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1. Introduction

The stochastic calculus with anticipating integrands has been recently developed
by several authors (see in particular {5,6,9] and the references therein). This new the-
ory aliows to study different types of stochastic differential equations driven by a d-
dimensional Brownian motion {W(t),0 < t < 1}, where the solutions turn out to be
non necessarily adapted to the filtration generated by W. We refer the reader to [12]
for a survey of the applications of the anticipating stochastic calculus to stochastic dif-

ferential equations. In particular one can consider stochastic differential equations of
the form

k
dX: = f(X) + ) gi(X)odW], 0<t<1, (1.1)

=1
and, instead of giving the value of the process at time zero, we impose a boundary
condition of the form h(Xy,X;) = ho. In general, the solution {X,,0 < ¢t < 1} will
not be an adapted process, and the stochastic integral fot gi(X,) o dW} is taken in the
extended Stratonovich sense. The existence and uniqueness of a solution for an equation
of this type has been investigated in some particular cases, and the Markov property of
the solution has been studied. More precisely the following particular situations have

been considered:
(a) The functions f, g and h are affine. (Ocone-Pardoux [11])

(b) k = d and the function ¢ is a constant equal to the identity matrix. (Nualart—
Pardoux [7]) '

(¢) k=d =1, and 4 is linear. (Donati-Martin [2]) .
(d) Second order stochastic differential equations in dimension one of the following
type

X+ f( X, X)=W,, 0<t<1, (1.2)
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with Dirichlet boundary conditions Xy = a, X} = b. (Nualart—Pardoux [8]).

The objective of this paper is to describe some of the results obtained in these
articles concerning the existence and uniqueness and the Markov property of the solution
of the equations (1.1) and (1.2). In order to illustrate the techniques used in the cases
(b), (¢) and (d) we are going to present a complete study in the particular case of
a second order stochastic differential equation of the type (1.2) when the function f
depends only on the variable X;. This hypothesis allows to simplify the arguments used
in (8], and more direct computations can be carried out in this case.

The organization of the paper is as follows. In Section 2 we will introduce the basic
notations and results of the theory of noncausal stochastic calculus that will be needed
later. In particular we will state an extended version of the Girsanov theorem for non
necessarily adapted processes which is due to Ramer [13] and Kusuoka [3]. In Section
3 we will study the Markov property of the solution of the second order stochastic
differential equation )

Xt+f(‘X'tat)=Wta OStSL

XO——;X1=0. ]

The main result is as follows. Assuming that f has linear growth, admits two contin-
uous partial derivatives with respect to z and f, < 0, then the process {(X¢, X¢)} is
Markovian if and only if f is an affine function. The proof of this result is based on the
following idea. Denote by {Y;,0 < t < 1} the solution of (1.3) for f = 0. Then {(¥3,Y:)}
is known to be a Markov process. On the other hand, the law of {X,} is the same as
the law of {Y;} under a new probability measure @ which is absolutely continuous with
respect to the Wiener measure. Then one can show that for any ¢t € (0,1) the corre-
sponding Radon-Nikodym derivative cannot be expressed as the product of two factors
one of them a{(Y,,Y,),O < s < t}-measurable and the other ¢{(Y,,Y,),t < s < 1}-
measurable. This lack of factorization prevents for the Markov property to hold.

Section 4 will be devoted to survey some of the results obtained in [2,7,11] on the
existence and uniqueness of a solution and its Markov property for different types of
first order stochastic differential equations with boundary conditions.

(1.3)

2. Some elements of noncausal stochastic calculus.

Let 2 = Cy([0,1]) be the space of continuous functions on [0, 1] which vanish at
zero. We denote by P the Wiener measure on {2, and by F the Borel o—field completed
with respect to P. Then, Wy(w) = wy, 0 < t < 1 will represent the Wiener process
defined on the canonical space (2, F, P). The Hilbert space L?(0,1) will be denoted by
H. Let us first recall briefly the notions of derivation on Wiener space and of Skorohod
integral. We denote by S the subset of L2({2) consisting of those random variables of
the form:

F:f(/0 hl(t)dwt,...,/0 ho(t)dW?) (2.1p
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where n > 1, hy,...,h, € L%0,1), and f € C°(IR"). The random variables of the
form (2.1) are called smooth functionals. For a smooth functional F' € S of the form
(2.1) we define its derivative DF as the stochastic process {D,F,0 < ¢t < 1} given by

1

D.F = i %(/01 hl(s)dW3,...,/o ha(s)dW, ) hi(t). (2.2)

Then D is a closable unbounded operator from L?(Q) into L2(2 x [0, 1]). We will denote
by ID"? the completion of S with respect to the norm || - ||; 2 defined by

[Fll1,2 = 1Fllz + | DF|lL2(ex(0,1)) Fes.

Similarly, for any fixed h € L?(0,1) we can define D*F = fol D.Fh(t)dt,if F € S. Then
D" is closable and we will denote by ID*? the closure of S by the norm

IFlinz = | Fllz + ID" .

We will denote by é§ the adjoint of the derivation operator D. That means, § is a
closed and unbounded operator from L?(Q x [0,1]) into L2(Q) defined as follows: The

domain of §, Dom §, is the set of processes u € LZ(Q x [0,1]) such that there exists a
positive constant ¢, verifying

}E /0 ' DFusdt] < ol Fll, (2.3)

for all FF € S. If u belongs to the domain of é§ then é(u) is the square integrable random
variable determined by the duality relation

E ( /0 1 D,Futdt> = E(§(u)F), FeD2 (2.4)

The operator 6 is an extension of the Itd integral in the sense that the class L? of
processes u in LZ(Q x [0,1]) which are adapted to the Brownian filtration is included
in Dom § and 6(u) is equal to the Ito integral if u € L2. The operator § is called the
Skorohod stochastic integral. We refer the reader to [6] for the proof of the basic facts
of the stochastic calculus for the Skorohod integral.

Define IL'? = L?([0,1];ID"?). Then the space IL'? is included into the domain of
8. The operators D, D* and 6 are local in the following sense:

(a) 1{p=0}DF =0, forall Fe Dl’z,

(b) 1{p=0}D*F =0, forall F € D"?

(c) l{fol u?dt=0}6(u) =0, forallueL"

Then one can define the spaces DY? D% and IL}? by a standard localization

loc? loc loc

method. For instance, IL;;Z is the space of processes u such that there exists a sequence

{(Qn,un),n > 1} such that Q, € F, Q, 1 Q, a.s., up € L"?, and up, = u on Q, for
each n. By property (c) the Skorohod integral can be extended to the processes of the
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class IL12. In a similar way the operators D and D" can be properly defined on the
sets IDIOC and ]DIOC , respectively.

The derivation operator D can be used to translate some measurability properties
into algebraic conditions. The following lemma is an example of this application of the
derivation operator, and it will be used in the next section.

loc

Lemma 2.1. Fix k functions hy,...,ht € H, where we recall that H denotes the
Hilbert space L*(0,1). Let G be the o-algebra generated by the Gaussian random
variables fol hi(t)dWy,..., f hi(t)dW;. Let F be a random variable in the space IDloc

such that F 14 is G—measurable for some set G € G. Then there exist random variables
A;, 1 <1 <k such that

k
16D, F =16 Y _ Aihi(t),

=1
for dP x dt almost all (w,t) €  x {0,1].

Proof: Consider the subspace K of H = L?(0,1) spanned by hy,...,hi. Since we can
approximate F' by ¢,(F) with ¢, € Cg°(IR) and pn(z) = z for |z| < n, it is sufficient to
prove the result for F € IDIOC N L%(Q). Let h1LK. Clearly the conditional expectation
E(F|G) belongs to D*? and D*E(F|G) = 0. Moreover the hypotheses of the lemma

imply that F € ]Dloc and E(F|G) = F as. on G. From the local property of the
operator D* we deduce that

1
D"F = / heD.Fdt = 0, a.s. on G.
0

Then it only remains to choose a countable dense set in the orthogonal of K and we
obtain that 1¢DF € K a.s., which implies the desired result. Q.E.D.

Let us recall the definition of the Stratonovich integral and its relation with the
Skorohod integral. Let {u;,0 <t < 1} be a measurable process such that fol uldt < oo
a.s. Then u is said to be Stratonovich integrable if

( — / d) (W(tjs) — W(t;))

converges in probability as || — 0, where # = {0 = ¢t; < --- < t, = 1} runs over
all finite partitions of {0,1] and |7| = max;(t;4+1 — t;). The limit will be called the
Stratonovich integral of u and it will be denoted by fol uy o dWy.

Let 1[122 denote the set of processes u € IL*? such that:

(i) The set of functions {s — Dyu,,0 < s < t}, t € [0,1], with values in L%(Q) is
equicontinuous for some version of Du, and similarly, the set of functions {s —
Dyu,,t < s <1}, t € (0,1}, is also equicontinuous for a version (possibly different)
of Du.

(i) ess sup, , E(|Dyu/?) < oo.

n—1

i=1



For a process u in the class IL}j?' we define

D;*u = lim Dyuyye D; u = lim Dyu,—..
€l0 €l0

Then we have (cf. Theorem 7.3 of [6]):

Proposition 2.2. If u belongs to ILIC:2 then u is Stratonovich integrable and

1 1
/ u 0 dWy = §(u) + %/ (D}u + D u)dt. (2.5)
0 0

From the point of view of the stochastic calculus, the Stratonovich integral behaves
as an ordinary pathwise integral. We refer to [6] for a detailed discussion of this fact.

The next proposition provides a different kind of sufficient conditions for the exis-
tence of the Stratonovich integral.

Proposition 2.3. Let u be a process in ILII(;?:. Suppose that the integral operator

from H into H associated with the kernel Du(w) is nuclear for all w a.s. Then u is
Stratonovich integrable and we have

1
/ ug 0 dW; = 6(u) + Tr Du. (2.6)
0

Proof: From Proposition 6.1 of [9] we know that for any complete orthonormal system
{ei,i > 1} in H the series

o0

) (/01 “tei(t)dt> /Ot ei(s)dW,

i=1

converges in probability to é(u) + Tr Du. Then the proposition follows from the results
of [10]. Q.E.D.

We will finish this preliminary section with some comments about the noncausal

Girsanov theorem. Let {u,,0 < ¢ < 1} be a measurable process such that fol u?dt < oo
a.s. Define the transformation T :  — Q by

T(w)y = we + /0 ug(w)ds.

We know that if u is adapted and if E(J) = 1, where J = exp (—fol u dW, -2 fol ulds),
then {T(w)} is a Wiener process under a new probability @ given by d@Q/dP = J. For
a non adapted process u we need more restrictive conditions on the process in order to
deduce a similar result. Let us first introduce the following definition (see Kusuoka [3]):

Definition 2.4. Let u be a measurable process such that fol uldt < oo a.s. We will
say that u is H-C' (namely, the mapping w — u (w) from Q into H is H-C") if there
exists a random kernel Du(w) € L?([0,1)?) such that:

() |lu(w + f; heds) — w(w) — Du(w)(k)||n = o(||k||n) for all w € Q as ||h||i tends to

zero.
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(ii) The mapping h — Du(w + [; h.ds) is continuous from H into L*([0,1]*) for all
w.

One can prove (see the proof of Theorem 5.2 in Kusuoka [3]) that if u is H-C" then u
belongs to ]Lllo’z, and the kernel Du verifying the above conditions (i) and (ii) is precisely
the operator D applied to u. Furthermore if u : § — H is continuously differentiable
then u is H-C?, and for every w € Q, Du(w) € H ® H is the derivative of u. Using

these defintions, we can state the following result proved by Kusuoka (see Theorem 6.4

of [3]).

Theorem 2.5. Let {u;,0 <t < 1} be a stochastic process which defines a H-C! map
from § into L*(0,1). Suppose that:

(i) The transformation T : Q — Q given by T(w); = w; + fot us(w)ds is bijective.

(i1) I+ Du(w): H — H is invertible, for all w a.s.

Then the process {W, + fot uy,ds} is a Wiener process under the probability Q on
Co([0,1]) given by

'jTQj = |d.(—Du)| exp (~ 6(u) — % /01 u? dt) , (2.7)

where d.(—Du) denotes the Carleman-Fredholm determinant of the square integrable
kernel Du € L?([0,1]?).

We refer to [15] and [17] for the definition and main properties of the Carleman—
Fredholm determinant of a Hilbert-Schmidt operator. If the integral operator associated
with the kernel Du(w) is nuclear for each w, then the Carleman-Ferdholm determinant
can be computed as follows (see [15]):

dc(—Du) = det(I + Du)exp(—Tr Du). (2.8)
Moreover, from Proposition 2.3 we obtain in this case
dQ ! 1 [,
9p = | det(I + Du)| exp (— /0 ug o dW; — 3 /0 T dt) . (2.9)

3. Second order stochastic differential equations with Dirichlet boundary
conditions

In this section we are going to study the second order stochastic differential equation
Xe+ f( Xy =W,, 0<t<1, (3.1)

with the boundary conditions X9 = X; = 0. Here {W;} is a one—dimensional Brownian
motion starting at zero, and the function f : R x [0,1] — IR, is supposed to be mea-
surable and locally bounded. Equation (3.1) must be regarded as a formal differential
version of the integral equation

t
X,+/ f(Xes)ds =Xo+W;, 0<t<1. (3.2)
0
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Before studying the equation (3.1) we will find the solution in the particular case
f = 0. That means, let {Y;} be the solution of

Vi=W, 0<t<1,

3.3
Yo=Y =0. (3:3)
The solution to the equation (3.3) is
1 t
Y, = —t/ W,ds +/ W.,ds, (3.4)
0 0
and we also have .
Yi=W, - / W,ds. (3.5)
0
Define the transformation T : Co([0,1]) — Co([0, 1]) by
t
T(w): = wy +/ f(Yy(w), s)ds, (3.6)
0

where {Y:} is given by (3.4). Notice that the mapping w —— Y(w) from Cy(]0,1])
into the space Cj¢(0,1) of continuously differentiable functions y on (0,1) such that
limg o y(t) = 0 and lim¢y; y(t) = 0 is bijective.

We remark the following two facts:

(I) If T(n) = W, then the function X, = Y3(n) is a solution of the equation (3.1).
In fact, we have

1 t
thYt(n)=—/ nsds+m=Xo+Wt—/ f(X,s,8)ds.
0 0

(II) Conversely, if we are given a solution {X;} of equation (3.1), then T(Y ~}(X)) =
W. Indeed, if we set Y~}(X) =7, then

t
T("I)t =’7t+/ f(Ys(U)aS)dS=TIt+W¢+Xo—Xt=Wt-
0

Consequently, if T is a bijection then equation (3.1) has the unique solution X =

Y(T~'(W)) for any continuous function W € Cy([0,1]). In the sequel we will assume
the following hypothesis:

(P.1): The function f is nonincreasing in the variable z, locally Lipschitz and with
linear growth, uniformly with respect to the variable t. That means, for every N > 0
there exist constants C > 0 and Cn > 0 such that

[f(z,t) — f(y, )| < Cnlz —yl, ¥V |z|,lyl < N,t€[0,1],
|f(z.)] S C(A+|z]),  Va,t.

We will see in the next proposition that this hypothesis is sufficient for the existence
and uniqueness of a solution of the equation (3.1).
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Proposition 3.1. Suppose that f verifies (P.1). Then T is a bijection and, conse-
quently, there exists a unique solution to the equation (3.1) for any continuous function

W in Cy([0,1]).

Proof: We need to show that for any n € Co([0,1]) there exists a unique function
W € Cy([0,1]) such that

1 t
=W+ f (—t/ Wds +/ Wsds,s) .
0 0

Set V =n — W. Then V satisfies

1 t
‘./t = f (t/ Vsds - / Vsds +€tat> ’
0 0

%:03

1 t
£ = —t / neds + / nads.
0 0

For any y € IR we consider the differential equation

where

Vi(y) = f (ty - /0‘ Vs(y)ds + ft,t)
Vo(y) = 0.

By a comparison theorem for ordinary differential equations and using the monotonicity
properties of f we deduce that the mapping y — V;(y) is continuous and nonincreasing

for each t € [0,1]. Therefore, fol Vi(y)dt is a nonincreasing and continuous function of

y, and this implies the existence of a unique real number y such that fol Vi(y)dt = y.
This completes the proof of the proposition. Q.E.D.

We want to study the Markov properties of the process {X,} solution of the equation
(3.1). Let us first recall the following types of Markov property:

(1) We say that a d-dimensional stochastic process {Z;, 0 < t < 1} is a Markov
process if for any t € [0, 1] the past and the future of {Z,} are conditionally independent,
given the present state Z,.

(2) We say that {Z;, 0 <t < 1} is a Markov field if for any 0 < s < t < 1, the values
of the process inside and outside the interval [s, ] are conditionally independent, given

Zs and Zt-

Following the results of Russek [14] we might conjecture that as a solution of a
second order stochastic differential equation the process {X:} is a 2-Markov process,
that means, the two dimensional process {(X;, X;)} is a Markov process. We first show
that this is true for the process {Y;} i.e., when f =0.

Proposition 3.2. The process {(Y;, Y;), 0 < t < 1} defined by the equations (3.4) and
(3.5) is a Markov process.
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Proof: Let ¢(x,y) be a real valued bounded and measurable function. Fix s < ¢t and
set ( = fol W, dt. We have to compute the conditional expectation

E((Y, Y)I(Ys, Yr), 0<r <)

= E(zb(—t(-{-/o W.du, —C+Wt)|C, W, 0<r< s)

L] t
:E(¢(—t<+/ Wudu+/ (Wy — Wy)du + (t — s)W,,
0 3
_C+Wt—‘/Va+Wa)|C?Wra OSTSS)
:/ ¢(—t(+/sWudu+x+(t—s)W3, ——C+y+W,)
R? 0

(T

A0 [ ) )

) [(Wu—ws)du,

where A denotes the conditional covariance matrix of the Gaussian vector ( f:(Wu —
W,) du, Wy — W,), given f:(Wt — W,)dt. Consequently, the above conditional expecta-

tion will be a function of the random variables
—t(+/s Wadu + (t — )W, =(t — 8)Y, +Y,,
0 ~(+ W, =Y.,
/f(Wu ~W)du=—(1-9)¥, - Y.,

and this implies the Markov property. QE.D.

We will see that, except in the linear case, the Markov property does not hold for
the process {X,}. One might think that the Markov field property is better adapted
to our equation because we impose fixed values at the boundary points ¢t = 0 and
t = 1. However this is not the case and, as we shall see, the nonlinearity of the function

f prevents for any type of Markov property. The main result of this section is the
following.

Theorem 3.3. Let {X;,t € [0,1]} be the solution of equation (3.1) and suppose
that the function f has linear growth, f is of class C? with respect to z, its partial
derivatives f,, f,!. are continuous in (z,t), and f, < 0. Then if f is an affine function
of z, {(X¢, X¢)} is a Markov process, and conversely, if this process is a Markov field,

then fl. =0.

In order to prove this theorem we are going to introduce a new probability measure
Q on Cy([0,1]) such that P = Qo T}, where T is the mapping defined by (3.6). Then
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{T(w)¢} will be a Wiener process uner @, and, consequently, the law of the process
{X} under the probability P coincides with the law of {Y;} under Q. In fact, we have

P{w: X(w) € B} = Q{w: X(T(w)) € B} = Q{w : Y(w) € B},

for any Borel subset B of Cj (([0,1]). In this way we will translate the problem of the
Markov property of {X,} into the problem of the Markov property of the process {Y¥;}
under a new probability (). This problem can be handled, provided Q is absolutely
continuous with respect to the Wiener measure P and we can compute an explicit
expression for its Radon-Nikodym derivative. To do this we will make use of Theorem
2.5. So, before proving Theorem 3.3 we will present some preliminary lemmas. Let us
first introduce some notations. Set a; = f,(Y:,t), and denote by M, the matrix [}~ %].
Let @, be the solution of the linear differential equation

d(pt = Mt¢¢ dt

By = I (3.6)

We will also denote by ®(¢,s) the matrix &% .

Lemma 3.4. Let f be a function satisfying the conditions of Theorem 3.3. Then the

process us = f(Yi,t) verifies the conditions of the generalized Girsanov Theorem 2.5
and we have

dQ ! 1 [ 2
T = Ziexp (— /0 f(Yet) o dW, — 3 /0 F(¥a,t) dt), (3.7)
where Z; is the solution at time t = 1 of the second order differential equation
Ze+ a2 =0 (3.8)
Zy=0,Zy = 1.

Proof of Lemma 3.4. First we have to check that the process

1 t
ue = F(Yat) = f(—t /0 Wids + /0 W,ds, )

satisfies the conditions of Theorem 2.5. We already know that the mapping T(w), =
we + fot u,(w)ds is bijective, due to Proposition 3.1. Furthermore, u is H—C? because
the mapping w — u (w) is continuously differentiable from Q into H. So, it remains

to show that I + Du is invertible a.s. From the properties of the operator D we deduce
that

DY, = —t(1—-s)+(t—s)" =st—sAt, (3.9)

and therefore,
D,us = oy(st — s A t). (3.10)

From the Fredholm alternative, in order to show that I + Du is invertible, it suffices to
check that —1 is not an eigenvalue of Du(w), for each w € Q a.s. Let h € L?(0,1) such
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that (I + Du)h = 0. Then

1
h,+at/ he(st —sAt)ds =0,
0

which can be written as

1 t 1
ht+tat/ shsds—at/ sh,ds—tat/ hysds = 0.
0 0 t

Setting g = f(; hyds and U; = fot gs ds we obtain

Ut + atUt - tO{tUl =0. (311)

Then the solution of the second order differential equation (3.11) is given by

t
Ut = U1 / Qzl(t,s)sasds N (312)
0

which implies U; = 0 because ®3; > 0 and o, < 0.

To finish the proof of the lemma it remains to establish the formula (3.7). To
do this we have to compute the Carleman-Fredholm determinant of the kernel (3.10).
First observe that this kernel is nuclear and continuous. In fact, the cointinuity is
clear. On the other hand, the kernel sta, is nuclear. Now A, = 4/[(2n — 1)?7%],n > 1
are the eigenvalues of the integral operator associated with the kernel min(s,t) and
en(t) = V2sin(2n — 1)%t the corresponding eigenfunctions. Then

/0 ai(s At)en(s)ds = ardnen(t),

and

) oo
> ladnen®lz < llalloo Y An < 0o,
n=1 n=1

which implies the nuclearity of the kernel a;(s A t). Therefore we can make use of the
formula (2.9), and it suffices to show that det(I + Du) is equal to Z;. Note that the
absolute value of Z; can be omitted because Z; > 0. Set k(s,t) = st — s At. From a
well-known formula for the determinant of a nuclear operator (see e.g. [15]) we obtain

)
Tn

nl’
n=0

det(I + Du) =

where

o = / det(Dy,ur, )dty - - - dt .
0.1}



We have to compute the coefficients ~,,.
Yn = / det(k(tl,t]))a(tl)a(tn)dtl dtn
{0,1]

= n! / det(k(ti,tj))a(tl) ceaty)dty - - dty,.
{t1i<t2<<tn }

The determinant of the matrix (k(t;,¢;)) is equal to

_ 1 1 1 .. 1 .
4 : 2 ¥ Fy
2 i _ — L ... .
L 5 1-% s -+
[Iti) det{1-L L ;1 ... ;_1
4 ta tg t3 tn

=1 . ‘e

- L -1 1 1-—- 1

Substracting the k-th row from the (k — 1)-th one, k = 2,...,n, we get
n 2
det(k(t:, 1)) = (Hn—)
1=1

(3 o2) G- (8 (- 2) (-
= (=1)"t1(t2 — t1)(ts — t2)(ta — t3) -+ - (tn — th=1)(1 — tp).

Consequently we obtain

det(I + Du) = i(—l)"
n=0

X / tl(tg -_ tl)(t3 —_ tg) v (tn — tn—l )(1 —_ t,,)a(tl) e a(tn)dtl e dtn
{t1<t2<---<tn}

(3.13)
On the other hand the solution of the second order differential equation (3.8) can be

expressed as t
t s
Zy=1t~— / / 0y Zydu =t—/ (t —u)ay,Zydu.
o Jo 0

[terating this equality we deduce that det(I + Du) coincides with Z;. The proof of the
lemma is now complete. Q.E.D.

Lemma 3.5. Let G; be the o-algebra generated by Y4, Y: and fol W, ds, where we recall

that Y; and Y; are defined by (3.4) and (3.5). Let F be a random variable in the space

IDllo’g such that F 1¢ is Gy—measurable for some set G € G;. Then there exist random

variables Ay, By, and C; such that
16DoF = 1G[A:8+ Ci] 110,4(8) + 16 B:(0 — 1) 1111 (6) ,
for dP x df almost all (w,9) € Q x [0,1].
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Proof: Let us first compute

DeYy = t(1 —8) + (t — 6)1,4(8) = 6(t — 1)1[o,4(6) + (6 — 1)t 1,1)(6) , (3.14)
DoYi=—(1—8) +1j.4(8) = 0110 4(8) + (6 = 1)1p4(6) , (3.15)

and .
Dg(/ Wedt) =1-9. (3.16)

0

Thus, it suffices to apply Lemma 2.1 to the three~dimensional subspace of H generated
by 01(9,4(8), 1{0,4(6) and (6 — 1)1, 1)(8). Q.E.D.

Proof of Theorem 8.3. Let Q be the probability measure on Cy([0,1]) given by Lemma
3.4. The law of the process {X;} under P is the same as the law of {Y;} under Q.
Therefore, we can replace the process {(X,, X ¢)} by {(Y, Yt)} and the probability P by
Q in the statement of the theorem. By Proposition 3.2 {(Yt,Yt)} is a Markov process
under P and now we have to study the Markov property with respect to an equivalent
probability measure . The Radon-Nikodym derivative J = ;1% will be given by the
formula (3.7). Notice also that Z, > 0 for all ¢ in (0,1}, and Z; > 0 for all ¢ in JO 1].
For any fixed t € (0,1) we can factorize the Radon-Nikodym derivative J = 3— as
follows

J = Z,L,Lt,

where

L, =exp (——/0 f(Y,,8)0dW, — %/0 f(Y,,s)? ds) ,

1 1
L' =exp (-—/ f(Y,,s)odW,—%/ f(Y,,s)? ds).

We define the o-algebras
-ﬁﬁa{(Ys,Y)a 0<3<t}
Ft=0g{(Y,,Y,), t<s<1}, and F{ = FtVo{Yy, Yo} = J-“vU{f0 W, dt}.

For any random variable £ integrable with respect to Q) we set

Ep(£J\F:) _ Ep(E1Z1|LH|Fe) .

Ne = Eq(€|F1) = Ep(J|F) — Ep(|Z:|LH|F:)’

(3.17)

because L, is F;—measurable.
(i) Suppose first that f is an affine function. In that case Z; is deterministic and we get
_ Ep(EL'|F)
¢ Ep(LYF)

Then if ¢ is F'-measurable, using the fact that Lt is also F*-measurable and applying
the Markov property of {(Y, Y:)} under P we deduce that A¢ is o{Y%, Y; }-measurable

and this implies that {(¥;,Y:); t € [0,1]} is a Markov process under Q.



14

(ii) To prove the converse assertion we suppose that {(Vi, ¥3); t € [0,1]} is a Markov
field under @ and we have to show that f!, = 0. This assumption implies in particular
that for any ¢t € (0,1) and any F{-measurable random variable £, integrable with
respect to @, the conditional expectation A = Eg(€|F:) is Gy = o{Y4, Yt, fol W, dt}-
measurable. In order to obtain a suitable factorization of the random variable Z; we

set . .
Zl _ Zt
2] amaff] o
that means, ‘
Zy = 021(1,8) Z + ®22(1,1) Z4, (3.19)
where the process ®(t) has been introduced in (3.6). Now define
®,,(1,1) Zy  By(t)
= L d == =7 3.20
"=E.ty M MT LT (3:20

From the equation ®-1(t) = —®~1(¢)M,, we deduce that ®3;(1,t) sastisfies the same
second order differential equation (3.8) as Z;. From this fact we deduce that ; and ¥,
are continuously differentiable processes on [0,1], 13 =0, p = 0, s > 0 for t € [0,1)
and ¥ > 0 for t € (0,1]. Then we can write

Zy = &1, 1) Zu(pe + ), (3.21)

and we obtain the factorization

J = L Z,C* (s + y), (3.22)

where Ct Lt(ng(l t)

In the sequel we will denote by F the conditional expectation of the random variable
F under P with respect to the o-algebra G,. The random variables Z, and v, are Fo—
measurable and, on the other hand, ®35(1,t), and ¢, are ]-"—mea,surable Thus, from
(3.17) and (3. 22) and applying the Markov field property of {(Y,,Yt)} under P we
deduce that

Ae = £Cy + EClpy
Ctyy + Ctoy
and by our hypotheses this expression is G;—measurable. Therefore we obtain the follo-
wing equation
(7T~ ECT) e + (A T — EC) =, (323)

which is valid for any Fi-measurable random variable { integrable with respect to Q.
Now we choose two particular variables &:

G=(CH™"  and & =(Cv)7.

First we remark that for t € (0,1), 7 = 1,2, £; is Q-integrable and nonnegative. In fact,
this follows easily from the estimates 0 < ®21(1,¢)™! < (1—t)~!'and 0 < ®,,(1,8)" 1 < 1.
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Then we define the set

Gt = { /\51 CtQt = €1Ct@t} N { /\52 C'tcpt = £2Ct99t}.

Notice that G; € G;. On the set G; we have
_ flct — flCtSOt
& Ct ——Cttpt
_ 60 Ll
§2 Ct —Ct‘-Pt .

A

bl

A

Consequently
?iC* = Cloy
(pt_lctcpt = Et.?

which implies that ((,_o?) ~l= @7 !. By the strict Jensen inequality applied to the measure
space (G¢, Flg,, P) we get that the random variable 15, ¢; is G;—measurable. From the
equation (3.23) we deduce that the random variable 1G9y is Gi—measurable.

It is not hard to show that the random variables ¢, and ; belong to the space
IDllc;z, for any t € (0,1). Thus by Lemma 3.5 applied to the random variables ¢, and
and to the sets G; and G¢, there exist random variables I';(¢) and I';(¢) such that

Dgpe = (6 —1)I'(¢) , (3.24)
for all € [t,1], w € Gy, a.e., and
Dgpy = 6T2(t) (3.25)

for all 8 € [0,t], w € Gy, a.e.

On the other hand, from the linear differential equations satisfied by ®(¢) and &(1,t)
we can derive Ricatti type differential equations for ¢, and ;. In fact, differentiating
with respect to t the equations

®,1(1,t) = 9 P22(1,2)
$21(t) = ¥e®11(2),

we obtain
Gr+oapi+1=0; ¢, =0 (3.26)

Ye—ap —1=0; =0 (3.27)

Applying the operator D , which commutes with the derivative with respect to the
time variable, to the equations (3.26) and (3.27) yields

d v

—Dygp¢ + 2010t Doy + ‘P%Doat =0, Dgpy =0,
(fit (3.28)
aDol/)t — 20, Dotps — i Dgay = 0, Dgypo =0.
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Set vis = exp ([, 2¢ra,dr), for any s,t € [0,1]. Notice that
Dgoy = 6(t — 1)f;'I(Yt,t)1[0,t](0) + (6 — 1)tf;'z(Y¢,t)1[t,1](9) . (3.29)

Then if we solve the linear equation satisfied for Dy, as a function of ¢, starting from
the point 1 we get

1
Doge = / Yo 92 Dpcr,ds
t
8 1
—(0-1) [tV sds +6 [ fiVusis—Dds  (330)
t 8

1 1
= (6 - 1)/ Yes frp(Ys, 8)sds + 9/ Yesfrp(Ye,8)(s — 6)ds
¢ o

On the set G; and for 8 € [t,1] we know by (3.24) that Dgp; must be a multiple of
(6 —1). Taking into account the equation (3.30), this is only possible if f (Y,,s) = 0 for
all s in the interval [¢,1] and for all w € G, a.e. A similar argument, using the process
¥y, yields that f,' (Y,,s) =0 for all s in [0,%] and for all w € G¢ a.e. The point t being
arbitrary in (0,1) we deduce that the process f].(Yj,s) is identically zero. Therefore

+z(z) = 0 for all z, which completes the proof of the theorem. Q.E.D.

Remark

(1) A similar result for a second order differential equation of the form
X+ f(Xe, Xy) = W,

has been proved in [8]. The proof in this case is more involved and some additional
smoothness conditions on the function f are required.

(2) As in [8] one could show that under the conditions of Theorem 3.3, if {( X, X.)}
is a germ Markov field then f;, = 0. We recall that {(X, X:),0 <t < 1} is a germ
Markov field if for any 0 < s < ¢t < 1, the values of the process inside and outside the in-
terval [s,t] are conditionally independent, given the germ o—field [,,o 0(( X4, X.),ue€
(s—es+e)U(t—¢t+e)). ,

4. First order stochastic differential equations with boundary conditions

In this section we describe some particular types of stochastic differential equations
that have been recently studied using the techniques of noncausal stochastic calculus.

4.1 Bilinear stochastic differential equations of Stratonovich type with boundary conditi-
ons.

In [11] Ocone and Pardoux have developed a detailed study of an equation of the
form

k
dX, = (FX,+a)dt+» (GiX,+b)odW], 0<t<1

1=1

(4.1)
H()X() + H]Xl = ho.
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Here F', G;, Hy and H, are d x d matrices, and a, b; and hg are vectors in R?. We assume
that the matrix (Hy : H;] has rank d. Particular examples of this type of boundary
conditions are:

(1) The first | coordinates of X, are given, where 1 < ! < d, and the last d — [
coordinates of X are also given. The above linear boundary conditions can be reduced
to this situation whenever ImHy N ImH, = {0}.

(2) We impose the periodic boundary condition X, = X;.

In order to find a solution for the equation (4.1) we introduce the fundamental
solution of the corresponding linear system:

k
d®, = Fo,dt +» G, 0dW;, & =1,

=1

and we set V; = at + Ef=1 b;W}. Then the candidate for a solution is

t
X, =&, X, + P, / &1 o dV,. (4.2)
4]

Substituting (4.2) into the boundary condition we obtain
1 t
Xt = @t (Ho +H1¢1)_1 (ho - HIQI/ @;1 Od‘/‘,)] + ¢¢/ @;1 o] d‘f‘,. (43)
0 0

One can show that (4.3) is the unique solution in some space of processes IL;; ., provided
that det(Ho + H1®;) # 0 a.s. We refer the reader to [11] for more details about this
class of processes and for the proof of the existence and uniqueness of a solution.

Concerning the Markov property of the solution one can show the following results:

Proposition 4.1. The solution {X.} of the equation (4.1) is a Markov process under
one of the following situations:

(i) Hy =0o0r Hy =0.

(ii) G; = 0,1 <1 < k (Gaussian case) and ImH, N ImH, = {0}.

If ImHoNImH; # {0} the process X may not be Markovian even in the Gaussian case.
On the other hand, in the non Gaussian case, the condition ImHy N ImH; = {0} does
not insure the Markov property. Concerning the Markov field property one has the
following result.

Proposition 4.2. The solution {X;} of the equation (4.1) is a Markov field in the
following cases:

(i) Gy =---=Gr =0 (Gaussian case)

(ii) a = by = --- = by = 0, and ¥, is a diagonal matrix for all t € [0,1] (For instance,
this is true in dimension one)
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4.2. Non linear stochastic differential equations with boundary conditions.

Consider the following equation

dX, + f(X,)=dW,, 0<t<1

A(X0, X1) = h, 4
where W is a d-dimensional Wiener process, f : R? —» R?, h: R*? — R?, and hy is a
vector in IR%. The existence and uniqueness of a solution for the equation (4.4) has been
discussed in [7]. The Markov property of the process X has also been investigated using
the techniques of Section 3. Concerning the Markov property one also has negative
results in dimension one when the function f is non linear. Let us describe briefly how
one can obtain these results.

Notice first that if we assume a periodic boundary conditions, then the equation
(4.4) with f = 0 has no solution. For this reason we introduce a decomposition of the
form f(z) = Az + f(z), where A is a fixed deterministic d x d-matrix. Then we denote
by Y the solution of the corresponding boundary value problem in the case f = 0. That

means
dY; + AY; = dW,,

4.5
h(Yo,Y1) = ho (*5)
The boundary value problem (4.5) is equivalent to the following system
t
Y't — e—At (Y—O + / CA"dW,)
0 (4.6)

1
(Yo (Yo + eAde,)) = ho.
0

In order to solve the equation (4.6) we will impose the following assumption:

(H.1) For all z € R? the equation h(y,e"A(y + z)) = ho has a unique solution
y =g(z).

We denote by 2 the space of continuous functions from [0, 1] into IR? which vanish
at zero. On the other hand we denote by ¥ the space of continuous functions z from [0, 1}
into IR? which satisfy the desired boundary condition, that means h(z9,z;) = ho. Then,
under the hypothesis (H.1) there exists a bijection ¥ : @ — ¥ such that Y = ¥(W).
We define the mapping T :  — §2 by

T(w) = we + /; F(¥,(w))ds.

As in Section 3 one can show that if T is a bijection then the equation (4.4) has
the unique solution X = ¥(T~!(W)). The following are sufficient conditions for the
transformation T to be bijective:

(1) T is one-to-one if:

(i) There exists A € R such that f + AI is strictly monotone and
(i) eMg(2) = g(2") < le™A(z — ' + g(2) — g(2'))], for all 7,2’ € R
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(2) T is onto if:
(iii) f is locally Lipschitz
(iv) limg_oo + SUP|z|<a [f(z)} =0 (sublinear growth)
(v) ¢ has linear growth
Assuming (i), a sufficient condition for (ii) is the following:

(i) h(z,y) = h(z,5) = ho implies eMe — 2 < |y — 7.

We remark that in the periodic case we only need f to be strictly monotone for T
to be one-to—one, because we can take A = 0 in (1).

We can now study the Markov property of the process X solution of (4.4). By
means the extended version of Girsanov theorem (see Theorem 2.5) one can show the
following result:

Theorem 4.3. Suppose that f and g are continuously differentiable functions such
that the mapping T is bijective. Suppose in addition that

det [I — e“®19'(&1) + ¢'(61)] #0, (4.7)

where & = fot eA*dW,, and ®, = I — fot f'(Ys)®sds. Then the conditions of Theorem
2.5 are satisfied by the transformation T, and we have

d
% = |det [I —e?®1g'(6) + 9’(51)”

<o { [0 oa— [ Fvooaw— 3 [ Ferorat).

Theorem 4.3 can be used to investigate the Markov properties of the process X. In
fact, setting W, = W, + fot f(Y,)ds, we obtain

t
dK+AK=ﬂ%=ﬁﬁ—/}ﬂQ@.
0

Therefore, the process {¥;} is a solution of the equation (4.4) for the process W, and
this implies that the law of Y under the probability @ coincides with the law of X under
P. The results one can obtain for the Markov property are the following;:

(1) I f is an affine function, then {X,} is always a Markov field. This can be proved
by a direct argument.

(2) In dimension one, assuming that f and g are twice continuously differentiable, T is
bijective, g'(x) > —1, ¢’ is not identically zero, and (i) and (ii’) hold, then if {X,} is a
Markov field, one necessarily has f = 0.

(3) Suppose that .
X(;" = A, 1 S k‘ S l

Xt =by; 1<k<d-1
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and f is triangular, that means, f¥(z) is a function of z!,...,z* for all k. In this case,
if for each k, f* verifies a Lipschitz and linear growth condition on the variable z*, one
can show that there exists a unique solution of the equation dX,; + f(X,) = dW, with
the above boundary conditions, and the solution is a Markov process. This result is also
proved by direct methods, and it says that unlike the one~dimensional case the solution
of (4.4) can be a Markov process even though f is non linear.

(4) In the following example in dimension 2 one also has a dicothomy similar to the
one—dimensional case. Consider the equation

dXt + f(Xt) = de
X'=X2=0

where f(z!,2?) = (2! — 2%, - fo(z!)) and f; is a twice continuously differentiable func-
tion such that 0 < fj(z) < K for some positive constant K. Then there exists a unique
solution which is a Markov field only if f} = 0.

(5) In dimension one, and assuming a linear boundary condition of the type FyX, +
F1X, = hy, Donati-Martin (cf. [2]) has obtained the existence and uniqueness of a
solution for the equation

dX, = U(Xt) odWy + b(X!)’

when the coefficients b and ¢ are of class C* with bounded derivatives, and Fy F} # 0.
On the other hand, if ¢ is linear (o(z) = az), ho # 0, and assuming that b is of class
C?, then one can show that the solution {X;} is a Markov field only if the drift is of the
form i(z) = Az + Bz log|z|, where |B| < 1.

For other types of existence results for first order stochastic differential equations
with boundary conditions we refer to Dembo and Zeitouni [1] and Huang Zhiyuan [18].
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