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THE DISTRIBUT10N OF A DOUBLE STOCHAST1C INTEGRAL W1TH
RESPECT TO TWO 1NDEPENDENT BROWNIAN S11EETS

by O. Julia and I). Nualart

Abstract

2
Let IWj(z), z e [0,1] j i=l,2 } be two bidimensional inde-

pendent Wiener processes. We compute the characteristic function
of the stochastic integral

and we give an expression for its moments. As an application,
we present a martingale array, which does not satisfy the Central
Limit Theorem.

Key Words: Stochastic integráis, two-parameter Brownian niotion,
Central Limit Theorem.

1. Introductton

2
Let W = (W(z), zé [0,1] 1 be a bidimensional brownian

motion, that means, W is a zero mean gaussian process with

covariance function E[ W(s,t)W(s',t')] = (s As’)(t At'l. Nualart

in [8] evaluates the law and the moments of the random variable

dW(z’),

x 5.x', y 5y' 1 (cf. [4]); which has the same distribution

as
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W(z) dW(z)

(see [8^) by an argument of symmetry.

The purpose of this paper is to do a similar study for the

integráis

and

Áo.i] 2 Wj(z) dW2(z)

-'10,1] 2 A0,1 2 lp(z,z') dWj(z) dW2(z'),

where (Wj(z), z e [0,1] ^ > and { V^fz), z e [0,1] ^ > are two
bidimensional independent brownian motions. In section 2 we com¬

pute their characteristic function and in section 3 we give an

expression of their moments. As an application, in the fourth

section we exhibit a martingale array ^nl’ l£i£n^m>lj
such that it verifies the conditional Lindeberg condition, and

converges in distribution to the random variable

*/o,i) 2 Wj(z) dW2<z)

which has a characteristic function of the form E[exp(-Í_ ni] ,

being n a positive random variable. However, the conditional

variances converge in law to some limit different from the law

of n .

In the one parameter case, Berthued [ 2 J and Yor [9] have
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a / W.(t)dW,(t) + B / W (t )dW,y[o,i) 1 2 •'[0,1] 2 1
(t)

for a ,8cR , where ( W^(t), t € [0,1]) i=l,2 are two indepen¬
derá Wiener processes. They have obtained that:

E[eitz [ch2(^I t) + sh2Z (a-B)Z
[ 1 + a2t2P

( a-B
2 O] 1 for a / 8

for a = B

As a consequence the characteristic function of

/ W•'[0,1] 1
(t) dW_(t)

»(t) = (ch2(-jt) + sh2(-^t)]^

Considering again the two-parameter case, from lto's formula

it follows that:

W1(z)W2(z) = J Wj(z') dW2(z-) + J* W2(z') dWjfz')Rz Rz

f f,
z z

L A 1d

z") dWj(z') dW2(z"

(z',z'') dW2<z') dWjtz")

P + M + Z + L
z z z z (1.2)

where R = [ 0, z ].
z

We observe that the random variables stP.,, P .. stM,,, M11 st 11 st



ha ve the same distribution (see [8]) so.stZll’ Zst’ stLll and Lst
it suffices to study the law of Pjj-

We also remark that and Zjj+Ljj can be written
as the difference of two independent integráis of the form

i W(z) dW(z). In fact,
[0,1]

P11 + M 11 Xo.l
W,(z)+W_(z) W,(z)+W_(z)1 1 d(— )

r /2 n.

íJ\0,1]
W,(z)-W_(z) W.(z)-W_(z)

_ — d( — - )
2 /2 r2

and a similar expression holds for Zjj+Ljj.

ln consequence, from the results of [8], we obtain that

the characteristic function of these sums is equal to

*(t) - (Á cosh2(rzirbr)) (I - 16(í m=Th tanK (T2k-n7))2)
-i

k=l k=l

2. Characteristic function

We will use the following facts: {/2 eos (2k-l) )¿
k=l

is an orthonormal basis formed by the eigenfunctions of the
2

Hilbert-Schmidt operator on L ([0,1]), whose kernel is the func¬

tion f(x,x') = (1 -xvx'l. Moreover, the series of functions:

TT —7T—pr cos(2k-l)
k-1 (2k-l)2»2

- 4 -

íp cos(2k-l)
«x'
2

(2.1)



2
converges uniformly to f(x,x') in [0,l] .

Theorem (2.1). The characteristic function of P^ is:

itP
*(t) = E[e H] = I! cosh"5 < „ > ’

2
Proof: The random variable P^ is the limit in L (n.TsP) of
the sequence

T = , LI) W_U. ) ,
n íífhi 1 n n 2 k*

where

and

A. = ((^, —), (-, -) ] ,kt n n n n J

W (* ) = W (-, í-) - W (-, - W (—, Í-) + W (—, .2ki 2 n n 2nn 2nn 2 n n

Then:

itT .2 n-1 . , , . 2
E[i ") = E[exp(--L T W , í-i) i] •

2n kdí=l

lt holds that

1 k-1 l-l 2i 5T W ,(2_i , «l_L )n2 kftl 1 n

. n-1 n-1
=

—2 >~ Wl < 4kfc'Wl^4k' i' ) ín-kyk' )(n-lvt' )
n k,l=l k',fc'=l

n-l k k' l f

kfhi k\i*=i 1 kt 1 k 1 n n n n

Following (2.1), the term (2.2) can be expressed as
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t;-\v z (22L wi(V)cos(2í-1)2ít cos<2J-1)2í7 '
16

i,j>l (21-1) (2j—1) * k,í. = l

¿El ai; (X" )2
t.jy U ij'

where

l] (2i-l )2(2j-l ) *

16
2,^ ,,2.4

and

xtj= 2 .xr, w* cos(2i_l) ^ cos<2j-i) S •J k,i = l

The sequence Xr.V converges in L2 to:

. = / 7 2cos(2i-l) ~ cos(2j-l) dW,(x,y) .J y[o,l]2 2 2 1

1Y.. 1. . . is a sequence of independent random variables with law*1 l»l_A

^10, ] '. Therefore, a,.(X?,)2 will converge in L* to
2 ‘’j-1 3 3

a..Y..; and ve have,
mEi 1J

itT -t2/2 -EL a. .Y

fna E[e ) = E[e i. j_>! i;i ] = fl (l+t2a..) *
i.j>l

n cosh ,(T2i=fir) • Di>l

We remark that the stochastic integral

11 J{0,1] 2 1
(z) dW0(z)

- 6 -



has the same distribution as the random variable

S =

i,j>l (2i—1) (2j—1) i

n.. C ,.

where { n . .1 . ... and U.
j >j are independent and iden-

tically distributed random variables with law N(0,1).

3. Moments of P 11

In this section we will compute the moments of Pjj.

Propositlon (3.1)

tP
Vt € R , E [e 11, n eos 1 (r-) for 111 < »2/4 ,

J>1

tPll
E[e U] =

T2FTT¡

for |t|> i /4

Proof: By the preceding remark we have

tP
c-r Hi c, tSE(e ] = E[e tn E(exp( (2i_i)(2j_U V1'

Finally,

E[exp( 4t

(2i-l)(2j-l)*

(1

7 "ij 'lj

16 t

(2Í-l)2(2j-l)Zr4
for It|< (21—1>^2j— 1)" ,

fCr ni >.0
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<v", t 6 [0,1] , n>l) and 1 V”, te[0,1 ] , n>l ) be independent

infinite-dimensional brownian motions. We know (cf. [7]) that

H < o; ) (£ vi )
1=1 j=l

2
converges weakly to W^(s,t) W2<s,t) in C((0,1] ). From Ito's
formula, we have

< o; vi ,¡ .1 ¿ ,/• U' <»!. f »1 i»*)t,j = l 1,J = 1 •'o

•( f O1 dv3 + /" V* dOl)
■'O •'O

, n /'S /*t , xs . /*t
= i 27 / Ul dVJ í O1 cS?3 + I¿ J u’dvJ f ^ldgi

i, j=l ^o ^o n i ,j=l ^o «'o

+ i ¿ / vi dü‘ / ü'dvi ♦ I £ fvWtvWn
i,j=l ~o ■'o n i,j = 1 *o *o

_n _n í;n ;n
S, + T, + T,+ S,st st st st

Propositlon (3.2)

Sst’ Tst’ fsf Sst converSe w*akly *o Pgt, Zgt, Lgt and
in C(lO,lJ^), respecttvely.

Proof: The proof is the same as in the case Wj = W2> which is gi-
ven in Lema (2.1) of [8] .□

Now, using the ifproximation of the law of Pjj by Sjj we
are going to deduce a recursive expression for the moments of

Pll-

- 8 -



Proposition (3.3)

For all p>l ptH, E[ P ^ ^ *] =0 and E[PjP] - ^?P2~- mp
where

■*r (p-l)! 0k-l 2
V = Z. (^yr 2 , m , (m =1)k p-k o

and

/</[0,l]
v,, = I k (xj''X2> (X2AX^)... (x^AXj )dx j.. .dx^ .

Proof: We compute the moments of Sjj that converge weakly to P11
by proposition (3.2).

Set

E[(S"j)p
i,je{ 1,.. ..„,p “Ají u'kdvS e| / o'kdVJk;

k=l

z: p <ee n Jrl ulk dVJk ] )2
i,je(l,.. . ,n )p k=l JiD

where we have written i=(ij,...,i ) and j=(jj,— .jp) •

If there exísts a number he ( 1 n ) such that one of

the cardinals #{k=l,...,p; t^=h ) or #lk = l p ; jk=h ) is
P t\ Ju

odd, the expectation E[ H I U dV ] can be decomposed,
k=l Jo

by Ito's formula, as sum of terins of the form:

úi *mi Hj *mo
E[U U U ¿\¡

S1 sl s2 S2

í.
3 i

P P

ds
P

.ds
1 *

- 9 -



Then,

n í1 'k jk
E[ n I U dV 1 = 0 •

k=l 'o

that is, E[(Sjj)E] =0, if p is odd; so, it suffices to compute

E[(S"1)2p ].

Denote by v the number of different integers appearing tn

the multi-indexes (t,j).

If i,j fU,...,n)2p and «jj = t, < 2p then:

ñ2p i,jeU n)2p
vtj= 1

(E[ fr u'k dVÍk])2< -i- (")t4pC2-
k=l Jo n2p 1

where

C = rrnx

r,sC{l,2 n } K k=

f1 rk sw
E [ H / ü dV K ] .

c=l Jo
V = í
rs

By the same argument as before, we have only to consider

the multi-indexes (i, j ) € I 1,... ,n) 2p with = 2p and such

that there are exactly p different integers in "i".

Denote Gp the set of all permutations of (1,1,2,2,... ,p,p),
and Gp the set of permutations of (1,2,3, ...,p).

Given a permutation f - ■”’i2p)ÉGpí we will say

that h (j,h € (1,2,.. .,pl) if J2j = *2h’ or *2j ~ l2h-l
or Vi = (2h or 12j—1 = *2h- y . We define a cycle

1 ~ h ~ h ~ ••• * j ~ 1
n

(where 1,

are different elements of {1,2,... ,n 1) in such a way that

10



j, verifies i. = i or i. = i„. _. . Notice that the elementsI Z). -t2j | 1 j
are determined, once jj is fixed. If this cycle does

not contain all the integers { l,2,...,p ) we can form another

one starting by the mínimum k, of these remaining integers.

So, proceeding in the same way, we will have another cycle

k * k where Cj is always such that *2k_i
= f2kj or j2k-l = i2k1-l and k’ kl km are different
elements. We repeat this procedure until we exhaust all numbers

from 1 to p. In this way, the permutation f determines uniquely

a permutation of defined as the product of the cycles intro-

duced above.

Let I
(

determine the same permutation o e G . Denote by n

be the set of all permutations t fe G^ which
the

p o

number of cycles appearing in the descomposition of o . Note

that:

If íí I and kfe(l,...,p) is not the first element of some

cycle, the permutation (i^, i^,... ,i-^j > • • • • ¡2p * belongs
to lo.

If p fe G , and f fe 1 , we have (p (i, ), p (i-),..., p( i- ))
p o i ¿ ¿p

€ I .

o

Therefore #1Q = 2^ n° p!. The expectation

Ei n u 2k dvk f u 2k_1 dvk 1
k = l •'o •'o

only depens on the permutation o. Indeed, by Ito’s formula:

11



ei a r1 u’2k dvk ■>izk-1
k = l Jo Jo

dV" / U " * dV
o

hl’h2 V1
hj .h^,... ,hp different

/T

... Í V 1 E[ U 2hl -U 2hl ..-ü 2hP 1 ] ds ... ds,
'o S1 S1 SP P 1

f1 P E[><2*(1)-1 ^(p)-!^ ...dSj^O jO Jo »«G S1 S1 Sp P

fp-p-'Z*o*o •* o *eG i=l »

) ds ...ds. .

(o ( w(i) ) ) P 1

Thus,

E [ S■?!) = lim E[ (S" j )2p]
n

lim —j— (
n n p

n )(2p) Z (El ^
zp p i€G k=l

P

(2p>! X p! 2p_n° (E[
0 €G

P(p!)2 2P

0 e G is
P

irreductible, so is

6 G . In this case,

rl i.. . /•! u
>/k] )2

iTk] )2

-1

e[ n /1ukdvk/1u0(k)dv
k=l ■'o Jo

*0 * O w€G

]

(»(s j) a w( S2)) ( »($2) A ’(s3 > >
tsr--V

... ( »(s .) a *(s )) ds .. .ds,p-1 p p 1

12



-L (s/5,)(s„»s,) ... (s AS.) ds ...ds. = u
p 1 p 1 1[0,1] P 1 2 2 3

We can decompose any permutation o into the product

of a cycle which contains the element 1 (1 = j j " j2 "l~> • • • '
and one permutation o of the remaining elements. Using this
idea, we have

’(k)dVk]ln Í UkdVk f U*
k=l •'o ~ o

= E[p f UkdVk f lÁ dVk]- E[Pn / UkdVk f U°
k=l •'o * o k = l yo ‘'o

(k>dVk)

ln conclusión, we obtain

,k])22" 2P "«(El n / UkdVk / U°(k)dV
oeG, k=l Jo Jo

(PÍ ) (E[ H /!UkdVk / UjkdVk)2 2h'*(h-n-1
k=l /o Jo

2p-h-n„(E[ Pp í l)kdvk f ^
k=l yo Jo

P
2.
h=l

D!

°kdvk])2)
o eG -h

P

= ¿ (g:¡) 2h-J (h-D! %2 m
h=l

P
£ (p-1)! „h-l 2 „

■ ■ ■ 2 u, m

j (p-h)! h p-h

Observe that in the above expression no = n_ + 1. The
o

proof is now complete. O

Corollary (3-4)

The characteristic function of the random variable Pj ^ can

13 -



be expressed as

♦ (t) (-t2)k )

Proof:

lt is known that, for a given probabiltty law, the moments

(m^) and the cumulants (c^) verify the relation:

m
P k=l

P-1)k-l' m
p-k

By proposítion (3-3).

E[ (Pu) 2pi _ Jr ,2p-lI ~ M,mm 'oí. 1

k=l
2k-l u^(2k-l)! E[ ( Pjj )2p_2k]

Therefore the cumulants of the law of Pjj are c2k-l=®
2

and 02^ = f^(2k-l)! , and we have the following expression
for the characteristic functton of

*(t) = explji" ^-(-t2)k> = exp{¿ -lí (-t2)k) . D
k=l ¿K' k=l ¿K

Propositlon (3-5)

= / i (x.a
■/[0,l]k 1

= I k tXjex2)(x2AXj)... (x^Xj) dxj...dxk =

1>1
( 2i - 1 )"

,2k 02k-l (22k-l) „’ = 2 T¿k)! Bk

where ts the k-th Bernouilli’s number.

Proof: Let S be the random variable deftned In (2.2). lf |t|<
2

< * /4 , ve can write:

14 -



log E[eSt) = (-í) log(l -
161 ‘

i.Rl

” t2n , 2n rr-21 4- (A) (^_¿n ,2

(2i-l)2(2j-l)2 n¿
-) =

n=l t, j > 1 ( 2 i -1 )
2n (3.1)

From (3-1) »e conclude that the cumulants of this Iaw are:

2
C2j<_ j = 0 and C£k = P ^ (2k-l)! which implies the desired
result. □

4. Counter-example of the Central Limit Theorem

L

Nualart in [8] exhibited a martingale array ( S , = C,X . ,F.,5 J ni .1 = 1 IU ni'

n>l, i=l,...,n 1 such that it verifies the conditional Lindeberg

conditton,

r
i=2

E(X . 1, lv k/Í" . , )ni ( X . >e) n,i-l
ni.

Ve >0.

and converges in distribution to a non-symmetric random variable,

as long as the sequence of conditional variances converges in

law. Some other counter-examples for the central limit Theorem

have also been proposed by several authors ([1], (5)). Mere,

we will exhibit a martingale array converging in law to P^.
Notice that the law of P., is symmetric and its characterlsticlt n

l c
function can be expressed as ${t) = K[e )♦ where

n

t.j>i

16

(2i-l)2(2j-l)2/
K

2
i j

and U..1.
U >0.2.1

are independent and identically distributed ran-

- 15 -



dom variables with law N(0,1). However, the sequence of condi-

tional variances converges in distribution to some law different

from that of n , and therefore, the central limit Theorem for

martingale arrays (cf. | 6] ) is not satisfied.

Let

Y.. = f UldV^ f D'dVj + f iPdV1 / D^dV1
11 Jo Jo Jo Jo

for i,j > 1 and

rl /”1
Y.. = f U*dV* í UldV’

■'o J o

for i > 1.

We define X

....o^v1 vjy VJ
n1 n ^ ij

¿ Y., and 7. = v<U
"1

....uj.ü1,
> for 1 £ j < n.

Then, (S . = s X . , ¥ ., 1< i< n ru-ilis a martingaleni nk ni — — * i ®
k=l

array. Moreover, by proposition (3-2), Snn converges to Pjj.

Propositlon (4.1)

The martingale array (S^, 7^., l£i£n, n>l) satisfies the
conditional Lindeberg condition.

Proof:

■l J ¿ E[Y. . Y. .Y. .Y. .

jT2 iviriyicl V ‘ZJ *3J V

16 -



2 i E[Yf ,]*2 4 f~z . —r~ . 1 1.1'
- it j=2 'j’l2=1

2 EÍY. .]2 < —

V “tn

Therefore,

^ E*Xn. 1 f |X |>E} /^n,i-l1=1

0 . □

Proposition (4.2)

The sequence

V2 = ¿L E[ x2. / jr ]n t~Z m n,i-l
i=2

converges in law to the random variable

/o.,,**-W2 ds dt du + / . (& W )2 ds dt du
'[0.1] 0 StU >[0.1] 3 stu

where ¿W . = W-. -W,. -W , +W . , and
stu llu ltu slu stu

1W . , (s.t.u)é [ 0,1] 3Í and (W. , (s, t ,u) e [ 0,1] 3 1stu’ ’ * stu

are two independent zero mean gaussian processes with covariance
function: E[ W . W ... , ] = E[ W , W , ] = ( s aS 1 ) (tM ' ) (u aU ' ).stu stu stu stu

Proof:

LL
E[X2. / 7 . = Ky E[ 21 Y- i Y. i / ¡r . , ,

"} n.j-1 n2 V V n’H

rl 1

Note that:

17 -



E [ J1» flQ ld\7j f U 2dví/ O 2dvj / |^o 'o «'o ''o * ^

fl i, i, /■! 'i 'y
( / u'rduH/ O O du) forJ u u / u u*o

= o

1 = 1/4

il't2< j

for i. =j and ^ j
or i 2=J and *1*1

f°r ii=l2=í J

E[ f U 'dvj f 0 XdV^ f U^dV 2 í Üjdtf L) = 0 for i.<j and i,<jJo Jo Jo Jo
or i,<j and i^j.

and

/Vdv’1 /VdV*1 + /Vdv'2 /Vdv'2 / ¡T ./o 4 yo 4 "’J-1
E[ ] =

'(/V^V^-V^du) (f (V12-Vu2)(712-yu2) du)
° “

for W*

0 for i,=j and i9<j or i_=j and i. < j.

Then,

E[X„,. / í^„ 4 , ]nj n,j-1 2 }¡r fW2du /W2 du. , J u u J u u
V12=1 ° °

+ ¿ .¿]/1(V,i1-Vu1)(V,i2-Vú2)du/<7lL7l1)(V'l2-^2)dU+4^n ij,i2=l yo o

Jj /'/' »ió2 * ‘ ¿r •n *o * o i=1

Define the D^-valued variables

18 -



F / f continuous from above, with li-where = (f: [0,1J3 —►

mits from below ) .

Then

V2 - = / - (t (u,v,s)2+U (),l,s)-c (1, v,s)-t (u,l,s) +" i»2 -'[0.1]3 n n

+ c (u,v,s))2] du dv ds.n

By Theorem 6 of Bickel and Wichura [ 3] we know that £n
and c

n converge weakly to W and ^stu respectively,
and then the propositton follows easily. O

Remark that the random variables n and

/ . W ds dt du + / . (AW )2 ds dt duJlo.i)3 stu J\ o,i]3 stu

do not have the same distribution, as it can be cheked by com-

paring its second order moments.
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