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LOCALIZATION OF NILPOTENT FIBRE MAPS

by

Irene Llerena

1. introduction

The theory of localization first introduced in topology
by D. Sullivan [ 6} has been exploited by many topologists,
e.g. A.K. Bousfield - D.M. Kan [11], P. Hilton - G. Mislin -
J. Roitberg [ 21}, and works particularly well in the homoto-
py category of nilpotent spaces, i.e. spaces whose Postnikov
system admits a principal refinement:

Now let f:F—3B be a fibre map with 7,8 and the fibre
F connected CW-complexes. Then "7E a¢ts on the homotopy groups
# F, n>1, and we say {21 that f is nilpotent if 7,E acts nil-
potently on all the homotopy groups of F. This is the case,
for example, if F and B are nilpotent. If [ is a nilpotent
fibre map then the fibre F is nilpoteént. The conversely is
true only if ﬂIE operates nilpotently on the homology groups
of F{31]. '

Nilpotent fibre maps turns out to be the right relativi-
zation of nilpotent spaces, because their Moore—-Postnikov
systems admit principal refinements ([2] th, I1.2.4).

In {41 P. Hilton has developed a localization theory for
the corresponding group-theoretical situation, that of group
extensions M- G-—»@ such that ¢ acts nilpotently on N.

In this paper we introduce a P-localization theory (where
P is a given family of rational primes) for nilpotent fibre
maps which generalizes both the existing theory of localiza-
tion of nilpotent spaces and the localization theory for re-
lative groups of {4 1. These ideas had already been treated
systematically in [1] with a slight different definition of

nilpotent action.
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In fact in §2 we prove an universal property which shows
in particular the uniqueness of the localization of a nilpo-
tent fibre map and in &3 we construct this licalization in a
similar way as is done in { 2] for the absolute case.

T wish to thank P. Hilton for suggesting this work to me

as well as for some helpful conversations.

2. An_universal property

We work in the pointed homotopy category of connected
Cw-complexes. We say that a fibre map f:E_—3P with connec-
ted fibre F is nilpotent if ﬂIE acts nilpotently on lnF, n>t.
Recall that if w is an action of a group G on ¥ the lower

central w-series of ¥ is defined by

rg =N, U= (a(mb)a*fb-f;mec,aew;ber;‘lm Y, ©>0;

and we say that ¢ a;ts nilpotently on ¥ if sz = (1} for
e sufficiently large.

Let now F«—#Fﬂl;)B be a nilpotent fibre map and let P
be an arbitrary collection of rational primes. A P-localiza~-
tion of f is a map ﬁ:f-;f(P) over B , where the map

—R is a fibre map with fibre F such that the in-

FeryiPepy P

duced map F—HQFP is a P-localization:

| NN JU S
- | p l by l

: (P
Fp——>EF 3 2 G

Theorem 2.1. lLet F——éE-I;B be a nilpotent fibre map and

w«m- .
L

let ﬂ:f——af(p) a P-localization of f. For every nilpotent
fibre map 7:F—B with P-local fibre F,

is a bijection, where { , ‘B stands for the set of homotopy

classes of maps over RA.
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Proof: Given Teif,fln we will show that there is an unique
bfff(p)’Tl[y such that f* 8=7 , j.e. rendering commutative

the following diagram
F

T .
5 -7
B Pie
.7

(r)
Fepy—>

R e |
bl

Tet
1, '
...—«—)Yﬁ-——)Yﬂ_]———)... -—910- B

be a principal refinement of the Mooré~Postnikov factorisa-

tion of . Fach 9.V, ~>Y,_, is a principal fibre map with

7
fibre an Eilenberg-MacLane space 'K(Gc,n) where G, ave (abe-

lian) groups obtained as quotients P; inf / Fﬁ+1 ﬂnf (v the

action of wzf on rn?). These groups are trivial tzf—modules:

for n>2 it is clear; for n=1 use that w is characterized by

i (k)= (i k). a, Eerlf, aen T, i:F=3F the inclusion, and

1

that 'Iﬁ acts on itself by conjugation.

The obstruction to the lifting of f(p) to YI lies in

H2(E }  and the higher obstructions -to each YP— are

(pyeBify

subsets of A'(F ;Ge)‘ Furthermore, at each step ~, two

(p)s ¥
liftings maps ﬁ; and 5&’ of the same 80_1 are homotopijc re-

n—I(

if a certain cocycle of #H

lative to 6c F(P)’F;Go)

~1
vanishes. Hence the existence and unidueness of § follow

from Lemmata 2.2 and 2.3 below, which ensure the vanishing

of all groups H"(F(P),F;n”).

Lemma 2.2. Let A be a P-local abelian group. Then, for all

net, H(F A} = 0.
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Proof: We look at the induced homomorphism f* in the Serre

spectral sequences of [ and f(p)

Pin. . rptq .
BB HUF;0)) == (E(pyit)

e* g*

wes; 1 (pin)) ===> " (r;n)

Sineq e:F__gFP is a P-localization, by the universal coeffi-
cient theorem and [2) 1.2.9 and I.1.8

*
B (Fp;8) == " (F;7)

is an isomorphism in each dimension. Thus we get an isomor-

phism at the F level of the Serre spectral sequences and

2

’ =
the lemma follows.
Lemma 2.3, The groups G are P-local.
Proof: Since ¥ _F are P-local nilpotent groups F; nnF are

1
P-local by theorem 2.1 of [5]. Hence G, are P-local as quo-
tients of P-local nilpotent groups.

Corollary 2.4. Let F——»E—£+H be a nilpotent fibre map. If
ﬂ:jl—~>f(P) is a P-localization with fep) nilpotent sthen

f(P) and 8 are uniquely determined up to an homotopy equiva-

lence.

Procf: Tlet PB:f—3F be another P~localization of [ with
T nilpotent. By theorem 2.1 there exist 61:7-9f(r) and
62:f(P;~—)f such that ﬁ=51ﬁ and ﬂrﬁgﬂ ; thus 6:5251ﬂ

and 8:51623' and therefore 4,5 ~id and &,5,~7d by the

unigueness in theorem 2.1.



Corollary 2.5, Tet F~mgﬁ»l$R be a nilpotent fibre map and
let ﬂ:[~»9f(P) a P=localization. For every nilpotent fibre
map f:F—>R with P-local fibre F and every map PR —>F,

w

*

'f(p):.?]pl"“? If'Tln
is a bijection.

Proof: Consider the diagram

f
Ty !!
L

P i ’

where ; is induced by p. Fvery el 1,1 P induces a map
nFlf,fl B and we can apply theorem 2.1 to ensure the exis-—
tence of SF!f(P)’T'ﬂ such that 8f=n . Hence f*(ad)-71 .

Observe that the nilpotency of f/follows from that of [.

A standard argument shows the uniqueness of 5.

3. Existence of a P-localizalion
et F-— E~£§R be a nilpotent fibre map and Jet
9 9

e}

e S R S R P

n"

be a principal refinement of its Moora-Postnikov system.
We will consiruct A P-Jocalization of f by induction on the
height of the system.

Suppose first we have A principal fibre map

K(a, 1) —->v -Tsn

indnced by a map q:R——3K(1, ). We define q(r):Y(F)——elI



as the principal fibre map induced by edq:B-——aK(GP,z)

where e is a P-localization

K(6,1) ———————— FK(G,1)

e ' k/////
?
K(Gp, 1) ::jT:::r—_——- K(Gp,1)
y
Y ——————|— PK(G2) = *
) k /"B ' v h/////
Y”,) 1’[ —> PX(GP,2)=*
v
- g
1¢p) B -— K(G,2)
4 R e
B > R(Gp,z)

Let B:Y-—Y be induced by q:Y-—B and Y——)PK(GP,Z)..

(r)
From the commutativity of the above diagram it follows

that the map K(G,I)———*K(GP,I) induced by f on the fibres
is a P~localization.

¢ Let =8 Yc_l————» B and assume now that

1™ G100 90-17

we have already defined ——> B and also

%e-1tP) Yo-1(p]

—>Y over B inducing a P-localization on the

1
fibres.

If q:¥ Y

LER e-1(1)

is induced by g:Y _—3K(G,n+1)

e-1
qc(r):Yp(P;———é Ye-I(P) as the principal fibre

-1
we define

map induced by a B:YC_I(ﬁT——~4 kK(G,,n+1) such that 88 =e g

where ~» is a P-localization. See diagram below.



K{G,n) ———r————— K(G,n)

| el

K(Gp,n) e K(Gp,n)

Y ———— | PK(G,n¥1)= *

> PR(G,,n+l)=*

el(r) l )

¥ o8 |y rta,n+1)

Yortp) - - - > K(G,,n+1)

Tarr)

We can argue as in the first step in order to obtain
a map ﬂ:Yp————éYc(P)
The existence and uniqueness of 8 follow then applying

inducing a P-localization on the fibres.

Corollary 2.5 to

s

o-1

/ >V, ‘ > B

e 8 .
~£P —eg YP-I(P)—igzligl; ﬂ
s . |

L 4
K{Gr_, n+1) ——>K(np, n+1) ———> *

It remains only to see that B:a —> & induces
e a(P)

a P-localization on the fibres. Consider the diagram of fi-

bre maps




kK(G,n) ———m8 o> N ———— 7

Q§§§b el\\\\\‘ e‘ \\\\\s

7
I3 K(G,n) — Y - ¥
c ‘ e~-1
l N ; N-I

I((Gp,n)—; > X P >ZP\H B

§§§§§ derp) ~

K(Gpon) ——— ¥ (p) =Y _10p)

falp)

/
£

we may apply now the homotopy exact sequence to the back
squares to conclude that 1iN-——4an is a P-localization

for all 7. Hence N—X 1is a P-localization.

If the refined principal Moore-Postnikov system jig fini-
te the above procedure yields the desired P-localization. In
the general case there is a weak homotopy equivalence
E __+Ziﬂ ﬂ' over R. Let E(P) be the geometric realization

of the singular complex of ZimYﬂ(P). Then there is a map

ﬁ:F——;E(P) such that the diagram

is homotopy-commutative over B.
Let Fp be the fibre of sc:Yo-—— B. The fibre maps

lim yn.__;n and FE —»B have weak homotopy equivalent fibres
- &

‘lim F and F respectively. Analogously 1im F and
-~ led « ”

(r)



FP are weak homotopy equivalent. Moreover the induced

map sz Fn ———>Z£m Fn(P) is a P-locdalization. Thus

F 5 5 —L 5 B
| " | I
i )
R (p)
Fp Eep) > B

is a P-localization.
Note that ...__ch(P)————gyc_I(b)——é ves =3B -

is a principal refinement of the Moore-Postnikov system of

f(P); the fibre map f(P) is thereforg nilpotent.
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