symmetries. This will be done in two
stages. As a first step we will study the geometry of the empty Carroll space considering the
coset G/H = AC/Hom AC, where Hom AC is the homogeneous part of the AC algebra. In
a second step we will put a particle in this Carroll space and construct an action describing
its dynamics.

More specifically, in the first part of this paper we consider the bosonic AC algebra.
In particular, we will construct the action of a particle invariant under the symmetries
corresponding to this algebra using the method of non-linear realizations [26,27]. This so-
called AC particle reduces, in the limit that the AdS radius goes to infinity, to the Carroll
particle that we studied in our previous paper [28]. A characteristic feature of the free
Carroll particle is that it does not move [25,28,29]*. As we will see the AC particle does
not move, but unlike the Carroll particle the momenta are not a constant of motion as a
consequence of the AdS-Carroll symmetry. Another difference with the Carroll particle is
that the mass-shell constraint depends on the coordinates of the AC space, therefore the AC
particle ‘sees’ the geometry. This is different from the Carroll case where the energy of the
particle is equal to plus or minus the mass [25,28]. We find that only in the massless limit
the mass-shell constraint coincides with the flat Carroll case. Using the AC particle action
we will construct the Killing equations for the AC space. We find that the solution of the
Killing equations produces an infinite-dimensional algebra that contains the symmetries of

41f we consider two particles or a particle interacting with Carroll gauge fields the dynamics is non-trivial.
The same phenomenon occurs in tachyon condensation when the tachyon interacts with a gauge field [21].



the AC algebra. The Lifshitz dilatations are not included in these symmetries. Only in the
flat case the dilatations with z = 0 are part of the infinite dimensional algebra.

[Pava] [HvKa] [vaa] [Paapb] [Kava]

AdS SapH P, 2Ky | 3=z Map My,

Poincaré daH P, 0 0 My
Newton-Hooke Oab”Z P, —%K o 0 0
AdS-Carroll | aH 0 —=Ka | gzMap 0

Galilei OabZ P,
Carroll OarH 0 0 0
TABLE 2

This table gives an overview of the algebras of the relativity groups that we consider in this paper.

In the second part of this paper we consider the supersymmetric extension of the Carroll
algebras®. We first construct the N' = 1 AC superalgebra in any dimension (see Tables 2
and 3, where ) stands for the generator of supersymmetry). A difference with respect to the
supersymmetric Newton-Hooke case is that we have a conventional supersymmetry algebra,
where the energy and boost generators appear in the anti-commutator of the supersymme-
tries. The AC superalgebra in the flat limit contains the supersymmetric extension of the
‘Lifshitz boost extended Carroll algebra’ introduced in appendix B of [30]. We construct
the AC superparticle action both as the non-relativistic limit of the relativistic massive
superparticle [31,32] as well as by applying the non-linear realization technique. As we will
see the N' = 1 AC superparticle like in the Relativistic and Galilean case is non-BPS, i.e. the
supersymmetries are non-linearly realized. We will study the super-Killing equations and
we find in general an infinite-dimensional algebra of symmetries thereby extending the finite
N =1 super AC transformations.

N: 1 [MabuQ] [PaaQ] {QOUQB}
Newton-Hooke —%%bQ 0 20082
AdS-Carroll | —37aQ | 557%Q@ | W°C HasH + 2[v*°C oK,
TABLE 3

In this table we give the (anti-)commutators of the N'= 1 Newton-Hooke and AdS-Carroll superalgebras
that involve the generators () of supersymmetry. Note that here is no duality between the two algebras.

Inspired by the relativistic and Galilei case we will investigate whether the AV = 2 Carroll
superparticle is BPS or not. For simplicity we restrict to the three-dimensional case. We
first construct the N' = 2 Carroll superalgebra as a contraction of the N' = 2 Poincaré
superalgebra. This leads to the result given in Table 4. We see that, unlike in the bosonic

A first attempt in this direction was done in the unpublished notes [29].



N =2 [MabaQi] [Ka7Q+] {ngQg} {QI?QEI} {ngQE}

Galilei _%WabQi _%’7110@_ [Voc_l]aﬂH [’Yac_l]aﬂpa 2[’700_1]01BZ
Carroll | —27,,Q* 0 1°C Y ap(H +22) 0 1°C Y ap(H — 22)
TABLE 4

In this table we give the (anti-)commutators of the N'= 2 Galilei and Carroll supersymmetry algebras.
Note that there is no duality between these two algebras.

case, there is no duality in the supersymmetric case. Next, we construct the action for the
N = 2 Carroll superparticle. This action has two terms, one of them is a Wess-Zumino
(WZ) term. If we properly choose the coefficients of the two terms we find a so-called
kappa gauge symmetry [33,34] that kills half of the fermions. This gauge symmetry has the
form of a Stiickelberg symmetry, similar to what we found in the Galilean case [18,35]. We
find that after fixing the kappa-symmetry the super-Carroll action reduces to the action we
found in the N' = 1 case. The linearly realized supersymmetry acts trivially on all the fields
and therefore the N’ = 2 Carroll superparticle reduces to the A/ = 1 Carroll superparticle
and hence is not BPS. This is rather different from the N/ = 2 super-Galilei case were
BPS particles do exist. The main difference between the super-Carroll and super-Galilei
cases comes from the kappa symmetry transformations, in the former case it eliminates the
linearized supersymmetry and it the last case it does not.

In a separate Appendix we extend our investigations to the A/ = 2 curved case and con-
sider the Carroll contraction of the so-called (p,q) AdS superalgebras [36] for the particular
cases of (p,q) = (2,0) and (p,q) = (1,1). The (2,0) and (1,1) AdS Carroll algebras are not
isomorphic. We find that the associated particle actions are rather different. While in the
(2,0) case we have kappa-symmetry, we find that this is not the case in the (1,1) case. The
two models have different degrees of freedom.

This paper is organized as follows. In section 2 we discuss the bosonic free AC particle
thereby extending our previous analysis [28] to the curved case. In particular, we construct
the action and investigate the Killing equations. In section 3 we consider the A" = 1 AC
superparticle. At the end of this section we discuss the flat limit. Finally, in section 4 we
investigate the N/ = 2 Super Carroll particle. Our conclusions are presented in section 5.
Some technical details and the extension of the N' = 2 Super Carroll particle to the curved
case, for three dimensions only, are given in three Appendixes.

2 The Free AdS Carroll Particle

Before discussing the supersymmetric case we will first study in this section different aspects
of the free AdS Carroll (AC) particle.

2.1 The AdS Carroll Algebra

In order to write the commutators corresponding to the AC algebra, we will start with
the contraction of the D-dimensional AdS algebra. The basic commutators are given by



(A=0,1,...,D—1)

[Map, Mcp] = 2naicMp)s — 2npjcMpja ; (2.1)

1
[Mag, Pc| = 2ncgPa, [Pa, Pp] = 73 Mas, (2.2)

where R is the AdS radius. Here P4 and Mup are the (anti-hermitian) generators of
space-time translations and Lorentz rotations, respectively.
To make the Carroll contraction we rescale the generators with a parameter w as follows
20, 23)]:
Py = %H My = wk, . (2.3)

Taking the limit w — oo we find that the commutators corresponding to the D-dimensional
AC algebra are given by (a=1,...,D —1):

[Maln Mcd] = 2na[ch}b - 277b[ch]a7 [Mab7 Kc] = 250[bKa} ) (24)
1

(Map, P) = 26.4,Py (Par 1) = 500 H (2.5)
1 2

[Fay Po] = 55 Mab [Po, H] = 25 K (2.6)

Notice that the commutation relations of space-time translation coincide with the same
commutation relations of the AdS algebra. The difference between the AdS and AC algebra
is in the different commutation relations that involve the boost generators. Note that this
is not the case for the Newton-Hook algebras.

The AC algebra can be expressed in terms of the left invariant Maurer-Cartan 1-forms
L%, which satisfy the Maurer-Cartan equations dL¢ — % fCupL? LA = 0. Explicitly, these
equations read

1

dLy + SLpLi =0, dLg —2LE L =0, (2.7)
2 1

dLE — 2L L% = palule’, AL — 2L L = 2—R2Lprp“. (2.8)

2.2 Non-Linear Realizations

In this subsection we apply the method of non-linear realizations [26,27] and use the algebra
(2.4) to construct the action of the AC particle.
We consider the coset G/H = AC/SO(D-1) and the coset element g = go U, where

a a
— thePax v

g0 is the coset representing the AC space and U = ¥ is a general Carroll
boost. The 2% (a = 1,...D — 1) are the Goldstone bosons of broken translations, t is the
Goldstone boson of the unbroken time translation® and U is parametrized by the Goldstone
bosons of the broken Carroll boost transformations.

The reason to consider the coset element in terms of gy and U is because in this way
we have that for a general symmetric space-time gy is the coset element representing the

‘empty’ space-time, while U represents the broken symmetries that are due to the presence

®The unbroken translation Py generates via a right action [37] [38] a transformation which is equivalent
to the world-line diffeomorphisms.



of a dynamical object, in our case a particle, in the ‘empty’ space-time. For the case of a
particle U is given by the general rotation that mixes the ‘longitudinal’ time direction with
the ‘transverse’ space directions, i.e. the Carroll boosts. If we would like to consider as a
dynamical object a p-brane, we should consider as U the general rotations that mix the
longitudinal and tranverse directions [38].

Returning to the AC particle, it is interesting to write out the Maurer-Cartan form g
associated to the AC space

Qg = g5 'dgo = He® + Poe® + Kow™ + Myw™ (2.9)

where (e, e?) and (wao,w“b) are the space and time components of the Vielbein and spin

connection 1-forms of the AdS space, respectively. If we parametrize the AdS space as

efltelPar® " the Vielbein and spin-connection 1-forms corresponding to the AC space are

given by
0 x
= dt cosh — ,
e cosh —
R 1 R
" = Lz sinh + —azaxbdxb(l — —sinh E) ,
x R 2 x R (2.10)
w® = —idt:r“ sinh = ‘
TR R’
1 T
b _ b b
w? = @(!E dzx® — z%dzx )(COShE - 1) .
These 1-forms satisfy the structure equations
1
deo+§e“w“020, de®—2ebw® =0, (2.11)
2 1
de® — 200w = ﬁeoe“, dw® — 2w = 2—R26be“. (2.12)

We see that the Vielbein satisfies the torsionless condition and that the AC space, like the
ancestor AdS space, has constant negative curvature.

We now insert a particle in the empty AC space and consider the Maurer-Cartan form
of the combined system:

Q=g ldg=U"1QuU +UdU . (2.13)

In order to derive an expression for 2 we need to know how the space-time translation
generators and the boost generators transform under a general Carroll boost:

1
U'HU=H+ iv“Pa,

U'PU=P,, (2.14)
U'K,U=K,,
U_l My U = My, + v Ky — 0, Ky .

We have also U~ 'dU = dv®K,. Using these formulae we find that the Maurer-Cartan form



Q) is given by

1
Ly = e+ Zuge®,

2
Lp® =e", (2.15)
Lig® = w4+ dv® + 2u, w™
LMab — wab )

We note that that the Maurer-Cartan forms of space-time translations can be written in
matrix-form as follows:

( Ly, Lp®)=(¢€" e*) (11 0) . (2.16)

The matrix appearing at the right-hand-side is the most general Carroll boost in the vector
representation.

We now proceed with the construction of an action of the AC particle. An action with
the lowest number of derivatives is obtained by taking the pull-back of all the L’s that are
invariant under rotations, see for example [38]. In this way we obtain the following action:

1

S:M/(LH)* - M/(eo+§vae“
2.17)
. r R T 1 R x (
=M [ dr (fcosh = + —w,2%sinh — + —za° ‘“1——'h—).

/ 7'( cosh — + 5 Vad" sinh — + 5,27 UbTal ( ; Sin R)
This action is invariant under the following transformation rules with constant parameters
(¢ ,ai,)\i,)\;) corresponding to time translations, spatial translations, boosts and spatial
rotations, respectively:

=—(+ E)\kxk tanh = + —aFay, tanh =

R Rx R’
. 1 . . . .
oz’ = 3 (wlakznk - %coth E(xlakznk - alznz)) — 2\ oF
(2.18)
) ) 1 . o 2t .
o' ==\ — F/\kxk:ﬁsech% (1 — cosh %) — 2\ 07 — ﬁal
2 ik h£<1— h£>+i [é ] h£<1— hf)
2% @ vksechy cosh - T b0 @ esch o cosh ) -
The equations of motion for ¢, £ and v* read
0= Laz T s1nh
R R’
R 1 R
0= —%iﬁ“ Sinh% - @xawbiﬁb (1 - sinh %) ,
x 1. x 1 R (2.19)
0= %f[)a sinh R Eta:a sinh i) + 57 2xaxbvb(1 - sinh R)
-b
z

2 o3 (’Uaxb xavb)(cosh% - 1) .



These equations imply that

1. .z R. .z 1 . R . =z (2.20)
Eta:a sinh 7= 550 sinh i) + ﬁxaxbvb(l - sinh E) .
Notice that the evolution of v® is non-trivial. If we take the limit R — oo we recover the
flat bosonic equations of motion &, = ¥, = 0 and therefore a trivial dynamics for both
x® v® [28].

The energy and spatial momenta of the free AC particle are given by

E = —a—ﬁ. = —Mcoshz,
ot R (2.21)
_ 9L =M ﬁfu sinhz—i-ix oy (1—Esinh£)} '
pa_@:ta_ 2z R g2 TP T R/|
They satisfy the constraint
T
E?% — M? cosh? =0 (2.22)
The canonical action of the AC particle is given by’
; ca € (2 2 2
S = /dT [—Et+pax ~3 (E — M~ cosh E)] . (2.23)
Note that if we calculate p, and impose both equations of motion (2.20) we obtain
. M, eM? T ..
Pa = Et:na sinh 7= Exa cosh = sinh i (2.24)

In the last step we have used that { = —eE = eM cosh %, see eq. (2.26). This is the same
result one finds using the Hamiltonian form given in eq. (A.5).

2.3 The Killing Equations of the AdS Carroll Particle

In order to find the Killing symmetries of the AC space, it is convenient to consider the
symmetries of the canonical action (2.23). The basic Poisson brackets of the canonical
variables occurring in the action (2.23) are given by

{E,t} = 1, {e,ﬂ'e} = 1, {ﬂj‘i,pj} = 52']‘ . (225)

This leads to the following equations of motion:

eM? . 2x

i=—eE, i'=0, FE=0, p= x'sinh — |

<E2—M2cosh2%) .=

Te = —

Here A = A\(7) is an arbitrary function and 7 is constrained by 7. = 0.

" Alternatively, we can obtain this action by taking the Carroll limit of the canonical action of a massive
particle in AdS, see appendix A.

10



We take as the generator of canonical transformations
G =—E&t,Z,e) 4+ p; E(t, T e) + (t, Z, e)7e (2.27)

where 0 = €0(t, %, e), & = €(t, &, e) and v = (¢, %, e). The condition that this generator
generates a Noether symmetry is that it is a constant of motion and it leads to the following
restrictions:

G =0=—E(0,° + ¢0:£°) + pi&’ + pi(EO,E" + €0eE") + e
2

2z

z;€' sinh = (2.28)

eM

2860 0
= eE*08" — AE0.L' + -

— eEp;oiEt + A\p;0.6" — % (E2 — M? cosh? %) .

From this equation we deduce the following equations describing the symmetries of the AC

space: ' '
8660207 8(351:07 atSZ:O7
. 1 (2.29)
v = 2ed,£°, %:@5’ sinh% + 37 cosh% =0.
The last two equations can be combined into the single condition
1 .
oY = —Eazifl tanh% . (2.30)
The generator G is given by

G = —E&(t, @) + pi () + (¢, T, e)me - (2.31)

From the variation of the momenta we can obtain the transformation rules for v; as
follows. First, we use that

5171 = {plu G} = {pl7 _Efo(tu f) +pl Sl(f) + 2€at§0(t, f)ﬂ-e}
= E9;¢° — pros" — 2e0,0,¢°7, . (2.32)

Next, using eq. (2.21) and 7, = 0 we obtain
R 1 R
0p; = —M cosh %&-50 - M %vi Sinh% + 2—x2xixbvb (1 2 sinh %)]&fk. (2.33)

Finally, using the expression for p; given in eq. (2.21), we obtain the following transforma-

11



tions of the variables v;:

o 2z 0 X aq 1 b ok R . X
0v; = — 5 OiE" coth 5 — 170,80 — 7 vpa Tk 0ig (1 - sinh E)

+ % coth % (1 - % sinh %)xixaﬁaﬁo + % (% — coth %)vixbﬁb
— % (% — %22 sinh %) (aziazbfb — %xixa(‘)“fkvk)

, (2.34)

1

+ T3 csch%( — % sinh% — % sinh? % 4+ 1+ cosh %)xixbgbxkvk
1 R R?

+ —csch% ( — 2—sinh T sinh? z + 1 + cosh %)xixbﬁbxkvk

Rx T R 2 R
1
+ Ecsch% (g sinh% — 1)§Z~xbvb .

We see that the free Carroll particle in an AdS background has an infinite-dimensional
symmetry. A possible solution to these equations is given by eq. (2.18) which are the
symmetry transformations of the Carroll group. We do not find any Lifshitz dilatations in
this case i.e., a transformation with parameters & = z*, €0 = 2t.

2.3.1 The Massles Limit
Using the canonical action
; ca_ © 2 2 2 X
S = /dT [—Et-l—pa:l? ~3 <E — M* cosh E)] , (2.35)
it is straightforward to take the massless limit M — 0 and obtain the action
S = /dT (—Ei + pai® — SEQ) . (2.36)

We see that in the massless limit the R-dependence of the AC particle has disappeared.
This means that the massive Carroll particles are affected by the geometry but the massless
Carroll particles are not. Consequently, in the massless limit there is no difference between
particles in an AdS or flat background. Furthermore, the isometries should be given by the
most general conformal Carroll group as it was analyzed in [28]. In this case dilatations are
included i.e., with parameters £ = %, €9 = 2¢.

3 The N =1 AdS Carroll Superparticle

In this section we extend our investigations to the A/ = 1 supersymmetric case and consider
the AC superparticle.

12



3.1 The N =1 AdS Carroll Superalgebra

We start by taking the contraction of the D-dimensional AV = 1 AdS algebra. The basic
commutators are given by (A =0,1,...,D —1)

[Map, Mcp] = 2naicMps — 2nBjcMp)a

[Mag, Pc] = 2ncipPaj, [Pa, Pp] = 42 M,
Mg, Q) = —2745Q PeQ = aq, OV
AB) - 2’YAB ) As - 2R’YA )
1
{Qu, Qp} = 2[W CYapPa + E[’YABC_l]aBMAB7

where R is the AdS radius and P4, M4p and @), are the generators of space-time trans-
lations, Lorentz rotations, and supersymmetry transformations, respectively. The bosonic
generators P4 and Map are anti-hermitian while de fermionic generator (), is hermitian.
To make the Carroll contraction we rescale the generators with a parameter w as follows:
w ~
P0:§H7 MaOZWKa7 Q:\/EQa a:1727"'7D_1 (32)
Taking the limit w — oo and dropping the tildes on the Q we get the following N' =1 AdS

Carroll superalgebra:

[Maba Pc] = 2‘Sc[bPa] ’ [Maba Kc] = 250[bKa} R
[Pa?Pb] = ﬁMabv [Pa7Kb] = 5 awH [PayH] = ﬁKa
1 1 (3.3)
as = 5p la% M, = ——Yu{,
[Fa, Q] = 5757 @ [Map, Q] = —57avQ

2
{Qaa Q,B} = [/700_1]QBH + Ehaoc_l]aﬁKa .

The Maurer-Cartan equation dL¢ — % f€ 45 LPLA = 0 in components reads

1 1-
dLy == SLp L — 507 La, dLp =2Lp Ly,
2 1 1
dLg =2Lg Lif + 5 LuLp® = 5 Lov"La, dLif = 2L5} Lit + 52z Le"Lp",
1 y 1

(3.4)

3.2 Superparticle Action

We now use the algebra (3.3) to construct the action of the AC superparticle with the coset

g B N =1 AdS Carroll
H SO(D-1)

(3.5)

that is locally parametrized as g = go U, where gg = efltefa® ¢Qa9" i5 the coset representing

the ‘empty’ curved AC Carroll superspace and U = efa¥ is a general Carroll boost repre-
senting the particle inserted in the empty space. The Maurer-Cartan form £ associated to

the empty AC superspace is given by
Qo = g5 'dgo = HE® + P,E* + K,w™ + Muw®™ — QE, (3.6)
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where (E°, £, E,) and (w®, w“b) are the time and space components of the supervielbein

and the spin connection of super-AdS if we parametrize the AdS superspace as efftele" ¢Qa6"
The explicit expressions for these components are given by
1= 1 ~
EY = dt cosh% — —970d9 — —w“bﬁyawOH,
R 1 b R
E® = —dx s1nh 7 + —a: x dxb(l — ;smh R)
0 _ 0 0p b
w® = —Edtaj smhﬁ — EG Wdh — 2—R29’yab’y OE", (3.7)
1
w® = @(:Ebdx“ - :E“dxb)(cosh% - 1) ,
1 1
E,=db, — E[%H]QE“ + §w“b[%b9]a
In this case we have torsion given by Ty = —%Ea’yoEa and a non-vanishing spin connection.
The Maurer-Cartan form for the N’ = 1 AC superparticle inserted in the AC superspace is
given by
Q=g ldg=U"1QU+U U, (3.8)
where

1
Ly =E"+ §uaEa,

LPa = Ea7

Lg% = W+ dv® + 2up Wb , (3.9)
LMab — wab

Lg, = Eq.

Note that the Maurer-Cartan forms of the spacetime supertranslations can be written in
matrix form in terms of the Supervielbein components of the AC superspace as follows:

1 00
(Lug, Lp® Lo, )=(E° E° E,)|3v, 1 0f. (3.10)
0 01

Like in the bosonic case the Maurer-Cartan forms of the supertranslations of the AC super-
particle can be obtained from the Maurer-Cartan forms of the AC superspace by a matrix
representation of the Carroll boost.

The action of the N/ = 1 AC superparticle is given by the pull-back of all the L’s that
are invariant under rotations:

SZM/(LH)* = M/(Eo-l-%’l)aEa)* _

. R 1 R 1- .
= M/dT (t cosh z 4+ —v,z% sinh x + —aupzai® (1 - sinh E) — 50700 (3.11)

R 2z R 222 R
1 a T
— E:E 20770 (COShE — 1)) .
The equations of motion corresponding to this action can be written as follows
it =0, §=0,

.z R. oz 1 R (3.12)
Etxa sinh R gva sth + 97 5%l vb(l - sinh R)
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We can write a Hamiltonian version of this action with the momenta given by
x
p¢ = M cosh ik

R . 1 b R =z 1 - 0 x
Pa =M {%va s1nh§ + @ajazn vb(l - sinh E) — @az 0Yapy G(COSh 7 1)} ,

M -
(3.13)
Then, the canonical form of (3.11) is

_ i saa Aap. C(m2 a2 2T\ (5 z 1.2
S—/dT[ tE + 2,p" + 0P 2(E M~ cosh R) (choshR+2E9’y )p} (3.14)

The bosonic transformation rules for the coordinates with constant parameters (¢, a*, A, )\3)
corresponding to time translations, spatial translations, boosts and rotations, respectively,
are given by

ot =—-(C+ %)\kazk tanh% + éakazk tanh % ,
ox' = —% (:L"iakznk - %coth %(xiakazk - aiznz)) — 2\, b
Svt = =\ — %/\kxkajisech% (1 — cosh %) - 2Aij vl — %ai (3.15)
— %:ﬂiakxk Sech% (1 — cosh %) + %vba[iznb]csch% <1 — cosh %) ,

1 ab 1 k_.b ( )
=_Z +— hE (1—coshZ) .
60 2)\ Yapt R a”“x’yppbesc I cos 7

The fermionic transformation rules with constant parameter e corresponding to the super-
symmetry transformation are given by

1 1
ot = §Efyoesech% cosh % — %xk?yko@sech% sinh % )
szt =0,
; 1 T T 1 T
i T h_70 h___k*kO inh — 1
ov o tan R(w 6 cos 5~ 7% €Y 6 sin 2R) (3.16)
1 . 1_ . 1 .
— Em’E’yOH sinh % + EE’YZOH cosh % + Ea:k?y’k% sinh % )
T 1 . . T
60 = ecosh Y + e i€ sinh R

3.3 The Super Killing Equations

The basic Poisson brackets of the canonical variables are given by

{E7t}:17 {eaﬂ—e}:lv {:Ei,pj}:éija

N N N N (3.17)
{Peveﬁ}:_‘sﬁv {Hp7p5}:_557
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and the corresponding Dirac Hamiltonian of the action (3.14) is given by
e x - z 1 - _
Hp = 5 (E2 — M? cosh? E) + Ame + (Pg cosh R + EEﬁvo)p +7,A (3.18)

me = 0 and II, = 0 are the primary constraints, A = A(7) and A = A(7) are arbitrary
functions. The corresponding primary hamiltonian equations of motion are given by
. 1- . . . M? . 1 . _
t=—eF — Eﬁyop, =0, E=0, p'= Z—Rxl cosh % sinh% - Exl sinh %Pg,{),
1 T
te=—=( E? — M? h2—> =\
e 5 < cosh™ = ), ¢ ,

0= —pcosh%, P@ = —%Eﬁfyo, p=—A, ﬂp =P cosh% + %Ee_fyo.
(3.19)
The stability of primary constraints give as secondary constraint the mass-shell condition
E? — M? cosh? % = 0 and the fermionic constraint Py cosh 5+ %Eévo = 0. If we require
the stability of the secondary constraints we get p = 0. Substituting this into (3.19) and
using the canonical momenta (3.13) we obtain equations (3.12).
The generator of canonical transformations has a bosonic and a fermionic part given by

G = —E¢°(t,%,0) + p; £ (t, 7,0) + ~(t,Z,0)m. — Pyx(t,7,0) +,I(t,7,0), (3.20)

the parameters 0 = €0(¢,%.0), & = €(t,%,0), x = x(t,%,0), v = v(t,Z,0) have the
following restrictions

0=G

= —E(i0," + 06€°0) + pit’ + pi(i0€" + 9pE'0) + vt — Pox — Py(@yxt + Bpx6) + T1,T
2

1 ~ x eM* . T x
= eF20,6° + ~E0:£°07°p + By pcosh = + —— '€ cosh = sinh =
eE"0i +3 0707 p + EdgE” p cos R+ xR:Eg cosh — sinh

1 - . T = . 1 - . €T

- Eiﬂlﬁi sinh EPQP —eEp; 0" — 51%‘@529700 — pi0p&'p cosh =
1 2 2 2 T E_ o D 15 00 D z
— 357 E* — M* cosh = + 5P X + eFEPyoyx + §P98txt97 p + PypOyxp cosh =

_ E -
+ PyI" cosh % + 507%‘.

(3.21)
From this equation we derive the super-Killing equations
1 . T
v=2e8,¢", T'=—pxp+ Exlﬁi tanh =P
1 . 1 1-
0,60 = —Exlgi tanh % . 0g80 = 5)_(’yosech% + 59708gxsech% ) (3.22)

HE =0, Gt =0, hx=0.

The solution to this equations is given by egs. (3.15) and (3.16) with the symmetry generator
G given by ' )

G = —E&(Z,0) + p; £, 7) + 2e0,6° (&, 0)me — Ppx (&, 0)
(3.23)

= - 1 ... x
+ Hp( — Ogx(Z,0)p + YR & (Z,0) tanh Ep) )
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Then, the N' = 1 AC superparticle has an infinite dimensional algebra with the transfor-
mation rules given by (3.15) and (3.16).
3.4 The Flat Limit

We end this section with some comments on the flat limit (R — oo) which can be taken
directly from the AC curved case in order to obtain the dynamics and symmetries of the
N = 1 flat Carroll superparticle. In this case, the time and space components of the
supervielbein simplify to

E° =dt — %éfyode, E% =dz%, E, =db,. (3.24)

In the R — oo limit, the torsion becomes Ty = —%dé’yode and since we are studying the flat
case, the spin connection vanishes. The supertranslations can be again written in terms of
the supervielbein in matrix form as in (3.10) and the action is given by

1 * |
_ 0 - a — _ —p~0 - .a
S_M/(E + 50E ) M/dT(t 507°0 + vad®). (3.25)
The equations of motion that follow from this action are:
T=7=0=0. (3.26)

Therefore, the superparticle does not move. The transformation rules of the different vari-
ables are given by

1 . 1 . . o
ot =—C+ §A’xi + §€709, ox' = —a" =2\ 27,

| S 1 (3.27)
ot = -\ — 2)\3 v, 00 = —5)\2']"}/2]9 +e€.

As we can see from the transformation of 6 the A/ = 1 Carroll superparticle is not BPS like
in the relativistic and Galilean case.
If we rewrite the action (3.25) in Hamiltonian form

. < _ 1 -
S = /dT [—tE + dap® + 0Py — g(E2 — M?) - (Pg + §E9’yo)p] : (3.28)

it turns out that the super-Killing equations can be obtained as the flat limit of the equations
(3.22)

v=0, T=-0xp, =0, =0, =0, 0x=0,

1 1- (3.29)
95" = 57" + 5079 x ,
2 2
where the symmetry generator G is
G = —BE(7,0) + p; €(&) — Pyx(,0) — T,06x(, 0)p (3.30)
From the variation of the momenta
opi = {pi, G} = E0;° — pr0it* + Pyo;x (3.31)
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and using that the energy, the spatial momenta and the fermionic momenta are given by

M _ M -
E=—-M, pi = 5vi, Py = 7970, (3.32)
we find that the transformation rule of v’
ov; = —28i£0 — Ukasz + é’}/oaix . (3.33)

Note that the above symmetries include the dilatations given by
ot =0, oz =z, 00 =0, ov* = —v®. (3.34)

These dilatations, together with the super-Carroll transformations, form a supersymmetric
extension of the Lifshitz Carroll algebra [30] with dynamical exponent z=0. The Lifshitz
Carroll algebra with z=0 has appeared in a recent study of warped conformal field theories
[22].

4 The N =2 Flat Carroll Superparticle

In this Section we extend our investigations to the N' = 2 supersymmetric case. The flat
case is discussed in this Section while the curved case will be dealt with in Appendix C.

4.1 The N =2 Carroll Superalgebra

Our starting point is the N' = 2 super-Poincaré algebra. For simplicity, we consider 3D
only. The basic commutators are (A =0,1,2;i =1,2)

[Map, Mcp| = 2najcMpig — 2n[cMp)a »
[Mag, Pc] = 2ncigPay,

[Map, Q"1 = —5748Q",
{Qfm Zg} = 2[’7AO_1]QBPA5M + Z[O_l]a,é’eijz-
To make the Carroll contraction we define new supersymmetry charges by
1
Qa = 5(Qa £70Q2) (42)
and rescale the different symmetry generators with a parameter w as follows:
Po=2H., My=wK,, Z=wZ,
2 ) ) (4.3)
QT =V, QT =VwQ.
Taking the limit w — oo we obtain the following 3D Carroll algebra
[Mab7 Kc] = 250[bKa} ) [Maba Pc] = 250[bPa] )
1 ~ 1 -
[Kaypb] = _5 abHy [Maln Qi] = _§’YabQi (4.4)
L =~ _ 1 ~ o~ _ 1 ~
(Q5.@5 =00 Nas(5H+ 7). {Qa.@5} = 0°C s (51 — 7).
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The Maurer-Cartan equation dL¢ — % fS5LB A LA =0 in components reads:

1 1- 1-
Ly =—SLpLj—LA"Lo = 7Ly Ly, dL§ =2Lp LY,
1- 1-
dLz = =514y Ly + 5L AL, dLf = 2L Ly
2 2 (4.5)
1 1
dL- = SvaL- Lif dLy = SvaLy Ly

dL® = 2L L.

4.2 Superparticle Action and Kappa Symmetry

To construct the action of the N' = 2 Carrollian superparticle we consider the following

t:
cose G _ N =2 super Carroll

H SO(D-1)

(4.6)

a —pa + o .
The coset element is given by g = go U, where gy = efltefar® Qa2 Qa0% e Zs ig the coset

representing the ‘empty’ N/ = 2 Carroll superspace with a central charge extension and
U = X" is a general Carroll boost representing the insertion of the particle.
The Maurer-Cartan form associated to the super-Carroll space is given by

Qo = (90) 'dgo = HE* + P,E* — Q" FE_ — QTE, + ZEy, (4.7)

where (E°, E*, E__,E, ,, Ez) are the supervielbein components of the Carroll superspace
given explicitly by

EY =dt — ié_yodH_ — iéwod& , E® = da®,
E_a = dH_a, E+a = d0+a7 (48)
Ey; =ds+ %é_vodﬁ_ — %§+70d9+ .

In terms of the supervielbein the Maurer-Cartan form of the A" = 2 Carroll superparticle

is given by
1
LH:EO+§UCLE“, 4 = F*,
LZ:Ez, l;(:dva, (4'9)
L—a :E—a7 L+a _E+a

As before, we can write the space-time super-translations in matrix form in terms of the
Vielbein of Carroll superspace as follows:

1 0000
v, 1000
(Ly, Lp*, L_,, Ly, Lz)=(E° E* E__,, Ei,, Ez)| 0O 0100
0 0010
0 0001

(4.10)
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The action of the N' = 2 Carrollian superparticle is given by the pull-back of all the L’s
that are invariant under rotations:

S=a [(Tu) +b [(Lay

R R 1- .. 1 1- .. 1- .
=a / dr <t ——0_4%_ — =6,7°0, + —va:i:“> +b / dr <s + -0_~4%_ — —9+709+> .
4 4 2 2 2
(4.11)
The equations of motion corresponding to this action are given by

fq=0, 9,=0, 0_=0, 0.=0. (4.12)

The transformation rules for the coordinates with constant parameters (¢, n, a’, A%, A;,
€4, €_) corresponding to time translations, Z transformations, spatial translations, boosts,
rotations and supersymmetry transformations, respectively, are given by

1., 1 1 . . o
ot = —C+ §>\’:Ei + ZE_WOG_ + Z€+700+, ox' = —a' — 2\ 27,
1 1 . . o
05 = —1 — §€—709— + §€+709+, ov' = —A" = 2N\ 07, (4.13)
1 1
06,4 = _5)‘ab'7ab9+ +er, 00_ = —§A“b’yab0_ +e_.

To derive an action that is invariant under additional s-transformations we need to find
a fermionic gauge-transformation that leaves Ly and/or Ly invariant. The variation of Ly
and Lz under gauge-transformations is given by

— 1 ars.a 1 a a 17 0 17 0
0Ly = d([0zn]) + SLpl0z5] + S L5 [02p] + SL-"102-] + 5L+ 1024 ], (4.14)

6Lz = d([62z]) — L_~°[02_] + Ly~°[02,].

where [02§] is obtained from Ly by changing the 1-forms dt, df., df_ with the transfor-
mations dt, 005, d0_. In analogous way we can construct the other terms appearing in
(4.14).

For k-transformations, [dzp] = 0, [02%] =0, [0z%] =0,

1~ 1~
0=06Ly = =00_~°[02_]+ =60,.~°[02,],
H=500-7 [02-] 50V [024] (4.15)

0=0Ly = —060_~"[62_] + 60.,~°[02,].

It follows that to obtain a k-symmetric action we need to take b = :l:%a. We focus here on

the case b = —%a. With this choice the action and k-symmetry rules are given by
1
S = a/(LH —SL). Bal=s,  [Bs]=0, (4.16)
where kK = k(1) is an arbitrary local parameter. Using this we find the following x-

transformations of the coordinates
15 0 a
5t219+7 K, 0x® =0, 00+ =k,

L (4.17)
§s = §9+v% dvg =0, 50_=0.
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After fixing the x-symmetry, by imposing the gauge condition 8, = 0, the action reduces
to

.1, 1= . 1 .
S = a/dT (t — 58 — 50_’}/00_ + §'Ua.’1'a> . (418)
The residual transformations that leave this action invariant are given by
N L i i i g
(5t:—C+§)\xi+Ze_’y€_, ox' = —a' =2\ 27,
1 . . o
0s = —n — EE_WOG_ , Sv' == A" =205 07 (4.19)
1
60_ = —ixab%be_ +e_.

The linearly realized supersymmetry acts trivially on all the fields and therefore the N/ = 2
Super Carroll particle reduces to the N' = 1 Super Carroll particle and hence is not BPS
since the kappa-symmetry eliminates the linearized supersymmetry. This is different from
the N/ = 2 Super Galilei case were BPS particles do exist.

5 Discussion and Outlook

In this paper we have investigated the geometry of the flat and curved (AdS) Carroll space
both in the bosonic as well as in the supersymmetric case. We furthermore have analyzed
the symmetries of a particle moving in such a space. In the bosonic case we constructed the
Vielbein and spin connection of the AdS Carroll (AC) space which shows that this space
is torsionless with constant (negative) curvature. We constructed the action of a massive
particle moving in this space thereby extending the flat case analysis of [28]. Like in the
flat case, we found that the AC particle does not move. However, in the curved case the
momenta are not conserved. Particles moving in a Carroll space, whether flat or curved, do
not have a relation among their velocities and momenta.

Using the symmetries of the AC particle we have computed the Killing equations of the
AC space. We found that these Killing equations allow an infinite-dimensional algebra of
symmetries that, unlike in the flat case, does not include dilatations. Another difference with
the flat case is that there is no duality between the Newton-Hooke and AdS Carroll algebras.
Furthermore, in the curved case the mass-shell constraint depends on the coordinates of the
AC space.

In the second part of this paper we have extended our investigations to the supersym-
metric case. Unlike the bosonic case, the N' = 1 AC superspace has torsion with constant
curvature due to the presence of fermions. Like in the bosonic case, we found that the N' =1
AC superparticle does not move and the momenta are conserved. We have constructed the
super-Killing equations and showed that the symmetries form an infinite dimensional su-
peralgebra. After taking the flat limit we found that among the symmetries of the N’ =1
Carroll superparticle we have a supersymmetric extension of the Lifshitz Carroll algebra [30]
with dynamical exponent z = 0. The bosonic part of this algebra has appeared as a sym-
metry of warped conformal field theories [22].

We also showed that the N’ = 2 Carroll superparticle has a fermionic kappa-symmetry
such that, when this gauge symmetry is fixed, the A/ = 2 Carroll superparticle reduces
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to the N/ = 1 Carroll superparticle. Apparently, in flat Carroll superspace the number of
supersymmetries is not physically relevant. This is due to the fact that the kappa gauge
symmetry neutralizes the extra linear supersymmetries beyond N' = 1. Unlike the bosonic
case, there is no duality between the N’ = 2 Super Galilei and Super Carroll algebras.

In a separate appendix we investigated the N' = 2 AC superparticle®. We studied the so-
called (2,0) and (1,1) super-Carroll spaces and the corresponding superparticles. Physically,
the (2,0) and (1,1) cases are different, they have unequal degrees of freedom. For instance,
only the (2,0) superparticle has a kappa-symmetry. Apparently, for the AC superparticle
the type of supersymmetry one considers does make a difference.

As a possible continuation to the ideas presented in this paper it would be interesting
to find the coupling of the AdS Carroll particle, and the corresponding superparticle, to
the (super) AdS gauge fields. Like in the flat Carroll case [28] we expect that the (super)
particle will have a non-trivial dynamics.

Finally, it would be interesting to study if one could construct the corresponding Carroll
(super) gravity theory. There are two approaches to this issue. One approach is to gauge
the (super) Carroll algebra and/or the Lifhsitz Carroll algebra with z = 0. In this respect
we note that the gauging of the Carroll algebra as performed in [28] can be improved by
imposing curvature constraints that allow to set some of the spin-connection fields equal to
zero, like in [22], instead of trying to solve for all of the spin-connection fields. It would
be interesting to apply this improved gauging technique to the other algebras as well. A
second alternative approach would be to try to define an ultra-relativistic limit of relativistic
(super-)gravity similar to the non-relativistic limit.
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A The Carroll action as a Limit of the AdS action

In this appendix we show how to obtain the action of the D-dimensional free AdS Carroll

particle starting from the massive particle moving in an D-dimensional AdS spacetime and

to take the Carroll limit. The canonical form of the action before taking the limit is given
by .
. é

S = [ drlpa, — S gup'n + m). (A.1)

where 7 is the evolution parameter, g, is the metric of an AdS space and € is a Lagrange

multiplier. We use that the signature of the metric is (—,+,+,...) and that the AdS line
element is given by

R? R?
ds* = — cosh? %(dﬂ;o)2 + — sinh? %(aﬂa@‘“)2 - <§ sinh? % - 1) (dz)?, (A.2)

where x = \/z,2%. To take the Carroll limit we first consider a re-scaling of the variables

0

r=—, p=wE, m=wM, é=-——, (A.3)

t
w
and next take the limit w — oo to obtain

S = /dT[—Ei +p%i, — g(E2 — M? cosh? %)] . (A.4)

The equations of motion are given by

2

=0, p* = eRx x? cosh % Sinh% , (A.5)
é=A 7T :—E(E2—M2cosh2£)
’ € 2 R :

Note that although the dynamics of x is trivial, i.e. #* = 0 (the particle is not changing
its position), the momentum is changing over 7 because p® # 0. In the flat limit (the limit
when R — 00) the particle is at rest and does not move.

Finally, the mass-shell constraint reads

E? — M? cosh? % =0. (A.6)

B The super-AdS Carroll action as a limit of the super-AdS
action

In the supersymmetric case, we obtain the action of the free AdS Carroll superparticle
starting from the massive superparticle moving in an AdS spacetime whose action is given
by

S = / drliup" + ¢Py — g(guup“p” +m?) + (Py + gup"d7") A, (B.1)
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where g, is the AdS metric with line element given by eq. (A.2). Rescaling the variables

as

., pP’=wE, m=wM, é:—%,

) LY (B.2)
p=—=0, Py=+vwhy, )‘:ﬁpa

allows us to take the Carroll limit with w — oo to obtain
S = /dT[—iE + Zop* + HTPg - g <E2 — M?cosh? %) + (P cosh% +E0)p. (B.3)
The primary equations of motion are

i=—eE—0", E=0,

M? _
=0, Pt = eRx % cosh % sinh% — Ewa sinh %ng,
1
é= A\, 7o = =5 (E* — M? cosh® %), (B.4)

9:—cosh£p7 Py=—-Ep°,
p=—-A, ﬁpngcosh%—l—Eévo.

After requiring the stability of all the constraints we obtain the equations of motion (3.12).
Like in the bosonic case we find that the dynamics of x is trivial, £* = 0 (the particle is not
changing its position), but that the momentum is changing over 7 because p* # 0.

C The 3D N = 2 AdS Carroll Superparticle

There are two independent versions of the 3D N' = 2 AdS algebra, the so-called N = (1,1)
and N/ = (2,0) algebras. Correspondingly, there are two possible N/ = 2 AdS Carroll
superalgebras which we consider below.

C.1 The N = (2,0) AdS Carroll Superalgebra

We will start with the contraction of the 3D N = (2,0) AdS algebra. The basic commutators
are given by (A=0,1,2;i =1,2)

. 1 .
[Mag, Mcp] = 2n41cMp)s — 2n8jcMpja [Mag, Q"] = _§'YABQZ7
[MABv PC] = 2770[BPA} ) [PAv QZ] = xVAQZ ) (Cl)
[Py, Pg| = 42’ My, R, Q'] = 227 Q7 ,

{Qh, Q%Y = 2y C NapPad” + 22y P C Vg Mapd” +2[Cape 'R .

Here Pa, Map, R and Q', are the generators of space-time translations, Lorentz rotations,
SO(2) R-symmetry transformations and supersymmetry transformations, respectively. The
bosonic generators P4, Map and R are anti-hermitian while de fermionic generators Qfx
are hermitian. The parameter x = 1/(2R), with R being the AdS radius. Note that the
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generator of the SO(2) R-symmetry becomes the central element of the Poincaré algebra in
the flat limit x — 0.
To take the Carroll contraction we define new supersymmetry charges by

1
Qa = 5(Qa £10Q2) (C.2)
and rescale the generators with a parameter w as follows:
PBy=2H,  R=wZ,  Mo=wK,, Q% =va@*.  (C3)

Taking the limit w — oo and dropping the tildes on the Q* we get the following 3D
N = (2,0) Carroll superalgebra:

[Map, Pe] = 26, Fa) [Map, K| = 26K, ,
PoBl= Ma,  (PoK)=g0uH, [P H] = K,
P Q¥ = 5@, (M Q%] = ~ 7@ (C.4)
[QF.Q5 = 50°C g (H+22) . {Qz,Q5) = 510 og (H - 22) |
(04,5} = 00 sk,

In components the Maurer-Cartan equation dL% — % f€ApLPLA = 0 reads as follows:

1 1. 1.
dLH:—iLﬁLﬁ—ZL_yoL_—ZLwOLJF, dLg =205 L2,
2 1 1. 1.
dLg =202 L + ﬁLHLp“ — EL_7“0L+, dLy = —§L+70L+ + §L_70L_ ,
AL =il L@ — L L, ALy = Sl L — yuL Lp®,
2 2R 2 2R
1
AL =2L¢ L+ —ZRZLprp“.
(C.5)

C.2 Superparticle action

We use the algebra (C.4) to construct the action of the N' = 2 Carrollian superparticle.
The coset that we will consider is
G N =(2,0) AdS Carroll
H SO(D-1) ’

(C.6)

a —pa +pa .
with the coset element g = go U, where gy = eftela® eQa 0% Qa3 025 ig the coset represent-

ing the /' = (2,0) Carroll superspace with a central charge extension and U = efav is g
general Carroll boost that represents the superparticle.

The Maurer-Cartan form associated to the super-Carroll space is given by

Qo = (g90) tdgo = HE® + P,E® + K,w® + Myw® - Q" E_ —QTE, + ZE;, (C.7)
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where (E°, E* E__, E,, Ez) and (w®,w®) are the supervielbein and the spin connection
of the Carroll superspace which are given explicitly by

1, - = 1 . -
E’ = dt COSh% - Z(Q—VOde— +6,~°do,) — Zwab(9+%b709+ +0_7a7"0-)

L a0 a
+ EG_’Y 9+E s
. R ... =z 1 . R . =z
B = ;dm sth + R dmb(l — ;smh E) ,
w® = —ldt:r“ sinh = — i§+7“0d9_ - L(éwawo&r + 0_~apy 0 )E®
xR R R 4R?
1 ) al
- Ewb 0 Yoy 09—1—7
, o, , . (C.8)
w :ﬁ(:ndx —x dx)(coshﬁ—l),

1 a 1 a
E—a = [de—]a - ﬁh/ae-i-]aE + 50&) b[%be—]a,

1 o, 1 4
_[’7a9—]aE + 50‘) bhabe—l—]ou

E+a = [d0+]a - 2R

1 1
Ey =ds+ 50_7%9_ - §9+70d0+
1 - _ 1 -
- §Wab(9+7ab709+ +0_yay0-) + ﬁ9—7a09+Ea -

We can use the supervielbein to write the Maurer-Cartan form of the N' = (2,0) Carroll

superparticle as follows:

1
LH:E0+§%EG, 4 =FE",
4 = w0 4 du? + 2w, Ly =Ez, (C.9)
L—a = E—av L+a = E—l—a :
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C.3 Global Symmetries and Kappa symmetry

The action of the Carrollian superparticle is given by the pull-back of all L’s that are
invariant under rotations:

Lo o0 g ~07 L b.aig 0 ) 0 z
— 19_’}’ 0_ — Zo_i_"}/ 0+ — @Jf T (6+’Yab’}’ 9+ + 9_’}’ab’}/ 6_)((3081'1 E — 1)

+$§_7a09+ [g‘;a Sinh% + %%xbib(l - g sinh %)D

NN Lo o; L b.az 0 ] 0 T
+ b/dT <s + 59_7 0_ — §0+7 0, — @az T (Orvapy O+ — O—Yapy 9_)(COShE — 1)

%9 40 [a:a smh I + R—xaxbx (1 -2 sinh R)} ,

(C.10)
which is invariant under the following bosonic transformation rules for the coordinates with
constant parameters (¢, 1, a’, A, )‘;) corresponding to time translations, Z transformations,

spatial translations, boosts, rotations, respectively

k
_ _R *
=—C+ /\azktanhR+R a:nktanhR

. 1 . . . .
o' = —— <:nlak3:k - % coth E(:L"Zaka:k - a2x2)) — 2\, F
x
58 =-"N,

. 1 . o
ot = -\ — FAkxkxlsech% (1 — cosh %) —2)\% v

2t . 2 . 2 )
— R—gal — RQ—;xlaka:k sech% (1 — cosh %) + Evba[lxb}csch% (1 — cosh %) ,
1 T
00, = —5)\ b yanby + ﬁa 2P0 cschR (1 — cosh E) ,
09_ = —1)\‘“’ 0_ + La x 0. csch— (1 — cosh 2)
-~ 75 Yab SRz ’ka + R R

(C.11)
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The same action is invariant under fermionic transformation rules with constant parameters
(e4+,€—) corresponding to the supersymmetry transformations

1_ T T 1w o R
t=- h— cosh — — — _sech— sinh —

0 16+7 0 4sec 7 oosh o — —atery 0_sec 7 sinh oo
1_ T x 1w o A
—€_v'0_sech— cosh — — —z"e_ h— sinh —

—1-46 v 0_sec 7 oosh o — - atey 0 sec 7 sinh o=
o' =0,

i 1 1 T T L, T 1_ T
o' = Eaz e+709+(§ tanh I cosh R 2 sinh ﬁ) + Eeyy 99_ cosh IR

~ 5Ra2 z'a*e /00 _ tanh % sinh %

1 .. 9 T T 1 ,_ 0y .1 T
+ %xle_’y 0_ tanhﬁcoshﬁ Rt €_Ypy" 60— sinh 3R (C.12)
ik "0, tanh = sinh ——
z'w*€-7"04 tanh  sinh o,

 2Ra?

1 T 1 . . z
0s = §e+706+ cosh R + %xk&r,},ko@_ sinh 2R
1

1
— 56_709_ cosh % — %xkE_’ykoﬂJr sinh % )

T 1 T
60, = h — 4 —zFy,e_ sinh —
4+ = €4 COS 2R+$az Y €— SIn R’

T 1 T
80_ = e_ cosh — + —aFype, sinh — .
9R g R+ SGR
To derive an action that is invariant under s-transformations we need to find a fermionic
gauge-transformation that leaves Ly and/or Ly invariant. The variation of Ly and Ly
under gauge-transformations are given by

1 1 1- 1-
0Ly = d([0zn]) + 5 Lpl0z5] + 5 L5 [0xp] + 5 Ln"[62-] + 5 L+ 024 ],
2 2 2 2 (C.13)

5Lz = d([622]) — L2 [57-] + L4~°[624],

where, for example, [02}] is obtained from Ly by changing the 1-forms dt, df., df_ with
the transformations 0t, 66, d0_. For k-transformations we have [dzg| = 0, [6z%] = 0,
[02%] = 0 and hence we find

1 - 1 -
6Ly = =660_~°[62_] + =60,~°[624],
5 [62-] + 500+77[024] (C.14)

6Ly = —60_~ [62_] + 60.4~°[02,].

It follows that to obtain a k-symmetric action we need to take the pull-back of either Ly
or Ly, with b = :l:%a. We focus here on the case b = —%a. For this choice the action and

k-symmetry rules are given by

S= a/(LH _ %Lz)* C Bel=r,  [pa]=0, (C.15)
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where k = k(7) is an arbitrary local parameter. Using this we find the following x-
transformations of the coordinates

1 _
ot = Zsech%@yyoﬁ, 0z =0, 00 =k,
(C.16)
1 1 ~
0s = §9+’yoff, 0vg = %x“&r’yon tanh % , 00_ =0.
After k-gauge fixing (setting #. = 0) the action reads
. 1 1
S = a/dT (t coshZ — 23 + Evaﬁna sinh = + — 2buprgi® (1 _ R sinh 2)
R 2 2x R 222 x (C.17)
1 0/ 1 b.ap 0 z > .
20_7 0_ pPCR 0_Yapy 9_(cosh = 1) .
This action is invariant under the following transformation rules
1 1
ot = —Exka’yko@_sech% sinh % + 16_709_sech% cosh % )
szt =0,
o' = 1 09 cosh — — ! 232k e, AH00_ tanh Z sinh
I T ) Y e Y (.18)
1 . 1 , :
+ %xlafy%_ tanh % cosh % — ﬁazbE_’ybfyZOH_ sinh %
1 1
ds = —%xkar’yk()@_ sinh % — 56_709_ cosh % ,
x 1, . x
00_ = e_ cosh IR + ZT ke sinh IR
C.4 The N = (1,1) AdS Carroll Superalgebra
We now consider the 3D A = (1,1) anti-de Sitter algebra which is given by
1
[Map, Mcp] = 2naicMp)g — 2nBjcMpia, [Map, Q%] = —§7A3Qi,
[Mag, Pc] = 2ncpPa , [P, Q7] = £274Q™,
{QE,Q5} =4y C apPa £ 4a[y*PC M ogMas, [Pa, Pp) = 42° Map .
(C.19)

Here P4, M 45 and Q;J; are the generators of space-time translations, Lorentz rotations and
supersymmetry transformations, respectively. The bosonic generators P4 and Map are
anti-hermitian while de fermionic generators ng are hermitian. Like in the previous case,
the parameter x = 1/(2R) is a contraction parameter.

To make the Carroll contraction we rescale the generators with a parameter w as follows:

Po==H,  Mo=wK., Q= wQ*. (C.20)

Taking the limit w — oo and dropping the tildes on the Q* we get the following 3D
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N = (1,1) Carroll superalgebra:

[Maba Pc] = 25c[bPa] ) [Maba Kc] = 25c[bKa] ’
1 1 2
[Pa,Pb] - ﬁMaby [PayKb] - §5abH7 [PayH] - ﬁKa
N 1 N N 1 N (C.21)
[Pa7 Q ] - iﬁfyaQ ’ [Mab7 Q ] = _§’YabQ )

4 o
—["}/ OC 1]aBKa'

(@, @5} =20"C7H +

The corresponing componetns of the Maurer-Cartan equation dL¢ — 1 f¢ A BLB LA =0 are

2
given by
1 _ _
dLy = —§Lﬂ Lf—Liy°Ly — L AL,

dLE =205 L3,

2 - 2 -
a __ b ab a a0
1 (C.22)
ab __ carchb | - br a
Ly = SypLs L — Ly Lp®
+_2’7ab + &M 2R’7a +4LP
AL = L L@+ Lyl Lpe
——Z’Yab -4Mm 2R’Ya -&p -
C.5 Superparticle Action
Taking the algebra (C.21) we consider the following coset
G _ N =(1,1) AdS Carroll‘ (C.23)
H SO(D-1)

a —pa +ga . .
The coset element is g = go U, where gy = eltefo® eQa 0% Q0% ig the coset representing

the N/ = (1,1) Carroll superspace and U = e®«"* is a general Carroll boost representing
the insertion of the superparticle..

The Maurer-Cartan form associated to the super-Carroll space is given by
Qo = (o) 'dgo = HE" + P,E® + K™ + Muw™ — Q" E_ — QT E, (C.24)

where (E°, B4 E__, E, ) and (w, w®) are the supervielbein and the spin connection of
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the Carroll superspace:
E° = dt cosh % —0_~°do_ — 6,4 do, — w“b(6_+’yab709+ +0_va7'6_),

R 1 R
E® = “dgsinh ~ + S atalday, (1 — —ginh E) ,
R T

x x? R
W = — 21 sinh % L(§+’Yab’Y09+ +0_7a7"0-)E®
zR R R?
2 _ _
— E(9+fy“0d0+ —0_~"ap_), (C.25)
1 T
ab _ =~ (. bj.a  .ag..b .
w —2x2(az dz® — z%dzx )(coshR 1),
1 1
E_,= —la _a—aEa _aba—a,
o = 8]+ 5108 1aB" + 30 braf-]
1 a 1 ab
Eio=1d0i]a - ﬁha@Jr]aE + 5w [Yabb+]a -

We can use the supervielbein to write the Maurer-Cartan form of the N' = (1,1) Carroll
superparticle as follows:

1
LH:E0+§%EG, 4 =E°,
L(;{ — waO + dv® + 2up wab’ (026)
L—a = E—a7 L-‘ra - E+a

C.6 Global Symmetries

The action of the Carrollian superparticle is given by the pull-back of all L’s that are
invariant under rotations:

=M [(Luy

= M/dT (i cosh xz + %vai“ sinh

T 1 b .a R . z
R =+ 5T VLT (1 — —sinh —) (C.27)

R 222 T R
S0 A — 0 — i, 0y + 8 var®0) (cosh E — 1
=70 = 047701 — 552" E (01 Yary 04 + 07270 ){ cosh - -

This action is invariant under the following bosonic transformation rules for the coordi-
nates with constant parameters (¢, a’, \’, /\;) corresponding to time translations, spatial
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translations, boosts and rotations, respectively

R t
6t = —C + — ¥z, tanh z + —aFzy, tanh z ,
2x R

Rz R
oxt = —% ( ok, — %coth %(aziakmk — aim2)) — 2\, 2k
vt = =\ — %)\kxkxisech% (1 — cosh %) - 2)\ij v
— %ai — %miakazk sech% (1 — cosh %) (C.28)

2 .
+ Evba[la;b]csch% (1 — cosh %) ,

1 1
00, = —§A“b7ab0+ + —akznbykb&rcsch% (1 — cosh 2) ,

2Rx R
50 = — AP 4 —aFabaf hf(1— hf)
-=-3 Yab0— 2Rxa T YEpt—csc I cos =)

The same action is invariant inder the following fermionic transformation rules with constant
parameters (e, e_) corresponding to supersymmetry transformations:
1 4

_ x x x ..
ot = e+700+sechﬁ cosh ar 27 e+7k00+sechﬁ sinh 3R

1
+ €_709_sech% cosh % + E:Eké_vkoﬁ_sech% sinh % )

sz =0,
x

92 . 2 .
Svt = EEJFWZOHJF cosh R ﬁxka;ywl%r sinh

L
2R

2 1
+ 2 gitanh = (€+709+ cosh — — Eazk€+’yk09+ sinh %)

2R R R (C.29)

2 - 2 .
— EE_VZOH_ cosh % — ﬁxk&’yk’yzo@_ sinh %

2 T/ o x 1 4l won ... @
+ me tanh R(e_’y 0_ cosh R + ST f_ sinh 2R)

x 1 T
— + —a;k’yke+ sinh —

50+:e+cosh2R . R

k X
_sinh —.
Yk €— SII R

€T 1
00_ = e_ cosh R Eaz
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