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Abstract

This work represents the initiation of the author into research in the phenomenology of neutrino
oscillations in the present experimental context. As a start, the formalism and most important
aspects of neutrino oscillation phenomenology are reviewed in Chapter 1. Additionally, a brief
overview of the different experiments that have led to the current global picture is presented,
giving particular attention to accelerator neutrino experiments.

The original part of this work focuses on the analysis of the results from the NOνA experiment,
the latest in the neutrino oscillation experimental programme, with the aim of quantifying their
impact in the present understanding of neutrino oscillation parameters. Specifically, Chapter 2
contains the details of a “simulation” developed to replicate the analyses of the different NOνA
data samples. Chapter 3 describes its impact on a global fit. In particular, the NOνA data
sample with highest statistics modifies the preferred neutrino mass ordering from normal to
inverted, favours θ23 > 45◦, and increases the statistical confidence on the CP violating phase
δCP, confirming the hint δCP ∼ 3π

2 . The resulting global fit including the results of this work has
been made publicly available [1].

Finally, a dedicated analysis of the current statistical confidence on leptonic CP violation
and the neutrino mass ordering has been carried out, with the goal of addressing deviations from
Gaussianity and the dependence on the θ23 octant. The study, described in Chapter 3, uses data
from most modern accelerator neutrino experiments (NOνA, T2K and MINOS) and considers
statistical aspects via a Monte Carlo simulation. As a result, at present CP conservation (i.e.,
δCP = 0, 2π) is only disfavoured at about 1σ, while δCP ∈ [0.16π, 0.84π] is disfavoured with a
90% CL for any value of θ23. Besides, the inverted mass ordering is disfavoured with a 90% CL
for δCP . π and any value of θ23.

The analyses and methodology employed in this work will be updated once more data becomes
available in early July. That new data should have the potential to significantly tighten the
presented bounds.
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Chapter 1

Overview of neutrino physics

I have done a terrible thing, I have postulated a particle that cannot be detected.

— Wolfgang Pauli

Neutrinos are among the most elusive elementary particles we have detected. First proposed
by Wolfgang Pauli to account for energy conservation in nuclear beta decays [2], they currently are
an essential part of the Standard Model of Particle Physics (SM) as the weak isospin partners of
the charged leptons. Nevertheless, some of their properties, in particular whether CP symmetry
is violated in the leptonic sector, are still poorly known [3]. Because of that, there is currently
a strong theoretical [4, 5] and experimental [6, 7] work towards the determination of this and
related properties.

One of the main reasons for the relatively limited experimental knowledge on neutrino physics
is their low interaction cross section: the penetrating power in solid matter of neutrinos emitted
in beta decay is around 104 light years [8]. Therefore, it was 26 years after their existence was
proposed that neutrinos were first directly observed in an underground experiment carried out
by C.L. Cowan and F. Reines [9]. Remarkable experimental advances, however, have allowed to
build sophisticated detectors that have opened a new precision era in neutrino physics [10–16].

1.1 Introducing massive neutrinos

Originally, in the SM neutrinos were introduced minimally, just to explain their interactions:
due to the chiral structure of the SM, only left handed neutrinos were required. Since no gauge-
invariant, renormalisable operator exists giving neutrinos a mass without introducing new fields,
in the SM neutrinos are strictly massless [17]1. Furthermore, the best experimental constraints
on the neutrino mass scale set it below the eV scale [18].

Nevertheless, in order to explain a deficit in the observed Solar neutrino flux, it was proposed
to introduce small neutrino masses that would cause flavour-oscillations similar to the ones in the
quark sector [19]. As will be seen in Sec. 1.2, there is now plenty of evidence that neutrinos have
masses and, therefore, that the SM should be extended. The minimal form of such extensions is
discussed below.

1.1.1 Lagrangian for massive neutrinos

As has been mentioned, from the theoretical point of view neutrino masses require to introduce
new degrees of freedom in the SM. The simplest option, that does not introduce additional
interactions, is to identify those new degrees of freedom with right-handed particles with no
weak hypercharge, what are commonly known as sterile neutrinos. The most general gauge
invariant renormalisable Lagrangian one can add to the SM is then

− LMν = Yij ν̄siφ̃
†LLj +

1

2
MNij ν̄siν

c
sj + h.c. . (1.1)

1Unless otherwise specified, most of the information in this chapter has been extracted from Ref. [17]

1



Chapter 1. Overview of neutrino physics 2

νsi , i ∈ {1, . . . ,m} are m sterile neutrinos, LLj , j ∈ {1, 2, 3} are the SM lepton doublets,

φ̃† = (iτ2φ
∗)
†

with φ the SM Higgs , and νc ≡ Cν̄T = −iγ2γ0ν̄T is the charge conjugated field
of ν. Y and MN = MT

N are complex m× 3 and m×m matrices, respectively.
After electroweak spontaneous symmetry breaking, the first term in Eq. (1.1) generates at

low energy what is known as a Dirac mass term,

MDij ν̄siνLj , (1.2)

with MDij = Yij
v√
2
, being v the vacuum expectation value of the Higgs field. This term is similar

to the one present for the charged fermions, and with no additional operators gives neutrinos a
mass ∼MD.

The second term in Eq. (1.1), however, is more interesting. It has the structure of a Majorana
mass term, violating any U(1) charge carried by νs; in particular it breaks lepton number L by
two units if L is assigned to νs as to make the Dirac mass term L conserving.

The diagonalisation of the whole Lagrangian (1.1) leads to 3 + m mass eigenstates νM that
are Majorana fermions, i.e., νcM = νM . These eigenstates describe free neutrino propagation. In
what refers to the eigenvalues, two interesting cases can be distinguished:

• MN = 0: this option is equivalent to imposing by hand lepton number conservation in
any theory embedding the SM (otherwise, even if MN = 0 at tree level, loop corrections
from new physics could induce MN 6= 0 [20]). It allows to rearrange, for m = 3, the 6
Majorana eigenstates in 3 Dirac fermions. In this case, there is no natural explanation for
the lightness of neutrinos, which would require Y . 10−11.

• MN � MD: this is expected in SM extensions such as SO(10) GUTs [21–23] or left-
right symmetric models [24]. In this case, the diagonalisation leads to 3 light eigenstates
of masses ∼ M2

D/MN , which are mostly left-handed, and m heavy eigenstates of masses
∼ MN , which are mostly right-handed. This naturally explains the lightness of neutrinos
through what is known as the see-saw mechanism: the heavier are the heavy states, the
lighter are the light ones.

There is also an alternative, model-independent approach to neutrino masses. If the SM is
considered as an effective theory valid up to some scale ΛNP, higher dimensional non renormal-
isable effective operators built with the SM fields and respecting the SM gauge symmetry will
effectively appear in the Lagrangian at low energy, suppressed by different powers of 1/ΛNP.
Interestingly, the lowest order (least suppressed) effective operator that only contains SM fields
and is consistent with gauge symmetry is

O =
Zνij
ΛNP

(
L̄Liφ̃

)(
φ̃T L̄cLj

)
+ h.c. . (1.3)

After spontaneous symmetry breaking, this term leads to

O =
Zνij
2

v2

ΛNP
ν̄Liν

c
Lj + h.c. , (1.4)

a Majorana mass term for neutrinos. The diagonalisation of Zνij yields 3 Majorana mass eigen-
states whose mass is suppressed by ΛNP, i.e., the lightness of neutrinos is naturally explained by
the large value of ΛNP. Indeed, if the Lagrangian (1.1) with MN �MD is considered, integrating
out the heavy eigenstates leads to a Lagrangian of the form (1.4) with ΛNP ∼MN .

1.1.2 Charged current interaction Lagrangian

Besides the mass Lagrangian (1.1), the charged current Lagrangian gets also modified by intro-
ducing neutrino masses, leading to flavour mixing as in the quark sector. For 3+m ≡ n neutrino
mass eigenstates, in the mass basis this Lagrangian reads

− LCC =
g√
2

(
ēL µ̄L τ̄L

)
U lep


νM1

νM2

νM3

...
νMn

W+
µ − h.c. , (1.5)
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where νi , i ∈ {1, . . . , n} are the neutrino mass eigenstates and U lep is a 3× n matrix verifying

U lepU lep† = I3×3 . (1.6)

If there is no new interactions for the charged leptons, U lep can be identified as a 3×n submatrix
of an n × n matrix V ν relating neutrino flavour and mass eigenstates. In particular, for the
Lagrangian (1.1): 

νL1

νL2

νL3

νcs1
...

νcsm


= V νL


νM1

νM2

νM3

...
νMn

 , (1.7)

with L the left-handed projector.
If there is only three light Majorana neutrinos, U lep is a 3×3 unitary matrix usually referred to

as the PMNS matrix [18]. Using three angles θ12, θ13, θ23 ∈ [0, 90◦] and three phases δCP, η1, η2 ∈
[0, 2π], it can be conveniently parametrised as

U lep =

1 0 0
0 c23 s23

0 −s23 c23

 c13 0 s13e
−iδCP

0 1 0
−s13e

iδCP 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

eiη1 0 0
0 eiη2 0
0 0 1



=

 c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s13s23e
iδCP c12c23 − s12s13s23e

iδCP c13s23

s12s23 − c12s13c23e
iδCP −c12s23 − s12s13c23e

iδCP c13c23

eiη1 0 0
0 eiη2 0
0 0 1

 ,

(1.8)

where cij ≡ cos θij and sij ≡ sin θij . Note that, unlike in the parametrisation of the quark CKM
mixing matrix, there is two new phases η1 and η2. These phases appear due to the Majorana
mass term (1.4)∝ ν̄ν∗: because of it, global phases cannot be absorbed in the neutrino fields.

For three Dirac neutrinos, on the other hand, the parametrisation in Eq. (1.8) still holds with
η1 = η2 = 0. Finally, for three light and m heavy neutrinos stemming from Lagrangian (1.1),
U lep has the form

U lep '
((

1− 1
2M

†
DM

∗−1
N M−1

N MD

)
Vl M†DM

∗−1
N Vh

)
, (1.9)

where Vl and Vh are 3 × 3 and m × m unitary matrices, respectively. Therefore, if only light
neutrinos are considered a 3× 3 non-unitary mixing matrix is obtained. The unitarity violation,
however, is suppressed by a factor ∼ (MD/MN )

2
and can be safely ignored in what follows.

1.1.3 Neutrino oscillations

An immediate phenomenological consequence of introducing neutrino masses, and consequently
lepton flavour mixing, is that the flavour of neutrinos oscillates during their propagation. That
is, since flavour eigenstates are not propagation eigenstates, a neutrino produced with a given
flavour could, after travelling, be detected as a neutrino of a different flavour.

Getting into more detail, a flavour eigenstate neutrino produced in a weak interaction process,
|να〉, will in general be a superposition of mass eigenstates

|να〉 =

n∑
i=1

U lep∗
αi |νi〉 , (1.10)

where the sum runs over light neutrino mass eigenstates. The origin of the complex conjugation
is that |να〉 ∝ ν̄α |0〉 =

∑
i U

lep∗
αi ν̄i |0〉 ∝

∑
i U

lep∗
αi |νi〉.

After travelling a distance L for a time t, the state of the neutrino will be

e−i(Ĥt−p̂L) |να〉 , (1.11)
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where Ĥ and p̂ are the Hamiltonian and momentum operators, respectively. They are diagonal
in the mass eigenstate basis, and for ultra-relativistic neutrinos

e−i(Ĥt−p̂L) |να〉 =

n∑
i=1

U lep∗
αi e−i

m2
i L

2E |νi〉 , (1.12)

up to a constant phase. mi is the mass of the i-th eigenstate and E is the average energy of the
neutrino wave packet [25].

Therefore, the probability Pαβ that the neutrino will be detected in a charged-current process
associated to a flavour |νβ〉 is given by

Pαβ = 0
∣∣∣〈νβ |e−i(Ĥt−p̂L)|να〉

∣∣∣2 =

∣∣∣∣∣
n∑
i=1

U lep∗
αi U lep

βi e
−im

2
i

2E

∣∣∣∣∣
2

= δαβ − 4

n∑
i<j

Re
[
U lep
αi U

lep∗
βi U lep∗

αj U lep
βj

]
sin2

∆m2
ijL

4E

+ 2

n∑
i<j

Im
[
U lep
αi U

lep∗
βi U lep∗

αj U lep
βj

]
sin

∆m2
ijL

2E
,

(1.13)

where ∆m2
ij ≡ m2

i − m2
j . The oscillation probability for antineutrinos is obtained exchanging

U lep → U lep∗, thus modifying the sign of the last term. Thus, the oscillation probability can be
different for neutrinos and antineutrinos, and CP violation in the leptonic sector can be detected
studying this phenomenon.

Several aspects of Eq. (1.13) are to be noticed. In general, to have mass-induced flavour-

oscillations neutrinos must have different masses (∆m2
ij 6= 0) and must mix (U lep

αi U
lep
βi 6= δαβ).

Besides, the particular functional form makes the Majorana phases in Eq. (1.8) cancel out when

multiplying U lep
αi U

lep∗
βi , so they are not observable. This is expected: the oscillation does not

depend on the Dirac or Majorana nature of the neutrinos. Lastly, expression (1.13) has an
oscillatory behaviour with characteristic oscillation lengths

Losc
ij =

4πE∣∣∆m2
ij

∣∣ = (4π~c)
E∣∣∆m2
ij

∣∣ ' 2.48
E|GeV∣∣∆m2

ij

∣∣
eV2

km . (1.14)

Since in real experiments neutrino beams are not monoenergetic but an incoherent superposition
of different energy states and detectors have finite energy resolution, experiments do not measure
Pαβ but an average of it over some energy range. Thus, depending on the length L that neutrinos
travel in an experiment, three different cases can be distinguished:

• L � Losc
ij : in this case, oscillations do not have enough time to develop, the sines in

Eq. (1.13) are small and neither ∆m2
ij nor the leptonic mixing matrix elements U lep

αi are
measurable.

• L ∼ Losc
ij : in this, case a well-designed experiment is sensitive to both ∆m2

ij and the
leptonic mixing matrix elements.

• L� Losc
ij : in this case, the oscillation phase goes through many cycles when averaging over

the energy and sin2 ∆m2
ijL

4E is averaged out to 1
2 . The experiment can be sensitive to the

leptonic mixing matrix elements but not to ∆m2
ij .

This behaviour can also be understood graphically. Figure 1.1 represents the νe → νe
(Fig. 1.1a) and νµ → νµ (Fig. 1.1b) oscillation probabilities as a function of the energy to
distance ratio E/L for a three light neutrino paradigm with the oscillation parameters given in

Ref [3]. In this scenario, there are three non-independent oscillation lengths,
E|GeV

Losc
21 |km

' 3.02·10−5,

E|GeV

Losc
23 |km

' 9.88 · 10−4, and
E|GeV

Losc
13 |km

=
E|GeV

Losc
23 |km+Losc

21 |km
' 9.57 · 10−4. Figure 1.1a shows the trans-

ition between the regions where Losc
21 , Losc

23 , or none contribute: Losc
13 is suppressed with respect
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(a) νe → νe oscillation probability.
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(b) νµ → νµ oscillation probability.

Figure 1.1: Some neutrino oscillation probabilities. The results have been obtained using
Eq. (1.13) under the assumption of 3 light neutrinos and the values for the oscillation para-
meters in Ref. [3].
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to Losc
23 because of their similar oscillation frequencies and the smallness of U lep

13 < U lep
12 . Never-

theless, since U lep
23 ∼ U lep

22 , Fig. 1.1b shows the beats that typically appear when two oscillations
of similar frequencies superpose.

Due to the three different oscillation regimes described above, some experimental results can
be roughly understood in terms of an approximate two neutrino mixing. In that case, there
is an angle dominantly controlling the observable oscillation amplitude and a mass difference
dominantly controlling the observable frequency.

In detail, for 2 light neutrino generations U lep is parametrised by a single angle θ and the
oscillation formula is then quite simple:

Pαβ = δαβ − (2δαβ − 1) sin2 2θ sin2 ∆m2L

4E
, (1.15)

where ∆m2 is the squared mass difference between the considered mass eigenstates. In this case,
the oscillation probability is symmetric under the exchange θ ↔ π

2 − θ and/or ∆m2 ↔ −∆m2.
Furthermore, no physical CP violating phase is left here. More-than-two neutrino mixing as well
as matter effects (see below) break all these symmetries.

1.1.4 Matter effects

The oscillation probability calculation in Eq. (1.13) assumed that neutrinos travelled in vacuum.
Even though their inelastic scattering cross section is very small, coherent forward elastic scat-
tering on dense matter over long distances can significantly affect their properties. A detailed
calculation shows that charged current interactions induce an effective Hamiltonian for νe in
matter

Heff =
√

2GFneν̄eLγ
0νeL , (1.16)

where GF is the Fermi constant and ne the electron density at each point of the neutrino
trajectory. This leads to an effective potential difference between electron neutrinos and other
flavours

Veff = ±
√

2GFne , (1.17)

where the + (-) sign refers to neutrinos (antineutrinos). Adding it to the free Hamiltonian, the
oscillation probability for 3 light neutrinos travelling through matter of constant density (which
is a good approximation for neutrinos studied in longbaseline accelerator experiments) is given
by

Pαβ = |Mβα|2 , (1.18)

with

M = exp

−iL
√2GFne 0 0

0 0 0
0 0 0

+
1

2E
U lep

0 0 0
0 ∆m2

21 0
0 0 ∆m2

31

U lep†

 , (1.19)

where U lep is the leptonic mixing matrix (1.8). In general there is no compact exact expression
for this probability.

Nevertheless, there is an interesting effect: after global rephasings that do not affect the final
result, the leptonic mixing matrix can be written as

U lep =

1 0 0
0 c23e

−iδCP s23

0 −s23e
−iδCP c23

 c13 0 s13

0 1 0
−s13 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

 ≡ U23U13U12 , (1.20)

with U†23

√2GFne 0 0
0 0 0
0 0 0

U23 =

√2GFne 0 0
0 0 0
0 0 0

. Therefore,

U lep†MU lep ≡M̃

= exp

−iL
U†12U

†
13

√2GFne 0 0
0 0 0
0 0 0

U13U12 +
1

2E

0 0 0
0 ∆m2

21 0
0 0 ∆m2

31

 ,
(1.21)
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which is independent of θ23 and δCP. That is, despite its complicated form, M can be written
up to global rephasings as

M = U lep
23 M̃U lep†

23 , (1.22)

with M̃ independent of θ23 and δCP.
As a consequence, a two neutrino scenario gets significantly modified by matter effects (take

for example νµ ↔ νe oscillations by setting θ13 = θ23 = 0). There, the presence of the matter
potential allows to distinguish the sign of ∆m2

12 (or, equivalently, whether θ12 < 45◦ or not).
I also induces a different oscillation probability between neutrinos and antineutrinos, this is,
matter breaks CP because it contains only electrons and not positrons.

Matter effects play a fundamental role in the flavour evolution of solar neutrinos. For solar
neutrinos the matter density cannot be considered constant along the neutrino propagation so
the derivation of the relevant oscillation probability is more involved. In particular, it presents
the so-called MSW effect [26,27], which explains the observed deficit of solar neutrinos.

1.1.5 Leptonic CP violation as a consequence of neutrino masses

Besides flavour-oscillations, another important consequence of neutrino masses and mixing is
the possibility of having CP violation in the leptonic sector. As in the quark sector, flavour
mixing between 3 particle generations opens the door to breaking this symmetry. In particular,
a non zero value for any of the phases in the parametrisation (1.8) will introduce a phase in the
Lagrangian that violates CP. For the rest of this work, the Majorana phases will be ignored: they
depend on the Dirac or Majorana nature of neutrino mass eigenstates but, as discussed above,
they are irrelevant for neutrino oscillations.

The fact that a non zero value of δCP can lead to CP violation is directly present in the
oscillation formula (1.13): due to the chiral structure of the SM, antineutrinos (right-handed)
are the CP conjugates of neutrinos (left-handed); any difference in Pαβ between neutrinos and
antineutrinos is a sign of CP violation. Since Eq. (1.13) accounts for antineutrino oscillations
just by substituting U lep → U lep∗, only the terms in the second sum

Im
[
U lep∗
αi U lep

βi U
lep∗
αj U lep

βj

]
, i < j , α 6= β (1.23)

violate CP. It is immediate to see that if δCP 6= 0 these elements are different from zero. Fur-
thermore, for three light neutrinos the matrix element products (1.23) can be shown to be all
equal, up to signs, to

c12c23c
2
13s12s23s13 sin δCP . (1.24)

This quantity is called the Jarlskog invariant J . It is invariant under phase redefinitions; thus,
it provides a parametrisation-independent way of quantifying CP violation [28].

1.2 Experimental study of neutrino oscillations

Even if neutrino masses are tiny, their low interaction cross section allows to work with neutrinos
whose path extends over long distances and are thus sensitive to oscillation effects. Furthermore,
thanks to the advances in efficient detection techniques, the particles that neutrinos scatter with
can be efficiently observed. The experimental study of neutrino physics is, then, a matter of
building large enough detectors. This new window to flavour phenomena grants empirical access
to beyond SM physics [29] and therefore its study is of great interest.

The first step, however, is to check that leptonic flavours do oscillate in neutrino propagation
as a consequence of neutrino masses. Historically, neutrino masses and mixing were proposed to
successfully explain a deficit in the Solar neutrino flux [19], but any other mechanism introdu-
cing a distinction between interaction and propagation eigenstates could explain the same phe-
nomenon. Some alternatives, which generally introduce a dependence of the flavour-oscillation
probability on the energy different from ∼ sin L

E , include neutrino decay, quantum decoherence,
or Lorentz invariance violation. Nevertheless, the precise analysis of neutrino spectra and the
direct detection of neutrinos with a flavour different from the one with which they were generated
conclusively proved that the observed phenomena were mass-induced flavour-oscillations.
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1.2.1 Constraining the mixing parameters

Once mass-induced neutrino oscillations are experimentally established, the next step is to char-
acterise their properties. Apart from some experimental tensions [30–33] that do not have enough
significance [3, 17], all the existing oscillation data can be explained by a three light neutrino
paradigm parametrised by the mixing matrix (1.8). The convention regarding the numbering of
mass eigenstates, diagrammatically shown in Fig. 1.2, makes use of the experimental fact (see de-
scription of the data below) that two of them have masses close to each other (∆m2 ∼ 10−5 eV2)
whereas the third one is further away (∆m2 ∼ 10−3 eV2). Based on this, one can always chose
a convention in which the close eigenstates are denoted as ν1 and ν2 with m1 < m2 keeping the
ranges of angles and phases as θ12, θ13, θ23 ∈ [0, 90◦], and δCP ∈ [0, 2π]. The other eigenstate is
denoted as ν3. It is currently unknown whether m3 > m1 (denoted as Normal Ordering, NO) or
m3 < m1 (denoted as Inverted Ordering, IO).

Figure 1.2: Convention for the numbering of mass eigenstates and possible orderings (NO in left,
IO in right). The colours indicate the amount of mixing between mass and flavour eigenstates.
Source: Ref. [34].

Due to the different oscillation regimes described in Sec. 1.1.3 and explicitly seen in Fig. 1.1,
there are qualitatively different experiments that look for different aspects of the neutrino mixing
matrix. In general, they can be classified in four categories.

Solar neutrinos Neutrinos from the Sun played an important role in the historical development
of neutrino physics. In the nuclear reactions that take place in our star, electron neutrinos of
energies ∼ MeV are abundantly produced. Even if the oscillation lengths are much smaller than
the distance between the Sun and the Earth, matter effects significantly affect the evolution of
ν1 and ν2 [26, 27], and therefore experiments that detect neutrinos from the Sun can measure
θ12, θ13 and ∆m2

21. For the Sun, however, the approximation of constant matter presented in
Sec. 1.1.4 does not hold and the corresponding oscillation probability is more complex. Examples
of Solar experiments are SuperKamiokande [35], a 50 000 ton water tank Cherenkov detector,
Borexino [36], a 300 ton liquid scintillator calorimeter, or SNO [37], a 1000 ton heavy water
Cherenkov detector. Their results lead to the determination of one of the mass splittings ∆m2

21 ∼
O(10−5eV2) and one mixing angle θ12 ∼ 30◦.

Atmospheric neutrinos Muon and electron neutrinos and antineutrinos are abundantly pro-
duced in particle cascades created when cosmic rays hit the atmosphere. They have been detec-
ted with energies from hundreds of MeV up to hundreds of GeV, and they travel for distances
ranging from 10 km to 104 km, depending on the incident angle [16]. Since Losc

12 |km ∼ 105 E|GeV,
experiments detecting atmospheric neutrinos are almost insensitive to the mass splitting determ-
ined by Solar experiments. Nevertheless, Losc

23 |km ∼ 103 E|GeV, so atmospheric experiments are
mostly sensitive to ∆m2

32 (or, equivalently, ∆m2
31 = ∆m2

32 + ∆m2
21) and θ23. There is also some

marginal dependence on δCP and θ13. Examples of atmospheric neutrino experiments are Su-
perKamiokande [15] or DeepCore [16], an array of photomultipliers buried in the South Pole ice
that detect Cherenkov light. Their results lead to the determination of |∆m2

31| ∼ O(10−3eV2)
and θ23 ∼ 45◦.

Reactor neutrinos Solar and atmospheric neutrino experiments alone could only put upper
bounds in the mixing angle θ13; to directly measure it a new set of experiments using electron
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antineutrinos from nuclear reactors was proposed. Reactor experiments usually employ two de-
tectors, one close to the reactor and the other one at a distance ∼ L13 (i.e., experiments are
sensitive to oscillations driven by ∆m2

31), so that systematic uncertainties cancel among them.
These neutrinos have energies of few MeV, so Losc

13 ∼ 1 km. Examples of reactor neutrino exper-
iments are Daya Bay [14], Double Chooz [38], and RENO [39], whose detectors are essentially
vessels filled with liquid scintillator. Their results have allowed to determine θ13 ∼ 9◦. Another
experiment, KamLAND, is worth mentioning: its far detector is at a longer distance ∼ 100 km,
which allows it to verify and complement Solar data by independently measuring θ12, θ13 and
∆m2

21.

Accelerator neutrino experiments All the experiments mentioned up to now do not have con-
trol over the neutrino source, which difficults fine-tuned precision measurements and adds sys-
tematic uncertainties. Because of that, some neutrino experiments, called accelerator neutrino
experiments, employ an ex profeso created beam of neutrinos. The baselines of these experi-
ments are of several hundred kilometres, the reason for which they are usually referred to as
long baseline (LBL) experiments. A common method to create a neutrino beam makes use of
the following reaction chain initiated by hitting a dense target with a beam of high energetic
protons:

p+ target −→ π± +X

π+ −→ µ+νµ

µ+ −→ e+νeν̄µ

π− −→ µ−ν̄µ

µ− −→ e−ν̄eνµ

.

(1.25)

This reaction creates a beam of νµ, νe, ν̄µ and ν̄e, whose abundance can be controlled by separ-
ating the positive and negative pion beams with a magnetic field and stopping the muons with
enough solid material. Since neutrinos are produced in a two-body decay, their energy is fixed
and their spectrum can be controlled by focusing the pion beam. Furthermore, the possibility
of easily switching between a neutrino-dominated beam and an antineutrino-dominated beam
allows to easily test CP violation. The same process can also be mediated by kaons instead of
pions, but the branching ratio of purely leptonic decays from kaons is ∼ 64% compared with
∼ 99.99% from pions [18].

This process creates neutrinos with energies ∼ GeV; thus, oscillation lengths Losc
21 ∼ 105 km

and Losc
23 ∼ 103 km. By placing a detector far away from the source, thus making the neutrino

beam travel underground, ∆m2
32 and θ23 can be measured. What is more, observing the ap-

pearance of electron (anti)neutrinos in a muon (anti)neutrino beam opens a clear experimental
window to the measurement of θ13, δCP and the mass ordering. Getting into more detail, the
νµ → νe oscillation probability in constant matter density is approximately given by [40]

P (νµ → νe) = sin2 θ23 sin2 2θ13
sin2 ∆(1−A)

(1−A)2

+
∆m2

21

∆m2
31

cos θ13 sin 2θ13 sin 2θ12 sin 2θ23 cos (∆± δCP)
sin ∆A

A

sin ∆(1−A)

(1−A)

+

(
∆m2

21

∆m2
31

)2

cos2 θ23 sin2 2θ12
sin2 ∆A

A2
+O

(
∆m2

21

∆m2
31

)3

,

(1.26)

where ∆ ≡ ∆m2
31

L
4E , A = ±2

√
2GFne

E
∆m2

31
, the plus (minus) signs apply to neutrinos (anti-

neutrinos), and ne is the electron number density in the Earth matter travelled by neutrinos.
The latter variable is assumed to be constant, which is a good approximation for the Earth crust
crossed in these experiments.

As it is seen, with a precise measurement of other parameters, this expression is sensitive to
θ13, the sign of ∆m2

31 (the mass ordering) and δCP.
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A large experimental effort is being put towards this kind of experiments. Some examples
include T2K, a beam that travels for 295 km before arriving to the Super Kamiokande detector,
MINOS, a beam that travels for 700 km from Fermilab to the Soudan Mine in Minnesota, and
NOνA, a beam that travels for 800 km from Fermilab to Ash River in Minnesota. The latter
has been the main subject of study in this work.

1.2.2 Current status

After combining more than 40 years of neutrino data, a global fit published before the work
carried out here [3] gave the following results for neutrino oscillation parameters:

• The “Solar” parameters θ12 and ∆m2
21 were known with more than 15% precision2 at 3σ.

• The “reactor” parameter θ13 was known with more than 15% precision at 3σ.

• The “atmospheric” parameters θ23 and ∆m2
32 were known less accurately: the precision at

3σ of θ23 was ∼ 33% and its octant (whether θ23 > 45◦, first octant, or θ23 < 45◦, second
octant) was unknown. The precision for |∆m2

32| was ∼ 12% but the confidence on its sign
did not even reach 1σ.

• No value of δCP was discarded with a 3σ confidence.

The ignorance on the θ23 octant, the sign of ∆m2
32, and the value of δCP can be traced back to

the insensitivity to these properties in the vacuum two-neutrino mixing approximation. In order
to disentangle them, three neutrino mixing and/or matter effects are needed, both suppressed
by the small value of θ13 and ∆m2

21 � |∆m2
32|.

Table 1.1 shows the specific best-fit values of the oscillation parameters; Figures 1.3 and 1.4
show correlations between some of them.

Normal Ordering (∆χ2 = 0.97) Inverted Ordering (best fit) Any Ordering
bfp ±1σ 3σ range bfp ±1σ 3σ range 3σ range

sin2 θ12 0.304+0.013
−0.012 0.270→ 0.344 0.304+0.013

−0.012 0.270→ 0.344 0.270→ 0.344

θ12/◦ 33.48+0.78
−0.75 31.29→ 35.91 33.48+0.78

−0.75 31.29→ 35.91 31.29→ 35.91

sin2 θ23 0.452+0.052
−0.028 0.382→ 0.643 0.579+0.025

−0.037 0.389→ 0.644 0.385→ 0.644

θ23/◦ 42.3+3.0
−1.6 38.2→ 53.3 49.5+1.5

−2.2 38.6→ 53.3 38.3→ 53.3

sin2 θ13 0.0218+0.0010
−0.0010 0.0186→ 0.0250 0.0219+0.0011

−0.0010 0.0188→ 0.0251 0.0188→ 0.0251

θ13/◦ 8.50+0.20
−0.21 7.85→ 9.10 8.51+0.20

−0.21 7.87→ 9.11 7.87→ 9.11

δCP/
◦ 306+39

−70 0→ 360 254+63
−62 0→ 360 0→ 360

∆m2
21

10−5 eV2
7.50+0.19

−0.17 7.02→ 8.09 7.50+0.19
−0.17 7.02→ 8.09 7.02→ 8.09

∆m2
3`

10−3 eV2
+2.457+0.047

−0.047 +2.317→ +2.607 −2.449+0.048
−0.047 −2.590→ −2.307

[
+2.325→ +2.599
−2.590→ −2.307

]

Table 1.1: Results of global fit to neutrino oscillation parameters as of September 2014. “bfp”
stands for best fit point. ∆m2

3` refers to ∆m2
31 for NO and ∆m2

32 for IO. Table extracted from
Ref [3].

As can be seen in Figs. 1.3 and 1.4, most correlations appear between the less-known para-
meters ∆m2

32, θ23 and δCP, which can be studied and constrained with long baseline neutrino
experiments. In particular, as Eq. (1.26) shows, they offer unique sensitivity to the mass order-
ing, the θ23 octant, and δCP. Because of that, there is a firm experimental programme aimed at
these experiments that, combined, could shed light on these parameters [6, 41,42].

2The precision for an interval [xlow, xup] is defined as
xup−xlow

(xup−xlow)/2
.
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In particular, in January 2016 the first results from the NOνA experiment came out [11,12].
The subject of this work has been to independently analyse those results and combine them with
the ones discussed in this section in order to produce an up-to-date global fit.



Chapter 2

The NOνA experiment

This work has focused on the study of data from the NOνA experiment. The experiment, a firm
proposal of which was made in the year 2005 [43], makes use of the NuMI neutrino beam generator
to send a muon neutrino beam from Fermilab, near Chicago, to Ash River, in Minnesota at about
800 Km of distance. It is particularly designed to efficiently detect electron neutrinos, and the
beam spectrum is sharply peaked at 2 GeV, around the first νµ → νe oscillation maximum.

2.1 Experimental design

The NOνA experiment has several parts whose understanding is fundamental to get a global
view of it1.

2.1.1 The NuMI beam generator

The first stage of the experiment is the NuMI neutrino beam generator, in Fermilab. It consists
on a circular accelerator that accelerates protons to 120 GeV and makes them collide with a
graphite target. As a result, pions and kaons of energies ∼ 10 GeV are produced, which through
the process (1.25) create a neutrino beam. Focusing the parent mesons allows to narrow the
neutrino energy spectrum, whereas a magnetic horn selects the sign of their charge and thus
whether the beam is mainly composed of neutrinos or antineutrinos.

Afterwards, there is a pipe of about 700 m (the decay length of pions with energy ∼ 10 GeV),
where pions and kaons decay. After a thick concrete wall that absorbs all remaining hadrons, a
neutrino beam is in principle the only remnant.

There is an interesting subtlety regarding the orientation of the beam. Both pions and
kaons, being spinless particles and their muonic decays two-body decays, emit in their rest frame
neutrinos isotropically and with a fixed energy. Considering Lorentz boosts, however, the picture
changes and isotropy is lost. In particular, in the laboratory frame the neutrino energy Eν and
flux φν as a function of the angle θ with respect to the meson beam are given by

Eν(θ) =

(
1− m2

µ

m2
h

)
Eh

1 + θ2γ2
, (2.1)

φν(θ) =

(
2γ

1 + θ2γ2

)2
1

4πL2
. (2.2)

mµ is the muon mass, mh and Eh are the mass and energy of the decaying meson, γ is its
Lorentz factor, and L is the distance at which the flux is measured. The values of Eν and φν
as a function of the parent meson energy for neutrinos produced in pion decays are shown in
Fig. 2.1. A narrow energy spectrum allows for a better measurement of neutrino oscillations, and
it also helps in reducing backgrounds of different energy. Since an angle θ = 14 mrad provides a
fairly narrow energy spectrum while keeping an acceptable flux, NOνA detectors are displaced

1Unless otherwise specified, the information in this section has been extracted from Ref. [44].

13



Chapter 2. The NOνA experiment 14

14 mrad with respect to the NuMI beam direction. Fig. 2.2 compares the expected unoscillated
neutrino spectrum for θ = 0 and θ = 14 mrad.
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Figure 2.1: Neutrino energy (left) and flux (right) for different pion energies Eπ.
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Figure 2.2: Expected spectrum of charged current events either for an on-axis detector (black)
and for a 14 mrad off-axis detector (red). Source: Ref [45].

2.1.2 Near and far detectors

In order to reduce systematic uncertainties related both to the marginal presence of different
neutrino flavours in the beam and to experimental uncertainties, NOνA has an underground
detector located at Fermilab, close to the NuMI source.

This near detector is a segmented calorimeter made of cells filled with liquid scintillator.
Signal events are detected through charged current interactions, which produce a lepton and a
hadronic shower: adding up the energies of both particles the incident neutrino energy can be
reliably reconstructed.

Finally, to detect neutrino oscillations NOνA has another detector designed exactly as the
near detector but with a larger size and located 810 km away from it. Even though it is on
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the surface, it is shielded from cosmic rays by a concrete and barite layer that is effectively 14
radiation lengths thick.

2.1.3 Signal selection and backgrounds

The NOνA experiment is characterised by a good measurement of the energy and flavour of
incident neutrinos. As mentioned, for charged current interactions the neutrino energy is obtained
by adding up the energies of all resulting particles. What is more, since muons are minimum-
ionising particles whereas electrons produce a shower as they pass through matter, the topological
properties of the leptonic part of the event allows to identify the neutrino flavour. For the
particular case of νe identification, NOνA used two different algorithms: an artificial neural
network based on energy deposition and topological properties of the event (LID, for Likelihood
based particle ID) [46], and a boosted decision tree comparing the energy deposition in each
detector cell with a vast library of simulated events (LEM, for Library Event Matching) [47].

Concerning the signal purity, the experiment is designed to efficiently reduce backgrounds
from cosmic rays and neutral current interactions — the latter are considered background be-
cause from them neither the flavour nor the incident neutrino energy can be reconstructed. In
more detail, cosmic backgrounds are diminished with the shielding of the detectors and the calor-
imeter segmentation, which allows to estimate the incident neutrino direction. Neutral current
interactions, on the other hand, only deposit part of the neutrino energy in the calorimeter: the
narrowness of the incident spectrum allows to severely reduce this background. Besides, there
are backgrounds from missidentification and other neutrino flavours present in the beam that
can be quantified with the help of the near detector.

All in all, from a quantitative point of view, the NOνA energy resolution2 is 9% for electron
neutrinos [46] and 7% for muon neutrinos [11]. Moreover, the far detector still has several
systematic uncertainties once the near detector is included in the overall analysis. Effectively,
they can be summarised in a normalisation uncertainty and an energy scale uncertainty, recorded
in Table 2.1. The former is associated to uncertainties in the incident flux and neutrino cross
sections as well as possible effects of the event selection procedure, whereas the latter is associated
to absolute energy scale calibration errors.

Systematic uncertainty (%)

νe events νµ events
LEM selection procedure LID selection procedure

Signal normalisation 15 17.6 1.4
Background normalisation 13.4 10.8 1.4

Energy scale 5 5 15

Table 2.1: Systematic uncertainties in the NOνA experiment. Since they are an effect of many
underlying processes, the central limit theorem can be invoked to assume a Gaussian distribution
for the uncertainties, so their standard deviations are quoted. Source: Refs. [11, 12,46,48].

It is worth mentioning the large energy scale uncertainty for νµ events: it stems from a
large difference between predictions and near detector data for the hadronic energy deposited in
neutrino interactions. The NOνA collaboration corrected it at a low level in their simulations,
by explicitly modifying the hadronic energy to match near detector data and introducing a 100%
systematic uncertainty in that modification [11].

2.2 Replication and analysis of NOνA results

The first official NOνA results came out in early 2016 [11,12]. An important original part of this
work has been to reproduce them.

2The energy resolution is defined as the standard deviation of a Gaussian fit to the distribution of Etrue−Ereco
Etrue

,

where Ereco and Etrue are, respectively, the reconstructed and true neutrino energies in a simulation of the whole
experiment.
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2.2.1 Statistical data analysis

Since neutrinos interact rather rarely, the NOνA results are dominated by large statistical uncer-
tainties. Because of that, it is important to get familiarised with the statistical tools commonly
used in neutrino physics.

Usually, analyses use a log-likelihood test to quantify the agreement between data and dif-
ferent hypotheses, i.e., different values for the neutrino oscillation parameters. In particular, for
an experiment with data dataexp and for a set of oscillation parameters Θ, the log-likelihood for
that experiment χ2

exp is given by

χ2
exp(Θ) = − lnP(dataexp|Θ) , (2.3)

where P(dataexp|Θ) is the probability of obtaining the data points dataexp assuming the oscilla-
tion parameters to be Θ. The probabilistic nature stems both from systematic uncertainties in
the experiment and from neutrino oscillations being described by quantum mechanics. The test

statistic (2.3) is particularly useful because, for independent experiments, χ2 =
∑
exp

χ2
exp.

The best fit parameters are chosen to be the ones that minimise χ2(Θ), whereas confidence
intervals are obtained by evaluating

∆χ2(Θ) = χ2(Θ)−min
Θ

χ2(Θ) . (2.4)

According to Wilk’s theorem [49], in the large sample limit (what is usually known as the
Gaussian limit) the test statistic (2.4) is distributed following a χ2 distribution whose number
of degrees of freedom is the number of parameters in Θ. Therefore, in the Gaussian limit, a ∆χ2

confidence interval [0,∆χ2
λ] with confidence level (CL) λ fulfils∫ ∆χ2

λ

0

χ2
dim(Θ)(x) dx = λ , (2.5)

where χ2
dim(Θ)(x) is a χ2 distribution whose number of degrees of freedom is the number of

parameters in Θ. Since χ2 = χ2 (Θ), confidence intervals on χ2 can be translated into confidence
regions on Θ in a straightforward manner.

Table 2.2 shows numerically obtained values of ∆χ2
λ for difference confidence levels and dif-

ferent degrees of freedom.

CL (%)
∆χ2

λ

1 d.o.f. 2 d.o.f.

68.27 1.00 2.30
90.00 2.71 4.61
95.00 3.84 5.99
95.45 4.00 6.18
99.00 6.63 9.21
99.73 9.00 11.83

Table 2.2: Value of ∆χ2
λ corresponding to a given confidence level (CL) for different degrees of

freedom (d.o.f.) of the underlying χ2 distribution.

Nuisance parameters

Usually, the model to which the data is fitted contains additional parameters, referred to as
nuisance parameters, different from the ones that are to be extracted from data. Examples include
previously well-measured neutrino oscillation parameters or variables parametrising systematic
uncertainties. In order to include their effect, the test statistics (2.3) and (2.4) are modified to

χ2
exp(Θ) = min

ξ
[− lnP(dataexp|Θ, ξ)] ≡ min

ξ
χ2 (Θ, ξ) , (2.6)
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and
∆χ2(Θ) = min

ξ
χ2(Θ, ξ)−min

Θ,ξ
χ2(Θ, ξ) , (2.7)

respectively, where ξ are the nuisance parameters. This is equivalent to choosing as a value for
ξ the one that, for each Θ, maximises the probability of having obtained dataexp. This way,
possible correlations between ξ and Θ are taken into account.

General analysis strategy

It is relatively easy to compute χ2 (Θ, ξ) for binned data such as the one obtained by NOνA. In
general, if the average number of events in a bin i is calculated to be µi, the observed number
of events ni will be Poisson-distributed. If, additionally, there are several Gaussian-distributed
nuisance parameters ξj around a mean ξ0

j and with a standard deviation σj , then

P (data|Θ, ξ) =
∏
i,j

µnii e
−µi

ni!

1

σj
√

2π
e
− (ξj−ξ0j)

2

2σ2
j . (2.8)

The observed number of events per bin ni as well as the nuisance parameters ξj have been
assumed to be independent.

Dropping off terms that do not depend on (Θ, ξ) and are therefore irrelevant both for min-
imising χ2 and for calculating ∆χ2,

χ2 (Θ, ξ) = 2
∑
i

(
µi − ni + ni ln

ni
µi

)
+
∑
j

(
ξj − ξ0

j

)2
σ2
j

, (2.9)

where the logarithmic term is taken to be 0 if ni = 0. In general, µi = µi (Θ, ξ). Particularising
for the NOνA analyses, a priori there are three nuisance parameters associated to systematic
uncertainties: a signal normalisation factor ξ1 ≡ ηs, a background normalisation factor ξ2 ≡ ηb,
and an absolute energy scale uncertainty ξ3 ≡ ρ, all of them centred around 1. In that case, the
prediction µi for a given energy bin [Ei, Ei+1] is given by

µi =ηs

∫ ρEi+1

ρEi

dEreco

∫ ∞
0

dEtruefres (Ereco, Etrue)
dΦ (Etrue)

dEtrue
P (Etrue,Θ)σCC (Etrue) ε (Etrue)

+ηbNbi
(2.10)

where

• Ereco is the reconstructed neutrino energy.

• Etrue is the true neutrino energy.

• fres (Ereco, Etrue) is the probability to observe a reconstructed energy Ereco if the true
energy is Etrue. This function is usually taken to be a Gaussian centred at Ereco = Etrue

with a standard deviation EtrueσE , being σE the energy resolution of the detector. This
functional form stems from assuming Etrue−Ereco

Etrue
to be Gaussian-distributed around 0 with

a standard deviation σE .

• dΦ(Etrue)
dEtrue

is the incident neutrino flux.

• P (Etrue,Θ) is the oscillation probability from the original neutrino flavour to the detected
flavour.

• σCC (Etrue) is the neutrino charged current interaction cross section with the detector. At
the energies of NOνA both quasi-elastic processes, in which the neutrino scatters off a
nucleon that remains intact, and inelastic processes, where nucleons are broken, dominate.
In particular, Fig. 2.3 shows the cross section per target nucleon for different processes as
a function of the energy.
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• ε (Etrue) is the detection efficiency, i.e., the probability to correctly detect, reconstruct and
identify a neutrino with energy Etrue. It is an arbitrarily complicated function that takes
into account not only the efficiency of the detector but also the analysis process.

• Nbi is the number of background events in the bin.

In other words, the average number of signal events is, without considering experimental effects,
the product of incident flux dΦ

dE , oscillation probability P , and interaction cross section σCC.
The experimental process introduces a detection efficiency ε, a reconstructed average energy∫∞

0
dEtruefres (Ereco, Etrue), and energy bins

∫ Ei+1

Ei
dEreco. Background events Nbi are added to

µi. Finally, systematic uncertainties modify the total number of signal and background events
as well as the absolute reconstructed energy scale.
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Figure 2.3: Neutrino charged current interaction cross section per target nucleon divided by the
neutrino energy for different channels as a function of the neutrino energy. Different data points
correspond to different experiments. Source: Ref. [50]

Evaluating Eq. (2.10) allows to reproduce the NOνA statistical analyses. From a practical
point of view, the integration over Ereco was done analytically due to the Gaussian distribution
of fres (Ereco, Etrue). The integration over Etrue, on the other hand, was done numerically using
an adaptive Gaussian quadrature algorithm [51]. All the minimisations required for calculating
χ2 were done numerically using the Minuit library [52].

2.2.2 Muon neutrino disappearance

The NOνA muon neutrino disappearance results, published in Ref. [11], look for muon neutrino
events in the far detector. That is, they are sensitive to the muon neutrino survival probabil-
ity [53]

P (νµ → νµ) = 1− sin2 (2θeff) sin2

(
∆m2

effL

4E

)
+O

(
∆m2

21L

E

)3

, (2.11)

with

sin2 (2θeff) = 4 sin2 θ23 cos2 θ13

(
1− sin2 θ23 cos2 θ13

)
' sin2 (2θ23) , (2.12)

∆m2
eff = ∆m2

32 + ∆m2
21 sin2 θ12 + ∆m2

21 cos δCP sin θ13 tan θ23 sin 2θ12 ' ∆m2
32 . (2.13)

By measuring the total amount of events θ23 can be obtained, whereas the energy spectrum
allows to measure |∆m2

32|. This equation takes essentially the form of a vacuum two-neutrino
oscillation probability (1.15) with θ ' θ23 and ∆m2 ' ∆m2

32, so there is very little sensitivity to
the mass ordering and the θ23 octant.



19 Iván Esteban Muñoz. Neutrino oscillations and CP violation: analysis of NOνA data

Getting to the results of the official NOνA analysis, the predicted and measured energy
spectrum with and without oscillations is depicted in Fig. 2.4. A full statistical analysis led to
the 90% CL contour in Fig. 2.5, where all the other oscillation parameters had been set to the
ones in Ref. [18] and normal ordering had been assumed. For future reference, the oscillation
parameters in Ref. [18] are

sin2(2θ12) = 0.846± 0.021 ∆m2
21 = (7.53± 0.18)× 10−5 eV2

sin2(2θ23) =

{
0.999+0.001

−0.018 for NO

1.000+0.000
−0.017 for IO

∆m2
32 =

{
(2.44± 0.06)10−3 eV2 for NO

−(2.52± 0.07)10−3 eV2 for IO

sin2(2θ13) = 0.093± 0.008

(2.14)
6

simulation. Because the detectors are functionally iden-
tical, many systematic uncertainties largely cancel in the
measurements of sin2 θ23 and ∆m2

32. The uncertainties
assessed and their impact are summarized in Table I.

For the beam-induced backgrounds, which are small, a
normalization uncertainty of 100% is assigned. The mea-
sured background outside the beam spill window has neg-
ligible uncertainty. The neutrino interaction cross sec-
tion and hadronization uncertainties are determined by
altering each cross section and hadronization parameter
by its predetermined uncertainties in the GENIE simula-
tion, which vary in size from 15% to 25%, as specified
in Ref. [27]. Uncertainties in particle-transport modeling
are assessed by comparing alternative hadronic models
in the GEANT4 simulation. The beam flux normaliza-
tion uncertainty in each detector is dominated by beam-
line hadron production uncertainties. This uncertainty
is approximately 20% near the peak of the spectrum, es-
timated by comparing simulated pion and kaon yields in
the NuMI target to measured yields for interactions of
158 GeV protons on a thin carbon target in the NA49
experiment [28, 29]. The detector exposure uncertainty,
which accounts for uncertainties in detector mass and
periods of data collection when only one detector was
operational, is 1%.

The uncertainty in muon energy scale is 2%, driven by
detector mass and muon energy-loss modeling. The un-
certainty in calorimetric (hadronic) energy scale is 14.9%,
the quadrature sum of the 14% uncertainty assigned to
reflect the difference in Ehad scales used in data and sim-
ulation, and 5% derived from comparisons of muon and
Michel electron data and simulation. An additional rela-
tive 5.2% calorimetric energy uncertainty is taken uncor-
related between the two detectors. The main component
of this is a 5% uncertainty derived from muon and Michel
electron studies. An additional 1.4% comes from poten-
tial differences in Ehad scale between the ND and FD
due to their differing neutrino spectra (primarily due to
oscillations). To estimate this uncertainty, the simulated
ND kinematic distributions were fit to data by adjusting
some or all of the normalizations, hadronic energy scales,
and muon energy scales of QE, RES, and DIS events
separately in the simulation. The fit results were then
applied to FD simulation, and the largest relative energy
offset seen between detectors across the ensemble of fits
was 1.4%. The largest normalization offset seen was 1%,
which is also taken as an uncertainty.

Upon applying the FD event selection criteria to the
full data set reported here, a total of 33 νµ CC candi-
date events are observed for reconstructed neutrino ener-
gies below 5 GeV. The total expected background is 3.4
events, which includes 2.0± 2.0 NC events and 1.4± 0.2
cosmic-ray events. In the absence of neutrino oscillations
211.8± 12.5 (syst.) candidate events are predicted. The
energy spectrum for the sample is shown in Fig. 5.

Using a three-flavor neutrino oscillation model that in-
cludes matter effects, the data are fit for sin2 θ23 and
∆m2

32 assuming either the normal or inverted mass hi-
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32 = 2.52 · 10−3eV2. Figure taken from Ref. [11]
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simulation. Because the detectors are functionally iden-
tical, many systematic uncertainties largely cancel in the
measurements of sin2 θ23 and ∆m2

32. The uncertainties
assessed and their impact are summarized in Table I.

For the beam-induced backgrounds, which are small, a
normalization uncertainty of 100% is assigned. The mea-
sured background outside the beam spill window has neg-
ligible uncertainty. The neutrino interaction cross sec-
tion and hadronization uncertainties are determined by
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by its predetermined uncertainties in the GENIE simula-
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are assessed by comparing alternative hadronic models
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tion uncertainty in each detector is dominated by beam-
line hadron production uncertainties. This uncertainty
is approximately 20% near the peak of the spectrum, es-
timated by comparing simulated pion and kaon yields in
the NuMI target to measured yields for interactions of
158 GeV protons on a thin carbon target in the NA49
experiment [28, 29]. The detector exposure uncertainty,
which accounts for uncertainties in detector mass and
periods of data collection when only one detector was
operational, is 1%.

The uncertainty in muon energy scale is 2%, driven by
detector mass and muon energy-loss modeling. The un-
certainty in calorimetric (hadronic) energy scale is 14.9%,
the quadrature sum of the 14% uncertainty assigned to
reflect the difference in Ehad scales used in data and sim-
ulation, and 5% derived from comparisons of muon and
Michel electron data and simulation. An additional rela-
tive 5.2% calorimetric energy uncertainty is taken uncor-
related between the two detectors. The main component
of this is a 5% uncertainty derived from muon and Michel
electron studies. An additional 1.4% comes from poten-
tial differences in Ehad scale between the ND and FD
due to their differing neutrino spectra (primarily due to
oscillations). To estimate this uncertainty, the simulated
ND kinematic distributions were fit to data by adjusting
some or all of the normalizations, hadronic energy scales,
and muon energy scales of QE, RES, and DIS events
separately in the simulation. The fit results were then
applied to FD simulation, and the largest relative energy
offset seen between detectors across the ensemble of fits
was 1.4%. The largest normalization offset seen was 1%,
which is also taken as an uncertainty.

Upon applying the FD event selection criteria to the
full data set reported here, a total of 33 νµ CC candi-
date events are observed for reconstructed neutrino ener-
gies below 5 GeV. The total expected background is 3.4
events, which includes 2.0± 2.0 NC events and 1.4± 0.2
cosmic-ray events. In the absence of neutrino oscillations
211.8± 12.5 (syst.) candidate events are predicted. The
energy spectrum for the sample is shown in Fig. 5.

Using a three-flavor neutrino oscillation model that in-
cludes matter effects, the data are fit for sin2 θ23 and
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In order to correctly replicate these results, predictions for the data in Fig. 2.4 have to be
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generated for different values of the oscillation parameters and apply the procedure described in
the previous section. The predictions are in principle given by Eq. (2.10), where

•
(

dΦ
dEtrue

σCCε
)

(Etrue) can be obtained from information published by the NOνA collabora-

tion, as sketched in Fig. 2.6. The result is then correctly normalised bin-per-bin by setting
the oscillation probability to 1 and comparing the results with the unoscillated prediction
in Fig. 2.4.

• Nbi can be read from Fig. 2.4.

• The full oscillation probability including matter effects is considered, assuming the Earth
crust to have a constant density of 2.76 g/cm3 and matter with the same number of protons
and neutrons [46].

• All the other parameters in Eq. (2.10) have been given in Sec. 2.1.3 .

Figure 2.6: Data-driven simulation of the near detector flux (below, blue) and far-to-near detector
ratio (above) as a function of true energy. Interpolating the bottom curve and multiplying it by

the top one gives
(

dΦ
dEtrue

σCCε
)

(Etrue). Plots extracted from Ref. [45].

Finally, as in the original NOνA analysis, all the oscillation parameters except for ∆m2
32

and sin2 θ23 are treated as Gaussian-distributed nuisance parameters with means and standard
deviations given by Ref. [18] (see Eq. (2.14)).

The resulting confidence contours, depicted in Fig. 2.7, are in reasonable qualitative agreement
with the official NOνA result. The spectrum at the best fit, shown in Fig. 2.8, has also the
expected qualitative shape. However, the quantitative agreement was considered not to be good
enough.

The observed differences between the presented simulation and the NOνA results might be
related to the naive way of treating systematic uncertainties in Eq. (2.10). In particular, as
mentioned in Sec. 2.1.3, NOνA reported a large discrepancy between data and simulation in the
energy deposited by hadrons in the detector. That systematic uncertainty, the largest one they
had, is introduced at a low level in the simulation of the process, so it is hard to reproduce it in
this analysis.

In order to deal with that, the approach to systematic uncertainties was completely modified:
all the systematic uncertainty shifts in Fig. 2.4 are now assumed to be fully correlated among
them, controlled by a single, energy-independent, Gaussian distributed parameter ξ. Quantitat-
ively, let µiup and µilow be the upper and lower bounds of the 1-σ systematic range in Fig. 2.4

and let µino sys be the predictions without systematics in the same figure. Assuming that all
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systematic uncertainties can be parametrised by a single additive term, the prediction for each
µi changes to

µi =

{
µ0
i + ξ

(
µiup − µino sys

)
if ξ > 0

µ0
i + ξ

(
µino sys − µilow

)
if ξ < 0

, (2.15)

where µ0
i is the result of Eq. (2.10) with all systematic parameters set to 1. ξ is then Gaussian

distributed around 0 with standard deviation 1.

With that treatment of systematic uncertainties, the contour in Fig. 2.9 is obtained, which
matches much better the official one. What is more, the best fit spectrum, Fig. 2.10, essentially
matches the official result.
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2.2.3 Electron neutrino appearance

The NOνA experiment was particularly designed to measure the process νµ → νe, and its first
results were published in Ref. [12]. As mentioned in Sec. 1.2, the relevant oscillation probability
can be approximated in constant matter by:

P (νµ → νe) = sin2 θ23 sin2 2θ13
sin2 ∆(1−A)

(1−A)2

+
∆m2

21

∆m2
31

cos θ13 sin 2θ13 sin 2θ12 sin 2θ23 cos (∆ + δCP)
sin ∆A

A

sin ∆(1−A)

(1−A)

+

(
∆m2

21

∆m2
31

)2

cos2 θ23 sin2 2θ12
sin2 ∆A

A2
+O

(
∆m2

21

∆m2
31

)3

,

(2.16)

where ∆ ≡ ∆m2
31

L
4E , A = 2

√
2GFne

E
∆m2

31
, and ne is the electron number density in the Earth

matter travelled by neutrinos. This process yields dominant information on δCP and θ13.
Getting to the particular results, Fig. 2.11 shows the predicted and observed electron neut-

rino spectrum. Figure 2.12, on the other hand, shows the 68% and 90% CL on sin2 2θ13 for
different values of δCP, treating the other oscillation parameters as Gaussian-distributed nuis-
ance parameters with means and standard deviations given by Ref. [18] (see Eq. (2.14)). The fit
employs the total amount of data, without dividing the events in energy bins [46]. In all cases,
both selection techniques mentioned in Sec. 2.1.3 are considered, LEM providing more data and
including the events selected by LID.

5

events. Background and signal predictions are made us-
ing the modified sample; the change in the number of
events predicted compared to the nominal simulation is
used to quantify the size of each effect. The effects con-
sidered are tabulated in Table II.

Dominant sources of uncertainty in the signal predic-
tion arise from uncertainties in the modeling of neutrino-
nucleus interactions [16, 34], including a 40% uncer-
tainty on the value of the axial-vector mass used in
the quasielastic scattering model. The allowed varia-
tion in this effective parameter encompasses recent mea-
surements [35–38] and is a proxy for possible multinu-
cleon processes not included in the interaction model [39–
42]. Dominant sources of uncertainty affecting the back-
ground prediction include a 5% uncertainty on both the
absolute energy calibration and the inter-detector energy
calibration, uncertainty in the modeling of scintillator
saturation by highly ionizing particles [43], and modeling
of the neutrino flux. The error incurred by scaling each
background component by the same amount, instead
of employing a data-driven decomposition of the back-
ground components, is estimated by individually scaling
each background component to account for the entire dif-
ference between data and simulation.

An overall normalization uncertainty on both signal
and background levels in the FD comes from a survey of
the mass of the materials used in the ND relative to the
FD, combined with uncertainty in the measurement of
POT delivered as well as a small difference between data
and simulation in the efficiency for reconstructing events.
Other considerations include possible biases arising from
different containment criteria in the ND relative to the
FD, imperfect removal of uncontained vertex events, and
limited statistics in both the simulation and the ND data
set. Adding all the effects in quadrature gives a 17.6%
(15.0%) systematic uncertainty on the signal prediction
and a 10.8% (13.4%) systematic uncertainty on the back-
ground prediction for the primary (secondary) selection
technique.

Upon examining the FD data, 6 events were ob-
served, compared to the background prediction of 0.99±
0.11 (syst.). The observation corresponds to a 3.3σ ex-
cess over the background prediction. With the secondary
event selection, we observe 11 events, a 5.3σ excess over
the background prediction of 1.07± 0.14 (syst.). All the
events selected by the primary selector are in the sample
selected by the secondary. Using the trinomial probabil-
ity distribution and the number of simulated events that
overlap between the selectors or are selected by each ex-
clusively, we compute a 7.8% probability of observing our
particular overlap configuration or a less likely configu-
ration. Figure 2 shows the energy distribution in the FD
for events selected by either selection technique compared
to the predicted spectrum with oscillation parameters as
given in [31].

The likelihood for a Poisson distributed variable is used
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FIG. 2: Reconstructed energy distribution of events selected
in the FD. Solid (dotted) histograms show the prediction for
the primary (secondary) selector. Arrows indicate where the
data lie. Solid arrows show events from the primary selec-
tor, while dotted arrows show the additional events from the
secondary.

to compare the observed number of events to that pre-
dicted for a particular set of oscillation parameters. Fig-
ure 3 shows the values of δCP and sin2 2θ13 consistent
with the observed number of events in the data for each
of the selectors. Following the procedure of Feldman and
Cousins [44], we determine confidence intervals by in-
specting the range of likelihood ratios observed in pseudo-
experiments. Uncertainties in signal and background
predictions, in the solar oscillation parameters, and in
the atmospheric mass splitting [45] are included in the
generation of these pseudo-experiments, while sin2 θ23 is
fixed at 0.5. The data selected by the primary selector
are compatible with three-flavor oscillations at the reac-
tor value of θ13. The number of events selected by the
secondary selector favors a higher value of sin2 2θ13 for
sin2 θ23 fixed at 0.5, or alternatively a higher value of
sin2 θ23 for sin2 2θ13 constrained to the reactor measure-
ment.

Figure 4 shows the compatibility between the obser-
vation and the number of events expected as a function
of the mass hierarchy and δCP if we additionally assume
the reactor constraint of sin2 2θ13 = 0.086 ± 0.005 [1].
The maximal mixing constraint is also removed, and
uncertainty in sin2 θ23 is included in the generation of
the pseudo-experiments [45]. For each value of δCP and
choice of hierarchy we compute the likelihood ratio to
the best fit parameters and show the fraction of pseudo-
experiments which have a larger or equal likelihood ratio,
converted into a significance. The discontinuities are due
to the discrete set of possible event counts. The range of
0.1π < δCP < 0.5π in the IH is disfavored at the 90% C.L.
The number of events selected by the secondary analysis
is larger than the number of events expected given the

Figure 2.11: Electron neutrino appearance spectrum. Solid arrows show the data using the LID
selector, whereas the LEM selector data includes both solid and dashed arrows. Solid predictions
correspond to the LID selector, and dashed predictions to the LEM selector; in all cases they are
generated using sin2 θ23 = 0.5, ∆m2

32 = 2.37·10−3 eV2, sin2 2θ12 = 0.846, ∆m2
21 = 7.53·10−5 eV2,

sin2 2θ13 = 0.086, and δCP = 0. Figure taken from Ref. [12].

In principle, to replicate these results the same procedure first used in the muon analysis, with
3 independent systematic uncertainties, could be followed. Nevertheless, as far as the author of

this work is aware, NOνA has not released information about
(

dΦ
dEtrue

σCCε
)

(Etrue) for electron

neutrinos. In order to deal with this, first the predictions in Fig. 2.11 assuming the value of(
dΦ

dEtrue
σCCε

)
for muon neutrinos are generated. The results are then normalised bin-per-bin to

the ones in Fig. 2.11, thus assuming the ratio of σCCε between electron and muon neutrinos to
be constant within each energy bin. The obtained normalisation parameters do not significantly
depend on the bin, showing the validity of the procedure. What is more, since as mentioned the
analysis does not divide the data in energy bins, energy-dependent effects are not very significant.

Besides, since 50% of the background consists of electron neutrinos from the beam with an
essentially flat energy distribution [54], half of the background is also modified when changing the
oscillation parameters. Finally, as in the NOνA analysis, all the oscillation parameters except for
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range of oscillation parameters favored in global fits [46],
but 13% of pseudo-experiments generated at the NOvA
best fit find at least as many events than that observed
in the data. With the secondary selector all values of δCP

in the IH are disfavored at greater than 90% C.L. The
range of 0.25π < δCP < 0.95π in the NH is disfavored at
the 90% C.L.

In conclusion, with an exposure of 2.74 × 1020 POT,
NOvA observes 6 νe-like events in the FD, with a back-
ground prediction of 0.99± 0.11 (syst.). The 3.3σ excess
of events above background disfavors 0.1π < δCP < 0.5π
in the inverted mass hierarchy at the 90% C.L.
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[12] J. Záles̆ák et al., J. Phys.: Conf. Ser. 513, 012041 (2014).
[13] T. Bohlen et al., Nucl. Data Sheets 120, 211 (2014);

A. Ferrari et al., Tech. Rep. CERN-2005-010 (2005).
[14] S. Agostinelli et al., Nucl. Instrum. Meth. A 506, 250

(2003); J. Allison et al., IEEE Trans. Nucl. Sci. 53, 270
(2006).

[15] M. Campanella et al., Tech. Rep. CERN-ATL-SOFT-99-
004 (1999).

[16] C. Andreopoulos et al., Nucl. Instrum. Meth. A 614, 87
(2010).

[17] A. Aurisano et al., J. Phys.: Conf. Ser. 664, 072002
(2016).

[18] M. Baird et al., J. Phys.: Conf. Ser. 664 072035 (2016).
[19] M. Baird, Ph.D. Thesis, Indiana University (2015).
[20] M. Ester et al., Proc. of 2nd International Conference on

Knowledge Discovery and Knowledge Engineering and
Knowledge Management, 226 (1996).

[21] L. Fernandes and M. Oliveira, Patt. Rec. 41, 299 (2008).
[22] M. Gyulassy and M. Harlander, Comput. Phys. Com-

mun. 66, 31 (1991); M. Ohlsson, and C. Peterson, Com-
put. Phys. Commun. 71, 77 (1992); M. Ohlsson, Com-
put. Phys. Commun. 77, 19 (1993); R Frühwirth and
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Figure 2.12: Confidence levels on sin2 2θ13 for different δCP, different selection techniques, and
different mass orderings (NH refers to normal ordering and IH to inverted ordering). The ver-
tical grey band corresponds to the independent 1σ range of θ13 from reactor experiments (see
Eq. (2.14)). As will be discussed in the next chapter, this discrepancy between that range and
the NOνA best fit for some figures has quantitative effects when statistically combining NOνA
with other experiments. Figure taken from Ref. [12].

δCP and θ13 are treated as Gaussian-distributed nuisance parameters with means and standard
deviations extracted from Ref. [18] (see Eq. (2.14)).

The resulting confidence contours are shown in Fig. 2.13. As it is seen, the results accurately
match the official NOνA ones, where the small differences for large sin2 2θ13 may stem from NOνA
calculating the contours with a Monte Carlo simulation while this analysis uses the Gaussian
approximation. In Ref. [46], a comparison of the regions using both methods (but with a smaller
data sample) is presented. The comparison indicates that using the Monte Carlo defined CLs
would slightly extend the right edge of the contours, matching better the ones of the NOνA
analysis.
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Figure 2.13: Resulting contours for NOνA electron neutrino appearance analysis. Gaussian
regime for χ2 is assumed. The best-fit discrepancies for IO are small, ∆χ2 . 0.02.



Chapter 3

Combination of NOνA data with
other experiments

Once a procedure for calculating χ2 for NOνA has been established and checked against official
results from the collaboration, it is straightforward to combine it with previous results from
the NuFIT group [3] and obtain an up-to-date global fit of neutrino oscillation parameters.
Moreover, dedicated analyses to determine the current statistical confidence on δCP and/or the
mass ordering can also be run.

3.1 Global analysis

After combining the NOνA results with the ones in Ref. [3] as well as data from the DeepCore
experiment and new samples from the T2K experiment, the global fit presented in Sec. 1.2.2 was
updated and the result was made publicly available [1]. The new best fit parameters are shown
in Table 3.1, whereas Fig. 3.1 shows the correlations between the variables in which the NOνA
data had the largest impact.

To address more in detail the impact of including the NOνA results, Fig. 3.2 shows ∆χ2

as a function of either ∆m2
32, sin2 θ23, or δCP with and without the new additions. As the

figure shows, when using the results of the analysis carried out with the LID selection procedure,
including NOνA data does not introduce any dramatic change, mostly confirming previously
existing tendencies. Using the results obtained with the LEM selection procedure, on the other
hand, has some impact on the three worse-known properties of neutrino mixing:

• The preferred mass ordering changes from IO to NO, as the figures on the first line in
Fig. 3.2 show (see below for a possible explanation).

• NOνA LEM data favours θ23 > 45◦ (see below for a possible explanation) and, as a
consequence, the significance of the θ23 octant is affected. For IO this confirms the previous
tendency. For NO, on the other hand, including NOνA LEM changes the favoured octant
from the first to the second. The previous favouring of the first octant in NO was mostly
driven by atmospheric neutrino data, which shows an excess of sub-GeV events that for
NO was accommodated by θ23 < 45◦ [3]. Inclusion of NOνA LEM results conflicts with
this tendency.

• The ∆χ2 distributions for δCP are also significantly affected, particularly for IO. The smaller
impact that including NOνA LEM has for NO is also a consequence of the change of the
favoured θ23 octant for that mass ordering: as Fig. 3.1 shows, the second octant, now
favoured, has a lower significance on δCP.

The effect that NOνA LEM results have on θ23 can be understood from Fig. 2.12 (right): there
seems to be tension between the independently measured value of θ13 and the one determined
one NOνA in νe appearance. As Eq. (2.16) shows, however, the νe appearance probability is
mostly sensitive not to θ13 but to the combination sin2 θ23 sin2 2θ13. The official NOνA analysis

26
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LEM Normal Ordering (best fit) Inverted Ordering (∆χ2 = 0.97) Any Ordering
bfp ±1σ 3σ range bfp ±1σ 3σ range 3σ range

sin2 θ12 0.308+0.013
−0.012 0.273→ 0.349 0.308+0.013

−0.012 0.273→ 0.349 0.273→ 0.349

θ12/◦ 33.72+0.79
−0.76 31.52→ 36.18 33.72+0.79

−0.76 31.52→ 36.19 31.52→ 36.18

sin2 θ23 0.574+0.026
−0.144 0.390→ 0.639 0.579+0.022

−0.029 0.400→ 0.637 0.390→ 0.639

θ23/◦ 49.3+1.5
−8.3 38.6→ 53.1 49.6+1.3

−1.7 39.2→ 53.0 38.6→ 53.1

sin2 θ13 0.0217+0.0013
−0.0010 0.0187→ 0.0250 0.0221+0.0010

−0.0010 0.0190→ 0.0251 0.0187→ 0.0250

θ13/◦ 8.47+0.24
−0.20 7.86→ 9.11 8.54+0.19

−0.20 7.93→ 9.12 7.86→ 9.11

δCP/
◦ 272+61

−64 0→ 360 256+43
−43 131→ 381 0→ 360

∆m2
21

10−5 eV2
7.49+0.19

−0.17 7.02→ 8.08 7.49+0.19
−0.17 7.02→ 8.08 7.02→ 8.08

∆m2
3`

10−3 eV2
+2.484+0.045

−0.048 +2.351→ +2.618 −2.467+0.041
−0.042 −2.595→ −2.341

[
+2.325→ +2.618
−2.588→ −2.348

]
LID Normal Ordering (∆χ2 = 1.03) Inverted Ordering (best fit) Any Ordering

bfp ±1σ 3σ range bfp ±1σ 3σ range 3σ range

sin2 θ12 0.308+0.013
−0.012 0.273→ 0.349 0.308+0.013

−0.012 0.273→ 0.349 0.273→ 0.349

θ12/◦ 33.72+0.79
−0.76 31.52→ 36.18 33.72+0.79

−0.76 31.52→ 36.18 31.52→ 36.18

sin2 θ23 0.451+0.038
−0.025 0.387→ 0.634 0.576+0.023

−0.033 0.393→ 0.636 0.389→ 0.636

θ23/◦ 42.2+2.2
−1.4 38.5→ 52.8 49.3+1.4

−1.9 38.8→ 52.9 38.6→ 52.9

sin2 θ13 0.0219+0.0010
−0.0010 0.0188→ 0.0249 0.0219+0.0010

−0.0010 0.0189→ 0.0250 0.0189→ 0.0250

θ13/◦ 8.50+0.19
−0.20 7.87→ 9.08 8.51+0.20

−0.20 7.89→ 9.10 7.89→ 9.10

δCP/
◦ 303+39

−50 0→ 360 262+51
−57 98→ 416 0→ 360

∆m2
21

10−5 eV2
7.49+0.19

−0.17 7.02→ 8.08 7.49+0.19
−0.17 7.02→ 8.08 7.02→ 8.08

∆m2
3`

10−3 eV2
+2.477+0.042

−0.042 +2.351→ +2.610 −2.465+0.041
−0.043 −2.594→ −2.339

[
+2.355→ +2.606
−2.594→ −2.339

]

Table 3.1: Results of global fit to neutrino oscillation parameters as of May 2016. “bfp” stands
for best fit point. ∆m2

3` refers to ∆m2
31 for NO and ∆m2

32 for IO. Source: Ref [1].
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results shown in in Fig. 2.12 effectively assume θ23 = 45◦ (see Eq. (2.14)) but a smaller θ13 can
be equally accommodated if one allows for θ23 > 45◦.

What is more, as seen in the same figure, the θ13 tension between NOνA LEM and reactor
experiments is larger for IO. Therefore, this mass ordering requires a larger value of θ23 to be
consistent with reactor θ13 data. But large deviations from θ23 = 45◦ are disfavoured by νµ
disappearance data from NOνA, T2K and atmospheric neutrinos. As a consequence, an overall
agreement among all data sets becomes more difficult for IO and this mass ordering is disfavoured
as a result.

Because of the limited NOνA statistics all these effects do not lead to large values of ∆χ2,
this is, they are still not very statistically significant. To quantify their impact on the significance
of our present knowledge of the CP violating phase and the ordering a numerical study has been
carried out to take into account that deviations from Gaussianity can be expected because of
the cyclic nature of the CP phase and the discreteness of the ordering, as well due to the limited
statistics of the appearance results.

3.2 Present significance of mass ordering and CP violation

3.2.1 Test statistic

The mass ordering and CP violation phase δCP are among the less-known neutrino mixing para-
meters. Since NOνA data affects both, to quantify the current statistical knowledge on them
the following test statistic is considered:

∆χ2 (δCP, ord) = χ2 (δCP, ord)− min
δCP,ord

χ2 (δCP, ord) (3.1)

where ord refers to the mass ordering. It is the natural extension of the test statistic (2.4) if just
δCP and the mass ordering are to be studied.

With respect to the other oscillation parameters, sin2 θ23 and |∆m2
32| are strongly correlated

with δCP, as Fig. 3.1 shows. Therefore, χ2 must be minimised over them, i.e.,

χ2 (δCP, ord) = min
sin2 θ23,|∆m2

32|
χ2
(
δCP, ord, sin2 θ23, |∆m2

32|
)
. (3.2)

On the other hand, the oscillation parameters sin2 θ12, sin2 θ13 and ∆m2
21 are known with

a high precision and minimising over them is expected to have a small effect in the test stat-
istic (3.2). What is more, sin2 θ12 and ∆m2

21 are determined in experiments different from the
ones measuring δCP and the mass ordering: being essentially uncorrelated with these paramet-
ers, they can safely be kept fixed. Something similar happens with θ13: as Fig. 3.1 shows, the
correlation with, e.g., δCP, is rather small. Thus they are are kept fixed to 0.308, 0.022 and
7.49 · 10−5 eV2, respectively.

3.2.2 Confidence levels

In principle Wilk’s theorem assures that the test statistic (3.1) is, in the large sample limit, dis-
tributed following a χ2 distribution. The theorem, however, assumes the theoretical predictions
to depend linearly on the fit parameters, which can take any real value. This is not strictly true
here due to the complicated dependence of the predictions on δCP and the mass ordering (see
Eq. (1.26)), as well as due to the discreteness of the ordering and the periodicity of δCP [55].
Therefore, confidence levels for the test statistic (3.1) have to be obtained with a Monte Carlo
simulation to evaluate the real probability distribution followed by the tests statistics used.

Getting into more detail, the systematic uncertainties and data points in the experiments are
expected to be, respectively, Gaussian and Poisson distributed. Thus, assuming some “true” val-
ues for the oscillation parameters, a set of pseudo-experiments with randomly produced data can
be generated. From them, the probability density function distribution of the test statistic (3.1),
which will be denoted as F(∆χ2|δCP, ord), can be estimated. Its dependence on δCP and the
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mass ordering stems from the dependence on them of the test statistic. Confidence intervals
[0,∆χ2

λ] with confidence λ can then be obtained, as in Eq. (2.5), by solving∫ ∆χ2
λ

0

F(∆χ2|δCP, ord) = λ . (3.3)

This procedure is equivalent to rejecting ∆χ2 > ∆χ2
λ with confidence λ if it occurs in a fraction

1 − λ of the pseudo-experiments. Thus, the confidence intervals have the correct frequentist
coverage by construction.

The resulting confidence intervals will in general depend on the “true” values of the oscillation
parameters that generate the pseudo-experiments. Since ∆χ2 (δCP, ord) sheds light on the prob-
ability of (δCP, ord) having generated the data, the “true” values of these parameters should be
equal to the ones with which ∆χ2 is evaluated. Given the current statistical confidence on other
oscillation parameters (see Table 3.1), their “true” values were chosen as |∆m2

32| = 2.4·10−3 eV2,
∆m2

21 = 7.49 · 10−5 eV2, sin2 θ12 = 0.308, and sin2 θ13 = 0.022. As discussed above, as these
parameters are independently determined they are very weakly correlated with the CP phase
and the ordering. Thus, changing their “true” value is not expected to have much impact on the
derived CL. On the contrary, both the CP phase and the ordering show strong correlations with
θ23 (see Figs. 3.1 and 3.2). For this reason, the analysis is run for three different “true” sin2 θ23

values: 0.45, 0.58 and 0.5, corresponding, respectively, to the local ∆χ2 minima (see Fig. 3.2)
and maximal mixing among the 2 and 3 mass eigenstates.

3.2.3 Data sets and results

In order to understand the effect of NOνA data on the confidence on δCP and the mass ordering,
the test statistic (3.1) and its confidence levels were first evaluated for NOνA data alone, from
both νµ disappearance and νe appearance. Afterwards, the same analysis was run adding data
from other accelerator neutrino experiments: T2K (νe appearance and νµ disappearance data)
and MINOS (ν̄e and νe appearance and ν̄µ and νµ disappearance data). The base simulations
for these two experiments were provided by the NuFIT group.

The resulting data and confidence levels for NOνA, NOνA and T2K, and NOνA, T2K and
MINOS are shown in Fig. 3.3 for LEM data, and in Fig. 3.4 for LID data. The confidence levels
are extracted from a Monte Carlo (MC) simulation of 104 pseudo-experiments.

The results in the figures can be understood as follows. In each panel the values of test
statistic 3.1 are plotted for both mass orderings as a function of δCP for real experimental data.
These are the full red (for NO) and blue (for IO) curves. There are also three red (blue) dashed
curves, corresponding to the value ∆χ2

λ that determines a λ=68.27%, 90%, and 99 % CL (see
Eq. (3.3)). These values are obtained from the MC simulation with “true” NO (IO). If the the
test statistics (3.1) was χ2-distributed (i.e., the Gaussian limit ignoring the discreteness of the
ordering), these three curves would be horizontal lines at ∆χ2

λ = 1, 2.71, and 6.63 for both
orderings.

As seen in the figure, in most cases the MC obtained CLs are smaller than the ones expec-
ted from the χ2-approximation, particularly for the larger CLs. Furthermore, there are strong
variations on the CL curves for θ23 6= 45◦ and the CL curves are always lower for NO than
for IO. The first effect can be qualitatively understood in terms of parameter degeneracies in
the oscillation probabilities [55], and the fact that the regions with lower CLs are close to the
boundaries of the parameter space, thus reducing the effective number of degrees of freedom in
the fit and increasing its sensitivity.

The effect on the ordering, on the other hand, shows that the experiments have more sensitiv-
ity to reject NO than IO. Its origin may be related to the larger νµ → νe oscillation probability for
NO than for IO: for NO, the denominator in the first term in Eq. (2.16) is smaller, thus increasing
the oscillation probability (this can also be checked evaluating the full oscillation formula). As
a consequence, “true” NO predicts more statistics, and thus more sensitivity.

Next, the real ∆χ2 values (the full lines) can be compared with the corresponding expected
distributions and obtain the CLs. If the real ∆χ2 for a given δCP and mass ordering is larger
than the values obtained for a fraction λ of the pseudo-experiments for that “true” value of
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(c) NOνA, T2K and MINOS data

Figure 3.3: Experimental value of the test statistic (3.1) (solid) and its confidence levels (dashed)
both for NO (red) and IO (blue) and different “true” θ23 values. The dashed lines correspond,
from bottom to top, to 68.27%, 90% and 99% CL LEM data. The discrete “steps” present in
the NOνA CLs are due to NOνA fitting a single Poisson-distributed discrete variable (the total
number of νe events) therefore introducing a discretisation in the possible χ2 values.
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Figure 3.4: Experimental value of the test statistic (3.1) (solid) and its confidence levels (dashed)
both for NO (red) and IO (blue) and different “true” θ23 values. The dashed lines correspond,
from bottom to top, to 68.27%, 90% and 99% CL LID data. The discrete “steps” present in the
NOνA CLs are due NOνA fitting a single Poisson-distributed discrete variable (the total number
of νe events) therefore introducing a discretisation in the possible χ2 values.
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δCP and ordering, that value of the phase can be excluded for that ordering with confidence λ.
Conversely, if the real ∆χ2 for a given ordering is larger than the values obtained for a fraction λ
of the pseudo-experiments for that “true” mass ordering and any value of the “true” CP phase,
the mass ordering is excluded with confidence λ. As has been mentioned previously, graphically
this is equivalent to rejecting a value of δCP and the mass ordering with a given CL if their
experimental ∆χ2 curve (solid line) is above the dashed line corresponding to that CL.

Getting to the results, regarding the mass ordering, from the panels in the centre line of
Fig. 3.3 it can be read that the combination of NOνA LEM and T2K data discards IO with a
99% CL for almost all values of δCP and for any of the three true values of θ23 considered. For
δCP around 3π

2 , IO is ruled out with a slightly lower CL but clearly larger than 90%. Adding
MINOS data dilutes the significance of this disfavouring of IO: as seen in the lower panels of
the figure, the region around δCP ∼ 3π

2 cannot be disfavoured even with 1 σ for any of the
considered θ23 values. In particular, with MINOS data IO is disfavoured with a 99% CL only
for δCP ∈ [0.13π, 0.78π].

Regarding the allowed ranges of the CP phase, as shown in the figure, they are strongly
dependent on the true value of θ23. Also, for any value of θ23 the inclusion of MINOS dilutes the
significance of leptonic CP violation. For example, the combination of NOνA+T2K+MINOS (for
both LID and LEM) only disfavours CP conservation (i.e., δCP = 0, 2π) at about 1σ. Conversely,
δCP ∈ [0.16π, 0.84π] is disfavoured with a 90% C.L by NOνA LEM+T2K+MINOS for any value
of true θ23.



Chapter 4

Conclusions

This work is an introduction to research in the phenomenology of neutrino oscillations in the
present experimental context. With this aim, a review of the theoretical and experimental status
of neutrino oscillations has been first presented. In particular, the last data published by the
NOνA collaboration has been analysed, their results replicated, and the information included in
an updated global neutrino fit that is now public.

The NOνA experiment was especially designed for detecting electron neutrino appearance in a
muon neutrino beam. It has been shown that this specific data, with just 7% of the total nominal
exposure, already adds information on the three less-known neutrino oscillation parameters: the
θ23 octant, δCP and the mass ordering. In particular, with LEM data θ23 > 45◦, δCP ∼ 3π

2 , and
NO are now favoured.

In order to address our present knowledge of these parameters after including the NOνA
results, a dedicated analysis has been carried out. This analysis quantifies the current statistical
confidence on leptonic CP violation and the neutrino mass ordering taking into account possible
deviations from Gaussianity via a MC simulation. It has included data from most modern
accelerator neutrino experiment: NOνA, T2K and MINOS.

Quantitatively, at present CP conservation (i.e., δCP = 0, 2π) is only disfavoured at about
1σ, while δCP ∈ [0.16π, 0.84π] is disfavoured with a 90% CL for any value of θ23. Besides, the
inverted ordering is disfavoured with a 90% CL for δCP . π.

That information is significantly affected not only by individual uncertainties on the θ23

octant, δCP and the mass ordering, but also by the existing correlations between them. Therefore,
as more data becomes available, global analyses could shed some light on these parameters. It
is of particular importance the Neutrino 2016 Conference that will take place in early July
2016: NOνA data with twice as statistics and T2K antineutrino data with the same statistics as
their neutrino data will be presented. After replicating the results of these experiments with a
procedure similar to the one in this work, the combined analyses presented here, run on the new
data, will lead to a publication.

The study of neutrino physics started with a brave proposal by Pauli of an almost undetectable
particle. The combination of theoretical and experimental courage led to colossal detectors that
undoubtedly determined that neutrinos have mass, thus providing a clear sign of new physics
beyond the Standard Model. Currently, precision experiments are determining the last aspects
of leptonic flavour mixing, guiding us towards a better understanding of Nature.
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