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Abstract

A general way of constructing classes of goodness-of-fit tests for
multivariate samples is presented. These tests are based on a random
signed measure that plays the same role as the empirical process in the
construction of the classical Kolmogorov-Smirnov tests. The resulting
tests are consistent against any fixed alternative, and, for each sequence
of contiguous alternatives, a test in each class can be chosen so as to
optimize the discrimination of those alternatives.

Résumé

Processus empiriques transformés et tests de Kol-
mogorov-Smirnov modifiés, pour des distributions
multivariantes.

On considére ici une méthode générale pour construire certaines
classes de tests d’ajustement pour des échantillons multivariantes. Ces
tests sont basés sur des mesures aléatories signées qui jouent le méme
réle que le proces empirique pour la construction du test de Kolmogorov-
Smirnov classique. Les tests resultants sont efficients et consistents
sous toute alternative, et, pour chaque suite d’alternatives contigiies,
on peut choisir dans chaque classe un test que maximise la discrimina-
tion de ces alternatives.
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1 Introduction.

The empirical process associated to the sample { X} of size 1 with respect
to the probability distribution Fy on £ = R%,d > 1, is the signed measure
bz : A+ br(A) = lzeay — Fo(A), evaluated on the random point = = X.

It is well known that when X has distribution Fp, bx satisfies the prop-
erties

Ebx(A) = 0 for every measurable set A, and

Ebx(A)bx(B) = Fo(AN B) — Fy(A)Fy(B) for every measurable A, B,
which mean that bx has the same first- and second-order moments as an
Fy-Brownian bridge.

As n goes to infinity, the empirical process

1 n
bh =—= ) by, 1
== Z} (1)
of the sample {X},..., Xn} of i.i.d. variables with distribution F' converges

in distribution to an Fp-Brownian bridge b when F = F,. When F #
Fy instead, b, behaves asymptotically as the sum of an F-bridge ¥ and
the deterministic term /n(F — Fp) that tends to infinity in the supremum
norm as n — oo. This gives a well known justification for the classical
Kolmogorov-Smirnov test of Hy : F' = Fp (see [5]).

Let us introduce a family of alternatives F(™ (7 in a neighbourhood of
0) contiguous to F(©) = Fp, with density f(” with respect to Fp, and such
that there exists an L2(€,dFp) function k satisfying

(-5

When (2) holds, the function k necessarily satisfies
[ k@dFs(@) =0, 3

and can be obtained as the LY(&, dFp)-limit of (f() —1)/7 as 7 — 0.

We shall assume that we are especially interested in detecting the se-
quence of alternatives Hy, : F' = Fi,) = F©/V™)_ where n is the sample size,
and ¢ is a fixed parameter introduced for further convenience of notation.

Under H,, bn(A) converges in distribution to the sum of bFe plus the
deterministic drift

. Vi Bbyx,, -(4) =6

—0asT—0" (2)
L2

OEbx . (A)
or

=8 /A k(z)dFo(z)



(c.f. [13]). That drift measures the sensitivity of the test based on b, with
respect to Hy.

The aim of this paper is the construction of goodness-of-fit tests based
on signed measures W, (x € £) such that

e when z is replaced by a random variable X, the resulting measure
wx (A) evaluated on any measurable set A is a random variable,

e the measure W, = n~ /23" | 1y, associated to the sample has some

normalized limit distribution under Ho, and also

e the asymptotic distributions of @, under Hy and under H,, differ as
much as possible.

These random measures will play, in the construction of our tests, the
same role as the empirical processes, in classical Kolmogorov-Smirnov tests.
Each of them will be called a Transformed Empirical Proces (in short: TEP).

For technical convenience, we shall impose that the second-order mo-
ments of wx coincide with those of a Wiener process, normalized by the
requirement that its total variance be one. Thus, under a Central Limit
property to be established, the limit distribution of W, = n~Y2 3"  wy,
will be a normalized Gaussian process with independent increments.

As a consequence, we pose ourselves the problem of finding signed mea-
sures Wy verifying

(i) Ewx(A) = 0, for all measurable sets A and the random variable X
distributed as Fp,

(ii) Ewx(A)wx(B) = V(AN B), for all measurable sets A, B, the random
variable X distributed as Fp, and some probability V on £, and
7 OEw (&
(i) JEwx, (£) > W (€)
or =0 or =0
of (i) and (ii), and the random variable X, distributed as F(.

for any ), satisfying the analogue

Conditions (i) and (ii) do not require further explanation. As for Con-
dition (iii), notice that it imposes the drift of our TEP to be as large as
possible on the set £ of maximum variance. The adecuacy of such heuristic
requirement will be verified a posteriori, from the properties of the resulting
tests.



Let us point out that the problem of finding processes wx satisfying (i),
(i), (iii), is implicitely solved in [1], [2], where goodness-of-fit tests asymp-
totically efficient are obtained for univariate samples. In this article, we
solve it explicitely, extend the solution to a multivariate context, and, for
each family of alternatives as in (2), provide multivariate consistent tests,
efficient for that family.

In the sequel, £ is always set equal to R%, and the examples in §8 are
developed for d = 1 and d = 2, but most results apply to more general
spaces, particularly the extension of isometries described in §7.

2 A formal L? construction of the TEP.

2.1 Isometries and associated TEPs.

Let us assume for simplicity that the probability V' appearing in (ii) is
absolutely continuous with respect to Foy, and call a? its density, that is:

V() = /A 2(x)dFo(z), / 2(z)dFo(x) = 1.

We shall assume further that a is Fp-a.e. different from zero, that is, Fp and
V are absolutely continuous with respect to each other.

We shall denote (»,+) and (s, )y the inner products in L?(&,dFp) and
L?(&,dV) respectively. From an orthonormal basis ¥ = (19 = 1,91,%2,. . .)
of L%(€, dFy), we may construct the new sequence of functions

U = () )izo,..., ¥ (x) = Yi(x)/a(z),

which is an orthonormal basis for L2(&,dV).
Conditions (i) and (ii) can be replaced by the requirement that the Fou-
rier coefficients

a(@) = [ v Wdis ()
of di,/dV with respect to ¥V satisfy
Eai(X) = (1) = B [ ¢! (@)diox (2) = 0
and

Ba(X)e;(X) = (a,e5) = B [ v @)dox @) [ v} (2)divx (2)



= [ W@ @V = @ )y =&,

Consequently, C' = (¢;)i=o,1,... is required to be an orthonormal system
in L?(€,dF,) with all its elements orthogonal to the constant 1, in order
that (i) and (ii) hold.

Expand now wyx,(£) = ¥; ai(X;) (Y, 1), and compute

OEwx, (€)  lm E(ci(X:) — a(X))
or T

=0 =0 i

W/, v =

Y [a@h@aRE)e = Sl ks = Sifa, @

where kL, a; are the i—th Fourier coefficients of k and a with respect to the
orthonormal systems C' and ¥, respectively.
Let us introduce now the isometry 7 that maps ¥ onto C, that is,

T: L%(&,dFy) — L*(€,dFy), vi—Tyi=c, i=1,2,.... (5)

The last term in (4) equals (k, Ta), and therefore Condition (iii) holds
when C and a are chosen to minimize the angle between 7a and k. This is
accomplished by selecting Ta = k/||k||, provided the span of C contains k.
This will be ensured by imposing that the span of C, that is, the range of
7T, be the orthogonal complement 1% of 1 in L?(, dFp).

The conclusions obtained so far can be summarized in the following
statement:

Proposition 1 The measure W, with formal Fourier expansion

xS
Wx(A) =Y ci(z)(ala, vs) (6)
=0
satisfies (i), (i), (iii), when ¥ = (vi)i=1,2,.. 15 an orthonormal basis of
L*(&,dFy), T is an isometry on L2(E,dF,) with range 11, C = (¢i)i=12....
is the image of ¥ by T and the function a has the property Ta = k/| k||
In that case, the objective of our optimization has the value

OEux, (£)

S| =tk Ta) = k. ™

Remark 1.1 The preceding proposition gives a formal solution to our prob-

lem for each orthonormal basis of L*(E,dFy) and each isometry T with range
1+,



Remark 1.2 By replacing ¢;(z) by Tvi(x) in (6), and using the linearity
of T we obtain

(e o)

W.(A) = TY_(ala, i)y = T(ala), (8)

=0

and this implies in particular that W, depends only on the isometry T, but
not on the orthonormal basis V.

Let us finally introduce the notation
w{*T(A4) = T(ala) (9)

for the measure associated to the isometry 7 and the score function a €
L%(&,dFy).
After Remark 1.2, me may reformulate our previous statement:

Proposition 2 The measure (9) satisfies (i), (ii), (iii) and (7), when T is
an isometry on L2(E,dFy) with range 11, and the score function is chosen
asa = T~ lk/|k].

2.2 Constructing the TEP as a stochastic integral with re-
spect to the empirical process.

From equation (9) and the orthogonality of the range of 7 with respect to
1, the expression

w$T(4) = T(@)(X) = [ Taladl g

= /T(alA)d(l.gx -FR)= /T(alA)de (10)

follows.
From (10) we derive an expression for

1 n
(@, T) _ (a,7)
w =—=) Wy, (11)
" Vg
in terms of bn, namely:
we T (z) = / T(als)dbn. (12)



2.3 Transformed empirical process in £ = R%

We adopt the expressions (10) and (12) as the definition of the transformed
empirical proces:

Definition 1 The transformed empirical process of the sample {X1, Xa,

.., Xn} of E-valued random variables, associated to the probability distri-
bution Fy on &, the isometry T on Ly = Lo(E,dFy) with range equal to the
orthogonal complement 1% of the constant function 1, and the Lo-function
a with ||a|| =1, is

w@D(A) = / T(ala)dbn. (13)

No attention has been paid to the convergence of the Fourier expansions
involved in the arguments that motivated Definition 1, but straightforward

computation of moments shows that properties §1 (i), (ii) hold when o is
(a,7) (a,T)

replaced by wx’"’ or wn'"’. Moreover
OEw T (€
Pk B - [ka)Ta @)
=0

so that (iii) holds with wg?’ﬂ substituted for Wy, where & = T~ 1k/||k]|.
We show in section §3 that, under suitable assumptions on 7, a, a Central
Limit Theorem holds for the TEP so defined.

3 Asymptotic properties of the TEP.

Let us consider the TEPs (wS,a'T)),.:l,g,,,_ with respect to Fy constructed over
triangular arrays of i.i.d. variables X, 1, Xn2,...,Xn s with distribution
function F(™. We describe separately the limit properties of the TEPs for
n — 00 in two cases, when F(™ = F £ Fy is the same fixed distribution for
all samples, and when F(™ is a sequence contiguous to Fp.

3.1 Unboundedness under fixed alternatives.

The expectation of wg?’T)(A) when X has distribution F is
[ T@U@d(F@) - F@) = [ T(a1a)@)dF (@) = (T(a14), dF/dFy).

Let us call g the projection of dF/dFp on the range of 7. Then Ew&?’T)(A)
= {ala,g) = [, agdFy. From this expression we are lead to the following.

6



Theorem 1 If [, agdFy # 0 for some A in a family of sets J, then

lim sup |wa(A4)| = +o0a.s. (14)
n=0 AT

Corollary 1.1 When J = {(a,b] : a,b € R?%} or J = {(—0,b] : b € R%},
then (14) holds.

The conclusion follows from the assumptions that 7 has range 1+ and
a is a.e. nonvanishing.

3.2 Gaussian limit under the null hypothesis and contiguous
alternatives.

Replacing the empirical process b, in (13) by the Fy—Brownian bridge b,
one obtains a Wiener process w(®7)(A) = [T(ala)db, indexed on A (A in a
given family of sets J). Following Ossiander ([14]), the convergence in dis-

tribution of the transformed empirical process w”) to w(*7) is guaranteed,
under the null hypothesis Hp, by the assumptions

T(ala) <G for some G € La(€,dFp) and all A € J, (15)
of uniform boundedness of the family
G={T(alys): A€ T}, (16)

and

1
/ \/log N[(f)(e G, Fo)de < oo (17)

about the boundedness of the Lo(Fp)-metric entropy with bracketmg N“ ,
which is defined by:

(2)(5 G, Fy) = min{k : there exist sets i/ and £ with cardinal » of Lo(Fp)-
functions such that for each f € G thereexist u e H andl € £
such that | < f <u and |ju —||? < €2}. (18)

As for the asymptotic distribution of we™ (A) under H,, it follows from
Le Cam Third Lemma and the assumption (2) (see [11},{13]) that it is the
same as under Hy plus the bias é [, k(T a)dFp.

The following statement summarizes the asymptotic behaviour indicated
above. The assumptions in (i) must be verified for each particular isometry,
as will be done below for the examples in §8.



Theorem 2 Let {X,,...,Xn} be a sample of £-valued i.i.d. random vari-

ables with distribution F and wﬁ,a’T)(A) the transformed empirical process of
that sample associated to the probability distribution Fy on £, the isometry
T on Ly = Lo(&,dFp) with range orthogonal to the constant function 1, and
the Lo-function a (||a]| = 1), as introduced in Definition 1.

(i) When the assumptions (15) and (17) hold, {wﬁ“’T)(A) :A € J} con-
verges in distribution to the Wiener process {w'*7)(A) : A € J} with
covariance function

Ew®D(A)w@T)(B) = / a2dFp,
ANB

under the null hypothesis Hy : “F = Fy”.

(ii) When, in addition, the family of probabilities F(™) on £ with density
£ with respect to Fy satisfies (2), then {wT(4) : A € T} con-
verges in distribution to {w»T)(A) +6 [ W k(Ta)dFy : A € T}, under
the sequence of alternatives Hy, : “F = Fé/Vn)»,

These results justify the test procedure described in next section.

4 The goodness-of-fit tests.

We propose to test Ho : “F = Fp” by means of the critical region

sup | wT)(4) |> c(a)
AeT

with Ta = k/||k|| and ¢(a) such that

P{sup | w®D(4) |> c(a)} < o,
AeJ

where a is an upper bound of the asymptotic level desired for the test.
The family J of measurable subsets of £ is chosen rich enough to generate

the o-field of measurable sets in &, but not so large that sup ¢ 7 | w@7)(4) |

be unbounded. It is assumed that J contains £. Moreover, the compromise

in choosing J is that a CLT

lim sup |in(A4) — w¥ (4)] =0 (19)
AeT

n—oo



holds for copies w, of wﬁ{i’ﬂ and a V-Wiener process w", and also

for F # Fo, there is A € J such that F(A) # Fp(A). (20)
We shall choose for J either the family of all generalized intervals
T = {x?:l(pi,(h] P —0<pi<g L0, i=1,2,...,d}
or the family of translations of the negative orthant
Jo = {x% (~00,qi] : i <00, i=1,2,...,d}.
Since £ € J, the asymptotic power of the test for H,, is greater than
P{w®T(€) + 8|kl| > (@)} = B(—c(a) + b|Ik]).

An argument as the one used in [2] or (4] shows that when the level a and the
probability 3 of type I error are sufficiently small, the asymptotic relative
efficiency of our test with respect to the Maximum Likelihood Ratio Test
can be chosen as close to one as desired. In this sense, the test has optimum
efficiency.

For other values of a and 3 there is a reduction in the efficiency, due to

the use as the test variable of the supremum of w®T) over a family of sets
instead of the value of the same process on £. This is the price to be paid
for the consistency against all alternatives.

5 On the construction of isometries and their as-
sociated transformed empirical processes.

Let us notice that any isometry 7 on L?(€,dFp) with range contained in 1+
= {f € L*(&,dFp) : (f,1) = 0} induces an orthonormal system ¥(7) = (1,
T1,7%1,...,7T4,...).
Conversely, given any orthonormal system ¥ = (1, 91, ¥2, . . .), the linear
transformation 7(¥) on L?(€,dF,) that maps each v; onto ¥;;1, i =0, 1,
.., is an isometry with range in 11. In addition, when ¥ is a basis, the
range is 1+ and therefore it contains any function k with the property (3).
These observations imply that the isometries needed for the construction
of TEPs may possibly be obtained from known orthonormal systems in
L%(&,dFy).
In subsection §5.1 we indicate the analytical form of the shift 71, in-
duced by the Laguerre Polynomials on L2(R*,e~%dz). A simple analytical



- property of T, reflected in equation (23) gives an alternative way to obtain
‘this isometry.

For a given orthonormal system ¥, it is not easy in general to find the
explicit analytical expression of the shift operator that maps each ¥, onto
Yn+1- We describe it for a particular example in §5.2: the orthonormal
system of Tchebyshev Polynomials on L2 = L%([-1,1],dz/(rV1 — z2)).

The normalized Hermite polynomials h,(x) = Hn(2)/vnl,n=0,1, ...,
where e==t%/2 = T2 Hn(z)% ([17)), constitute an orthonormal basis of
L% = L*(R,e~*"/2dz/+/27). An explicit writing of the shift that maps h,
onto hn4 in terms of integrals of the Poisson kernel (see [12] for the form of
the inverse shift), leads to cumbersome computations so that the alternative
approach, namely, the generalization of equation (23), is adopted in §5.3 to
construct an isometry 7 g on that space.

By means of changes of variables, the isometries in §5.1 §5.2 and §5.3in-
duce others on different L? spaces on R, as described in §6, and the latter
ones can be used in the construction of new isometries on L? spaces on R¢
as shown in §7.

The Laguerre shift (29) has been used many times in probability theory
and statistical inference: for instance, let us mention that Brownian bridge
is constructed from Wiener process by means of its inverse in [9], that Efron
and Johnstone [6] and Ritov and Wellner [16] use (29) and its inverse in
connection with hazard rates (Some properties of both isometries are de-
scribed in [7]), and that E.V.Khmaladze ([10]) introduced (29) in statistical
inference, specially emphasizing some associated martingale properties. We
use it as our main example because of its very simple analytical expression,
but do not apply any martingale approach.

5.1 The Laguerre shift.

The well known Laguerre polynomials {L, : n = 0,1,...} are an orthonor-
mal basis of L2(R,dFp), with Fo(x) = Fy([0,2)) = 1 — e~%, and they are
obtained by means of the iterated application of the mapping

x
h(e) = Trg(e) = g(@) - [ g(®)de (21)
to the first element of the basis, the polynomial of degree zero Ly = 1:
Lu(z) = (=1)"T{ Lo(z) (22)

(see, for instance, [17], as a general reference).
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This implies that 7', is an isometry and, for each g € L2(R,dFp), TLg
is orthogonal to the constant 1.

Both properties of 71, folow immediately after plain calculations, and,
conversely, imply (22). The clue to show that 7 is an isometry is the
equation

TLg(@)T Lh(@)fo(@) = g)h@)fo(@) - = (folo) [ g0ae [ (o)

(23)
and the fact that lim; o fo(z) J5 g(t)dt fy h(t)dt = 0.

5.2 The Tchebychev shift.

The Tchebyshev Polynomials To(x) = 1, Ty (x) =v/2 cos(n arccos ), n = 1,
2, ... are an orthonormal basis of L2 = L%([-1,1],dz/(mv1 —z?)). The
isometry 7t that maps each T}, onto T,,+) can be described as follows:

‘Given u(z) € L2, let us assume first that (u, 1) = f_ll u(z)dz/(rv1 — z2)
= 0. Perform the change of variable a(]t|) = u(cost), —r < t < 7, obtain
an analytic function A®) on D = {¢ = re : |¢| < 1} such that @.(t) =
R h™(re't) converges in L3((—=, 7], dt)-norm to i(] t |) as » — 1 and take
the L?((—m, ], dt)-limit

- (w)
v(cos t) r=l|lg|l-1-»1§R<h €).

This limit is the image v = T7u of u.
The function A(*) is determined up to an imaginary additive constant,
and the one satisfying Sh{*)(0) = 0 is obtained by integrating the Poisson

kernel: L vy
Wy — L zriaz
B9(¢) 2m/c“(§’“>z_< 8

1 7 1 —r2 + 2irsin(s — t)
= 5;/_"u(coss) (1—-2rcos(s—-t)+r2 ds = u(cost)

—2rcos(s —t) + 12

4o [ (ucoss) —u(eos)) | ;
ox | (u(coss) —u(cos ]
Taking the limit in

R ¢RM(() = reost u(cost)

—r2 + 2irsin(s — t)) p

+% /:r(u(cos $) — ufcost)) (7‘(1 —r?)cost — 2r?sin(s — t) sint) ds,

1 —2rcos(s—1t)+r2

11



one obtains
Tru(cost) = lin} R ¢h¥(Q)

+2—17r- /_ 7:r(u(cos s) — u(cost)) <—1si—n§:sos—(st)~sitr)1 t) ds
sin(t) [™ u(coss) — u(cost)
27 /_" tan((s — t)/2) d

Any u(z) € L2 can be written as the sum of the constant (u,1) and
the function u(x) — (u, 1), orthogonal to 1. The image of (u,1) by 7r is
v2(u, 1)z, and the image of u(z) — (u, 1) is obtained as indicated above.

It may be noticed, in particular, that the images by 77 of functions such
as the product a(-)1.(-) of a continuous nonvanishing function a times the
indicator function of a half line are not bounded. This makes this isometry
useless for our present purposes.

= cost u(cost) —

5.3 An isometry associated to normal distribution.

Let o(z) = e~*/2/y/21 denote the normal density. The analogue to (23)

59(@)S{(2)p(z)
= g@hiz)ea) - (Viel [Vt g@de/lal [* it odo@), 29
where
S i f@)~ () —sgnayflal [ \/le f(0)at (25)
and

lim y/Ja] /0 “ it g0)dty/ial /0 “ it At)dto(z) = 0

imply that (25) defines an isometry S on L?(R, ¢(z)dx).

S maps even functions onto even functions orthogonal to /[z], and odd
functions onto odd functions orthogonal to sgn(x)+/[z]. As a consequence,
the range of S is orthogonal to sgn(z)+/]z] and \/[z], but not to the constant
1 as required. The new isometry 7 g given by

f, f odd
Tuf = { Sf+ ﬁ(Sf, 1) (u—1), feven,

where u(z) = V[2I/IV]-TIl = ¥/7/2/1al, cosy = (1,u) = ¥/1/7 I(3/4),

has range orthogonal to 1.

(26)

12



Since any function f is the sum of an odd part f °(z) = (f(z)— f(-2))/2
and an even part f ¢(x) = (f(z) + f(—x))/2, (26) completely defines Ty,
which can also be written as

ja
Tuf(@) = @ —lal [ V1 s+ 1o (51 D(u@) 1) (21)
The inverse of S is given by
(S~'h)(z) = h(z) - ;(—-‘/‘;‘E)[ > sgnt. /el (1) (2)dt

and hence
1

(T h)(@) = h °(z) + S~ (he- h e,u)(u—l))

1 —cos~y
= h(z) - 1-—- cos7<h % up(u —1)
T 00\/2 b e(t 1 b a1 s ”s
_m |} [ ()_1-—cos’y< yu)(u(t) - )]W() . (28)

In particular, (28) reduces to h when h is odd.

6 Construction of isometries on L*(R, dF;) for an
arbitrary probability Fj, by means of a change
of variables.

Let us assume that we are given an isometry 7p on Lo(€,dF) and wish to
construct a new isometry 7, on L%(€,dFp). The next lemma gives a simple
and general procedure for such construction:

Lemma 1 If 7 is an isometry on Lo(E,dF), then the mapping go — Tr,9o
defined by

(Trogo)(@) = (Trgo o Fy ' o F)(F~!(Fo()))
is an isometry on L%(€,dFy).
Proof. Let us assume Xo ~ Fy, and Eg(Xo), Eh3(Xo) < .
The change of variables X = F~!(Fy(Xo)) maps X, onto X ~ F,

and hence Eg3(Xo) < oo, ER3(Xp) < oo are equivalent to Eg?(X) < oo,
Eh?(X) < oo, respectively, for g = goo Fy'o F,and h = hpo Fy ' o F.

13



We may then compute

[ Trs 90Ty rodFo = ETr,90(Xo)Tryho( Xo)

= E(Trgo o Fy ' o F)(F~}(Fo(X0)))(Trho o F5' o F)(F~!(Fo(Xo)))
= E(Trg)(X)(Trh)(X).
Since TF is an isometry on Lo(€, dF'), the right-hand term equals

Eg(X)h(X) = Ego(Xo)ho(Xa) = | gohodF,

and this proves the Lemma.

6.1 Example 1. L-isometries.

From Lemma 1 applied to the isometry in §5.1, we get, for each Fp, a new
isometry

(Turo)e) =g) - [ 2D dr, (29)

on Lo(R,dFp). Its inverse
(TTrh) (&) = h(z) + 1_—115,0@ /_ ; h(t)dFo(t) (30)

is obtained by solving (29) for g. In what follows, any isometry in the class
defined by (29) will be called an L-isometry. Under suitable assumptions,
T 1, F, satisfies (15) and (17), and hence Theorem 2 applies:

Lemma 2 When |a|/(1 — Fy)® belongs to L*(R,dFy) for some positive a,
then T 1 p, satisfies (15) and (17) with J = {(—o0, 2] : ¢ € R}.

Proof. The function |T 1, (al(—coy)| is bounded by
_ ©_la(s)l
G =gl +/_°° R )

uniformly in y. Let us assume with no loss of generality that o < 1/2. The
inequalities )
< ([ _las)l )
——==—dFy(s) | dFp(x
[ (L tErgee) e

14



© (1T a(s)’? z dFy(s)
<L </—oo T rEEtRe [ Fo(s))2-20) dFo(@)

la] |* 1 /°° ( 1 )
—1)dF,
“ (1 — Fo 1 -2« —00 (1 — Fo(.’l)))l—zo‘ 1 d 0(.’13)
lal > 1
(1-F)ll 2a(1 —2a)
and the assumptions on a imply that G is in L?(R, dFp), so that (15) holds.
Given a positive ¢, let us construct a (finite) partition (zo = —oo, 1,
x2, ..., &, = oo) of R such that foreachi =1,2, ..., v,
L
/ a2(s)dFo(s) < €2/8 (31)
Ti-1
and also 2(5) (1 — 20)é?
Zi a“(s all — 2aje
——"——dFp(s) < —n—"—,
/z.--l (1 - Fo(s))*> ols) < 4
so that

z; z _ 2
/z,._l (/xi_l 1|_a | dF) dFy(z) < 28 420‘)5 20(11_ 5 =8 @)

Notice that a partition satisfying (31) can be constructed with v < 1 +8/¢?

intervals, and another one satisfying (32) requires at most 1 + %ﬁ_
The partition obtained by joining the points in both ones satisfies our re-
quirements, and can therefore be achieved with v < C/e?, where C may
depend on a (and a) but not on e.

For all y € [x;—1,%i], T(al(—0,y}) is bounded from above by

Ti—1/\ 2\ lai
U =00z, ) + iall[mi—lrxi] - [.m T_—_dF zin 1 — Fp

dFy

and from below by

i = al 1 A gp - M7 g
i —a (—o0,zi-1) |a’| [2io1,25) — [oo 0= '[Ci—-l/\' 1- FO o

lal
(|a|1[,, Lo+ / TRy

as a consequence of (31) and (32), hence N[(]) < C/€?, and the condition
(17) holds. This ends the proof of Lemma 2.

These bounds satisfy
2
<e?

llus — L% <

15




6.2 Example 2. N-isometries.

When Fj is a symmetric probability distribution function (Fo(z)+ Fo(—2) =
1), then (go Fylo®) ¢ =g °o Fy'o® and (goFy'o®)°=g°cF;'0®,
and hence, from the isometry in §5.3, we get the new isometry

|} - e
(T 1.19)(@) = 9(2) = /B 1 (Ro@)] [ X 'i@zf’f‘g c 325))(3)%@)

+ ﬁ; / S(g ®o Fy'' o ®)(2)p(2)dz (u(é”l(Fo(s:))) - 1) (33)

on Ly(R,dFp). A general version of (33) for nonsymmetric Fp is equally
easy to obtain, but its expression is even more complicated. The mappings
given by (33) are called N-isometries in the following.

Lemma 3 When |a| ¢/(p(®~1(Fo(-)))* belongs to L*(R, dFp) for some pos-
itive a, then T g r, satisfies (15) and (17) with J = {(—o00,z] : * € R}.

Proof. Proceed as in the proof of Lemma 2: Now |7 g,p,(al(_coy))l is
uniformly bounded by

jx| - e
G =lal+ i) [ AT gy

+I-—i<£§nau (1v @ (F(s)))

The first and last term in G are square integrable, because |a(-)| and
u(®~1(Fo(-))) are in L?(R,dFp). In order to verify that the middle term
has the same property, we assume again o < 1/2 and derive the inequalities

- ¢ /1®-T(Fo(s))]|a] ¢(s)
[ 17 Ea) (/o A 1(Fo(5)))
[ B RIAR) 1 o “(s))?dF(s)

0 P F() Jo 0@ (Fols))

<M [~ 1al| [ ;‘2”(2‘?:) |o(2)as

= 12 [ 12060 sty = o) 4 <
T 1-2a oo zlpiz (p1_2°‘(2) (PI_QO‘(O) 00,

2
dFo(s)) dFy(z) <

dFo(IL')

[ 17 (Rl

thus providing (15).
The estimation of the Lo(Fp)-metric entropy with bracketing is made as

in the proof of the previous Lemma, and it leads to conclude that condition
(17) also holds.
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7 Constructing isometries on Ly(€,dFp), £ space
of dimension greater than one.

When € is the cartesian product £ = R x &; the measure Fp is written
in terms of the marginal measure Fo(J) = Fo(J x &) and the conditional
measures dF§(y, ) defined on & by Fo(J x B) = [, ¢, dFo(y) [,ep AFE(Y, 2).
In other words, if X = (Y, Z) ~ Fp, then Y ~ Fp and the conditional
distribution of Z given Y =y is P{Z € B|Y =y} = [gdF§(y,.).
For each g in Lo(€, dFp), we denote

9(y) =E(@Y,2) Y =y). (34)

This new function is in La(R,dFp) and the mapping g — § preserves the
norm.

Lemma 4 If g € Lo(€,dFy) and T is an isometry on (R, dFp), then

g~ Tg(y,z) = g(y, 2) — §(y) + T§y) (35)

is an isometry on Lo(€,dFy).

Proof. Given g,h € Lo(€,dFo), let us compute (7g,Th) = E(g(Y, 2)
—§(Y) + Tg(Y)(h(Y,Z) — A(Y) + Th(Y')). The equalities Eg(Y, Z)h(Y)
= En(Y)E(g(Y,Z) | Y) = Eg(Y)h(Y), E(9(Y, 2) — §(Y))Th(Y) = 0, and
similar ones obtained by interchanging g and h lead us to write (Tg, Th) =
Eg(Y, Z)MY, Z) - E§(Y)R(Y) +ET§(Y)Th(Y) = (g,h) —(3,h) +(T§,Th)
= (g, h), and this ends the proof of the Lemma.

8 One application: Consistent goodness-of-fit to
the standard normal distribution.

As an illustration of the general procedure for the design of consistent and
efficient tests contained in the preceding sections, we describe the tests as-
sociated to the isometries in §5.1 and §5.3 for goodness-of-fit to standard
normal distribution in R and R?. Two cases are considered: In Case 1, the
tests are designed to have optimum sensibility against shifts of the mean,
while in Case 2, the alternative to be detected is a change of dispersion.
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8.1 Case 1. Tests designed for detection of shifts in the
mean.

8.1.1 The one-dimensional test
Let £ = R, Fo(z) = ®(z) = [Z p(t)dt, cp(t) = T e~ ®/2 and F™(z) =
®(xz — 7). The ratio of the densities is TGT = 14 27 + o(1), so that
k(z) =z, |kI* = [2 2p(z)dz = 1.

Example 8.1.1.1 TEP associated to the L- z’sometry

The score function is a(z) = TE’I(I,( )=x+ Wz_ JZ to(t)dt =z — 1—5)%
(see (30)), and hence the TEP for the sample { X'} of size one is

wx(z) = wx((—00, z]) = &(X)1{x<z} — /—); a(t)i{t_g;}(gi)(t)dt

- <X - 1—%) lix<z) +/XM <1 f(<;>)(t)>

(@)
= Xlix<ap + Tg gy Heexr

In order to describe the general shape of the TEPs and their response to
changes in the position or in the dispersion of the samples, we introduce the
fictitious sample of size 9: (®~1(i/10)),_ 1,2,..9» that will be referred as the
special sample in the following. Then we compute the TEPs associated to
the optimum score function 4 for the special sample, and for the shifted and
dispersed special samples (®~1(i/10) + 1);-1,.9 and (2<I>‘1(i/10))i=1’2,_“’9.
The corresponding three diagrams are presented in the left-hand side of
Figure 1.

Example 8.1.1.2 TEP associated to the N-isometry.
Since k is odd, then a(x) =T gfq,k(m) = k(x) = z, and

wx (x) = wx((—00,2]) = T N,8(*1 (00,2 ())(X)
—Xl{x<x}—\/_/X|\/—< )1{|.1:|<s}ds
_ sl
+11L(i(():os’$,/(_ {=zI<|s|} — \/—/ \[( >1{|z|<t}dt> p(s)ds

18



L-TEPs N-TEPs

"4“&1%——*
T

Figure 1: Responses to normal ( — ), shifted ( — ) and dispersed ( ~ )
samples, of the TEPs associated to L-isometry (L-TEPs) and to N-isometry
(N-TEPs), optimized to detect changes in position.

VIX] +
— Xl{Xs:c} + _5_ (IX|5/2 _ |$|5/2)

u(X)—1
1 —cos~y

2 o0
[—w(lml) + 5/|| o(s) V(s> - |w|5/2)d8] -
x
The right-hand side of Figure 1 shows the shapes of the new TEPs.

8.1.2 The test for d = 2.

Let F() be the normal distribution with mean (6) and variance matrix

equal to the identity, and let Fp = F©). The density under Ho is fo(y, z) =
©(y)p(2), and under the alternative, f(7)(y, z) = p(y—7)p(2). The densities
ratio is f(")(y,2)/ fo(y,2) = o(y —7)/¢(y) = 1 + 27 + o(r), and hence the
drift is k(y,2) = y.

We choose now the direction of the shift, namely, the y axis, to project
the plane measure on it, and obtain the corresponding marginal distribution
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- Fy = ®. Lemma 4 is now applied to construct two isometries on L2(R2, dFp),
by substituting 7 s and Ty 5 for 7 in (35):

TLr9(Y: 2) =9, 2) — Eg(y, Z) + T LeEg(-, Z)(y),
T u,r9(y,2) = g(y, 2) — Eg(y, 2) + Tu,eEg(-, 2)(y),

Z standard normal.

When g(y, 2) = §(y) does not depend on 2, Tg = T§. In particular,
since the drift k depends only on y this implies that the score functions
corresponding to 71, r, and 7 1, r, also depend only on y and each one is
given by the formula obtained for d = 1, respectively

a Ly, 2) =x—1f(—gzy) and a gy, 2) =v.

Consequently, the TEP for a single observation is, in the former case:

w5(4) = w{F M (4) = LY, D)L vzpen) - [, 8 L o))y dz

aL(y,z
+ ] P20 - sty b
and, for A = (—o0,y] x (—oo,z], it reduces to

B o(Y) e(Y Ay)
wyljz(y, z) = (Y - TQ(Y)) Ly<yzeay t+ <I>(z)1 —®(Y Ay)

As for the latter case:

wih (Y, 2) = wy Y (=00, 4] x (=00, 2])

\/TI—/T@(z) (|Y|5/2 . |y|5/2)+

=Ylyeyzea +
5/2
s ()[<P(y) 2 / plo) /5 ds].

1—cosy Cos 7y

The goodness-of-fit is tested using the critical region

max |wn(y, 2)| > ()
y,zeR

with wa(y, 2) = J= Ty wyk 7,(4, 2) or wa(y,2) = Jx Tity wy) 7, (y, 2), re-
spectively.
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A conservative region of size a is obtained with ¢(a) = —®~!(a/8),
because of the well known estimate

P{ max w" ((—o0,y], (—o0, 2]) > ¢} < 48(—c)
y,zGR

that holds for a V-Wiener process w associated to any probability measure
V.

The general shape of the TEPs, and how they are affected by changes
in the samples, is sketched in Figure 2, for the TEPs associated to the L-
isometry.

The upper part of Figure 2 shows the graph (y, z, w(y, 2)), -3 < y,z <3
of the TEP for the special sample {(®~1(i/6),®~1(j/6)}ij=1,.5, corre-
sponding to the L-isometry. As in the one-dimensional pictures, we have
introduced an arbitrary special (two-dimensional) sample with an empirical
distribution abnormally close to its theoretical distribution, assumed to be
the standard Gaussian.

The other two graphs in the same figure show the TEPs for the shifted
sample {(®~1(i/6) + 1,®71(j/6) + 1)}i=1..5 and the dispersed sample
{(2®71(i/6),2®71(j/6))}i,j=1,..5, in the same domain.

The small diagrams in the left-hand side, show the same graphs, with
the direction of vision changed to horizontal, in order to show the position
of maxima and minima. The critical planes at ¢(5%) and —c(5%) are also
shown.

A graph with points over ¢(5%) or under —c¢(5%) leads to reject the null
hypothesis of goodness of fit, at a level smaller than 5%.

8.2 Design of a test specially sensitive to changes in disper-
sion.

We choose now F7(z) = ®((1 — 7)z), and so

F@ _ o ele—13)
H@ =TT om

and k(z) = z% - 1, ||k||> = 2.

= (1 - 7)1 + 722 + o(7)),

Example 8.2.0.1 TEP associated to the L-isometry.
The score function is

a(z) = \/Li 22— 1+ 1—:—;—@ /_ ;(9 - 1)<p(t)dt]
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Original special sample:
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Figure 2: Graph of the TEPs for the two-dimensional special sample, cor-
responding to the L-Isometry, and for the same sample after changes in
position or dispersion.

22



(see again (30)) and the TEP for the sample { X'} of size one is, consequently,

XAz t2_1_ t‘P(t
L [(Xz LGSR PP g = LI

2 1— o(2) o 1-®(2)

xo(z

_ % |:(X2 _ 1)1{XSI} + r-—(b—(:)r—)l{w < X}] .

The shape of the TEPs for the same special samples used in previous
one-dimensional diagrams is shown in Figure 3.

Example 8.2.0.2 TEP associated to the N-isometry.

From (28) and k(z) = (x2 — 1)/v/2, we evaluate the score function a
numerically, and that evaluation is then used to compute the TEP wx(z) =
T u(a1l{.<})(X) by numerical integration in (27).

The shape of the TEPs for the special samples is shown in the right-hand
part of Figure 3.

The extension to d = 2 is similar to the one in §8.1.2.
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L-TEPs N-TEPs

-

P TN

Ik

Figure 3: Responses to normal ( — ), shifted ( — ) and dispersed ( «. )
samples, of the TEPs associated to L-isometry (L-TEPs) and to N-isometry
(N-TEPs), optimized to detect changes in dispersion.
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