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Abstract 

Systems described by a Hamiltonian Dynamics and, in particular, Celestial Me
chanics and Astrodynamics ( that is, the applications to spacecraft missions design) 
must be seen as an important class of Dynamical Systems. The machinery avail
able for these systems, both conceptually and computationally, provides hints and 
methods for their study and interpretation. In this paper we shall discuss mainly 
sorne numerical and symbolical methods. 

1 Introduction 

Poincaré contributed largely to the foundations of this science and he obtained many 
interesting results. One century after his master work it is convenient to reexamine the 
topics studied by him. In the present paper I shall concentrate on aspects which involve 
effective computations, both symbolical and numerical. 

Objects which play a key role for the organization of the dynamics ( or the so called 
skeleton of the system) are the invariant objects under the action of the dynamics: periodic 
orbits, invariant tori, invariant stable and unstable manifolds, center manifolds, etc. They 
give a key to predict or to interpret the behavior of most of the points in the phase 
space, following Poincaré's idea that it is better to study the full set of orbits rather than 
individual ones. 

These invariant objects can be obtained by a combination of symbolic computation 
and numerical continuation. It is essential to know about the dynamical properties in a 
neighbourhood of these objects, to design robust algorithms. For problems which escape 
from the actual theoretical possibilities, one has methods to analyze the output of rough 
simulations, to give a good evidence of the presence of invariant objects. 

The use of computers as a tool to understand the behaviour of dynamical systems 
seems, by now, out of question. Many phenomena have been first discovered by computer 
simulation and then explained theoretically. One should be aware, frorp, both sides, that 
it can be difficult to see on the computer sorne very fine details of t._.,~~:dyn~\c~.· However 
one can compute with high precision arithmetics and see very ~lifl q.etails, but this will 
not be presented here. On the other hand, nonlinear phenomen~curring far fwm "any 
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well known reference object or problem" may be hard to study by purely theoretical 
methods. Personally I consider the computer results as a hint on the dynamics of the 
studied system. It can give conjectures to be proved. And it can also be used to test (at 
least partially) conjectures suggested by theoretical considerations. It can be said that, 
in moderate dimensions and to a moderate degree of detail, it is reasonable to rely on the 
computer results. The word moderate depends on the current status of both hardware 
and algorithms. Furthermore there is an interplay between the algorithms used in proofs 
and the ones designed for the effective computations. The first ones can be, in sorne cases, 
succesfully and effi.ciently implemented, and the ones derived to produce a computer result 
can be, also in sorne cases, converted in theoretical proofs. 

In most of the experimental sciences the actual state of the technology allows the 
researcher to have lots of information about a problem by looking at it experimentally, 
rather than just speculating about the possible behaviour. Of course, the researcher should 
provide and test by all the possible ways, sorne coherent description of the experimental 
data that is collecting, and one should be very careful about what properties have to be 
investigated experimentally. I do not see any reason why sorne mathematicians should 
not use a similar approach. 

The present state of the computer technology allows to carry out, with a reasonable 
effort, a large amount of computations. The bottlenecks in the present epoch seem to 
be the very big amount of data to be used in symbolic computations and to be stored, 
either as a result of symbolic or numerical experiments, and also the visualization and 
interpretation of results even in moderate dimensions (say, ranging from 4 to 10). 

2 Global Description of the Orbits Near the L2 Point 
of the Earth-Moon System in the RTBP model 

Part of the methodology presented in this section and in the next one was done in col
laboration with G. Gómez, A. Jorba and J. Masdemont under contracts of the European 
Space Agency. It was applied to the L1 point of the RTBP in the Sun-Earth case and 
to the L4 and L5 points of the Earth-Moon system. Later on has been applied to sorne 
improved models of the physical problem and, finally, to the best available model: the 
one derived from the numerical JPL ephemeris. 

Let us consider the spatial Restricted Three Body Problem, that is the motion of a 
massless particle ( to be taken as a spacecraft) under the gravitational influence of two 
massive bodies (to be taken as Earth and Moon). Last two are assumed to be on circular 
orbits around their center of masses. Using a rotating system of reference with period 
the one of the circular orbits and center at the mass center, the two massive bodies can 
be considered at rest. Scaling masses and distances, the sum of the masses of Earth and 
Moon and their distance can be taken equal to one. Then mass of the Moon is then the 
parameter µMoon equal to 0.012150582. 

In the rotating system of reference (synodical system) there are 5 equilibrium points 
(or libration points in the classical terminology). We are interested in the translunar 
libration point, which is aligned with Earth and Moon and placed beyond the Moon. L1 

denotes the equilibrium point between the Earth and the Moon, which is close to the 
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Moon. 
In the spatial RTBP the L1 and L2 libration points have a linear behaviour of the type 

saddle x center x center. U nder generic assumptions there exist nearby two dimensional 
tori. Because of the small divisors problems, on those tori the frequencies should satisfy 
a diophantine condition. If we are interested in short time intervals the small divisors 
problems do not show up unless they are associated to low order resonances. Let w1 , w2 

be the two basic frequencies at L¡, i=l, 2. For small values of µ the frequencies are rather 
close. For the limit Hill's problem, µ = O, they are (28112 - 1 )1/ 2 and 2, respectively. For 
µ = µMºº"' at the L2 point, the values of W1 and w2 are near 1.86264588 and 1.78617616, 
and beyond the 1 to 1 resonance the next strong resonance appears only at order 4 7. A 
very strong resonance appears at order 8398. 

When the amplitudes of the orbit change, so do the frequencies. It is known that the 
planar periodic Lyapunov orbits emanating from the libration point, bifurcate to halo 
orbits when the x amplitude ( x is in the direction of the primaries) is roughly 0.1845, 
when the unit of distance is the one from the small mass to the libration point. In the 
present case this equals the value 1 = 0.16783273 times the Earth-Moon distance. Hence 
this is the distance corresponding to the 1 to 1 resonance giving rise to the halo orbits. 
If we keep our study in a smaller region the effect of this resonance is not too strong. 
Higher order resonances have small amplitude and long period. Therefore we can try to 
obtain the invariant tori formally to sorne order (less than 4 7). In the concrete example 
presented below the order has been kept to 45. 

Cutting the expressions to this order we obtain a foliation by invariant tori in sorne 
region around the equilibrium point. For sorne of the amplitudes the tori certainly do not 
exist, but the small size of the related stochastic zone makes this fact irrelevant for short 
time interval applications, in our case a spacecraft running during a few years. 

2.1 The Equations of Motion 

We consider the following system of reference: The origin is located at L 2 • The positive 
x axis is directed from L2 away from the smaller primary. The y axis is in the plane of 
sidereal motion of the primaries at 7r /2 from the x axis in counterclockwise sense. The 
z axis completes a positively oriented coordinate system. Let I be the distance between 
m 2 and L2 , where m 2 denotes the position of the smaller primary. 1 will be the new unit 
of distance. The unit of time is such that the period of revolution of the primaries in the 
sidereal system is 21r. Let µ be the mass of the smaller primary (in our case the Moon as 
given above) and 1 - µ the one of the bigger primary (the Earth in our application). The 
value of I is obtained from the Euler quintic equation: 

,
5 + (3 - µ)'r4 + (3 - 2µ), 3 

- µ, 2 
- 2µ, - µ=o. 

It can be solved by Newton method starting at (µ/3) 113 . 

Let X, Y, Z be the usual synodical coordinates centered at the center of mass. The 
equations of motion are 

where 

x -2Y = nx, Y+ 2x = nv, z = nz, 

1 n = -(X2 + Y 2
) + (1 - µ)r:;-1 + µr; 1

, 
2 

3 

(1) 



being 
r~ = (X - µ + 1)2 + y2 + z2. 

As we have described we make the change of coordinates 

Then 

1 
x = --(X - µ + 1 + ,), 

í' 

1 
y= --Y, 

í' 

1 
z = -Z. 

í' 

? 2 

r¡- 1 = ( 1 - í' )-1 (1 + ~X+ í' p2)-112 = (1 - í' )-1 L ( ____re_ t( -1 r Pn(: ), 
1- 1 (1- 1 )2 n>O 1-, p 

r;-1 = ,-1(1 - 2x + p2)-1/2 = ,-1 L pn Pn( ~ ), 
n~O p 

where p2 = x2 + y2 + z2 and Pn denote the Legendre polynomials. 
Let 

Cn = ,-3 (µ + (-lt(l - µ)(-'-r+l). 
1-, 

(2) 

(3) 

auxiliary coefficients depending only on µ. From (3) it is easily seen that, in the Hill's 
case, when µ tends to zero, c2 = 4 and ck = 3 x ( -1 l if k > 2. Then the equations of 
motion are written as 

x - 2y - ( 1 + 2c2 ) x 

ª
a L CnPn Pn ( ~)' 
X n>3 p 

Y + 2x + ( C2 - 1 )y afJ ¿cnpnPn(~), 
Y n~3 P 

(4) 

Z + C2Z = afJ ¿cnpnPn(~). 
Z n>3 P 

We recall also, for further use, that (1) can be written in Hamiltonian form. lntroduc
mg 

Px = X-Y, Py = Y +X, Pz= Z, 

the Hamiltonian is 

H 
1 
2(P; + Pt + P]) + Y Px - XPy - (1 - µ)r11 

- µr21 = 

~(x2 + y2 + z2) - n 2 . (5) 

The equations ( 4) can also be put in Hamiltonian form. Let Px = x - y, py = y + x, 
Pz = i. Then the corresponding Hamiltonian is 

(6) 

The Hamiltonians H and /{ are related by 

, 2 1 2 µ 1-µ H = A., - -(1 - , - µ) - - - --. 
2 1 1-, 
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2.2 Formal Series Solutions 

lf we skip in ( 4) the right hand terms ( of degree 2 2) the solution of the system, restricted 
to the center manifold (i.e., deleting the exponentially increasing or decreasing terms) is 

a; = a cos(w1 T + </>1 ), y= -kasin(w1T + </>1), (7) 

with 

k = (w¡ + 2c2 + 1)/(2wi). 

The parameters a, /3 are arbitrary amplitudes and </>1, </>2 are arbitrary phases. The 
frequencies in (7) are w1 = ((2 - c2 + (9c~ - 8c2)112)/2)1l2, w2 = c;12 . As (4) is an 
autonomous system we can take the origin of time such that </>1 = O. Furthermore we 
denote w1 T and w2T + </>2 as 01 and 02, respectively. When the right hand terms of ( 4) are 
considered we should allow for varying frequencies depending on the amplitudes, according 
to the Lindstedt-Poincaré method to avoid secular terms. Then 01 will be now dT and 02 
will be jT + </>2, where d = w1 + O(a, /3), J = w2 + O(a, /3). 

We look for solutions in complex exponential form of the type 

~ i¡3j k m .r = L., ,Ti,j,k,mO'. 1112 , _ 111 ~ . . i¡3j k m Y - V -1 L., Yi,3,k,mO'. 1112 , _ ~ i/3j k m 
Z - L., Zi,j,k,mO'. 1112 , 

(8) 
where 1s = exp( v-10s), s = 1, 2. 

Due to the symmetries of the problem the coeffi.cients in (8) satisfy the relations: 

1. i, j 2 O, i + j 2 1, 1 k 1:::; i, 1 m 1:::; j, i - k = O ( mod 2), j - m = O ( mod 2) in all the 
cases, 

2. X¡ 3' -k -m = X¡' 3' km, y; 3' -k -m = -y¡ 3' km, Z¡ 3' -k -m = Z¡ 3' km• Hence it is enough, for 
, ! ! ! ! 1 .. , 1 1 1 ! t ! 1 1 1 1 1 

the computations, to keep only the terms with k > O or, if k = O, with m 2 O, 

3. For x and y one should have j = O (mod 2), and for z one should have j = 1 (mod 
2). 

4. The Lindstedt-Poncaré rnethod can be norrnalized in such a way that for (k, m) = 
(1,0) the only term appearing in x corresponds to (i,j) = (1,0). In an analogous 
way if ( k, m) = (O, 1) the only term in z corresponds to ( i, j) = (O, 1 ) . 

. 5. In d and J there are only terms of the form ai ¡3J with i and j even. 

The computation of the terms in (8) is done by increasing order of n = i + j. For 
n = 1 one has, from (7), the values 

X1,o,1,o = 1/2, Y1,o,1,o = k/2, zo,1,0,1 = 1/2. 

Taking into account the properties 1) to 5) one obtains Xn, Yn, Zn (i.e, the terms of total 
order nin a and /3) and, if nis odd, also dn-l and fn-1· In the determination of Xn, Yn, Zn 

one should impose the conditions Xi,j,I,o = O if ( i, j) -=/= (1, O) and Zi,j,0,1 = O if ( i, j) -=/= (O, 1) 
(see property 4) ). This is what allows to obtain dn-1 and Ín-1 for n odd. Details on the 
recurrences and on the practica! implementation concerning the storing of the coeffi.cients 
can be found in [5]. 
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Finally we make sorne a priori comments on the running space and CPU time. The 
programs have been structured in such a way that we can modify a few parameter in
structions by setting 

NG = (j 4 + 7j 3 + 20j 2 + 26j + 6)/6, NGl = 2j + 1, NG2 = (j2 + 3j + 2)/2, 

if the maximal order to run the program is n = 2j + 1. One needs 20 + 2n vectors of 
dimension N G and a few ones of dimensions N Gl, N G2. The total space required ( in 
double precision) is ( 4j 5 + .56j 4 + 236j 3 + 691j2 + 881j)/6 + ctant. If n = 35 this is close to 
1.5.5 Mbyte, and it is close to 48 Mbyte if n = 45. To keep in mind a simpler expression, 
the required space up to order n is proportional to n 4

( n + 23) for n large. An analysis of 
the program shows that the CPU time is roughly proportional to n8

. 

2.3 Results and Tests 

The program described in the above section, has been run for several values of n, both 
for L1 and L2 and for different values of µ. The results below for µ = µMoon have been 
run at order 45. The CPU time on an HP 9000/735 computer is 35m. 

The projections on the (X, Y), (X, Z) and (Y, Z) planes of a 2D torus corresponding 
to o: = 0.15, f3 = 0.40 appear on figures 1 and 2. The expansions above can be used, 
if ¡3 = O or a = O, respectively, to produce the Lyapunov families of "horizontal" and 
"vertical" orbits, respectively. The figure 3 shows sorne of them for several values of 
a (projection (X, Y)) and several values of /3 (projections (X, Y) and (Y, Z) ). In this 
figure we have used (2) to display the results in synodical coordinates. We note that 
the "vertical" orbits project on the (X, Y) plane as a curve travelled twice. The (X, Z) 
projection, not displayed here, looks like an are of curve travelled twice. The orbits are, 
approximately, on a vertical cylinder. 

For completeness we also display sorne "halo orbits". These orbits are born from the 
planar Lyapunov family when they lose stability inside the center manifold of L2 . That 
is, beyond the initial hyperbolic couple of variables, common to all the orbits in a vicinity 
of L2 , another couple becomes unstable. This happens when the vertical mode around 
the planar Lyapunov orbit becomes resonant with the period of the orbit in a 1 to 1 
resonance. They are obtained by an expression like (8) but now both angles, 0s, s = 1, 2 
are equal and the amplitudes ( a, /3) satisfy sorne relation g( a, /3) = O, also derived along 
the Lindstedt-Poincaré procedure (see [3]). The figure 3 shows the (X, Y), (X, Z) and 
( }'·, Z) projections of these orbits for several values of /3. The corresponding values of 
a follow from the g( a, /3) = O relation, but in the range shown for /3, the amplitude a 
changes only between 0.1853 and 0.2318 . 

The analytical solutions of ( 1) have been checked against numerical solutions as follows. 
Given p > O and 0 E [O, 7r /2], a and f3 have been obtained by a = p cos( 0), /3 = p sin( 0). 
Then the phases </> 1 and </>2 have been taken as multiples of 7l" / 4. Due to the symmetry it 
is enough to take ef>2 < 7r. From these data we obtain the initial conditions for X, Y, Z, 
,X', f·, Z at t = O, and using (2) the corresponding synodical coordiantes are found. Then, 
a numerical integration has been started and the distance between the numerical solution 
and the analytical one is computed (in the phase space) at regular intervals of time up to 
1r. This time is roughly the period of both, the horizontal and the vertical modes. Then, 
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Figure 1: (X, Y) and (Z, Z) projections of a 2D torus corresponding to o: 

obtained by the Lindstedt-Poincaré rnethod. 
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Figure 2: (Y, Z) projection of the previous figure. 

given 0, a value of p, Pmax, has been obtained so that for p < Pmax the maximum error for 
all these times and initial phases is less than 10-6

• Taking into account that the unstable 
component increases by a factor greater than 1000 in this time interval, the initial errors 
are, physically, of the order of a few meters. The values of Pmax versus 0 are shown in 
figure 4. They are given in the ( a, /3) plane as the inner confining curve. 

In the same figure two more curves, confining a region of the ( a, /3) plane are shown. 
They correspond to the following. Given 0, it is possible to substitute in the expressions 
of d and f as functions of p. Only even terms appear. It is possible, to estímate, in 
different ways, a "practica! radius of convergence" for the expansions up to order n = 45 
( despite the series do not converge). One method is to look for a behaviour of the form 
A x Bm for the coefficient of degree m in p, to fit in logarithmic scale, to derive values of 
B for both d and f, to take the maximum and to use the in verse as an estímate of the 
radius of convergence. This gives the outer curve in figure 4. Another possibility is to 
ask for lt44 I < 10-3

, where t44 denotes the largest of the last terms in d and f for a given 
value of p. This gives the intermediate curve between the previous two. 

In the same figure appear two more families of curves. They correspond to constant 
values of the difference and the quotient of d and J. The values displayed for the difference 
range from 0.005 to 0.110 with stepsize 0.005 . When the difference increases the curves 
move from the right lower comer to the left upper one. For the quotient the range goes 
from 1.0025 to 1.0625 with stepsize 0.0025 . 

Further considerations and the applicability of all these families of orbits to spacecraft 
missions can be found in the references [3], [4],[5] and [6]. 
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Figure 3: Several projections of periodic orbits obtained using the representation ( 8) . ( a) 
(X, Y) projections of planar orbits for a= 0.05,0.l,0.15,0.2,0.25,0.3. (b) and (e) dis
play the (X, Y) and (Y, Z) projections, respectively, for /3 = 0.1, 0.2, 0.3, 0.4, 0 .. 5, 0.6, 0.7. 
(d),(e) and (f) show the (X, Y), (X, Z) and (Y, Z) projections of orbits of the halo family 
for /3 = 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4. 
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Figure 4: In the ( a, /3) plane several curves are shown. The three curves going from 
the a to the ¡3 axes define several estimates of the region of "practica! stability". The 
inner one produces very good results when checked against direct numerical results. The 
two families of curves going from the right lower comer to the left upper one correspond 
to constant values of difference ( continuous curves) and quotient ( dotted curves) of the 
frequencies. See additional explanations in the text. 

2.4 The reduction to the central manifold around L2 

'vVe want to understand how the orbits computed in the previous subsections are organized, 
to have a global description of a neighborhood of L2 • 

First of all we think about skipping the unpleasant unstable terms of the Hamiltonian. 
This is accomplished by the reduction to the central manifold wc of dimension 4. We 
describe how to carry out the computations. After perfoming a linear change of variables 
going from x, y, Px, Py to X¡, X2, Y1, Y2 and putting X3 = z, y3 = Pz, we have that the 
Hamiltonian J{ given by (6) can be written as 

where .Mj denotes a homogeneous polynomial of degree j. 
Then we pass toan intermediate normal form just trying to cancel in A1 all the terms 

such that the total degree in the ( x1 , yi) variables is l. This is accomplished by making a 
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canonical transformation with a suitable generating function (to be determined). This is 
possible because there are not problems of small divisors. The denominators appearing in 
the cletermination of the generating function ( using sorne complexification to reduce the 
amount of computation) are of the form 

with modulus bounded from below by j>.¡. Let NI be this intermediate normal form 
Hamiltonian. By rearranging terms it can be written as 

1\1 = NI0 (x2,x3,Y2,Y3) + ¿ (x{1 y{2 )MJ1 ,h(x2,x3,y2,Y3). 
j¡ +12>1 

One should have in mind that the new variables are not the sames as the previous ones, 
clespite we keep the same name. The transformation is close to the identity, the closer as 
the closer is the orbit to L2 . 

The fact that small divisors problems do not show up do not means at all that the 
procedure is convergent. In general one obtains only a C')O manifold. The norm of the 
coefficients of order n increases as n! . 

It is immediately seen that 11 = :r1y1 is a first integral. The reduction to the center 
manifold is obtained by setting 11 = O. So it remains a two degrees of freedom Hamilto
nian, NIº, and furthermore 

(9) 

vVe point out that if in (9) we put x3 = y3 = O we have an invariant set under the flow 
associated to NIº. This is now a 1 degree of freedom Hamiltonian. The orbits are simply 
the Lyapunov periodic orbits around L1 . 

By keeping Mº = h fixed we can use x 3 = O with y3 > O as surface of section. This 
section, E, is not global because it fully contains the corresponding Lyapunov orbit. But 
we can think that all the points of this orbit (in the boundary of the section) are identified. 
So we should obtain an 82 sphere (the classical Hopf fibration) that can be seen as an 
space of ''osculating orbits". For sorne value of h, hH say, the level Mº = h contains the 
Lyapunov orbit bifurcating to halo orbits. From this value on, the section E contains two 
fixed points associated to the two (symmetrical) halo orbits. It is known that, at least 
for moclerate values of h, they are of elliptic type. At least for values of h not too far 
from hH we have in 8 2 four fixed points. Two of them correspond to the Lyapunov orbit 
(hyperbolic) and to the almost vertical periodic orbit ( elliptic ), respectively. The other 
two are the halo orbits (elliptic). 

A program carrying out this reduction has been developed, implemented and run ( up 
to total order 16). Let e and r¡ denote the new variables after skipping the hyperbolic 
terms in the intermediate normal form. When Mº(e, r¡) is available we can do several 
simulations. The figure 5 shows the result of these simulations for a value of the energy 
such that the halo orbits are clearly visible. This corresponds to a Poincaré section 
through e2 = O ( close to z = O in the initial coordinates ). Near the center of the figure 
one can see a fixed point. It corresponds to a "vertical" periodic orbit. It is surrounded 
by invariant tori. They belong to the family computed at the beginning of this section, 
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Figure .5: A Poincaré section of the flow of the Hamiltonian reduced to the central manifold 
of the L2 point in the Earth-Moon case, for a given level of the energy. See additional 
explanations in the text. 

despite the amplitudes are too large and can not be well approximated by the results of 
the Lindstedt-Poincaré method. The external curve is the Lyapunov planar orbit sitting 
on this level of the energy. Two other fixed points correspond to the two halo orbits, 
which are symmetrical the one from the other with respect to z = O) . They are, in turn, 
surrounded by invariant 2D tori. Between the 2D tori around the vertical orbit and the 
ones around the halo orbits there is the trace of the stable and unstable manifold of the 
planar Lyapunov orbit. However, despite the energy is not close to the one of the L2 

point, even the stochastic zone associated to these manifolds is hard to see. 
vVe note that the figure .5 has been displayed with a scale different from the one used 

in the figure 3. The variables are the ones corresponding to the intermediate normal form. 
The Moon is located outside the figure, in the negative vertical axis of figure ,5. 
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3 Orbits Near the L5 Point in the RTBP model. 
Practica! Stability Region Boundaries and Nu
merical Computation of Unstable lnvariant Tori 

The RTBP has also libration points sitting outside the line containing the rnassive bodies. 
These are the well known Lagrange or triangular points. U sing the notation of the previous 
section they are at rest, in the synodical systern, at (µ-1/2, ±3112 /2, O). All these libration 
points (both collinear and triangular) appear also in the general three body problern. 

One of the classical problerns in Celestial Mechanics concerns the stability of the 
triangular points. We collect here sorne results. 

• They are linearly stable for the mass parameter µ E [O, µ 1], where 

w,hort N 
µs = -- = s, s E , 

W1ong 

and w,hort and w 10ng are the frequencies at L4,s in the planar case [15]. Their values 
are 

[i(l ± (1 - 27µ(1 - µ))1/2)r/2 

Hence µ1 = (1 - (23/27) 112 )/2 ~ 0.038521. 

• The problem has nonlinear stability for µ E [O, µi] \ {µ 2 , µ3} in the planar case [11]. 

• The nonlinear stability of the spatial problern is unknown. Probably there is sorne 
amount of Arnol'd diffusion. 

• There is a domain of "practica! stability" which is not too small. We summarize 
how this result is obtained [2], [12]. 

Let H = H2 + H3 + ... be the power expansion of the Harniltonian around L 4 ,5 , 

where Hk contains the hornogeneous terms of degree k in positions and momenta. 
By a linear transformation, H2 can be reduced to 

where Ws, W¡ stand for w,hort, w 10ng, and Wz is the frequency in the vertical direction 

(wz = 1). 

A canonical transformation ( q, p) --+ ( Q, P), obtained by means of a generating 
function G = G3 + G4 + • • • + Gn, is applied to put H in normal form up to order 
n. We have the new Hamiltonian 

where Nk are terms of degree k in the normal form and N2 = Hz. If we only keep 
N2 + N3 + • • • + Nn, the system is integrable. Let 
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the new momenta. Then, the diffusion of the momenta is due to 

where { ·, ·} stands for the Poisson bracket. As the remainder Rn+I is of the form 
Rn+I + Rn+2 + · · · we introduce sorne norm 11 Rk 11 . Then one obtains successively 
bounds for 11 Hk 11, k 2: 2, 11 Gk 11, 2 < k ~ n ( only a finite number of small divisors 
appears) and for 11 Rk 11, k > n. The bounds of 11 Rk 11 are given by means of a 
recurrence which depends only on the norm of the homogeneous parts of the initial 
Hamiltonian, 11 Hk 11, and on the current small divisors which appear till order n. 

In a ball of radius p in the ( Q, P) variables one has 

1 Rn+l I< L /IIRkll, 
k>n 

where 1 1 denotes the sup norm. In a similar way we can bound ljjl, the speed of 
diffusion. 

Given T, 8, there exists an initial radius, p0 , such that if (Q, P)t=O E Bp0 then 
(Q, P)t E BPo(I+ó) for all ltl < T, where Bp denotes the ball of radius p centered at 
the origin. We remark that one obtains better results if Hk, Nk, Gk are computed 
explicitely up to sorne arder for the desired value of µ by means of a symbolic 
manipulator. 

As a result one obtains, in general, Nekhorosev type estimates (i.e., for 8 fixed, one 
has T:::::: exp(c/ l), for sorne positive constants e, d). 

• N umerical simulations ( [5], [6]) show a "stable domain" even larger than the one 
previously described for the planar case [10]. 

Partial results are known for the elliptic restricted three body problem (i.e., the massive 
bodies move on elliptic orbits), both concerning local analysis, "practical stability" ([9]) 
and numerical determination of the "stable domain" ([1], [6]). For the real problems the 
situation can be more involved. For instance, in the case of the triangular points of the 
Earth-Moon system, the most important deviation from the RTBP model is due to the 
influence of the Sun. It has been established that these points are unstable, but regions of 
practical stability ( at least for time intervals very long compared to the duration of space 
missions) exist at sorne distance from the triangular points, ranging from 1 / 4 to :3 / 4 of 
the Earth-Moon distance ([6], [13]). 

In this section we shall concentrate on the RTBP model for µ = 0.0002. There 
are several reasons for this choice. From one side it is small enough to consider that 
perturbation theory can give good approximations. From the other it is big enough so 
that one needs not a very big amount of time to detect sorne escapes. Finally it is also 
close to the actual mass ratio in the Saturn-Titan system. 

3.1 Boundaries of the Practica! Stability Region 

Near the triangular points the system can be considered as three harmonic oscillators, with 
frequencies at the point equal to w,hort, Wiong and Wvert, this one being equal to 1. For Jl small 
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the values of the w,hort, Wiong are, respectively, 1 - 27 µ/8 + 0(µ 2
) and (27 µ/ 4) 112 + 0(µ312

). 

Hence, one can also consider, as basic in a neighborhood of Ls, the frequencies Wvert, w 10 ng 

and Wvert - w,hort' whose values are of the order of 1, µ 1
/

2 and µ, respectively. 
Provided the frequencies satisfy sorne con di tions ( not too el ose to a strong resonance) 

there is a "practica! stability" region. The previous consideration on the orders of mag
nitude shows that no strong resonance occurs if µ is small, except the 1 to 1 resonance 
between the short perio<l and vertical modes. Hence, it takes an extremely large time span 
to increase the actions by a significant amount. We are interested in the global shape of 
these regions, because the results of [2] and [12] give rather pessimistic estimates. 

To this end the following experiment has been done. Given values of p, o and Z, we 
consider an initial point with synodical coordinates 

X=µ+ (1 + p) cos(21ro), Y= (1 + p) sin(21ro), z, 

and with zero initial velocity: .X- = O, Y- = O, Z = O. The L5 point corresponds to p = O, 
o = 1/3 and Z = O. Then a numerical integration is started up to a given final time. 
Points close to L5 just remain moving around it (typically on a 3D torus). But if the 
initial conditions are sufficiently far from the libration point, the projection of the orbit 
on the (X, Y) plane crosses the X axis and then it can be considered as escaped from a 
"large" vicinity of L5 • Due to the shape of sorne large tori which seem to exist even for 
large values of Z, it is convenient to take as "escape" criterion from the vicinity of L 5 the 
condition Y( t) < Y* for sorne negative value of Y*. As a practica! value one has taken 
Y* = -0.5. For the current value of µ we have found orbits lying on tori "around" L 5 

such that Y(t) reaches values up to -0.233 . The time span used for the computations 
is 10,000 times the period of the massive bodies. In the case Saturn-Titan, this means 
more than 400 years. This can seem a short time interval, but see the comments below. 

The figure 6 displays part of the results of this experiment. It gives the projection on 
the (X, Y) plane of the points which do not escape, according to the previous criterion, 
starting at the planes of Z value equal to O.O, 0.3, 0.4, 0.5, 0.6, 0.7 and 0.8. The ones with 
initial Z equal to 0.1 and 0.2 overlap the projection of the case Z = O.O. The stepsizes in 
p and o have been taken equal to 10-5 and 10-3, respectively. 

Sorne remarks must be made concerning the results. 

• For small values of µ, as in the present case, the transition from the "stable" zone 
to instability is quite sharp. This means that increasing the 10,000 revolutions to 
100,000, for instance, produces very few losses. On the other hand, most of the 
points which escape go away from the vicinity of L5 in a few revolutions. Most of 
the points which escape after a longer time go away after a time interval of the order 
of 1 / ¡t. This is related to the srnallest of the basic frequencies, Wvert - w,ho,,, as said 
before. 

• For the planar case it is seen that the nonescaping points fill an area that we want 
to identify. To this end take the zero velocity curve (z.v.c.) passing through the 
collinear point L3 , located beyond the larger body at a distance rather close to the 
distance between the massive bodies. The z.v.c. corresponds to points (X, Y) at 
which the rnassless particle at rest has a given value of the energy, in our case the 
same energy that at L3 . The upper part of this curve (on Y> O) goes, in the angular 
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Figure 6: Projections of sorne sections of the global stability region around L5 for 
p = 0.0002. See additional explanations in the text. 

variable, from a= O up to a value which tends to O:/im = cos- 1 (-(2 1
/

2 
- 0.5))/1r ~ 

1.56.09 degrees, when µ tends to zero. Consider the curve with p = O (that is, 
at unit distance from the larger body). Then the z.v.c. is located at a distance 
0(µ 112 ) from it. More concretely, there is a function K(a) having a double zero 
at a = O and a simple one at o: = O:/im such that the z.v.c. is described by p = 

±(J((o:)µ) 112 + O(µ). The "boundary" of the stability region on Z = O seems to be 
P = ±½(J<(o:)µ)1/2 + O(µ). 

• There is numerical evidence that, in the planar case, the boundary of the "stability" 
region is related to the stable and unstable manifolds of the center-stable manifold 
at L3 ( see [6]). This is a codimension 1 manifold. In particular it contains the stable 
and unstable manifolds of the family of planar Lyapunov orbits around L3 . 

• The full set of points in the "stability" zone with zero synodical velocity, in the 
spatial RTBP, seems to be on a thin shell. The shape of the shell is essentially 
circular in the horizontal direction and parabolic in the vertical one. Cutting the 
"stable" zone by o: = 1 /3, the central point, as a function of Z, is close to p = 
-o.24sz2

. 

• There are families of unstable 2D tori which play also a role in the boundary of the 
"stability" region, as we shall show in the next subsection. lf the initial value of Z 
is small these tori reach a vicinity of the L3 point. Their sections through Z = O 
have positive X values. For large initial values of Z, the sections through Z = O of 
the 2D tori which seem to be at the "boundary" of the stable region have negative 
X values. 

Summarizing, according to the numerical experiments in the planar case, most of the 
stable motions take place in tori 2D and they are "bounded" by planar periodic orbits of 
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the Lyapunov family around L3 . In the spatial case, most of the stable motions take place 
in tori 3D and they are "bounded" by 2D tori associated to the 1 to 1 resonance between 
the short period and the vertical frequencies. These 2D tori are located at different places 
depending, mainly, on the initial value of Z. Of course, high order resonances play a role 
and give rise also to chains of heteroclinic connections taking points away, probably from 
any neighborhood of any stable point, but this requires a very large amount of time and 
this mechanism can only be seen for rather large values of µ ( say, of the order of 10-2 ) . 

3.2 U nstable 2D Tori: Detection and numerical computation 

The figure 7 shows the first 100,000 itera tes of the Poincaré section through Z = O of points 
starting at rather close points. The first one has been computed with p = -0.1506066340 , 
a= 1/3, Z = 0.8 and zero synodical velocity. The second one differs only in the last digit 
of p, which has the value -0.1506066339 . They show, not only the sensitive dependence 
with respect to the initial conditions, but also the existence of a 2D torus which separates 
both kinds of motion. 

To make last assertion more clear figure 8 shows the first iterates of the Poincaré map, 
starting at both initial conditions, on the same plot. After passing close to a hyperbolic 
invariant curve ( the intersection of the 2D torus with Z = O), the orbits separate in an 
exponential way. lt is worth to mention that the motion of the point not lying on a 3D 
torus approaches, in the sequel, several other 2D tori. Looking at suitable time intervals 
it seems to be rather close to sorne 3D tori, but this one changes ( usually in a fast way) 
from time to time. This is an evidence of the homoclinic/heteroclinic tangle of the spatial 
RTBP. 

We are interested now in the computation of this unstable 2D torus. To this end we fix 
an energy and use the Poincaré section through Z = O. In this way the problem reduces to 
compute an invariant hyperbolic curve of a 4D symplectic transformation. As there are, in 
general, cantorian 1-parameter families of such ob jects, we should also fix sorne rotation 
number. To select sorne values of energy and rotation number we proceed as follows. The 
energy has been choosen (in sorne arbitrary way) as the average of the energies of the 
two previous orbits. To have sorne rotation number, first, we look at the iterates of the 
two previous orbits which remain close to the desired curve. It is possible to obtain the 
successi ve maxima and mínima in any one of the current variables ( X, Y, X, Y, the value 
of Z being derived from the energy relation (5)) by using interpolation of the different data 
versus number of iteration. This gives a rotation number v ~ 0.02189307, that we shall 
use in the sequel. It is also important the inverse of this number N = 1 / v ~ 4.5.67656. 

To compute a periodic orbit ( either stable or not) for a map is, in theory, a simple 
problem. Assume we denote the map as T and we look for a periodic point of minimal 
period k. lf p is a point in the orbit, we set the equation Tkp - p = O and we try to solve 
it by using, for instance, Newton's method. To have success we need sorne conditions on 
the properties of the orbit and the initial data should be close enough to p. Furthermore 
sorne technical difficulties can occur, for instance if sorne of the eigenvalues of D(Tk)(p) 
is very large. In that case a common and very efficient procedure, to solve this difficulty, 
is based on parallel shooting (see, for instance, [14] and also [3]). 

The problem is different in the case of an invariant curve. Of course, one can use 
expansions, as we did in the previous section, if we have sorne information on a nearby 
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Figure 7: The first 100,000 iterates of the Poincaré map through Z = O starting with zero 
synodical velocity at a = 1/3, Z = 0.8. Top: initial p = -0.1506066340. Bottom: initial 
p = -0.1506066339. 
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Figure 8: The first .5,000 iterates of the Poincaré map for a point on a 3D torus and the 
first 4,165 iterates of an escaping point. See the initial data on the caption of figure 7 . 
Both remain for near 2,000 iterates close to an invariant curve of the Poincaré map. 

problem, or if the curves are close to sorne known point. Another possibility is to look for 
a representation of the coordinates of the curve as a ( truncated) Fourier series and to set 
up a system of equations for the coefficients. This is efficient when the expression of the 
map is available explicitely. In the present case we want to proceed by direct numerical 
methods. 

As we do not have a return map, as in the case of the periodic orbit, it is possible to 
synthetize it. We look for a fixed point R(p) = p of the return map R, where R, = TN 
with N = 45.67656. Certainly we can not compute the power 45.67656 of the Poincaré 
map, but it is possible to compute the powers in a range [N1 , N2] containing the desired 
value of N and compute R, as well as its differential, by interpolation. However the 
numerical problem has not an unique solution. Indeed, all the points on the curve must 
be fixed points of the synthesized return map. To determine an unique solution we can 
fix sorne of the coordinates of the point p. 

In the present problem we have fixed the value of Y = Y* = 0.3897977. This is an 
arbitrary choice because any choice not too close to the extrema values of Y on the curve 
could be used, The value that has been taken corresponds to one of the iterates of the 
Poincaré map for the point sitting on a 3D torus. This iterate will be taken as starting 
point of the Newton method. Only 3 coordinates (X, X, Y) remain now free, and they 
are obtained successfully. Note that the Y coordinate of the return map is not asked to 
coincide with Y*. This should happen automatically, and is being used as a check of the 
computations. The Newton process is stopped when the return errors are below 10-13

. 

This is attained in 4 iterates of the procedure. The check of the initial and final ,·alues of 
Y gives also a difference below 10-13 . The results are shown in figure 9. 
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The differential of the return map DR also provides an estímate of the hyperbolicity 
of the invariant curve. The dominant eigenvalue is >-max ~ 1.24568, which implies a 
clominant eigenvalue for the Poincaré map along the curve >-map ~ 1.004821. This is a 
very mild instability which makes the numerical computations much simpler. 

\Ve want to remark that it is possible to use a continuation procedure to compute other 
invariant curves, either by changing the energy, the rotation number or both. When the 
rotation number takes a rational value (and in the computer approximation this is always 
the case!), the invariant curve generically do not exists and it is probably replaced by a 
couple of periodic orbits of elliptic-hyperbolic and hyperbolic-hyperbolic type. Hence, 
there is no reason at all that any point of these periodic orbits be located on the hyperplane 
Y = Y*. However, the numerical method can still produce sorne result without any 
problem. I tried this both with rotation number v = 1/45 and v = 1/46 without trouble. 
The reason is, obviously, that the return map (T45 or T46 in this case) has a so slow 
clynamics that it is below the tolerance of the method (10-13

). To see that the method 
fails in this case it is enough to do all the computations with a higher accuracy. 

3.3 A Generalization: N umerical Computation of invariant 
Tori 

The procedure described in the previous subsection can be generalized to the direct nu
merical computation of invariant tori of flows and maps under reasonable conditions. For 
simplicity it is sketched here in the case of maps. The case of flows can be reduced to 
this one by using a Poincaré section. It is important to mention that only a local section 
is needed. 

First we reformulate the procedure above. Let T 1 = R/Z be the standard lD torus 
which is considered as parametrized by values ranging in [-0.5, 0.5). The map on the 
invariant curve is conjugated to the map x --+ x + v and, hence, after k iterates the 
current value of x is x + kv (mod 1) . By taking several values of k (in the concrete 
example above we have taken k from 38 to 54), one obtains several values of x around O. 
By interpolation it is possible to compute the return map R. 

In the general case, we look for an m-dimensional torus where the dynamics is con
jugated to the map x --+ x + v of the standard torus Tm = Rm ¡zm, v being now in 
Rm and satisfying nonresonance conditions: ( k, v) E Z for sorne k E zm implies k = O, 
where (,) denotes the scalar product in Rm. We assume that all the constrains due to 
first integrals have been taken away and we consider directly the reduced problem. As 
we are interested on an m-dimensional torus we fix m coordinates of the point p we are 
looking for. Furthermore we assume that the total dimension n is at least 2m and that 
a variation of the additional n - m coordinates produces a variation of the frequencies 
v, provided they exist (probably they do only exist on sorne cantorian set), which is not 
clegenerate, in the sense that the differential of the frequencies with respect the additional 
variables has maximal rank. It is also supposed that the remaining n - 2m coordinates, 
if any, are associated to eigenvalues different from l. Hence we are assuming, implicitely, 
that the dynamics along the torus is reducible to constant coefficients (see [7] and [8] in 
this clirection). 

Then one considers different itera.tes of T with number of iterations k1 , k2 , ••• , kq such 
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Figure 9: An invariant hyperbolic curve for the Poincaré map through Z = O of the RTBP 
as is seen in figure 8. (a) the (X, Y) projection of the curve. (b), (e) and (d) display the 
(X, Y), (X, Z) and (Y, Z) of points on the corresponding 2D torus. 
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that on the standard torus the related values of x (k1 v, ... , kqv (mod 1)) fall on a prescribed 
neighborhood of O. Then, it is possible to synthesize the return map Ras the value at zero 
of sorne interpolating function, taking the value Tk1 (p) at the point kjv,j = 1, ... , q. The 
condition to be imposed on pis that the n - m free coordinates should satisfy R(p) = p, 
the remaining m coordinates being used as an additional check. This equation can be 
solved by Newton's method and the required differential is obtained also by interpolation. 
Finally it is possible to obtain the eigenvalues of T in the additional n - 2m coordinates 
from the differential of the return map. 

This procedure is being tested now in different examples, either conservative or not. 
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