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THE DISTRIBUTION OF A DOUBLE STOCHASTIC INTEGRAL WITH
RESPECT TO TWO INDEPENDENT BROWNIAN SHEETS

by O. Julid and D. Nualart

Abstract

Let (Wi(z), z € [0,1] 2, i=1,2} be two bidimensional inde-

pendent Wiener processes. We compute the characteristic function

of the stochastic integral

W.(z) dw,(z)
Jioz i

and we give an expression for its moments. As an application,
we present a martingale array, which does not satisfy the Central

Limit Theorem.

Key Words: Stochastic integrals, two-parameter Brownian motion,

Central Limit Theorem.

1. Introduction

Let W= 1{W(z), ze [0,1]2) be a bidimensional brownian
motion, that means, w is a zero mean gaussian process with
covariance function E[W{(s,0)W(s',t')] = (s as')(t At"). Nualart

in [8] evaluates the law and the moments of the random variable

1. {(z,z') dW(z) dw(z’),
-/1-0,112-/[0,112 b

where D = z,2") el0,11%x [0,11%, z = (x,y), z' = (x',y');
x <x', y 2y'} (cf. [4]);  which has the same distribution

as
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j , W(z) dW(z)
[071]

(see (8)) by an argument of symmetry.

The purpose of this paper is to do a similar study for the

integrals

/ W.(z) dW, (2}
fo,% ! 2

1.(z,2') dW, (z) dwW,(z'),
[0,1]2/;,1]2 b ! 2

where (Wl(z), z e [0,1]2) and (Wz(z), z e [0,1]2) are two
bidimensional independent brownian motions. In section 2 we com-
pute their characteristic function and in section 3 we give an
expression of their moments. As an application, in the fourth
section we exhibit a martingale array (S, ¢ 97"{, l_ﬁijn)mwig
such that it verifies the conditional Lindeberg condition, and

converges in distribution to the random variable

W, (z) dVW,(z)
»‘/[.0’”2 1 2

2
which has a characteristic function of the form E[exp(—%. n}},
being n a positive random variable. However, the conditional
variances converge in law to some limit different from the law

of n.

In the one parameter case, Berthued {2] and Yor [9] have

/)..» studied separately the law of the random variable

1ARY) )

N )



z = uf W (D)dW, (1) + ef W (1)dW (1)
o,y 172 o, 2 1

for a ,8cR, where (Wi(t), t € [0,1]} i=1,2 are two indepen-

dent Wiener processes. They have obtained that:

2
, [chz(i’:E t) + (Lt‘i 2
Ele!?] - 2 (a-8)2

1
(1« u212]—5

1
sh (% 1)] 72 for o £8

for a =8

As a consequence the characteristic function of
W (t) dw_ (1)
-[[0,11 ! 2
(1) = [eh® (G 0+ sn2d ot

Considering again the two-parameter case, from Ito's formula

it follows that:

Wl(z)wz(z) =‘/; Wl(z') sz(z‘) +£ Wz(z') dwl(z')
z

z
+ 1,.(z',2") AW (z') dW,(z")
Jo S e omies o,
z z
+‘/'; ‘/R. lD(z’,z”) dwz(z') dwl(z")
z z

= P_+M_+27Z 4+ L (1.2)
z z z z
where RZ = [0,z].
We observe that the random variables slP“, Pst' stM“, Mst'



Zy1s 2gyr sthyy and L, have the same distribution (see [8]) so,

it suffices to study the law of Pll'

We also remark that P11+M11 and Z Lll can be written

as the difference of two independent integrals of the form

f 2 W(z) dW(z). In fact,
(0,1}

o Wl(z)+w2(z) Wl(z)+W2(z)
1t My s 2 d(
[0,1] /2 2

-f Wl(z)~wz(z) y Wl(z)—wz(z))
(0,12 /3 732

and a similar expression holds for Z“+L“.

In consequence, from the results of [8], we obtain that

the characteristic function of these sums is equal to

e(t) = ( A cosh (m)) (l - 16( T—k_—ﬂ- tan (W)) ) -

2. Characteristic function

We will use the following facts: /2 cos (2k-1) !—2{)
k=1
is an orthonormal basis formed by the eigenfunctions of the

Hilbert-Schmidt operator on Lz([O,l]), whose kernel is the func-

tion f(x,x'}) = {1 - xvx'). Moreover, the series of functions:
Z -————Zcos(Zk -1) 3 cos(2k-1) - (2.1)
(2k- l) "



converges uniformly to f(x,x') in [0.1]2-

Theorem (2.1). The characteristic function of Pll is:

itP 1
¢(t) = Ele ] = n cosh™? (ﬁ%y;—)

Proof: The random variable P11 is the limit in LZ(Q,J'T,P)

the sequence

n et ] 1" n
where
k-1 -1 k g
By = (G &P
and
B k 1 k -1 k-1 3 k-1 ¢-1
Wolagy) = Wl - WG 70 - WG R W
Then
itT 2 n-1 2
t k-1 2-1
Elr ") = Elexp!- W, (==, =) 1]
w2 &y Lo
1t holds that
-1 2
1 < k-1 2-1
W.(—, —)
nZ k,g:l Pn7on
1 n-1 n-1 )
= = S w. (8 IW. (8 , )in-kyk')(n-2ve')
02 Wy oy L ke e
n-1 n-1 .
k k' [ )
= W (A W (8, ) fls, =) (<, =),
Kol Kg=l 1" ke 1 k' n’ n n’ n

Following (2.1), the term (2.2) can be expressed as

of

(2.2)



16
i,j21 (2i-1)%(25-1)"=

n-1 wk - 2
(2 W, (8, Jcos(2i-1)5— cos(2j-1)5= )
4 ] 1" ke 2n 2n

where
16
Ny % o 1325 124
Y(2i-1%(25-1)%s
and
n-1
N2 3 8 i1) 2K i-1) =
Xij = 2 2, Wl( kz) cos(2i-1) n cos(2j-1) 7
The sequence X?j converges in L2 to:
- i-1) =X i-1) =
Yij _/[‘0,1]2 2cos(2i-1) 5 cos(2j-1) 3 dwl(x,y)
Yij)i i>l is a sequence of independent random variables with law
N{(0,1). Therefore, Z aij(x?j)z will converge in ! o
i,j>1
Z a..Y.Z.; and we have,
i,j>1 131
. 2 2
itT -t72 X a Y’
Lim, Ele "] = Ele i,j>1 1 i]] = n (l+tza..)_%
)21 b
I T
= I} cosh Tty

i>]

We remark that the stochastic integral

P, = / W, (2z) dW.(z)
1 0,2 " 2



has the same distribution as the random variable

4

—_—s n. £
1,751 (2i-1)(2j-1) x> 1 i

where ("ij}i,jjl and (Ci,j)i,jzl are independent and iden-

tically distributed random variables with law N(0,1).

3. Moments of l’11

P

In this section we will compute the moments of 1

Proposition (3.1)

tP 1
Vt € R, Ele 11] = jf)]l cos™? (z—zjl_i—w) for |t} < wz/A .

11] == for  [t|> /4

Proof: By the preceding remark we have,

tP
1 tS 4t
Ele ] = E[e™] = n Elexp { 13- o n.. £.0H].
i,j>1 (2i-10(25-1) ij i

Finally, ,
16 t w2

(2i-1)2(2§-1)% 4

4t . .
g.. )]= for Itl < (21—1)22 —1)1!

Elexp! RTIAIY
(2-1)(2j-1) »°
for {t] > 7 .0

H

2

(2i-1)(2j-1)n

Let (uf, tefo,1], n2J, (07, tef0,1]. n2l1,

-7 -




wi, te[0,1], n>l} be independent

infinite-dimensional brownian motions. We know (cf. [ 7]) that

tel0,1], n>1} and { V?,

=T F

n N . n s .
i gt ig
(El usut)(jzzivsvt)

converges weakly to wl(s,t) wz(s,t) in C([O.l]z). From Ito's

formula, we have

n
=X
M-
o\
(7]
[
-
o
<
..
o~~~
N,
[t ]
L
2
.
»
S
M-
iR
° W
=]
=
a,
<
T
o'\
py
<
o,
o
=
L

i,j=1 i,
1 & /0 Y A it [oiani
+ = jvldu/ﬁdvl = viqu' | #at
n &~ n =
i,j=1 “o o i,j=t1 Yo (
n n an an
= Ot * Tst * Tst * Sst
Proposition (3.2)
n n  :n 2n
Sst' Tst' Tst' Sst converge weakly to Pst’ Zst' Lst and
M in C([O,l]z), respectively.

st

Proof: The proof is the same as in the case wl=w2, which is gi-

ven in Lema (2.1) of [8].0

. . . n
Now, using the approximation of the law of Pll by Sll we
are going to deduce a recursive expression for the moments of

Pll'



Proposition (3.3)

2p-1, _ 2p, _ (2p)!
For all p>1 peN, E[P“ ] =0 and E[P“] =BT 7p mp
where
m_ = i ((P—;——l)! k1,2 (m_=1)
p = p-k)! Yk p-k o
and

My = j{;) l]k (xl/«xz)(xzrxxs)...(xkAxl)dxl...dxk

Proof: We compute the moments of Srl‘l that converge weakly to P11

by proposition (3.2).
Set

Ui, s 1, J
EL(s] P u'kav’k) g ﬁ /Ulkdv K
k=1 Jo0

.l.H
M
-
o
~—

p 1 j
-1 b (E[ 1 u'k avlky)2
nP i,jeil,...,nP k=l

where we have written i=(i1,...,ip) and J=(jl""'jp)

If there exists a number hel{l,...,n} such that one of

the cardinals #{k=1,...,p; ik=h} or #lk=1l,...,p ; jk=h) is

P 1 ik jk
odd, the expectation El N U "dv ) can be decomposed,

k=t Yo
by Ito's formula, as sum of terms of the form:

1 /s s iy imy B2, i iy im
1 [lf Pl gy Yy M " . v Pu Pl
2P Jodo [ S| 84 5 % P P ]lllml



that

Then,

-

14,
El fukdvk]=o,
1

k (s]

that is, E[(S?l)p} = 0, if p is odd; so, it suffices to compute
n \2p

E[(Sn) ].
Denote by Vi

the multi-indexes

the number of different integers appearing in
(i,j).

If i,jetl,...,n)2P

7132.'

2p pl i i, 2

) (E[nf vk avkp <« o (efPcP———o
n i,jell,...,n1<P k=1 Yo n<P

v,.=2%

and v,, =

ij = % < 2p then:

1]

where

C = max

2 1 r s
. EL N f vk avk
r,s€{1,2,...,n}P k=1 Yo

v = R
rs

).

By the same argument as before, we have only to consider

the multi-indexes  (i,j) € {1,. ,n)2p with vy = 2p and such

that there are exactly p different integers in "i".
Denote G

the set of all permutations of
and G

(1,1,2,2,.

<P P)s
1,2,3,...,p).

the set of permutations of

Given a permutation

f= (il,iz,...,izp)eép; we will say
j=h (j,bhe(1,2,...,p1) if iZj = iy, or i2j = by
12}._1 = i2h or i2j—l = i2h—1 . We define a cycle
Low gpo» gy = eee = o= 1 (where
different

l,jl,jz,...,jn
elements of {1,2,...,n}) in such a way that

- 10 -



verifies i1 = or i, = i2j BE Notice that the elements

j i

1 2]1 1 1

jz,...,jn are determined, once j1 is fixed. If this cycle does
not contain all the integers {1,2,...,p} we can form another

one starting by the minimum Kk, of these remaining integers.

So, proceeding in the same way, we will have another cycle

1 1

= i2kl or iZk—l .2kl—l and k, kl' ey km are different

elements. We repeat this procedure until we exhaust all numbers

k + k H...“km“ k where k is always such that i2k—l =

from 1 to p. In this way, the permutation { determines uniquely
a permutation of Gp defined as the product of the cycles intro-

duced above.

Let 10 be the set of all permutations ie ép which
determine the same permutation o € Gp. Denote by n the
number of cycles appearing in the descomposition of o . Note

that:

- If 1€l and keil,...,p} 1is not the first element of some
cycle, the permutation (11'12"""Zk’l2k—1""'i2p) belongs

to lo'

- If o€ Gp, and T € lc, we have (o(il).o(iz),...,o(izp))

Therefore //lo = 2P p'!'. The expectation

p g, i 1 i
EL A f u 2k def p 2k-1 gyk,
k=1 Yo o

only depens on the permutation o. Indeed, by Ito's formula:

-1 -



P 1 1 1 i,
E[nfUdeka p k-1 gyky o
k=1 “o o
> VA
hl’hZ""’h =1 oo
hl,hz,...,hpdlfferent
pl i
/ 2"1 w2hi-l | y'2hp Iy 4s ... ds
] s p 1
o 1 P
1 1 i
) f/‘1 j p- szn(l) 2"“"1...u 20(p)-1y g .. .ds
s [ P 1
o o 1 P
1 ps s
=_[/l z F'(s"sl )ds...dsl
oJo o "G, i=l (o (x(i))) P
Thus,
2 ) 2
E(s{f] = 1lim E[(s]))P)
n
1 ny 20 5 Vg o f1 ik
= lim —= (P & N v Kav [ v av<y)
n n PP ier k=1 Yo o

If o er is irreductible, so is the permutation "-lo ocenm

for all er. In this case,

P 1
E[n /devk/ 0o K gqyk

1 3
p-1 (n(s,) An(s,))(n(s,) An(s,))
/o . 'GG 1 2 2 3

1...5p}

( -(sp_l)i\ﬂ(sp)) dsp. . .dsl

- 12 -



= cee (6 ds_...d =
‘/[:),llp (slAsz)(szAss) (spAsl) S sy Yo

We can decompose any permutation a into the product
of a cycle which contains the element 1 (1 = lejZH...“thl)
and one permutation [ of the remaining elements. Using this
idea, we have

p 1 1
ELN f ukavk j p® (Kl gy
k=1 Yo

o

h 1 1 j p-h 1 | -
-kl / ukavk / vk vkl Bl N / devk/ LRI
k=1 o o]

k=1 ‘o o

In conclusion, we obtain

P 1 1
2 P (El /devk/ v K gyky)2

<G k=1 ]
a P o

[

p p 1 1 _
3 ¢han / ukavk / v Kavky2 P=lenon
f=1 k=1 %o

o

p-h 1 1 -
(S PhrrEn / ukavk _/ vkavk H?)
o.er-h k=1 Yo o

p-1, ,h-1 2
(h—l) 2 (h-1)! vy mp—h

:M'U

1
2 (p-1)! h-1 2

= = 2 .
51 p-e "h "p-h

The

[t}
3
+
—

Observe that in the above expression n_

al

proof is now complete. O

Corollary (3.4)

The characteristic function of the random variable P11 can

- 13 -



be expressed as

2
© oy
o(t) = exp(Z K (DK
k-1 X

Proof:
It is known that, for a given probability law, the moments

(mk) and the cumulants (ck) verify the relation:

P
- p-1
m, = k£=1 (k—l) €k Mok

By proposition (3.3),

ELe )?P) - Z Pl w2 eLep, 7P
Therefore the cumulants of the law of P11 are C2k—1=0
and Cop = ui(Zk—l)! , and we have the following expression
for the characteristic function of Pll:
s 2k 2k 3 "i 2,k
ot) = exp(kz_—l—ik—!—(—t) ) = exp(kiﬂik- 5% .o

Proposition (3.5)

u = /[; llk (xlhxz)(szxa)...(xkAxl) dxl...dxk =

D T Y S S 2 4
- (2i-1)» - 27 k

i>1
where Bk is the k-th Bernouilli's number.
Proof: Let S be the random variable defined in (2.2). If {t}<

< '2/4 , we can write:

- 14 -



2
log Ele™) - Z {-1) log(l - 216t 7 =
i,j>1 (2t-1%2j-1)%

L 2n 2n 2
> (%) (2. L. (3.1)

ot i,j>1 (2i-1)°"

N)J
=

From (3.1) we conclude that the cumulants of this law are:

2

=0 and Cop = Vi

Cor1 (2k-1)!  which implies the desired

result. O

4. Counter-example of the Central Limit Theorem

¢
Nualart in [8] exhibited a martingale array {s

i~ Er¥a Tae
n>l, i=l,...,n} such that it verifies the conditional Lindeberg

condition,

c 2 P
g_; E(X] . Ll sy T ) =0 Ve>o,

and converges in distribution to a non-symmetric random variable,
as long as the sequence of conditional variances converges in
law. Scme other counter-examples for the central limit Theorem
have also been proposed by several authors ({1}, [5]). Here,
we will exhibit a martingale array converging in law to P“.
Notice that the law of P11 is symmetric and its characteristic

—tzn/?
function can be expressed as o{t) = Fle 1.

e 2 A6 2

Lzl oiin225-1) %44

where

and ( are independent and identically distributed ran-

RIRBE
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dom variables with law N{(0,1). However, the sequence of condi-
tional variances converges in distribution to some law different
from that of n, and therefore, the central limit Theorem for

martingale arrays (cf. [6]) is not satisfied.

Let
L I (A
Yi.=[ UdVJ[UdVJ+/UJdv /UJdV
‘] [o] [o] (o] o

for i,j>1 i#4j and

for i>1.

Then, (Sn' - 2 Xnk' F ., 1<2i< n n-alis a martingale

array. Moreover, by proposition (3.2), Snn converges to Pll'

Proposition (4.1)

The martingale array (Sni’ 'Fni’ 1<i<n, n2>1} satisfies the

conditional Lindeberg condition.
Proof:

n 2 1 n 4
E(Z Xnj 1‘|xnj'>°‘] <3 j=ZZE[an]

. .
=—12§_',2 <+ E[Y, .Y
[ 4 J:

{0, 0q01,=1 8 i"jYisjYi/)]
1742 3’ 4= YA

- 16 -



n 1
< 234 Z E[Y[‘ j? E[Yi ]* i(%
et j=2 dpainel 1} 2! :
Therefore,
P
5 B lgx oo /fny‘_ll £ 0.0

Proposition (4.2)

The sequence
2 . 2
Vn = §2 E[Xni / fn,i—ll

converges in law to the random variable

-2 2
W ds dt du + / (AW_, )* ds dt du ,
_/[:),”3 stu [0'113 stu

where  8W,, = wllu‘wltu—w51u+wstu’ and

3 o 3
(wstu’ (s,t,u) e (0,1]*} and (W_ ., (s,t,u) e [0,1] 7}

are two independent zero mean gaussian processes with covariance

function: E{wstuws't'u'] = El wstu ws't'u’] = (sas")(tat')(uau').

Proof:

2
EIXZ /P iy

Note that:

- 17 -



11 ol i YS! YUt :
E[jU ldV]/UldV]/U ZdV]/UZdV] /F )
o o o [ -
IS U | 1, i
1,72 1="2 A :
(jo‘ u,u, du)(/o UuUu du) for  iy,i,<]j

=0 for i
or i

= 1/4 for i

L P W P ¢ SR PO U N
E[[ U ‘av! /U a7’ / vlav /ﬁJdV } =0 for i<j and iy
° ° ° or il<j and izij,

and

I IR L e A
E[/ Wav /UJdV + /U]dV /U]dV /Fo )=
o) o o o n»j-

1 i 1 i i i i
([(vll-v )(v )du) </ <v12_vu2)(V12_vu2> du)
- ° ° for 1.1, <]

=0 for ilzj and i2<j or iz=j and i1<j.

-1 1 i
2 1 ] 152
l-:[xnj / ﬁn,j—ll = .—nz 11,21;_1 U U Z4u /U Uu du

j-1 1
1 d 12 2 2
+ -3 > /o(v1 -V OV )du/o(V )(V )du+—-—2—
11 -l i
3 _:7 // [‘JZ IU) + (E V-V L) dudv —2
o‘0 i=1

Define the D3—va1ued variables

- 18 -



i i
En(S,t,U) = 73— l-—:zl U Ut N
and
1 (] i gi
(n(s,t,u) = ; 5 Vs Vt
where D, = (f: [0,1]3 — R / f contlinuous from above, with li-

3 =

mits from below ) .

Then

[\

2 (n-1) _ 2 _
Ve - gl _‘/[0'1]3 [cn(u,v,s) +(:n(l,1,s)—-cn(1.v,s) Ln(u,l.s)+

n Ln

+ cn(u,v,s))z] du dv ds.

By Theorem 6 of Bickel and Wichura [3] we know that £,

and t, Converge weakly to wstu and wstu respectively,

and then the proposition follows easily. O

Remark that the random wvariables n and

~ 2
W . ds dt du +f (aw_, )2 ds dt du
—/[:),113 stu lo,3 stu

do not have the same distribution, as it can be cheked by com-

paring its second order moments.

- 19 -
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