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Abstract
Vacuum decays through quantum tunneling constitute a substantial part of inflationary theory.
If occurring at sufficiently close to the end of inflation, the corresponding implications on
observables are manifold.

In this study a family of large field potentials that inherit the possibility of primordial tun-
nelling events is analysed for a scalar inflaton; namely, they contain a positive metastable false
vacuum and a true vacuum at the origin. Furthermore, the scalar field is considered in two
different cases: minimally and non-minimally coupled to gravity.

Thus, the tensor-to-scalar ratio, the scalar spectral index and the amplitude of scalar per-
turbations corresponding to these models are calculated and compared to CMB measurements.
Furthermore, the process of tunnelling out of said false vacuum is described analytically as well
as numerically. Finally, the consequences of tunelling in the treated descriptions of inflation
are carried out also taking into account a scenario with cosmic friction by decay into abelian
gauge-bosons.
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1 Introduction
Inflation has been considered a major paradigm in theoretical physics for more than three
decades inasmuch as it provides an elegant solution of the well-known horizon and flatness
problems as well as lots of other difficulties (an extensive description of which can be found in
[Lin90]). According to this concept, a scalar field is responsible for quasi-exponential expansion
of the universe in its earliest stages. Since its very invention in 1981 [Gut81] first order phase
transitions caused by tunneling out of false vacua have played an important role in models that
fit an inflationary era to the standard description of the universe. Besides, tunneling has to be
taken into account whenever a metastable false vacuum i. e. a local minimum of the potential
of the scalar field appears in the theory, a natural assumption to make.

In this thesis the special case of a scalar field being subject to an order four polynomial
potential that contains a false and a true vacuum is investigated. In general, the non-hilltop,
quartic potential is one of the most widely discussed descriptions of cosmic inflation in the
literature having been buried by Planck data [PAA+16] to be ”resurrected” afterwards [TG04]
whereas the hilltop-kind still fits the observational constraints well. The potential addressed in
this thesis contains both alike parts having similarities to the hilltop potential at low energy
scales while undergoing a quasi 𝜆𝜙4 phase for higher energies both of which are separated by
said local minimum. Furthermore, the scalar field is considered to be minimally-coupled first
to be resurrected (following the formalism described in the paper cited above) by non-minimal
coupling to gravity.

Among others, some basic questions concerning this idea will be answered: Does the resulting
model satisfy observational constraints for a significant area in parameter space? Does tunneling
occur during or after inflation and if yes through which process? Does tunneling have observable
consequences nowadays?

Following this thread of questions, the potential in the minimally coupled case will be in-
troduced and the corresponding field will be evolved classically. Thus, the values of CMB
observables will be obtained. An analogous procedure will be carried out for the case of the
field being non-minimally coupled to gravity. Moreover, the different cosmological instantons
will be explained and compared bearing in mind the respective implications on observables to
finally answer the questions made above in the conclusion.

2 General remarks
Before the problem can be adressed some general remarks regarding conventions and definitions
have to be made. First, all derivations and calculations throughout this thesis will be performed
in units in which 𝑐 = ℏ = 1 on GeV scale.

In the following, spacetime coordinates will be indicated by Greek letters while Latin letters
just describe spatial coordinates.

The metric tensor is denoted as 𝑔𝜇𝜈 (its determinant as 𝑔) and chosen to have signature
(+, −, −, −). The following results are taken from [Car04]. Based on this the Christoffel symbols
of the Levi-Civita connection can be computed via

Γ𝜆
𝜇𝜈 = 1

2𝑔𝜆𝜅(𝜕𝜇𝑔𝜈𝜅 + 𝜕𝜈𝑔𝜇𝜅 − 𝜕𝜅𝑔𝜇𝜈) (1)

where Einstein’s sum convention was applied as it will be throughout this thesis. As a torsion
free environment is assumed, the Christoffel symbols are symmetrical under exchange of the
last two indices.
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The curvature of spacetime is described by the Riemann tensor which is defined as

𝑅𝜆
𝜅𝜇𝜈 = 𝜕𝜇Γ𝜆

𝜅𝜈 − 𝜕𝜈Γ𝜆
𝜅𝜇 + Γ𝛽

𝜅𝜈Γ𝜆
𝛽𝜇 − Γ𝛽

𝜅𝜇Γ𝜆
𝛽𝜈. (2)

Moreover the Ricci tensor and scalar can be derived contracting the Riemann tensor:

𝑅𝜇𝜈 = 𝑅𝜆
𝜇𝜆𝜈 = 𝑔𝜆𝜅𝑅𝜅𝜇𝜆𝜈 (3)

𝑅 = 𝑅𝜈
𝜈 = 𝑔𝜇𝜈𝑅𝜇𝜈. (4)

In the special case of a flat FLRW universe treated in this thesis the metric reads

d𝑠2 = d𝑡2 − 𝑎(𝑡)2 (d𝑟2 + 𝑟2dΩ2
(2)) (5)

with the scale factor 𝑎(𝑡), the reduced Planck mass 𝑀𝑃𝑙 ≈ 2.435 ∗ 1018 Gev and the 2-sphere
dΩ2

(2) = d𝜃2 + sin2(𝜃)d𝜙2. Thus, the metric tensor has determinant

𝑔 = −𝑎(𝑡)6𝑟4 sin2(𝜃). (6)

Finally, this yields the 2nd Friedman equation

𝐻2 = ( ̇𝑎(𝑡)
𝑎(𝑡))

2
= 𝜌

3𝑀2
𝑃𝑙

(7)

with Hubble parameter 𝐻 and the energy density of the contents of the universe 𝜌. Hereafter,
derivatives with respect to cosmic time are indicated by dots.

ubble

3 Minimal-coupling to gravity
First of all, the scalar field is assumed to be minimally coupled to gravity. This reasoning will
be generalized to non-minimally coupled scalars in section 4. The corresponding Lagrangian
density (hereafter just called Lagrangian for simplicity) reads

ℒ = −𝑀2
𝑃𝑙

2 𝑅 + 1
2𝜕𝜇𝜙𝜕𝜇𝜙 − 𝑉 (𝜙). (8)

This leads to an action

𝑆 = ∫ √−𝑔 (−𝑀2
𝑃𝑙

2 𝑅 + 1
2𝜕𝜇𝜙𝜕𝜇𝜙 − 𝑉 (𝜙)) d4𝑥. (9)

From the action the equations of motion can be obtained.
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3.1 Resulting equations of motion
As there are two fields involved, the gravitational tensor field 𝑔𝜇𝜈 and the scalar field 𝜙, two
equations of motion emerge from the action. Working in a FLRW universe which is dominated
by the scalar field, the 2nd Friedman equation reads (see (7)):

𝐻2 =
̇𝜙2

2 + 𝑉 (𝜙)
3𝑀2

𝑃𝑙
. (10)

The dynamics of the scalar field can be derived applying the Euler-Lagrange-equation in curved
spacetime

𝜕𝜇 (𝛿 (√−𝑔ℒ)
𝛿(𝜕𝜇𝜙) ) − 𝛿 (√−𝑔ℒ)

𝛿𝜙 = 0. (11)

The FLRW metric yields √−𝑔 = 𝑎3𝑟2 sin 𝜃 (see (6)). Furthermore, the scale factor is just a
function of time. Thus, the equation of motion becomes

𝜕𝜇𝜕𝜇𝜙 + 3𝐻 ̇𝜙 + 𝑉,𝜙 = 0 (12)

with 𝑉,𝜙 = d𝑉 (𝜙)
d𝜙 and ̇𝜙 = 𝜕0𝜙. (13)

Quasi exponential expansion in an inflating (i. e. quasi de-Sitter) universe causes the gradients
generated by fluctuations of the almost homogeneous i. e. cosmological scalar field to diminish
such that they can be neglected:

̈𝜙 + 3𝐻 ̇𝜙 + 𝑉,𝜙 = 0. (14)

It is convenient to introduce the notion of the e-fold 𝑁 as new timelike coordinate which is
defined as

d𝑁
d𝑡 = −𝐻. (15)

In this description space expands by a factor of 𝑒 after Δ𝑁 = −1 ⟺ Δ𝑡 = 𝐻−1 i. e. one
Hubble-time has passed. Note that e-folds defined as such count backwards in time. Hence, the
end of inflation takes place at 𝑁 = 0 while the beginning is characterized by a positive value.
Expressed in terms of the newly introduced time coordinate, the equation of motion becomes
(using (10) and (15))

𝑉 (𝜙)
3𝑀2

𝑃𝑙(1 − (𝜙′)2

6𝑀2
𝑃𝑙

)
(𝜙″ − 3𝜙′) + 𝑉,𝜙 = 0 with 𝜙′ = 𝜕𝜙

𝜕𝑁 (16)

This differential equation can be solved numerically bearing in mind that inflation can just
occur under certain circumstances.
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3.2 Slow-Roll inflation
For inflation to happen, the scalar field has to be subject to a slow-rolling phase which is
characterized by the conditions

̇𝜙2

2 ≪ 𝑉 (𝜙) (17)
̈𝜙 ≪ 𝐻 ̇𝜙 (18)

where accelerating expansion naturally follows from (17) whereas (18) implies that Hubble-
friction slows down the scalar field during its evolution which in most cases is necessary to
satisfy (17) for a sufficiently long period. These conditions can be expressed in terms of the
slow-roll parameters 𝜖 and 𝜂 (following closely the procedure of [Bau11])

𝜖 ≡ d ln 𝐻
d𝑁 = − �̇�

𝐻2 ≪ 1 (19)

𝜂 ≡ 𝜖 − 1
2

d ln 𝜖
d𝑁 ≪ 1 (20)

which in this theory can be described as (applying (10) and (14))

𝜖 = (𝜙′)2

2𝑀2
𝑃𝑙

≃ 𝑀2
𝑃𝑙

2 ( 𝑉,𝜙
𝑉 (𝜙))

2
(21)

𝜂 = −𝜙″

𝜙′ ≃ 𝑀2
𝑃𝑙

𝑉,𝜙𝜙(𝜙)
𝑉 (𝜙) − 𝜖. (22)

Note that the approximations assume slow-rolling which is why they can’t be applied elsewhere.
Hence, the end of inflation which here is denoted as 𝜙𝑒𝑛𝑑

1 coincides with the increase of 𝜖 to

𝜖(𝜙𝑒𝑛𝑑) = 1. (23)

Imposing this condition, the field value at the end of inflation can be inferred. Once this value
is known the field value at any given number of e-folds can be computed from (15) as follows

𝑁 = ∫
𝜙𝑒𝑛𝑑

𝜙
𝐻d𝑡. (24)

Thence, given a minimal duration of inflation by scale considerations (typically 𝑁∗ ∈ [50, 70])
a characteristic minimal initial field value 𝜙∗ is obtained with which observable quantities can
be predicted that can be falsified by CMB measurements. Those are the amplitude of scalar
fluctuations, 𝐴𝑆, ratio of the latter and fluctuations caused by gravitational radiation (𝐴𝑇 ),
generally denoted by 𝑟 (scalar-to-tensor ratio), and the scalar spectral index 𝑛𝑠 that is defined

1Naturally, (23) does not necessarily predict the final end of inflation as it could start again whenever (17) is
satisfied.
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as the exponent of the power-law fitted power-spectrum 𝑃𝜁 (𝜁 is an isometry invariant quantity
which measures scalar perturbations) of the CMB[Bau11]:

𝑃𝜁 ∝ 𝐴2
𝑆𝑘𝑛𝑠−1 (25)

𝐴𝑆 = 1
8𝜋2

𝐻(𝜙∗)2

𝜖(𝜙∗)𝑀2
𝑃𝑙

= (2.2 ± 0.1)10−9 (26)

𝑟 = 𝐴2
𝑇

𝐴2
𝑆

= 16𝜖(𝜙∗) < 0.1 (27)

𝑛𝑠 − 1 = 2𝜂(𝜙∗) − 4𝜖(𝜙∗) = 0.968 ± 0.006 (28)

where the observational values are taken from the latest (2015) measurements of the Planck mis-
sion [PAA+16]. Having these tools at hand, the addressed potential can be analysed. However,
said potential has to be introduced first.

3.3 Objections on the potential
The potential 𝑉 (𝜙) addressed in this thesis is chosen to be a quartic polynomial that has to
fulfil several constraints:

1. It has to to tend to ∞ for 𝜙 → −∞ and 𝜙 → ∞ to bound the energy.

2. It has to contain three extrema (two minima and one maximum) to be of the demanded
shape.

3. The potential values of the minima have to vary such that one constitutes a false vacuum
state i. e. a local minimum (at 𝜙𝑚𝑖𝑛) while the other serves as true vacuum i. e. a global
minimum.

4. By construction the true vacuum characterized by the field value 𝜙0 = 0 satisfies 𝑉 (𝜙0) =
0 (zero cosmological constant after inflation) and 𝜙𝑚𝑖𝑛 > 𝜙0.

The 1st derivative of a generic quartic polynomial that realises the 2nd constraint can be ex-
pressed in the following form

d𝑉 (𝜙)
d𝜙 = 𝜆(𝜙 − 𝜙0)(𝜙 − 𝜙𝑚𝑎𝑥)(𝜙 − 𝜙𝑚𝑖𝑛) (29)

where 𝜙𝑚𝑎𝑥 denotes the field value of the maximum. Integrating and applying 𝜙0 = 0, 𝑉 (0) = 0,
the generic form of the potential is obtained:

𝑉 (𝜙) = 𝜆𝜙4

4 + 𝜒𝜙3

3 + 𝑚2 𝜙2

2 (30)

with 𝜒 = −𝜆(𝜙𝑚𝑖𝑛 + 𝜙𝑚𝑎𝑥) (31)
and 𝑚 = √𝜆𝜙𝑚𝑖𝑛𝜙𝑚𝑎𝑥. (32)

Due to the extreme value theorem 𝜙𝑚𝑎𝑥 must satisfy

0 < 𝜙𝑚𝑎𝑥 < 𝜙𝑚𝑖𝑛. (33)



3 Minimal-coupling to gravity 8

Note that thanks to the 2nd constraint 𝜙𝑚𝑎𝑥 and 𝜙𝑚𝑖𝑛 can’t be equal. Moreover, in order to
conform the 3rd constraint

𝑉 (0) = 0 < 𝑉 (𝜙𝑚𝑖𝑛) (34)

which yields an upper bound for 𝜙𝑚𝑖𝑛

0 < 𝜆(−𝜙4
𝑚𝑖𝑛
12 + 𝜙𝑚𝑎𝑥𝜙3

𝑚𝑖𝑛
6 ) (35)

⟺ 𝜙𝑚𝑖𝑛 < 2𝜙𝑚𝑎𝑥. (36)

Thus, the value of 𝜙𝑚𝑎𝑥 strongly constrains the value of 𝜙𝑚𝑖𝑛. This is why 𝜙𝑚𝑎𝑥 is the only
independent scale of the theory apart from 𝑀𝑃𝑙 that constitutes the defining scale of general
relativity. Finally, the 1st constraint implies 𝜆 > 0. All in all, the potential is entirely described
by the three parameters 𝜆, 𝜙𝑚𝑖𝑛 and 𝜙𝑚𝑎𝑥 that satisfy the constraints

0 < 𝜙𝑚𝑎𝑥 < 𝜙𝑚𝑖𝑛 < 2𝜙𝑚𝑎𝑥 (37)
and 𝜆 > 0. (38)

Throughout this thesis it will often be described in terms of the barrier width 𝑑 defined as

𝑑 = 𝜙𝑚𝑖𝑛 − 𝜙𝑚𝑎𝑥. (39)

Then the potential reads

𝑉 (𝜙) = 𝜆𝜙2 [𝜙2

4 − (2𝜙𝑚𝑎𝑥 + 𝑑)𝜙
3 + 𝜙𝑚𝑎𝑥(𝜙𝑚𝑎𝑥 + 𝑑)

2 ] . (40)

Having parametrised the potential, the numerical treatment can done beginning with the clas-
sification.

3.4 Classification of possible inflationary scenarios
At first glance, the treated potential allows three distinct evolutions of field dynamics which
constitute six different ways inflation could occur depending on the choice of the parameters
𝜙𝑚𝑖𝑛 and 𝜙𝑚𝑎𝑥. Those are (see figure 1 for a graphical explanation):

1. overshooting of 𝜙𝑚𝑎𝑥
a) beginning and end of observable inflation at higher scalar field values than 𝜙𝑚𝑖𝑛

(𝜙∗ > 𝜙𝑒𝑛𝑑 > 𝜙𝑚𝑖𝑛)
b) beginning of observable inflation at a higher scalar field value than 𝜙𝑚𝑖𝑛 while in-

flation ends after passing 𝜙𝑚𝑎𝑥 (𝜙∗ > 𝜙𝑚𝑖𝑛, 𝜙𝑒𝑛𝑑 < 𝜙𝑚𝑎𝑥)
i. temporary break of observable inflation shortly before the scalar field passes

𝜙𝑚𝑖𝑛 and restart after 𝜙𝑚𝑖𝑛 is reached
ii. continuous inflation

2. getting stuck in the classically stable minimum (𝜙∗ and 𝜙𝑒𝑛𝑑 undefined)
a) temporary end of inflation shortly before the scalar field passes 𝜙𝑚𝑖𝑛 and restart

after some damped oscillations leading to eternal inflation
b) continuous eternal inflation
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3. beginning and end of observable inflation at lower scalar field values than 𝜙𝑚𝑎𝑥 (𝜙𝑚𝑎𝑥 >
𝜙∗ > 𝜙𝑒𝑛𝑑)

Note that the latter objections only hold classically while the quantum approach allows
tunneling through the barrier at 𝜙𝑚𝑎𝑥 (a process that will be addressed in section 5) and gives
rise to the possibility of an end of inflation after leaving the now metastable false vacuum. In
other words, combining cases 2 and 3 slow-roll inflation can continue after tunneling. This is
how the 4th kind of field dynamics arises:

4. getting stuck in the quantumly metastable false vacuum and tunneling out to follow the
classical path afterwards

a) temporary end of inflation shortly before the scalar field passes 𝜙𝑚𝑖𝑛 and restart after
some damped oscillations to finally end after tunneling (𝜙∗ > 𝜙𝑚𝑖𝑛, 𝜙𝑒𝑛𝑑 < 𝜙𝑚𝑎𝑥)

b) continuous inflation before tunneling and end after tunneling(𝜙∗ > 𝜙𝑚𝑖𝑛, 𝜙𝑒𝑛𝑑 <
𝜙𝑚𝑎𝑥)

c) tunneling at higher field value than 𝜙∗, thus no observable difference to case 3

Numerical evolution of the classical equation of motion (16) makes the distinction between
these cases possible. The endpoint of the evolution determines whether the barrier was overshot
or not while the number of times 𝜖 crosses the value 1 fixes the number of breaks. Obviously,
cases 2 imply cases 4 while case 3 makes little sense by itself because its initial field value
𝑝ℎ𝑖𝑖 has an upper bound (𝜙𝑖 < 𝜙𝑚𝑎𝑥).2 Nevertheless it will be taken into account during the
calculation of observables due to its connection to the cases 4.

An analysis of the classical distribution of cases in parameter space is summarized in Figure
2. This can be generalized to a quantum classification once the tunneling endpoint is known
(see section 5). Constraining the initial value of the numerical evolution as 𝜙𝑖 > 𝜙𝑚𝑖𝑛, case 3
was omitted.

High-scale parameter sets (𝜙𝑚𝑎𝑥 ≳ 1.5𝑀𝑃𝑙) tend not to overshoot; in fact, the higher these
scales are the fewer the oscillations before stopping become finally transitioning to case 2a.
Moreover, on small parameter scales overshooting as described by case 1a is very likely while
the remaining cases occupy a rather small area in parameter space (𝜙𝑚𝑎𝑥 ∈ [0.2, 2]𝑀𝑃𝑙) which is
shown in detail in figure 2b. Note that case 1(b)ii is a specifically rare combination of parameters
that in a total number of ∼ 1.4 ∗ 106 investigated parameter sets appeared 134 times which
amounts to less than 0.1%. This amounts to a lot of fine-tuning. Furthermore, case 2a is most
probable to occur for 𝜙𝑚𝑎𝑥 ∈ [0.2, 2]𝑀𝑃𝑙 at higher relative barrier widths 𝑑/𝜙𝑚𝑎𝑥 ≳ 0.1 i. e.
thicker barriers while case 1(b)i is more probable to be located at lower ones i. e. thinner
barriers in the interval 𝜙𝑚𝑎𝑥 ∈ [0.1, 1.5] (even though it is possible for any barrier width).
Having determined the distribution of cases in parameter space, an analysis with respect to the
observables can be performed.

3.5 Analysis and observables
In this section, the subtleties of the different field dynamics will be discussed and the corre-
sponding observable quantities defined as (26), (27) and (28) will be computed to be compared
to the corresponding measured values.

2Note that 𝜙𝑖 and 𝜙∗ are different: 𝜙𝑖 denotes the initial field value of an evolution of the equations of motion
and be taken to be the beginning of inflation while 𝜙∗ is the beginning of observable inflation.
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(a) Case 1a: 𝜙∗ > 𝜙𝑒𝑛𝑑 > 𝜙𝑚𝑖𝑛 (b) Case 1(b)i: 𝜙∗ > 𝜙𝑚𝑖𝑛, 𝜙𝑒𝑛𝑑 < 𝜙𝑚𝑎𝑥 restart
of inflation after overshooting

(c) Case 1(b)ii: 𝜙∗ > 𝜙𝑚𝑖𝑛, 𝜙𝑒𝑛𝑑 < 𝜙𝑚𝑎𝑥 with
overshooting during inflation

(d) Cases 2: 𝜙𝑒𝑛𝑑 and 𝜙∗ not defined, classically
eternal inflation

(e) Case 3 and observable part of case 4c:
𝜙𝑒𝑛𝑑 < 𝜙∗ < 𝜙𝑚𝑎𝑥

(f) Cases 4a and 4b: 𝜙∗ < 𝜙𝑚𝑎𝑥 < 𝜙𝑒𝑛𝑑 tunneling
out of the metastable false vacuum

Figure 1: Qualitative sketches of the inflationary scenarios for the mentioned cases. The grey
lines indicate the potential while the red lines mark the inflationary periods. The red
dots denote 𝜙∗, the black dots the end of inflation.

Cases treated in this section

Except for case 1(b)i which contains a non-inflating phase that has to be substracted from the
duration of inflation the analysis of overshooting cases and case 3 exactly follows the procedure
introduced in 3.2. The result for the overshooting cases is summarized in one graph (figure 3a)
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(a) Log-log Plot for 𝜙𝑚𝑎𝑥 ∈ [0.01, 100]𝑀𝑃𝑙. (b) Plot of the most distinct region in parameter
space 𝜙𝑚𝑎𝑥 ∈ [0.1, 2]𝑀𝑃𝑙.

Figure 2: The distribution of the mentioned cases in parameter space. Every colour corresponds
to a case specified in the legend while the grey areas are not allowed by (37). Borders
between considered and excluded parameter values are indicated by the grey lines
(𝜙𝑚𝑖𝑛 = 𝜙𝑚𝑎𝑥 and 𝜙𝑚𝑖𝑛 = 2𝜙𝑚𝑎𝑥). Case 3 is ignored.

due to the similarity of the results for all of them. The observables for case 3 are described by
figure 3b.

Non-overshooting and tunneling cases

As we do not live in an inflating universe with a cosmological constant of Planck scale density,
an analysis of eternally inflating universes with respect to observables lacks sense which is why
the cases 2 will not be considered in this section. Yet, cases 4 which involve tunneling out of
the local minimum describe essentially the same situation before quantum processes take place.
Assuming that tunneling occurs in an inflationary period at 𝜙𝑚𝑖𝑛 which continues afterwards
(the kinetic energy of the scalar field i. e. 𝜖 during the process has to equal 0 and the tunnel rate
is assumed to be comparable or larger than 𝐻 so that it tunnels ones it reaches the minimum),
the observable quantities can be determined once the value at which the scalar appears after
tunneling is known. This will be the matter of section 5. This is why there are no results given
at this point. Nevertheless, the observables for case 3 already indicate how case 4c will behave.
The same accounts for cases 1 which give an impression of the observables for cases 4a and 4b.

3.6 Evaluation of results
As can be gathered from figure 3, no overshooting case satisfies the observational constraints.
All these results follow the same straight line which does not intersect the observationally
permitted area. Thus, they can safely be considered ruled out, an outcome that does not surprise
much taking into account that 𝜆𝜙4 does not satisfy the conditions imposed by observation.
The described potential resembles 𝜆𝜙4 for large field values and the overshooting cases have
particularly small 𝜙𝑚𝑖𝑛 (the last turning point governed by the cubic part), which is why the
largest period of inflation occurs in the quartic regime.

Finally, case 3 satisfies the observational constraints for 𝑁∗ ∈ [52, 70] at 1𝜎 and 𝑁∗ ∈ [60, 70]
at 1𝜎 confidence level and barrier scales3 𝜙𝑚𝑎𝑥 > 15.4𝑀𝑃𝑙. Here the resemblance of this part

3Hereafter the term barrier scale denotes 𝜙𝑚𝑎𝑥 i. e. the position of the barrier.



4 Non-minimal Coupling 12

(a) Overshooting cases (all cases 1) (b) Case 3/4c

Figure 3: Resulting observables 𝑟 and 𝑛𝑠 defined in (27) and (28) for 𝑁∗ ∈ [50, 70] and computed
for the cases highlighted in section 3.5. Dots represent data points corresponding to
parameter sets. The assumed number of e-folds of observable inflation 𝑁∗ is indicated
by the colours specified in the legends. The two grey areas describe the 1𝜎 and 3𝜎
confidence level results from the 2015 Planck observations [PAA+16].

of the potential to the hilltop kind plays the decisive role. This will be very important for case
4c described in section 5.

Applying (26), the value of the parameter 𝜆 was determined to be of order 10−12 for all cases.
Therefore it will be set to this value from now on as far as minimal coupling is concerned.

In a nutshell, apart from case 3 and the corresponding case 4c for which the tunneling occurs
at higher scales than the observable ones minimal coupling can be considered ruled out.

4 Non-minimal Coupling
Until now, the scalar field was considered to be minimally coupled to gravity which, as seen
before, did not lead to satisfying results for the overshooting cases. As shown recently [TG04], a
significant improvement can be achieved by coupling 𝜙 to the Ricci scalar. This generalization
can be obtained assuming a generic dimensionless function of the scalar field 𝑓(𝜙) that couples
the latter to gravity via 𝑅 → 𝑓(𝜙)𝑅. Thus, the new Lagrangian reads:

ℒnm,Jordan = −𝑀2
𝑃𝑙

2 𝑓(𝜙)𝑅 + 1
2𝜕𝜇𝜙𝜕𝜇𝜙 − 𝑉 (𝜙). (41)

At first glance, this change complicates the problem hugely due to the effect of the new func-
tional factor on the field equations of gravity. In this widely called Jordan frame gravity is not
described by Einstein’s equations anymore but by the generalized form which was introduced
by Brans and Dicke. Applying a conformal transformation, the complexity of the problem can
be reduced. Bearing in mind the subtleties such a transformation causes, this dynamic change
of scale will be performed to transfer the theory into the Einstein frame.

4.1 Conformal Transformation into the Einstein frame
Essentially, a conformal transformation describes a rescaling of the metric by a generic, rootless
scalar function of spacetime 𝜆(𝑥𝜇):
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𝑔𝜇𝜈 = 𝜆2(𝑥) ̃𝑔𝜇𝜈 (42)

𝑔𝜇𝜈 = ̃𝑔𝜇𝜈
𝜆2(𝑥). (43)

This implies that both representatives of curvature (√−𝑔 and 𝑅) suffer a change of scale
whose implications will be derived in this section. As scalar fields are invariant under metric
rescalings, 𝜙 is not affected. The Ricci scalar transforms as[Wal84]

𝑅 = 𝜆2 (�̃� − 6
𝜆2 𝜆,𝜇𝜆,𝜇 − 3□ ̃𝑔 log 𝜆2) . (44)

The other scalar that appears in the action and represents curvature is the determinant of the
metric. Its rescaling can be derived applying the definition of the determinant of a 4x4-matrix

𝑔 = det 𝑔𝜇𝜈
=𝜖𝑖0,𝑖1,𝑖2,𝑖3

𝑔1𝑖0
𝑔2𝑖2

𝑔3𝑖3
𝑔4𝑖4

=𝜆−8𝜖𝑖0,𝑖1,𝑖2,𝑖3
̃𝑔1𝑖0

̃𝑔2𝑖2
̃𝑔3𝑖3

̃𝑔4𝑖4

=𝜆−8 ̃𝑔 (45)

where the 𝑖𝑗 indices denote matrix components. Thus, they are not Minkowskian (still summa-
tion is implied).

Following this procedure with convenient choice of conformal factor, the action can be rewrit-
ten in the Einstein frame such that the Ricci scalar and the scalar field decouple again.

The Einstein frame action

The previous derivations lead to the Lagrangian in terms of the conformally transformed quan-
tities

ℒ𝑛𝑚,𝐸𝑖𝑛𝑠𝑡𝑒𝑖𝑛 = − 𝑀2
𝑃𝑙

2 𝑓(𝜙)𝜆2 (�̃� − 6
𝜆2 𝜆,𝜇𝜆,𝜇 + 3□ ̃𝑔 log 𝜆2) + 𝜆2

2 ̃𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑉 (𝜙) (46)

which yields an action

𝑆 = ∫ d4𝑥√− ̃𝑔
𝜆4 [ − 𝑀2

𝑃𝑙
2 𝑓(𝜙)𝜆2 (�̃� − 6

𝜆2 𝜆,𝜇𝜆,𝜇 + 3□ ̃𝑔 log 𝜆2) + 𝜆2

2 𝜕𝜇𝜙𝜕𝜇𝜙 − 𝑉 (𝜙)]. (47)

Choosing the conformal frame to be the Einstein frame by setting

𝜆2 = 𝑓(𝜙), (48)

the scalar field decouples from the Ricci scalar which signifies that gravity is again governed by
Einstein’s field equations i. e.

𝑆 = ∫ d4𝑥√− ̃𝑔[ − 𝑀2
𝑃𝑙

2 �̃� + 3
2𝑀2

𝑃𝑙□ ̃𝑔 log 𝑓(𝜙) − 𝑉 (𝜙)
𝑓(𝜙)2 + (𝑓(𝜙)−1 − 3𝑓 ′(𝜙)2

2𝑓(𝜙)2 𝑀2
𝑃𝑙)

1
2𝜕𝜇𝜙𝜕𝜇𝜙].

(49)
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As the logarithmic term contains a total derivative that can be seen to include the determinant
of the metric (because 𝑔;𝜇 = 0 which follows directly from 𝑔𝜇𝜈

;𝜅 = 0), it has no influence on the
equations of motion and can be neglected (ignoring Gibbons-Hawking-like boundary terms):

𝑆 = ∫ d4𝑥√− ̃𝑔 (−𝑀2
𝑃𝑙

2 �̃� + 1
2ℎ(𝜙)𝜕𝜇𝜙𝜕𝜇𝜙 − ̃𝑉 (𝜙)) (50)

with ℎ(𝜙) =𝑓(𝜙)−1 − 3
2𝑀2

𝑃𝑙 (d log 𝑓(𝜙)
d𝜙 )

2
(51)

and ̃𝑉 (𝜙) = 𝑉 (𝜙)
𝑓(𝜙)2 . (52)

To put in a nutshell, the interaction term containing the Ricci scalar and the inflaton vanished
modifying the kinetic energy density term by a factor that entails the necessity of a field
redefinition in order for the further to be interpreted as such. On the other hand, dynamics are
governed by field equations whose derivation does not impose that the kinetic energy has to be
canonically normalised. Therefore the action will be kept in this form in subsequent objections
(except for section 4.5).

4.2 Resulting field equations
In this picture the energy density ( ̃𝑇00 where ̃𝑇𝜇𝜈 denotes the stress-energy tensor in the Einstein
frame) can be derived from (50). Thus, inserting into (7), the first field equation can be obtained.
The stress energy tensor in this model is defined as

̃𝑇𝜇𝜈 ∶= −2
√− ̃𝑔

𝛿(√−𝑔ℒ𝜙)
𝛿 ̃𝑔𝜇𝜈 (53)

where ℒ𝜙 describes the scalar field part of the Lagrangian

ℒ𝜙 ∶= 1
2ℎ(𝜙)𝜕𝜇𝜙𝜕𝜇𝜙 − ̃𝑉 (𝜙). (54)

To be able to vary with respect to the contravariant metric, the variation of the metric deter-
minant has to be known:

𝛿 ̃𝑔 = − ̃𝑔( ̃𝑔𝜇𝜈𝛿 ̃𝑔𝜇𝜈). (55)

Having these tools at hand, the derivation of the stress-energy tensor is quite trivial:

̃𝑇𝜇𝜈 = ̃𝑔𝜇𝜈 (−1
2ℎ(𝜙)𝜕𝜎𝜙𝜕𝜎𝜙 + ̃𝑉 (𝜙)) + ℎ(𝜙)𝜕𝜇𝜙𝜕𝜈𝜙 (56)

≈ ̃𝑔𝜇𝜈 (−1
2ℎ(𝜙) ̇𝜙2 + ̃𝑉 (𝜙)) + ℎ(𝜙)𝜕𝜇𝜙𝜕𝜈𝜙 (57)

where, again, a dilution of gradients due to the quasi-exponential expansion was assumed. This
means for the energy density

𝜌 = 𝑇00 = 1
2ℎ(𝜙) ̇𝜙2 + ̃𝑉 (𝜙). (58)
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Thus, the 2nd Friedmann equation reads (see (7))

̃𝐻2 = 1
3𝑀2

𝑃𝑙
(1

2ℎ(𝜙) ̇𝜙2 + ̃𝑉 (𝜙)) (59)

= ̃𝑉 (𝜙)
3𝑀2

𝑃𝑙 (1 − ℎ(𝜙)𝜙′2

6𝑀2
𝑃𝑙

)
(60)

where 𝜙′ again denotes a derivative with respect to a number of e-folds this time defined as

d ̃𝑁
d𝑡 = −�̃�. (61)

In order to derive the scalar field dynamics the Euler-Lagrange-equation (11) can be applied

𝜕𝜇 (√− ̃𝑔ℎ(𝜙)𝜕𝜇𝜙) − √− ̃𝑔 (1
2ℎ′(𝜙)𝜕𝜇𝜙𝜕𝜇𝜙 − ̃𝑉,𝜙) = 0. (62)

Inserting (6), this simplifies to

ℎ(𝜙)𝜕𝜇𝜕𝜇𝜙 + 3�̃�ℎ(𝜙) ̇𝜙 + 1
2ℎ′(𝜙)𝜕𝜇𝜙𝜕𝜇𝜙 + ̃𝑉,𝜙 = 0. (63)

Again, neglecting the fluctuation gradients, the differential equation reduces to

ℎ(𝜙) ( ̈𝜙 + 3�̃� ̇𝜙) + ℎ′(𝜙)
̇𝜙2

2 + ̃𝑉,𝜙 = 0 (64)

which can be rewritten in terms of the newly defined e-folds (61) applying (60)

̃𝑉 (𝜙)
3𝑀2

𝑃𝑙 (1 − ℎ(𝜙)𝜙′2

6𝑀2
𝑃𝑙

)
(ℎ(𝜙)𝜙″ − 3ℎ(𝜙)𝜙′ + ℎ′(𝜙)(𝜙′)2

2 ) + ̃𝑉,𝜙 = 0. (65)

Again, the derived equations of motion can be solved numerically to evolve 𝜙. Yet, to understand
inflation the slow-roll parameters have to be redefined to be combined with the dynamics.

4.3 Slow-Roll Parameters
As the kinetic energy-density is non-canonically normalised, the slow-roll parameters cannot be
described in the same way as for non-minimal coupling. Thus, ̃𝜖 and ̃𝜂 must be derived starting
with corresponding definitions to (19) and (20) (using (59) and (64)) respectively

̃𝜖 ≡ d ln �̃�
d ̃𝑁

= − 1
�̃�2

(
̇𝜙

6𝑀2
𝑃𝑙

ℎ(𝜙) ̈𝜙 + ℎ′(𝜙) ̇𝜙2
2 + ̃𝑉,𝜙

�̃�
) = 1

2𝑀2
𝑃𝑙

ℎ(𝜙) ̇𝜙2

�̃�2
(66)

= 1
2𝑀2

𝑃𝑙
ℎ(𝜙)(𝜙′)2 (67)

̃𝜂 ≡ ̃𝜖 − 1
2

d ln ̃𝜖
d𝑁 = ℎ′(𝜙)

ℎ(𝜙)
̇𝜙

2�̃�
+ ℎ(𝜙) ̈𝜙

�̃� ̇𝜙
(68)

= −ℎ′(𝜙)
ℎ(𝜙)

𝜙′

2 − ℎ(𝜙)𝜙″

𝜙′ (69)
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The performed derivations have been generic so far. Nevertheless, a fixed coupling is indispens-
able for a numerical analysis of the theory.

4.4 Choice of Coupling
At this point, a defining function 𝑓(𝜙) for the non-minimal coupling has to be given. Until
now, the only assumption made constrains it to have no roots. Thus, the choice is rather
arbitrary. The approach chosen in this thesis is followed widely in the literature (e. g. in [BS08])
introducing a coupling constant 𝜉 as new parameter

𝑓(𝜙) = 1 + 𝜉𝜙2

𝑀2
𝑃𝑙

(70)

which immediately yields

ℎ(𝜙) = 1
1 − 𝜉𝜙2

𝑀2
𝑃𝑙

(1 − 3𝜉2𝜙2

𝑀2
𝑃𝑙 − 𝜉𝜙2 ) . (71)

The functions can be plugged into (65) to obtain the equation of motion for the scalar field.

4.5 Potential of the canonically normalized scalar field
The ansatz that was used going into the Einstein frame did not bother to canonically normalize
the scalar field i. e. to bring its kinetic term into the form 1

2𝜕𝜇𝜔𝜕𝜇𝜔 (hereafter 𝜔 will denote
the canonically normalised scalar field). This can be done integrating

𝜔(𝜙) = ∫
𝜙

0
√ℎ(𝜙) (72)

and inverting the result numerically, a procedure described well in [Ten17]. Plugging the result
into 𝑉 (𝜙(𝜔)), the potential of the canonically normalized scalar field 𝜔 now being minimally
coupled to gravity in the Einstein frame is obtained. The result of this calculation is shown for
two potentials and different coupling constants in figure 4 to explain the effects of non-minimal
coupling on the shape of the potential and thus justify its application.

As can be seen there, the slope of the potential decreases with rising 𝜙 to show constant
behaviour at infinity thus leading to a more slow-roll friendly environment at lower potential
energy-density. In general this has a decreasing influence on the observable 𝑟 as can be seen
by[Bau11]

𝑉 1/4 ∼ ( 𝑟
0.01)

1/4
1016GeV. (73)

Additionally, the position and the potential value of the local minimum change. Thus, the
parameters 𝜙𝑚𝑖𝑛 and 𝜙𝑚𝑎𝑥 do not reflect the location of the actual extrema any more. Hereafter,
the symbols ̃𝜙𝑚𝑖𝑛 and ̃𝜙𝑚𝑎𝑥 will refer to the extrema of the potential of the non-minimally
coupled field.

In particular, the parametrisation introduced in section 3.3 which based on the minimally
coupled scalar field does not allow for barrier widths that are sufficiently small for tunneling
(see section 5). Therefore, the potential has to be reparametrised.
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(a) 𝜙𝑚𝑎𝑥 = 𝑀𝑃𝑙 (b) 𝜙𝑚𝑎𝑥 = 10𝑀𝑃𝑙 (log-log-plot)

Figure 4: The potential of the canonically normalised non-minimally coupled scalar field in the
Einstein-frame for 𝑑/𝜙𝑚𝑎𝑥 = 1/2 and 𝜆 = 1. The different colours stand for different
values of 𝜉 as specified in the legend.

4.6 Reparametrisation of the potential
In the preceding sections the potential has been described using a parametrisation suited for
the minimally coupled scalar field. Up to a certain extent this choice of parameters could be
applied to the non-minimally scalar field as well.

However, the aim of this thesis is to analyse tunneling processes. On heuristic grounds, as well
as based on the calculations in the subsequent sections, this requires potential barriers to be
sufficiently thin. As shown in section 4.5, this can not be achieved in the default parametrisation
as long as the parameters are taken to be real (which was implicitly assumed). This is why new
parameters are introduced at this point namely

�̃� = 𝜙𝑚𝑖𝑛 + 𝜙𝑚𝑎𝑥 (74)
�̃�2 = 𝜙𝑚𝑖𝑛𝜙𝑚𝑎𝑥 (75)

̃𝑉 (𝜙) = 𝜆𝜙2𝑓−2(𝜙) (𝜙2

4 − �̃�2

3 𝜙 + �̃�2

2 ) (76)

with �̃�2 > 0 and
√

2
3 < 𝑚

�̃� < √1
4 + 𝜉�̃�2

48𝑀2
𝑃𝑙

(77)

to make sure that the potential satisfies the constraints described in section 3.3. Taking 𝜙𝑚𝑖𝑛
and 𝜙𝑚𝑎𝑥 closer to each other, the ratio �̃�/�̃� is increased. If 𝜙𝑚𝑖𝑛 = 𝜙𝑚𝑎𝑥 which is the same
as �̃�/�̃� = 1/2, the potential of the minimally coupled scalar field has a saddle point which
is not the case here: Due to non-minimal coupling the saddle point turns into a barrier. The
numerically obtained value of the ratio for sufficiently small barriers satisfies �̃�/�̃� > 1/2. Yet,
as

𝜙𝑚𝑖𝑛/𝑚𝑎𝑥 = �̃�
2 ± √�̃�2

4 − �̃�2, (78)

these ratios can only be accomplished if 𝜙𝑚𝑖𝑛, 𝜙𝑚𝑎𝑥 ∈ ℂ and 𝜙𝑚𝑖𝑛 = 𝜙∗
𝑚𝑎𝑥. Thus, this could

also be implemented allowing for complex but respectively conjugated parameters (which will
not be done here).

Now, �̃� serves as characteristic scale being approximately twice value of the maximum for
small barriers.
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Barrier Width in the new parametrisation

In the original parametrisation the barrier width was inherent in the description of the potential.
However, in this case it is not as trivial. Now, the equation

̃𝑉,𝜙 = 0 (79)

has to have two solutions in the interval 0 < ̃𝜙𝑚𝑖𝑛/𝑚𝑎𝑥 < 2�̃� thus excluding the global minimum
and possible extrema at comparably much greater field values than the characteristic scale
�̃� ≈ 2 ̃𝜙𝑚𝑎𝑥. These satisfy the equation

𝜉�̃�
3

̃𝜙3
𝑚𝑖𝑛/𝑚𝑎𝑥 + (𝑀2

𝑃𝑙 − �̃�2𝜉) ̃𝜙2
𝑚𝑖𝑛/𝑚𝑎𝑥 − 𝑀2

𝑃𝑙�̃� ̃𝜙𝑚𝑖𝑛/𝑚𝑎𝑥 + 𝑀2
𝑃𝑙�̃�2 = 0. (80)

Expressing the minimum as ̃𝜙𝑚𝑖𝑛 = ̃𝜙𝑚𝑎𝑥 + 𝑑, the dependence of the parameters �̃�, �̃� on
barrier width 𝑑 (see (39)) and position of the barrier ̃𝜙𝑚𝑎𝑥 are obtained:

�̃� = 3𝑀4
𝑃𝑙(𝑑 + 2 ̃𝜙𝑚𝑎𝑥)

3𝑀4
𝑃𝑙 − 𝜉𝑀2

𝑃𝑙𝑑2 + 𝜉2 ̃𝜙2𝑚𝑎𝑥(𝑑 + ̃𝜙𝑚𝑎𝑥)2
(81)

�̃�2 =
𝑀2

𝑃𝑙 ̃𝜙𝑚𝑎𝑥(𝑑 + ̃𝜙𝑚𝑎𝑥) [3𝑀2
𝑃𝑙 + 𝜉 ̃𝜙𝑚𝑎𝑥(𝑑 + ̃𝜙𝑚𝑎𝑥)]

3𝑀4
𝑃𝑙 − 𝜉𝑀2

𝑃𝑙𝑑2 + 𝜉2 ̃𝜙2𝑚𝑎𝑥(𝑑 + ̃𝜙𝑚𝑎𝑥)2
. (82)

Applying them, any required potential with specialized position and barrier width can be
created (apart from an upper bound for the position described below). Besides, these relations
will be important for estimates in the subsequent sections. Taking the limit 𝜉 → 0, the relations
expected from non-minimal coupling are obtained:

𝜒 = 2𝜙𝑚𝑎𝑥 + 𝑑 = 𝜙𝑚𝑎𝑥 + 𝜙𝑚𝑖𝑛 (83)
𝑚2 = 𝜙𝑚𝑎𝑥(𝜙𝑚𝑎𝑥 + 𝑑) = 𝜙𝑚𝑎𝑥𝜙𝑚𝑖𝑛. (84)

Thus, the potential has been generalised to the non-minimal case. Having reparametrised it,
the numerical description can be initiated beginning with the classification.

4.7 Classification
Solving (65) numerically, the scalar field can also be classified in the non-minimally coupled case.
The applied method is essentially the same as in section 3.4. Nevertheless, the new parameter
𝜉 was introduced enriching parameter space by one dimension. As there already exist studies
on non-minimally coupled 𝜆𝜙4 potentials ([Ten17] for instance) that suggest this number, 𝜉 is
understood to satisfy a lower bound 𝜉 > 10−3. Throughout this thesis it is chosen to have value
𝜉 = 10−2.

Still, the expected cases are the ones described in section 3.4 which is why they are not treated
again. The classification of non-minimally coupled cases is shown in figure 5. The difference to
the minimally coupled case is small due to the small coupling parameter. Yet, as mentioned
before and clarified in figure 5a there is an upper bound to the position of the barrier at

̃𝜙𝑚𝑎𝑥 ∼ 23𝑀𝑃𝑙 because the distortion of the potential by the coupling function becomes so
strong that there is no barrier at all.
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(a) Log-log Plot for ̃𝜙𝑚𝑎𝑥 ∈ [0.01, 100]𝑀𝑃𝑙. (b) Plot of the most distinct region in parameter
space ̃𝜙𝑚𝑎𝑥 ∈ [0.1, 2]𝑀𝑃𝑙.

Figure 5: The distribution of the mentioned cases in terms of the corresponding minima and
maxima for non-minimal coupling with coupling parameter 𝜉 = 10−2. Every colour
corresponds to a case specified in the legend while the gray areas are not allowed by
(37). Borders between considered and excluded parameter values are indicated by the
grey lines ( ̃𝜙𝑚𝑖𝑛 = ̃𝜙𝑚𝑎𝑥 and ̃𝜙𝑚𝑖𝑛 = 2𝜙𝑚𝑎𝑥). Case 3 is ignored.

4.8 Observables for the corresponding cases
The overshooting cases as well as case 3 can be analysed as described in section 3.5. Now
the mentioned observables (27) and (28) take the form summarized in figure 6. In contrast
to the case described in section 3 the overshooting non-minimally coupled field satisfies the
observational constraints for 𝑁∗ ∈ [56, 70] at 1𝜎 and 𝑁∗ ∈ [62, 70] at 3𝜎 confidence level.
Furthermore, case 3 still satisfies observational constraints for 𝑁∗ ∈ [59, 70] at 1𝜎 and 𝑁∗ ∈
[56, 70] at 3𝜎 for barrier scales ̃𝜙𝑚𝑎𝑥 > 14.6𝑀𝑃𝑙. Yet, it has become less probable because
the value of 𝑛𝑠 is decreased. This reflects earlier considerations on the non-minimally coupled
hilltop-field e. g. in [EERT18].

Again, the parameter 𝜆 has to be of order 10−12 − 10−13 to satisfy the constraint (26) in all
cases and will therefore be taken to be 𝜆 = 10−12.

5 Tunneling through the barrier
In the previous analysis principal interest lied on classical motion. During this treatment cases
that implied eternal inflation in the false vacuum were encountered. Classically, this signifies a
stable state of which no deviation could occur whatsoever. In the quantum description, though,
this is not necessarily the case - the state becomes metastable. Theoretically, any barrier of
finite size can be overcome in a sufficient yet finite amount of time.

This process can lead to a first order phase transition which is identified by appearance of
bubbles in which the scalar field has already left the false vacuum embedded in an inflationary
background where the scalar field is still stuck in the local minimum. Therefore the tunneling
probability Γ can be interpreted as bubble nucleation rate per unit volume. Thus, if the tun-
neling probability is too small, bubbles cannot merge (recall that the space in between still
expands acceleratedly) and create bubbles of sufficient size which could build our universe. Yet,
again, we are not living in this kind of inflationary universe. This is why parameter sets with
Γ/𝐻4 < 𝑒−10 can be discarded. In other words, high and thick barriers prevent the existence
of our universe.
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(a) Overshooting cases (b) Case 3

Figure 6: Resulting observables 𝑟 and 𝑛𝑠 defined in (27) and (28) and computed for overshooting
cases and case 3 as described throughout section 3 for non-minimal coupling with
coupling parameter 𝜉 = 10−2. Dots represent data points corresponding to parameter
sets. The assumed number of e-folds of observable inflation 𝑁∗ is indicated by the
colour assigned to it explained in the legends. The two grey areas describe the 1𝜎 and
3𝜎 confidence level results from the 2015 Planck observations [PAA+16].

There are two quantum processes that have to be taken into account to compute the tunneling
rate namely the Coleman-de Luccia and the Hawking-Moss instanton both of which will be
addressed in this section describing the theoretical background and the application to the
treated cases respectively.

5.1 Euclidean action
Instantons are minima of the classical Euclidean action. Thus, the problem has to be addressed
in Euclidean signature (+, +, +, +) (the subscript 𝐸 will from now on describe quantities in this
signature) wiping out the difference between timelike and spacelike coordinates. Performing a
Wick rotation d𝑡 → d𝜏 = id𝑡 which generates the metric

d ̃𝑠2 = − [d𝜏2 + 𝑎(𝜏)2 (d𝑟2 + 𝑟2dΩ2)] = −d𝑠2
𝐸, (85)

leads to a different Lagrangian

̃ℒ𝜙 = −𝜕𝜇𝜙𝜕𝜇𝜙 − 𝑉 (𝜙) = −ℒ𝐸,𝜙 (86)

which is equivalent to reversing the sign of the potential 𝑉 (𝜙) → −𝑉 (𝜙). Then the Euclidean
action of the minimally coupled scalar field in curved spacetime reads

𝑆 = ∫ √−𝑔 (−𝑀2
𝑃𝑙

2 𝑅𝐸 + 1
2𝜕𝜇𝜙𝜕𝜇𝜙 + 𝑉 (𝜙)) d4𝑥 (87)

while the non-minimally coupled case yields an Euclidean action

𝑆 = ∫ d4𝑥√− ̃𝑔 (−𝑀2
𝑃𝑙

2 �̃�𝐸 + 1
2ℎ(𝜙)𝜕𝜇𝜙𝜕𝜇𝜙 + ̃𝑉 (𝜙)) . (88)

Both treated instantons show different stationary points of this action.
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5.2 The Coleman-de Luccia instanton
Theoretical Background

This section is based on the original description by Coleman (see [Col77]). Understood in a
semi-classical way, the scalar field describes a classical path, before and after penetrating the
barrier, while the intermediate process is described as dissolution on the one and reappearance
on the other side.

As gravity corrections are small as long as the values of the potential at its extrema are small
compared to 𝑀4

𝑃𝑙 (which due to 𝜆 ∼ 10−12 is the case here), this calculation can be done in
flat space to leading order. The metric then becomes the 4-identity. It is rotationally invariant
which is why the implication of homogeneity and isotropy of the scalar field on large scales leads
to 𝑂(4) invariance of the result. Hence, a new coordinate 𝜌 = √𝜏2 + | ⃗𝑥2| can be introduced
where ⃗𝑥 denotes the former spatial coordinates. Thus, the Euclidean flat space equation of
motion of the scalar field

𝜕𝜇𝜕𝜇𝜙 − 𝑉,𝜙 = 0 (89)
or 𝜕𝜇𝜕𝜇𝜙 + 𝑓 ′(𝜙)𝜕𝜇𝜙𝜕𝜇𝜙 − ̃𝑉,𝜙 = 0 (90)

in the non-minimally coupled case can be expressed in terms of the new coordinate as

d2𝜙
d𝜌2 + 3

𝜌
d𝜙
d𝜌 − 𝑉,𝜙 = 0 (91)

and ℎ(𝜙) (d2𝜙
d ̃𝜌2 + 3

̃𝜌
d𝜙
d ̃𝜌 ) + ℎ′(𝜙)

2 (d𝜙
d ̃𝜌 )

2
− ̃𝑉,𝜙 = 0. (92)

Here ̃𝜌 denotes the rescaled coordinate. Following Coleman’s reasoning, the tunneling rate Γ𝐶𝑑𝐿
can be expressed in the form

Γ𝐶𝑑𝐿 ≃ 𝐴e−𝐵 (93)
where 𝐵 = 𝑆𝐸,𝐶𝑑𝐿 (94)

denotes the Euclidean action of the minimal bounce i. e. the extremal action solution of the
classical Euclidean equations of motion with boundary conditions 𝜙(0) = 𝜙0, 𝜙(∞) = 𝜙𝑚𝑎𝑥 and
𝜕𝜌𝜙(0) = 𝜕𝜌𝜙(∞) = 0. On dimensional grounds the prefactor of the transition amplitude being
precisely determined by a functional determinant will be estimated to be 𝐴 = 𝑉 ″2(𝜙𝑚𝑎𝑥). In
other words, the scalar field has to start at a value 𝜙0 with zero velocity and approach the false
minimum of the Minkowskian potential (recall that it is a maximum in Euclidean signature)
with zero velocity at infinity. Hence, 𝜙0 also denotes the field value of appearance of the scalar
field after tunneling. Then the actions in the respective cases read

𝑆𝐸,𝐶𝑑𝐿,𝑚 = 2𝜋2 ∫
∞

0
d𝜌 𝜌3 [(𝜕𝜌𝜙)2 + 𝑉 (𝜙) − 𝑉 (𝜙𝑚𝑖𝑛)] , (95)

and 𝑆𝐸,𝐶𝑑𝐿,𝑛𝑚 = 2𝜋2 ∫
∞

0
d𝜌 𝜌3 [𝑓(𝜙)(𝜕𝜌𝜙)2 + ̃𝑉 (𝜙) − ̃𝑉 (𝜙𝑚𝑖𝑛)] . (96)

Application to the investigated case

As the value of 𝜙0 is not known beforehand, this calculation contains some subtleties. In fact, it
is a real number i. e. it may not be calculable to infinite precision numerically. Thus, the scalar
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field will not approach the false minimum at infinity but at a finite value of 𝜌. Furthermore,
this problem can only be solved by trial and error: either the chosen initial field value 𝜙𝑖𝑛 < 𝜙0
or 𝜙𝑖𝑛 > 𝜙0. Thence, the field equations have to be evolved every time before deciding which
optimised initial field value may be chosen next. Yet, this process can be automatised. In
this case a bisection-like algorithm was implemented to find a good numerical approximation
of 𝜙0 and calculate the action afterwards. Obviously, the integration was not taken to start
literally at 𝜌 = 0 (singularity of the field equation) and end at 𝜌 = ∞ but at finite values (e. g.
𝜌 ∈ [10−8, 20]𝜙𝑚𝑎𝑥) due to the previous objections bearing in mind that the integrand of the
action is negligible outside this range.

Analytic estimate of the action
For small barrier widths 𝑑 the potential satisfies the the inequality 𝑉 (𝜙𝑚𝑎𝑥) − 𝑉 (𝜙𝑚𝑖𝑛) ≪
𝑉 (𝜙𝑚𝑖𝑛) − 𝑉 (0) i. e. the density difference between the false and the true vacuum is much
greater than the height of the barrier. As it assumes the opposite case (𝑉 (𝜙𝑚𝑎𝑥) − 𝑉 (𝜙𝑚𝑖𝑛) ≫
𝑉 (𝜙𝑚𝑖𝑛)−𝑉 (0)), the thin wall approximation cannot be applied here. Instead near the minimum
the potential can be approximated to be of the form

𝑉 (𝜙) ≃ 𝑉 (𝜙𝑚𝑖𝑛) + 𝑎
2(𝜙 − 𝜙𝑚𝑖𝑛)2 − 𝑏

3(𝜙 − 𝜙𝑚𝑖𝑛)3 (97)

with 𝑎 = 𝜆𝜙𝑚𝑎𝑥𝑑 and 𝑏 = −𝜆(𝜙𝑚𝑎𝑥 − 𝑑). (98)

Redefining the field as 𝜙 → 𝜑 = 𝜙𝑚𝑖𝑛 − 𝜙 this becomes

𝑉 (𝜑) ≃ 𝑉 (𝜙𝑚𝑎𝑥) + 𝑎
2𝜑2 − 𝐵

3 𝜑3 (99)

with 𝐵 = −𝑏 = 𝜆(𝜙𝑚𝑎𝑥 − 𝑑). (100)

Then an analytical solution to the equations of motion can be given and the corresponding
action can be approximated to be (see [Lin90])

𝑆𝐶𝑑𝐿 ≃ 200 𝑎
𝐵2 = 200 𝜙𝑚𝑎𝑥𝑑

𝜆2(𝜙𝑚𝑎𝑥 − 𝑑)2 (101)

= 900𝑑
𝜆𝜙𝑚𝑎𝑥

+ 𝒪(𝑑2). (102)

Analogously, for non-minimal coupling this leads to the result

̃𝑆𝐶𝑑𝐿 ≃
300 [(1 + 𝜉 ̃𝜙2

𝑚𝑎𝑥)2(3 + 𝜉2 ̃𝜙4
𝑚𝑎𝑥)]

𝜆 ̃𝜙𝑚𝑎𝑥
𝑑 + 𝒪(𝑑2). (103)

Thus, in both cases for 𝜙𝑚𝑎𝑥 ∼ ̃𝜙𝑚𝑎𝑥 ∼ 𝑀𝑃𝑙 and 𝜉 = 0.01 (in the non-minimally coupled case)
the barrier width has to be of order 10−3𝜆 ∼ 10−15 to obtain an action of order 1. Note that
as 𝑎 = 0 i. e. at an inflection point (𝑑 = 0) the action is zero. Thus, there is no cubic Fubini
instanton (see [LLO+13]) which was shown to hold numerically.

Additionally, in the minimally coupled case the action only depends on the relative barrier
width

𝛿 = 𝑑
𝜙𝑚𝑎𝑥

(104)
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which reflects the fact that there is no Planck mass as scale to compare dimensionful quan-
tities to because the instanton is calculated in flat space. Assuming small 𝜉, this also holds
approximately in the non-minimally coupled case for obvious reasons.

5.3 The Hawking-Moss instanton
In contrast to the Coleman-de Luccia instanton, the Hawking-Moss instanton is a thermal
fluctuation of the metric4 which is described assuming a stationary scalar field. In other words,

̇𝜙 = ̈𝜙 = 0.

Theoretical Background

Following the procedure described in [OY16], the field equations become

𝑉,𝜙 = 0 (105)

𝐻2 = − 𝑉
3𝑀2

𝑃𝑙
(106)

for the minimally coupled field. To solve these equations the scalar field stays in the minimum
to finally jump up to the maximum of the respective potentials. Furthermore the scale factor
obeys

𝑎(𝜏) = 𝐻−1
𝑉 sin (𝐻𝑉 𝜏) (107)

with 𝐻2
𝑉 = 1

3𝑀2
𝑃𝑙

𝑉 (𝜙𝑒) (108)

where 𝜙𝑒 denotes the scalar field value at the corresponding extremum. The transition probabil-
ity then becomes the difference of the actions of the field staying in the minimum and the field
staying in the maximum. This calculation can be done explicitly. The corresponding transition
probability reads

Γ𝐻𝑀 = 𝐴𝑒−𝑆𝐻𝑀 (109)

with 𝑆𝐻𝑀 = 24𝜋𝑀4
𝑃𝑙 ( 1

𝑉 (𝜙𝑚𝑖𝑛) − 1
𝑉 (𝜙𝑚𝑎𝑥)) . (110)

In the non-minimally coupled case the method is exactly the same resulting in

Γ̃𝐻𝑀 = ̃𝐴𝑒− ̃𝑆𝐻𝑀 (111)

with ̃𝑆𝐻𝑀 = 24𝜋𝑀4
𝑃𝑙 ( 1

̃𝑉 ( ̃𝜙𝑚𝑖𝑛)
− 1

̃𝑉 ( ̃𝜙𝑚𝑎𝑥)
) . (112)

Again, 𝐴 ∼ 𝐻(𝜙𝑚𝑎𝑥)4 is estimated on dimensional grounds.

Application to the investigated case

Thanks to the fact that it consists of stationary points of the scalar field the calculation of the
Hawking-Moss nucleation rate does not base on a formalism as complicated as the Coleman-de
Luccia instanton. Nevertheless, the determination of the corresponding observables harbours

4An inflationary metric has an effective temperature of order 𝐻(𝜙𝑚𝑎𝑥).
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a subtlety: Strictly speaking, the value at which the field tunnels out, again denoted as 𝜙0, is
the field value of the maximum. Thus, classically and in the absence of thermal fluctuations it
should stand still eternally at that point leading, again, to never ending inflation. Yet, this is not
possible the Hawking-Moss instanton itself being a thermal fluctuation. Hence, the actual value
of 𝜙0 has to be inferred following a different approach. As described in [ERR18], a quantum
jump of the scalar field after one Hubble time Δ𝑡 = 1/𝐻 i. e. one e-fold can be approximated
as

Δ𝑞𝜙 ≃ ±𝐻(𝜙)
2𝜋 . (113)

Thus, the field is first experiencing a quantum leap to the top of the barrier to jump to a
position

𝜙0 = ̃𝜙𝑚𝑎𝑥 + Δ𝑞𝜙 (114)

= ̃𝜙𝑚𝑎𝑥 − 𝐻( ̃𝜙𝑚𝑎𝑥)
2𝜋 . (115)

If now the classical displacement of the scalar field after one e-fold which can be estimated to
be

Δ𝑐𝑙𝜙 ≃ − 𝑉,𝜙
3𝐻2 (116)

is still smaller than the movement by quantum jumps, it is most probable to jump repeatedly
until Δ𝑐𝑙𝜙 ≥ Δ𝑞𝜙. At this point ordinary slow-roll field dynamics start again. Note that ac-
cording to equation (113) the field can jump to higher values as well. Thus, it is impossible to
predict the dynamics of the scalar field in this case which is why these periods of extremely
slow-rolling are also known as chaotic inflation.

Analytic estimate of the action

Introducing the dimensionless scalar field Φ = 𝜙𝑚𝑎𝑥/𝑀𝑃𝑙, barrier width 𝐷 = 𝑑/𝑀𝑃𝑙 and
minimally coupled field potential 𝒱(Φ) = 𝑉 (𝜙)/𝑀4

𝑃𝑙, the Hawking-Moss action can be rewritten
as

𝑆𝐻𝑀 = 24𝜋2 ( 1
𝒱(Φ𝑚𝑖𝑛) − 1

𝒱(Φ𝑚𝑎𝑥)) . (117)

At the treated parameter values Φ ∼ 1 and 𝒱 ≪ 1 (recall that 𝜆 ∼ 10−12). Substituting
Φ𝑚𝑖𝑛 = Φ𝑚𝑎𝑥 + 𝐷, the action becomes

𝑆𝐻𝑀 = 24𝜋2

𝒱(Φ𝑚𝑎𝑥)𝒱(Φ𝑚𝑎𝑥 + 𝐷) (𝒱(Φ𝑚𝑎𝑥) − 𝒱(Φ𝑚𝑎𝑥 + 𝐷)) (118)

= 24𝜋2𝜆
𝒱(Φ𝑚𝑎𝑥)𝒱(Φ𝑚𝑎𝑥 + 𝐷) [1

6𝐷3Φ𝑚𝑎𝑥 + 𝒪(𝐷4)] (119)

= 576𝜋2

𝜆Φ7𝑚𝑎𝑥
𝐷3 + 𝒪(𝐷4) (120)

∼1015 𝐷3

Φ7𝑚𝑎𝑥
= 1015 𝛿3

Φ4𝑚𝑎𝑥
(121)
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where the barrier was assumed to be thin (𝛿 ≪ 1). Thus, the barrier width has to be at most
of order 𝑑 ∼ 10−5𝑀𝑃𝑙 at these parameter values. Furthermore, the action strongly depends on
the barrier scale (𝑆𝐻𝑀 ∼ Φ−7

𝑚𝑎𝑥).
Analogously, the action of the non-minimally coupled scalar field can be obtained, again

based on the reparametrised potential (76). The corresponding action reads

̃𝑆𝐻𝑀 =24𝜋2 (𝑓2(Φ̃𝑚𝑎𝑥 + 𝐷)
𝒱(Φ̃𝑚𝑎𝑥 + 𝐷)

− 𝑓2(Φ̃𝑚𝑎𝑥)
𝒱(Φ̃𝑚𝑎𝑥)

) . (122)

Applying (81) and (82), an expansion of the action in 𝐷 yields

̃𝑆𝐻𝑀 = 192𝜋2(3 − 45𝜉Φ̃2
𝑚𝑎𝑥 − 7𝜉2Φ̃4

𝑚𝑎𝑥 + 9𝜉3Φ̃6
𝑚𝑎𝑥)

𝜆Φ̃7𝑚𝑎𝑥(1 + 𝜉Φ̃2𝑚𝑎𝑥)3
𝐷3 + 𝒪(𝐷4) (123)

∼ 1015 𝐷3

Φ̃7𝑚𝑎𝑥
= 1015 𝛿3

Φ4𝑚𝑎𝑥
(124)

at Φ̃𝑚𝑎𝑥 ∼ 1 and 𝜉 = 0.01. Thence, the non-minimally coupled scalar field shows a similar
dependence on the barrier width again leading to a maximal size of 𝑑 ∼ 10−5𝑀𝑃𝑙.

In a nutshell, the stronger dependence on the barrier width favours the Hawking-Moss in-
stanton in the examined part of parameter space (this will be confirmed numerically in the
subsequent section). Yet, it is strongly scale dependent in both cases rendering it quasi impos-
sible in the low field regime.

5.4 Bubble nucleation rates and corresponding observables
Minimal Coupling

The numerical calculation of the Euclidean actions yields the results summarized in figure
7. Not surprisingly, the Hawking-Moss instanton is dependent on the barrier scale while the
Coleman-de Luccia instanton shows constant behaviour as long as 𝛿 stays constant (see figure
7a). As the reasonable parameter values for this theory are at Planckian i. e. high field values
and the Hawking-Moss instanton has a strong dependence on scale (121), the Coleman-de
Luccia instanton is exponentially suppressed and can be neglected. Still, in order to make
tunneling reasonably probable barriers have to be very thin i. e. the parameters have to satisfy
𝜙𝑚𝑎𝑥 < 𝜙𝑚𝑖𝑛 ≤ 𝜙𝑚𝑎𝑥 + 𝑑 with 𝑑 ∼ (10−4 − 10−5)𝑀𝑃𝑙. Additionally, the dependences on
the relative barrier width 𝛿 and the barrier scale 𝜙𝑚𝑎𝑥 reflect precisely the estimates made in
sections 5.2 and 5.3.

Assuming that the scalar field is always quantum jumping to lower field values before following
classical dynamics, a lower bound for the number of e-folds of inflation that occur after tunneling
can be given. Note that this is just lower bound because it might jump up or down arbitrarily.
It is shown as a function of barrier scale and barrier width in figure 9. According to this result,
the number of e-folds after inflation decreases rapidly at smaller parameter values (see figure
9a) and at larger barrier widths (see figure 9b). However, the barrier width has an obvious
upper limit, namely when tunneling becomes too improbable (as described throughout this
section). Thus, at reasonable parameter values the number of e-folds of inflation that occur
after tunneling is constrained to vastly exceed 65 i. e. cases 4a and 4b can be considered ruled
out in this model. In other words, tunneling cannot occur at observable scales and only case
4c reflects the mathematical reality. Then the observables 𝑟 and 𝑛𝑠 are described by figure 3b
i. e. a hilltop-like picture can be made out.
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(a) The actions as functions of barrier scale
𝑆(𝜙𝑚𝑎𝑥) for constant ratio 𝛿 = 10−4 and
𝜙𝑚𝑎𝑥 ∈ [1, 30].

(b) The actions as a functions of relative barrier
width 𝑆(𝛿) for constant 𝜙𝑚𝑎𝑥 = 18𝑀𝑃𝑙 and
𝛿 ∈ [10−5, 10−2].

Figure 7: Comparison of the Coleman-de Luccia and Hawking-Moss actions as functions of
barrier scale and relative barrier width (see (104)) for minimal coupling and 𝜆 =
10−12.

Non-minimal Coupling

An analogous treatment was applied to the non-minimally coupled case yielding the results
summarized in figure 8. Now both, the Coleman-de Luccia and the Hawking-Moss instanton,
are dependent on the barrier scale the former showing a much weaker dependence. Yet, the
Hawking-Moss instanton still constitutes the dominant process due to its stronger dependence
on the relative barrier width. This, again, reproduces precisely the correlations described by
the estimates in sections 5.2 and 5.3.

As shown in figure 9, the behaviour after tunneling does not differ significantly from the one
described in the minimally coupled case: The number of e-folds of inflation after tunneling is
too large for it to be observable.

(a) The actions as functions of barrier scale
𝑆(𝜙𝑚𝑎𝑥) for constant ratio 𝛿 = 10−4 and
𝜙𝑚𝑎𝑥 ∈ [1, 30].

(b) The actions as a functions of relative barrier
width 𝑆(𝛿) for constant 𝜙𝑚𝑎𝑥 = 18𝑀𝑃𝑙 and
𝛿 ∈ [10−5, 10−2].

Figure 8: Comparison of the Coleman-de Luccia and Hawking-Moss actions as functions of
barrier scale and relative barrier width (see (104)) for 𝜉 = 0 (minimal coupling) as
well as 𝜉 = 0.01 (non-minimal coupling) and 𝜆 = 10−12.
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(a) 𝑁𝑖𝑛𝑓(𝜙𝑚𝑎𝑥) for 𝛿 = 10−11. (b) 𝑁𝑖𝑛𝑓(𝛿) for 𝜙𝑚𝑎𝑥 = 𝑀𝑃𝑙.

Figure 9: The minimal number of e-folds of inflation 𝑁𝑖𝑛𝑓 that occurs after Hawking-Moss
tunneling out of the false vacuum in the minimal case as a function of barrier scale
and relative barrier width (see (104)) for 𝜆 = 10−12.

Analytical explanation for non-observable tunneling

In order to be able to explain this long duration of inflation after tunneling, the barrier width
is assumed to be small (𝛿 ≪ 1). Furthermore, slow-rolling is imposed. Additionally and most
importantly, the displacement by a quantum jump from the top of the barrier has to be negligible
with respect to the scalar field value Δ𝑞Φ = 𝜓 ≪ Φ𝑚𝑎𝑥 which is the case in large field inflation
such as the treated model (this is necessary to be able to approximate (127) and identify (128)
afterwards). Rewriting (16) in terms of the dimensionless field and potential

𝒱
3 (Φ″ − 3Φ′) + (1 − (Φ′)2

6 ) 𝒱,Φ = 0, (125)

an analytical description of the dynamics of the scalar field can be given. Applying the slow-roll
conditions (17) and (18), this simplifies to

Φ′ = 𝒱,Φ
𝒱 . (126)

Expanding around the maximum bearing in mind that in the case of a small barrier width the
2nd order term cannot be neglected, yields

𝒱,Φ(Φ𝑚𝑎𝑥 + 𝜓) = 𝒱,ΦΦ(Φ𝑚𝑎𝑥)𝜓 + 1
2𝒱,ΦΦΦ(Φ𝑚𝑎𝑥)𝜓2 + 𝒪(𝜓3). (127)

Quantum jumping from the top of the barrier, 𝜓 can be identified with

𝜓 = −√𝒱(Φ𝑚𝑎𝑥)
2𝜋 . (128)

Then the classical motion of the scalar field afterwards is determined either by the 2nd or by
the 3rd derivative of the potential

Φ′ ≃ − 𝒱,ΦΦ(Φ𝑚𝑎𝑥)
2𝜋√𝒱(Φ𝑚𝑎𝑥)

+ 𝒱,ΦΦΦ(Φ𝑚𝑎𝑥)
8𝜋2 (129)
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where again the smallness of the quantum displacement was applied using the approximation
𝒱(Φ𝑚𝑎𝑥)/𝒱(Φ𝑚𝑎𝑥 + 𝜓) ≃ 1. If the resulting derivative of the scalar field with respect to 𝑁
is again just of order 𝜓 and the difference in orders of magnitude between 𝜓 and Φ𝑚𝑎𝑥 is
sufficiently big, the same analysis applies repeatedly. As inflation ends when

𝜖 = Φ′2

2 ∼ 1, (130)

this computation can be done again and again adding one e-fold to the inflationary period with
every step. Thus, if Φ′ ≪ 1, i. e. for potentials that are not steep enough close to the maximum,
a number of e-folds of inflation after tunnelling of order 50 − 70 cannot be obtained. Instead
the result will be much bigger.

In the case of the treated potential

Φ′ ≃
√

3𝜆𝐷
Φ𝑚𝑎𝑥𝜋 + 𝜆Φ𝑚𝑎𝑥

8𝜋2 =
√

3𝜆𝛿
𝜋 + 𝜆Φ𝑚𝑎𝑥

8𝜋2 . (131)

Hence, if 𝐷 ≫
√

𝜆 ∼ 10−6 at Φ𝑚𝑎𝑥 ∼ 1, the 1st term is dominant and Φ′ ≪ Δ𝑞Φ ∼
√

𝜆
because 𝛿 ≪ 1. This also describes the behaviour in figure 9b, namely that the number of
e-folds increases with increasing relative barrier width.

On the other hand, if 𝐷 ≪
√

𝜆, the 1st term can be neglected and Φ′ ∼ 𝜆 ∼ 10−12 is even
smaller. This corresponds to an upper bound to the duration of inflation after tunneling at a
certain barrier scale.

According to (113), the field is in a state of chaotic inflation as long as Φ′ < Δ𝑞Φ i. e. it is able
to do quantum jumps to higher and smaller field values making the dynamics unpredictable.
Assuming that it directly jumps down to the value where Φ′ = Δ𝑞Φ which is highly improbable,
the argument above still holds: As Δ𝑞Φ/Φ𝑚𝑎𝑥 ∼ 10−6, the analysis can be applied repeatedly
for more than 50 − 70 e-folds which explains that inflation lasts for 105 − 106 more e-folds and
tunneling does not occur at observable scales.

This section’s analysis shows that this behaviour is not a special property of this potential
but generic for potentials with small barriers (𝛿 ≪ 1), small potential values 𝑉 ≪ 𝜙4

𝑚𝑎𝑥 and
𝑀2

𝑃𝑙𝑉,𝜙(𝜙𝑚𝑎𝑥)/𝑉 (𝜙𝑚𝑎𝑥) ≪ 𝜙𝑚𝑎𝑥 which means the same as (129)≪ Φ𝑚𝑎𝑥 (potentials that are
not very steep at the vicinity of the maximum).

5.5 Tunneling after inflation
As shown in figure 9a, the number of e-folds of inflation after tunneling is strongly decreasing at
smaller barrier scales. Thus, immensely fine-tuned parameters could make tunneling observable.
Then the scale at which tunneling would occur has to be of order 𝜙𝑚𝑎𝑥 ∼ 10−4𝑀𝑃𝑙 while the
barrier width has to be of order 𝑑 ∼ 10−11𝑀𝑃𝑙.

At these field values the inflationary period which normally ends at 𝜙𝑒𝑛𝑑 ∼ 𝑀𝑃𝑙 has already
been left behind i. e. 𝜙′ >

√
2𝑀𝑃𝑙 (see (17)). As Hawking-Moss tunneling is still dominant

this corresponds to tunneling into a new inflationary era which lasts of order 60 e-folds more
creating inflating bubbles in a non-inflating environment. However, in order for tunneling to
be sufficiently probable while the scalar field is in a state of motion, quantum jumps (see
(113)) have to be more efficient than classical evolution i. e. Δ𝑞𝜙 > 𝜙′. As 𝐻 ≪ 𝜙′, in this
case obviously 𝜙′ ≫ Δ𝑞𝜙 i. e. tunneling will most probably not occur. Instead the barrier is
overshot classically.

In a nutshell, tunneling after the end of inflation is impossible in this model due to its
large-field inflationary properties. Yet, this is not the last word on late tunneling.
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5.6 Alternative: Slowing down the field through coupling to an abelian
gauge field

In general, the kind of barrier introduced in the previous section will inevitably be overshot
in a non-inflationary period as shown in figures 2a and 5. Yet, adding a friction term caused
by decay into photons i. e. coupling the inflaton to an abelian gauge field as described in
[TTUV18], [NT16] or [Oba17] (whose description will be followed closely here), the scalar field
can be slowed down depending on the coupling constant 𝑓 chosen before. The corresponding
system satisfies the equations of motion

𝐻2 = 𝜌𝜙 + 𝜌𝑟
3𝑀2

𝑃𝑙
=

̇𝜙2
2 + 𝑉 (𝜙) + 1

2 ⟨ ⃗𝐸2 + �⃗�2⟩
3𝑀2

𝑃𝑙
(132)

̈𝜙 + 3𝐻 ̇𝜙 + 𝑉,𝜙 = 1
𝑓 ⟨ ⃗𝐸 • �⃗�⟩ (133)

(𝜕2
𝜂 + 𝑘2 ± 2𝑘Ω

𝜂 ) 𝐴± = 0 (134)

with Ω ≡
̇𝜙

2𝑓𝐻 (135)

where d𝜂 = d𝑡/𝑎 denotes conformal time. Assuming that Ω ∼ const which is a good ap-
proximation during the slow-roll period, (134) can be solved analytically using the Whitaker
function

𝐴± =
𝑒±𝜋Ω/2𝑊∓𝑖Ω,1/2(2𝑖𝑘𝜂)√

2𝑘
= 𝒜±√

2𝑘
. (136)

Then the expectation values in (132) and (133) can be calculated numerically as

⟨ ⃗𝐸 • �⃗�⟩ ≃ −𝐻4 ∫
2Ω

0

𝑥3d𝑥
4𝜋2

√2Ω
𝑥 |𝒜+|2 (137)

1
2 ⟨ ⃗𝐸2 + �⃗�2⟩ ≃ 𝐻4 ∫

2Ω

0

𝑥3d𝑥
4𝜋2 (Ω

𝑥 + 1
2) |𝒜+|2 (138)

where the decaying mode 𝐴− was neglected, 𝑥 = −𝑘𝜂 and the upper integration bound is a
UV-cut-off. Thus, we effectively introduce a friction term (137) into the equation of motion of
the scalar field (133). Note that this friction generates unilateral energy-flow from the inflaton
to the gauge-field. This increases the density of radiation as described by (138) substantially
despite the strong decrease (like 𝜌𝑟 ∼ 𝑎−4) in an inflationary universe. Thus, when 𝜌𝑟 = 𝜌𝜙
inflation ends.

The aim of this approach was to slow down the scalar field sufficiently to make late time
tunneling viable i. e. to prevent it from overshooting tiny barriers at small barrier scales. In
order to solve this problem e. g. for 𝜙𝑚𝑎𝑥 = 0.5𝑀𝑃𝑙 and 𝛿 = 10−6, the coupling constant has to
be at most of order 𝑓 ∼ 10−4𝑀𝑝𝑙. The duration of the inflationary period after Hawking-Moss
tunneling can be shortened significantly if the energy density of the gauge field increases rapidly
enough. Thus, this ansatz could provide an elegant solution for some cases. However,the results
of this section are mainly qualitative and have to be deepened. This requires an extensive
analysis based on the exact solution of the equations of motion.
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6 Conclusion
In the preceding sections an attempt to create a viable model of tunneling as part of an infla-
tionary evolution in a polynomial potential of fourth order was made. Meanwhile the questions
made in the introduction were answered one after another:

As expected, the minimally coupled model violates observational constraints as long as tun-
neling is not involved into the evolution: Overshooting cases show a strong resemblance to the
𝜆𝜙4 model and almost reproduce its predictions. Yet, in the non-overshooting cases, which in-
evitably lead to tunneling processes, the duration of inflation after these is long enough for the
corresponding scalar fields to show a hilltop-like behaviour. These cases quite obviously reflect
CMB measurements for a significant amount of parameter sets. In contrast, the non-minimally
coupled scalar field satisfies the constraints on the perturbation amplitudes and scalar spectral
index for overshooting as well as for non-overshooting cases.

Described by equation (116), the classical displacement does is not directly proportional on
the energy-density of the scalar field (the parameter 𝜆 that is responsible for the low value of
the energy density cancels in this equation) while the quantum displacement (113) is. Thus, as
long as the classical motion in the vicinity of the barrier is not exceedingly small the field will
continue evolving classically. On the other hand, inflation ends when the slow-roll conditions
are violated i. e. after inflation the classical displacement is big. Hence, in this model tunneling
is highly probable to occur during inflation. The quartic being a model of large field inflation
then predicts the location of the barrier to be at least at the Planck scale. Especially at these
large field inflationary scales, the tunneling process is strongly dominated by the Hawking-Moss
instanton which shows a dependence on the inverse field scale to the seventh power.

Tunneling mediated through the former process describes a quantum jump on the top of
the barrier, a position which is left by thermal fluctuations. It was shown that for large field
inflationary potentials which are not sufficiently steep in the region around this maximum
(which is the case here) inflation after the tunneling event lasts too long for the phase transition
to be observable.

Generalising the model by a gauge field coupled to the inflaton, the latter can be slowed
down to make tunneling at smaller field values possible. However, the results obtained in this
thesis do not provide a complete understanding of this process and cannot entirely prove its
viability. Hence, a more extensive and precise analysis is necessary to obtain satisfying and
general conclusions about this ansatz. This could constitute the aim of future studies.

Furthermore, the treated model can be generalised to accommodate observable features e. g.
by adding an oscillating term i. e. monodromy inflation (see for example [FMP+10]) which can
also work without coupling to a gauge field.

To put in a nutshell, the initial aim to create a large field model of quantum tunneling during
inflation with observable predictions of the latter turned out to be non-accomplishable within
the scope of the initial tools (a polynomial potential of 4th order). Nevertheless, considering
the derived implications of Hawking-Moss tunneling, generic conclusions were possible. Thus,
the next step will be to generalise the treated model as shown in order to make these quantum
processes observable and be able to study their consequences as, among others, primordial black
holes (see [BT18]) and relic gravitational waves due to bubble collisions (see [TW90]).
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