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ON POLYNOMIAL BOUNDS FOR THE KOSZUL

HOMOLOGY OF CERTAIN MULTIPLICITY SYSTEMS

J~L. GARCIA ROIG

§1. Introduction In this paper R will be a commutative
Noetherian local ring.

Let M be a finitely generated R-module and Kysoaon
xrgk a multiplicity system on M, which means that
lengthR(M/IM)<-, where I is the R-ideal generated by Xypeees

xr. We will tacitly assume that no x, is a unit, for, other-

i
wise the functions to be considered in what follows would
be all zero.

It is well-known that the function
n +—» lengthR(M/In“) is polynomial of degree equal to the
dimension d of M, for n large ( d is necessarily less than
or equal to r).

As 1™ € (x],....x])R € I" , we see that the

function n h—#-lengthR(M/(xn ) is bounded above and
1

n

,...,xr)M

below by polynomial functions in n of degree d. However

M/ n n is Jjust the zeroth homology module of the
(xl....,xr)M

Koszul complex K.(x?,...,xglm), so part of the above asser-

tion says that the function n +——> lengthRHoK(x?,...,x:lM)

is bounded above by a degree d polynomial in n.

In this paper we prove that a similar statement

is true for the higher homology modules of the Koszul com-
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plex, i.e., that length H K(x vesea X "{M) is bounded above
1

.

;’ by a pq}ynomial in n of degree d, for any i>O0.
%&én

32. The higher Koszul homology modules. We start with two

I am indebted to Dr. D.Kirby for his helpful

\.

technical lemmas.

Lemma 1. Let M be an R-module and XyveensX sy be elements

of R. Then, for any 1>0,

1engthRHiK(x1y,x2,...,xr|M)_>_1engthR 1K(x1""’xr|M)'

Remark. It 1s not necessary for the lengths involved to be

finite.

" Proof. The inequality follows from the exact sequence (cf.
[4) p.1V-2)
HiK(xz....,erM)

0 —> —> H K{(X,,X y000,%x_|M) —»
- 1150 s
HyK(%Xy, e e e X IM) ! i

— (O:xl) —> 0,
Hi_lK(xz,...,xrlM)

and the corresponding one for HiK(xly,xz,...,xPIM), by

observing that both (O:xl)
Hia

(Oley) and x1H1K(x2,...,xr|M) D
“1-1K(x2""'xr'M)

K(xa,..-,xr|M)

xlyHiK(xé,...,xrlM). #



Lemma 2. 1{ x is a non-zero-divisor on M, we have

M M
lengthRHiK(yl, e ,yrl /ng)in-lengthnnix(yl, ves .yrl /xM) .
Proof. Apply the functor HiK(yl"‘°’yr|’) to the sequence
M ‘x M M
0 — /xn—lM /x"M /xM o,

which is exact because x is M-regular, and use induction

on n. #

Next, the goal of this paper.

Theorem 3. Let M be a finitely generated R-module of dimen-

sion d and xl,...xPGR a multiplicity system on M, Then, for

each 130, the function
n n
n f———'-lengthR HiK(xl,...,xrlM)

is bounded above by a polynomial in n of degree not greater

than d.

Proof. By induction on d, the case d=0 being trivial.

Assume d>0. As Xgseeo,X is a multiplicity system on M,

r
(xy4-+9% IR U P .
PeAss(M)
P non-maximal
Thus, by Theorem 124 of [1], there exist Ayreeesd AN R
such that x=x,+a,X,+...+x X U P . In particular

PcASSM
P non-maximal

dim(O:xn)<d for all n, since
M




Ass(O:xn)=AssHom(R/ n M):V(xn)f\AssM=V(x)f\AssM,

’
M X R
and if Pe¢Supp(M) has coheight d, then x¢P.
Now, from the expression for x, we observe that
(xl....,xr)R = (x.xz.....xr)R, so that XyXpypeoer Xy, is also
a multiplicity system on M and that xrn=u1x?+...+u

xn
rr

for some Mpoeoesly (depending on n). But we have

n n
13 cwe
HiK(xl' ,erM)

Ia

n n
LHiK(ulxl,x

n
Bre o XN =

rn

= LHiK(x ,xg,...,x:|M).

the inequality by virtue of lemma 1 and the equality due to

the fact that the invertible matrix

1 0 ... 0

P 1 ...0

R A A R )

v 0 ... 1/
together with its exterior powers establish an isomorphism

between K.(xnr,xg,...,xglM) and K.(ulx?,xg,...,xglM) and so

it is enough to prove the theorem with Xy replaced by xF.

Take t large enough so that in the exact sequence

0 — O:xrt

—_— M — M/(O'xrt)zﬁ —> 0
M :

M

xT be ﬁ*regular. From the Koszul homology sequence

rm _n n ., rt
HLK(x ,xz,...,xrlo.x )

M

—



rn

rm _n n n,-
—_— HiK(x ,gz,...,xrlM) — Hix(x ,x2,...,xrlM)

we have, for nxt,

rn _n n
mHiK(x ,x2,...,xr|M) <

n

[ rn P
< LHIK(X 1 Xy ,...,xglM).

.....xnIO:xrt)+zH K(xrn,xn
r M i 2

The first summand on the right is bounded by induction by
a polynomial in n of degree at most d-1. As to the second,

since x is M-regular, we have
rn _n n,= n,M
LHiK(x ,x2,...,xr|M)=lHiK(xg.....xrl /xrnﬁ) (by Lg]p.368)
n nM
<n- HiK(xz,...,xrl /xrﬁ) (by lemma 2),
and as dim(M/xrﬁ)<dim(ﬁ)=dim(M), by induction also,

LHiK(xg,...,x?IM/xrﬁ)spolynomial in n of degree strictly

less than d. This concludes the proof. #

Remarks. 1. In case r=d, for instance, if xl,...,xd is a
system of parametres for M, then a stronger result is ob-
tained from Lg]. There it is proved that LHIK(X?,...,xglM)
is bounded by a polynomial in n of degree at most r-i. So
the importance of the theorem above becomes clear when r
takes large values,

2. A proof by double induction on d and r can be given to

theorem 3 if we bear in mind that L%] ensures the case r=d.



Corollary 4. Let M and KyseoerXy be as in the theorem. Then

the functions

n n
n +——> Xi(xl,...,xrlM)

where Xy stands for the i'th Euler-Poincaré characteristic

(cf. Ls] App. I1), are bounded above by polynomials in n

of degree not exceeding the dimension of M. #

Remark. The results above carry over almost immediately to

the case of a semilocal ring by means of the formulae

lengthR(N) = E lengthy (N,), for any module N of fi-
w maximal -m
nite length, and dimRM = sup (dimR (M,)), together with
. m maximal m

the fact that taking homology commutes with localisation,

n n ~ n n
i.e., in our case HiK(xl""’xrlMLf HiK(xl,...,xrle). In
fact, if the Hilbert-Samuel polynomial function associated
with (M,1) has degree g (where g<d), then, for each 130,

n n n n
both tHiK(xl,...,erM) and xi(xl,...,xrlM) are bounded

above by polynomials in n of degree at most g.
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