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1 Introduction

The necessity of measuring how different two populations are appears in many
statistical problems. A wide class of indices or divergences has been used with
such a finality (for a comprehensive exposition see Burbea (1983)). We are not
able to give an universal rule for the choice of a divergence in each practical case.
Anyway, we can investigate the general properties that an index of discrepancy
should possess in order to describe a meaningful dissimilarity between populati-
ons. For instance, suppose to assemble the individuals of two finite populations
in classes Aj,...,An,. Let D(P;, P;) be a convenient function of the proporti-
ons P, = (P(Ay),...,P(An)), ¢ = 1,2, of individuals belonging to the different
groups in the two populations. We can now decide to join several classes, ob-
taining By,..., B, { < m. If P = (P(B1),-..,P(B)), it is natural to demand
that D(151,132) < D(Py, P;), since the new classification brings less informati-
on than the previous one. It is also necessary to ask that the introduction of
new artificial classes does not cause any change in the divergence. Formally, if
Qi = (q11Pz'(A1)’ s ’q1r1Pi(A1)v cee lepi(Am)7 v ’QMrmPi(Am))a 1= 1, 21 where
2221 ik = 17 ] = 17"'7m7 then D(P1>P2) = D(leQ?)'

Divergerces satisfying these two properties have already been studied by Cencov
(1972). He gives their Taylor expansion up to second order, by means of the in-
variance of the Fisher metric. In this paper we extend Cencov’s result to fourth
order, using the invariance properties of the a-connections. Following Campbell
(1986), we do not use the language of the categories.

An additional property allows us to extend a divergence to the case of when the
individuals are classified in an infinite number of groups. This property expresses
a sort of continuity of the divergence, when we let the number of classes tend to
infinity.

2 Some basic definitions

In this section, we introduce operators representing an index of discrepancy betwe-
en probability measures defined on the same measurable space.
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In the sequel, we indicate with (X, a) a measurable space. a, C @ is a finite
subo-field of a and P, is the restriction of P, defined on (X, a), to a,.

Definition 2.1 A divergence D(P, Q) is a real-valued function whose arguments
are two probability measures defined on the same measurable space.

Definition 2.2 Let (X1, a;) and (X2, az) be two measurable spaces. We say that
K : Xy x ap — [0,1] ts a Markov kernel, K € Stoch{(X1,a;),(Xz,a2)}, if it
satisfies the following properties:

1. VA; € as, K(+,Az) is a measurable map;

2. Vz, € X1, K(x1,-) 1s a probability on (X2, az);

If P is a probability measure on (Xi, a;), then K induces a probability measure
on (X2, az), KP, defined by

KP(A;) = /x K(z, A;)P(dz), YA; € as.
1

Let D(-,-) be a divergence and (X1, a;) and (X2, a2) be two measurable spaces.

Definition 2.3 D(P,Q) is said to be monotone with respect to Markov kernels if

for every P, Q probability measures on (X1, a;), and for every Markov kernel K €
Stoch{(X1, ar),(Xz,az)}.

As observed in the introduction, (2.1) is a natural property to require, since a
transformation through a Markov kernel will, in general, cause a loss of information
that is well explained by a decreasing of the divergence.

Monotonicity of a divergence function implies its invariance under a particular
class of Markov kernels. Let P be a family of probabilities on (X1, a;).
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Definition 2.4 K € Stoch{(X1,a:),(Xz2,az2)} is said to be Blackwell sufficient
(B-sufficient) with respect to P if there exists N € Stoch{(Xz2, az), (X1, a;)} such
that N(KP) = P, VP € P. We say that K is B-sufficient if P is the family of all

probability measures on (X1, a1).

Proposition 2.1 If D is a monotone function with respect to Markov kernels,
then, for every B-sufficient K,

(2.2) D(P,Q) = D(KP,KQ), VPQ.

Proof:
D(P,Q) = D(N(KP),N(KQ)) < D(KP,KQ),

that, together with the monotonicity, gives (2.2). [

This is also natural since a B-sufficient Markov kernel does not cause any loss
of information.

Corollary 2.1 The value of D(P, P) is independent of P and it is a minimum
value of the function D :
D(P,P) =Dy < D(Q,R), VPQ,R.
Proof: Given a probability measure P, it always exists a Markov kernel K, taking
every probability measure on P: K(z,-) = P(-), Yz € X. Then,
D(Q,R) > D(KQ,KR) = D(P,P), VQ,R,

proving that D(P, P) is a minimum value for D. Now, for every probability
measure P', K is B-sufficient with respect to the family P = {P, P'}, since
N(z,-) = P'(+), Yz € X, transforms P in P’. By (2.2),

D(P,P) = D(P',P') = Dy, VPP
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Definition 2.5 D(P,Q) is said to be regular if
(2.3) D(P,Q) = lim D(Pa, Qa),

for every P and Q probability measures on (X, a), where the limit is taken over the
filter of all finite subo-fields a, of a, that is, over any increasing sequence {a,}
such that (U, an) = a.

Remark. Since the restriction of a probability measure to a subo-field is a par-
ticular case of Markov kernel, for monotone divergences the limit in (2.3) is a
supremum.

The regularity condition enables us to extend to the general case a divergence
originally defined on probability measures over finite o-fields.

3 The multinomial case

In the present section we consider equivalent probability measures defined on the

measurable space (X, an, ), where a,, is a finite subo-field of ¢ generated by the m

atoms A,,...,An,. Every probability measure P on (X, a) induces a probability

measure on (X, an), defined by m values, z;...,zm, with z; = P(A;) > 0 and
=y Z; = 1. Thus, every P corresponds to a point of the simplex

m
Sm_1={Z€Rm: inzl, xz; >0, i=1,...,m}.

i=1

Sm—1 can be regarded as a surface in the differentiable manifold R™.

. ) 0o . .
There is a tangent space M, with base {X,- =gl = 1,...,m¢, associated
T
to every point ¢ € R™. If 2 € S,,,_, the derivative of a function h(z;,...,z,) along

a curve r; = 9;(t), ¢ = 1,...,m, tangent to S,,_1, takes the form }" 7, w:(t)é——
T,
Since Y 72, ¥i(t) = 1, then 7 ¢i(t) = 0 and every vector X tangent to the

simplex S;,_; can be represented as X = Yo, a;X;, with ¥, a; = 0.
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For n > m, let By,..., B, be a partition of X such that 4; = U,er, B;, @ =
1,...,m, where I,..., I, is a partition of {1,...,n}. For any probability measure
Pon (X,a),let z; = P(A;),i=1,...,m,and y; = P(B;), = 1,...,n. Thus

(3.1) m,-:Zyj, 1=1,...,m.
JEL

Conversely, define

Yi e
— lf] eI,
g = P(Bj|lAi) =4 =~
0 ifjé¢l.
Then -
(3.2) Yy; = Zqijxi, 17=1,...,n.
i=1

Note that (g;;);; is a stochastic matrix, that is: ¢; > 0, V2,75 27, ¢ij = 1, V45
and g,jqs; = 0 if 7 # s, Vj. (3.2) defines a Markov kernel f : S,y = S,_; and
(3.1) an inverse of f, so that f is B-sufficient with respect to the family of all
probability measures on (X, a,,). In fact, it is easy to prove that any B-sufficient
Markov kernel with respect to the family of all probability measures on (X, an),
can be written in the form (3.2). We call f a Markov embedding.

The jacobian map associated to f, f*: My, — M,, is defined by

(3.3) f*X,' = Eq,‘ij, 1= 1, N U
j=1

3.1 Embedding invariant structures

In the present section we consider geometrical structures defined on the simplex,
that are invariant with respect to Markov embeddings. We characterize invariant
Riemannian metrics and affine connections, showing that, up to constant factors,
they coincides respectively with the Fisher metric and the a-connections.

3.1.1 Invariant Riemannian metrics

Definition 3.1 If
(3.4) (UiVim(z) = (U, fV)aly), YU,V € Mg,
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where £ € Sp_y and y = f(z) € Sa-1, we say that f is an isometry and that (-,-)
is invariant under f. {-,-) is said to be embedding invariant if it is invariant under
every Markov embedding.

The following result was first given by Cencov (1972). Anyway, we refer the
reader to Campbell (1986) for an easier proof.

Theorem 3.1 The only embedding invariant Riemannian metrics are of the form

(3.5) (Xey X;hm(z) = 428

I ’
where A > 0 and 0;; is the Kronecker delta.
Remark. (The Fisher metric) Theorem 3.1 states the unicity, up to a multiplica-

tive constant, of embedding invariant metrics. Let u; = X; - X, 1 =1,...,m—1.

Then

(ui,u,?')m(x) = (Xi_Xm’XJ'_Xm>M(x)
o ol e 1) (),

Z; Z; Z; Tm T Tm

that is the same, up to a constant factor, that the Fisher metric in the multinomial
case, see Amari (1985, p. 31).

3.1.2 Invariant affine connections

A similar characterization can be given for embedding invariant affine connections.
For this purpose, even though the tangent space M, has dimension m — 1, it will
be better for us to work with an overdefined system of m vectors, vy, ..., v,, such
that:

1. {vi,...,vi,_,} is a base of M., V{is,...,im-1} C {1,...,m};
2. ¥ v =0.
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a . .
We choose v; = X; — -—ZX], t=1,...,m, where X; = Er i =1,...,mis the
J =1 d
usual base of M, in R™. Notice that v; € M,, £ € Sn_1, Vi = 1,...,m, since
. 1
v; = 37, a;X;, with a; = 6;; — —, and 37, a; = 0. We suppose the tangent

space is equipped with an embedding invariant Riemannian metric.

We will describe an affine connection on S,,—; through the coefficients v;;*

obtained by evaluating it on the vectors vy,...,vn:
(3.7) V., = Z"}’i]’kvk, Vi,j=1,...,m
k=1
Since {v1,...,V,} is not a base of M, v;;*’s are not Christoffel symbols for the

connection V and, moreover, they are not uniquely determined. We choose the
~;;*'s satisfying the following condition:

(3.8) Y owiF=0, Vi,j=1,...,m-1.

Condition (3.8) guarantees that expression (3.7) is a good definition for V. To see
this, let

m m
Yo Ao =3 ik,
k=1 k=1

that is .
E(’ijk - %'jk)vk =0.
k=1

Since

m—1
O—Zakvk Zak—am)vk =2 a=Qam, Vk=1,....m~—1,
k=

o

then
7z{jk - ’Yijk = ’ijm -vj", Yk=1,...,m—1.
By (3.8),

M=

k
(" = 7i*) = m(¥;" = %™) =0,

a~
1]
—



‘Monotone and regular divergences 9

that is ’yfjm = +,;;™ and

v =" Ve=1,...,m-1

;From the v;;*’s, i,7,k = 1,...,m — 1, we can easily obtain Christoffel symbols
I‘ijk for V, with respect to the base vy,...,vm-1:
m m-—1
Vv = 3 witve= 3 (i = ™ok =
k=1 k=1
m-—1 m=—1

- 7:3 +Z7¢3 vk'—zrq Vi
k=1 =1 k=1

Thus »
(3.9) Ti* =y + Y v, i5,k=1,...,m—1.

=1

Let Vv, ‘%]‘ * and Tﬂj * denote respectively the affine connection V on S,,_;, its
coefficients in (3.7) and the corresponding Christoffel symbols in (3.9). We will
omit the superscript m when not necessary.

If f is a Markov embedding between S,,—; and S,_;, m < n, then % induces
through f an affine connection on f(S,-1), an (m — 1)-dimensional submanifold

of S,_,, defined by
f* (% V(:c)) YUV eEM,,

where f*: M, — M, is the jacobian function corresponding to f. Moreover, as
a submanifold of the Riemannian manifold S,_1, f(Sm-1) naturally inherits the
affine connection of S,_;:

Vv V), VYU,V eE M,

where V is the orthogonal projection of V on the tangent space to f(Sm-1). We
can thus give the following definition of invariance:

Definition 3.2 An affine connection V is said to be embedding invariant if the
affine connection induced by V on f(S,.—1) through f coincides with that induced
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on f(Sm-1) by V, that is
(3.10) 7 (Fu Vo) =¥ V@)
for every Markov embedding f.

Next theorem gives a characterization of the affine connections defined on the pro-
bability simplex, that are invariant under Markov embeddings. Following Camp-
bell’s characterization of invariant metrics, we give a proof that does not use
Cencov’s language of categories.

Theorem 3.2 The only affine connections that are embedding invariant are of the
form

2

5,‘ d; 5:"
1it(@) =1 (xk - %—’“) + G (@ =),

where I and G are constants and §;; is the Kronecker delta.

Proof: Condition (3.10) of invariance for V can be written in terms of the vectors
Vi,...,0, of M, as

(3.11) f* (%vi U]'(:l?)) =‘—7f~,,i f*vj(y), i,j = 1,. ey M.

Consider first the case of m = n. In this situation, f(Sm-1) = Sa-1 and %
coincides with V. If f interchanges z, and z,, then f* interchanges X, and Xj,
1

. 1
and thus v, and v,. Let 2y = ... =z, that is z = (—,...,—); then f(z) = z.
m m

If + = 7, by (3.11) we obtain:

£ (V@) = * (3 (@)00) = 3 (2) ok = ¥ gou f0i(2).
It follows that:
Y (2) = 755" (2),
Yi (z) = v’ (x), 1 & {r,s},
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and . _
' (2) = ¥ss'(2), 1 € {r, s}

Since r and s may be chosen arbitrarly, we may write
¥ii' (€) = Frn

and

If 4 # j,

Fr(Vavi(@) = £ (35 (@)ve) = 35" (@) fron = V pou 705 (2)-

It follows:

Similarly,

2
3
-
3
Ve U e N e N Y
8
N’ N N’ N’
2 2
& %
“ @
8 8
N e Nt
-

where i € {r, s}, together with the simmetry condition
')’ijk = ’ink,

imply
7ijk(x) = Hm, ke {l,]}

11
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Thus, for z = (l,...,l),
m m

F,. i1=73=k
k — m J
W= H, o i#h ke{ig)
I i#3, kg {nj}
Next, let n = hm, where h is an integer bigger than one. If f), is the Markov
embedding defined by y = fi(z) = (21,.. e x};n %:1), each compo-
1
nent being repeated h times, then f*X; = =7 (Y(, Vht1 + - +Y;h) and f*v; =
1
E(U(i_l)h+1+...+uih) = 7 Z uy, where u; = Y; — -EY and R, = {(¢ —
TGR. ]—1

Dh+1,...,th}, i=1,.

For 1+ = j, we have

(8 u@) = 5 (Fatem) Fat@ru =1 5@ o

r€R;

]. m . m
- ; (“‘(w) 5w+ 3 )
reR; k#i rERy
= l(Fm Z ur + G Z u,) ,
h re€R; réR;
and
%f‘v; froiy) =
1
= ’}? Z €7u,. Us h2 Z 77-3 k(y
r,s€R; r,3€R;
1 n
= 73 Y @+ 33 Yook (y)u
reR; réR; SER;
L s#Er
= }; Z Trr (y)u" + Z Z Yer (y)uk+ Z Z Z 7r3 (y)Uk
LreR.‘ r€R; k#r reR; sse;:‘; k#r,s
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5 5 (s o)

rER; seR;
sFr
= {F Zu,+hG Zur —1)GnZur
reR; réR; réeR;

h=DL > u+(h=1)(h=2)1, Y ur +2(h—=1)Hy Y u,|.

r&R; r€R; réR;

Since %;-v,. f*vi(y) belongs to the tangent space to f(Sn—1) in y, we do not need
to project it to find V»y, f*vi(y), that is, 6:%'

Condition (3.11) implies:

(3.12) G = Gy + (h = DI,
e F, h-1 h h h
(3.13) poofn by ((hoD)(h=2),  Gh-1

h h h h
For ¢ # j, we have:

£ (Fuv@) = 5 (Ftom) Fot@fow =1 3540 T w

rERy

1 m m . m .
= o X 7M0) X wt 1) X ut Ty (0) u)
ke{i,j} reRy reR; reR,
1
= 7{ (Im z: Uy + Hm Z Uy |,
rgR,UR; r€RiUR,

and
Vs Froy) =
= h2zzv“ru3 hzzz7”
r€R; s€R; r€R; s€R;
1

=7§[ZZZ’%, uk+22(m Y)urt Voo (y)u,

rE€R; s€ER; k#r,s r€R, s€R;
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= _1_ R2I, Z u, + h(h = 1)1, Z u, + hH, Z Uy | .

2
h r¢R;UR, reR;UR; reR;UR;

6}"1/.‘ f*v;i(y) still belongs to the tangent space to f(Sm-1) in y and %7 coincides
with V.

By (3.11),
(3.14) I, =hI,
and
(3.15) H, =H,+ (h-1)I,.

Now, by (3.14), mI,, = nl, = I, that is
=L
m

By (3.15), H, — I, = H, - I, = H, so

H,=H+ i
m
A similar expression holds, by (3.12), for G:
I
Gm =G+ —.
m
Finally, (3.13) implies that %(Fm -G—-2H-1,)= %(Fn -G-2H-1,)=F,
that is I
Fpn=mF+ —+G+2H.
m
. 1 1
We can then write, for ¢ = (—, ceny ——),
m m
mF+I/m+G+2H i=j=k
fyl.k(x)= G+ 1I/m i=j#k
i H+1I/m 1# 4, ke {ij}

Ijm i#j, kg{ij}
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™ r e
Let now x = (—— .. m) where 3", r; = n, and all r; are positive integers.
n

Define )
— if 7 € R;
qi; = { T J

n
0 otherwise,

where Ri = {ri+...+rict+1,...,m1+...+7r},i=1,...,m. The corresponding
1 1

Markov embedding f maps z to y = (;, ey —). Moreover
n

F X = = (Gt oo Vo)

and thus

1
»
f U= — (ur1+...+r.-_.1+l +...+ ur1+...+r;) = E ; Up.
Ti TERn

For ¢ = 7, we have
7 (¥ wl@)) Fik(@)foe = — v,, 2 Y u,
and

n . 1 n 1
Vi ffoily) = = Z Ve =—2 Z
s 6 Ty ,SER,

T
= 3 <nF+I+G+2H)Zur+r1(G+ )Zu,
v L reR; rgR;
+ri=1 (64 )Zw’v ;T
reR; rQR
+(r; = 1)(ry Zu,+2 ( )Zur}
TGR reR

n

Since %f'u,- f*v;(y) belongs to the tangent space to f(Sn-1) in y, %=V.
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Invariance condition (3.11) gives:

m n F
755’($)=}j[nF+TiG+2TiH+;] =—+G+2H + Iz,

T T
and m Tk Tk Tk .
7iik($) = —G+—=I=G—+ [z, k#1.
r; n T;

™ T'm
For z = (—-,. ..,——), we have:
n n

(L re+GroH ==k
x;
m z .
Vi ¥ (z) =« G:v—f+[xk i=j#k
H + Iz 1#7, k€{ij}

Finally, any z € S,,—; can be approximated arbitrarily well by an z of the form

T r ) .
(—l ceey —m) Since the %]' *’s are C*° functions, then

3
n n

m 61'
(3.16) ’Y;jk(x) =TIz, + H(J{k + 6jk) + 5,']' [Gz—k + F-;Ii} , Vre Sm—1.

We can now impose condition (3.8) on the coefficients %j ks, If 1 # j, we obtain

H= —-I—; for i = j, we have F = —@G. Substituting these conditions in (3.16) gives

the result. n

Remark. (a-connections) By (3.9), we can obtain the Christoffel symbols of any
embedding invariant connection on the simplex S,,-;, with respect to the base

{v1,...,vm_1 }:
Sik + Ok

(3.17) ?ijk(x) =1 (3:;, —Im = =

)+G%(zk—xm—& ).

Let us now show that the affine connections characterized by (3.17) are in fact,
up to a constant factor, Amari’s a-connections.



Monotone and regular divergences 17

Let u; =v; —vpm =Xi—Xm,t=1,...,m—1. Then v,, = —— Z u;. Using
the repeated index convention and avoiding the superindex m,

Vu,.uj = Vv,'—vm(vj bt Um)
= V,v; = Vyvm =V, 0+ V,, vn

k k k k
Yij Uk — Yim Vi — Yim Uk + Ymm Uk

1 m—~1
= <7ijk — 7imk - ,ijk + 7mmk) (uk - E ui)

> (7ijk ~ Yim"* — Yim* + 7mmk)) Uk,

k=1

i

= (PYijk - '7imk - ")Ijmlc + ")’mmlc -

fori,j =1,2,...,m — 1. Now, by (3.8) and since

= “ dik + Om Sim <

Z%’mk = IZ (xk"“‘k?'—k) +G—Z($k—5,’k) =0

k=1 k=1 L k=1
fori=1,...,m, we have

" = 7" = Yim" = Yim" + Ymm"
for 4,7,k =1,2,...,m — 1. That is,
dir + 6 dik + Om Sik + Om Smk + Om

Lt = ,(xk__kj_fk_ 4 St e Gt G _k_t,_k)

- 2 Tk 2 k 2 kT Ty
&;i Oim Ojm 1
+G (I—j(l‘k —dik) — x—l(wk — bix) — Z(xlc ~&k) + mm(ﬂvk - 5mk)>

T; Tm T

Finally,
ml 5 1 8:i8ir\ (00 1
.. — .r — 17 _ tyvir r
ok L' = G ; (mr (-'L'z * .’I?m) Ty ) (.1‘,- + .’I)m)
1 bk
(318) = G (E — é—) y

that coincides, up to a constant factor, with the coeflicient of the a-connections in
the multinomial case, see Amari (1985, p. 43).
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3.2 An expansion for D

To study the local behaviour of a divergence D, suppose it is weakly smooth,
that is, at any point of S,,_; it admits an expression in local coordinates that is
differentiable up to necessary order.

Theorem 8.3 At each point P of S,,—1, any monotone divergence D(P,Q), ad-
mits the expansion

D(P,Q) = Do+ D ; B P(A;)?

(A -
) — P(A))* ™ [Q(A) - P(A)P)?
(As) D (Z )

[
A

Q(Ai;)*' P(A))? 4+ D, i [Q(A:) — P(A)PP
P

10,312

+o(lQ - PII*),

where Dy, Dy, Dy, D3, Dy are constants, Dy > 0.

P(A;)

=1

Proof: Consider in S,,.; the system of local coordinates that to each P € S,,_;
associates a vector p = (p1,...,Pm-1), where p; = P(A;), ¢ = 1,...,m. Then
D(P,Q) = d(p, q) is the expression of D in local coordinates. In a neighborhood
of p, we have:

d(p,q) = d(p,p)+di(p,p)(q: —pi) + %d;ij(p, p)(g — pi)(g; — p;)
+'(1;d;ijk(P, p)(gi — pi)(g; — p;)(ax — px)
+-2%d;ukh(1), p)(¢ — pi)(g; — pi)(ax — px)(gn — Pn) + o(llg — p|I*),

where d.,. are the partial derivatives of d with respect to the two arguments. For
any divergence we have that:

d(p,p) = do,
d;i(p’ P) = 0

and
d:ii (p, P) >0,
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since d takes minimum value in the diagonal. Moreover, by Proposition 2.1, mo-
notonicity of D implies its invariance; then, if it does not vanish, that is the only
interesting case, d.;;(p,p) defines an inner product on R™™" which is embedding
invariant. We take d.;;(p,p) as the metric tensor and denote by d*/ the inverse
matrix of d;;. By (3.6), we obtain

Oi; 1 o
(3.19) d;ij(p,p)=A<——]—+—), ,7=1....m-=1, A>0.
Di DPm
Thus,
m-—1
(3.20) > dii(p,p)(gi — pi)(g; — p;) =

1,7=1

ig=l \Pi  Pm
m— )2 m—1 ;. —_m.
_ 4 (@ —p)° | T (¢ — pi)(gi — p))
=1 p; ig=1 Pm
m—1 . 2 _ 2
- A( (qt P:) + (Qm pm) )
m . _n.)2
= gy le-p)
=1 pt

since ¢m — pm = — Z(Qi - Pi)-

As regards the third order term, by differentiating (3.19), we obtain that

L Sk
(3.21) dii;k(pyp) + diij(p,p) = A (T - “Jg‘) '

Pm D
On the other hand, dy.;;(p, p) behaves as the Christoffel symbols of an affine con-
nection, see Amari (1985, p. 98). Since D is an invariant divergence, the affine
connection is embedding invariant and by (3.18) we can write

1 4y .
dk;ij(p5p)=H(pT_p—J;>a z,],k:l,...,m—l.
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By (3.21),
1 dijk I ik
(3.22) dije(pyp) = (A — H) (E - ﬁ) =B (E - p_%) ,
Thus,
m—1
(3.23) > dije(pyp) (4 — pi)(g5 — pi)(ar — px) =
(el
m=1 1 6ijk
= B Z 2 7 (gi — pi)(g; — pi)(ax — Pr)
k=1 \Pm Pi

3

2 (g — i)
=1 T

Let us now study the fourth order term. By differentiating (3.22), we obtain
Sijen 1
(3.24) diikn(p, p) + dhsiik(p,p) = B = + =

Since d;;x(p, p) = d"dh;ijx(p, p), behaves as the components of a connection string
(see Blaesild (1988)), we can write

dt;ijket = V,-Vjek,

for some covariant derivative V and any vector e. Moreover, by the invariance of
D, V must be embedding invariant, that is, the corresponding Christoffel symbols

are of the form 5
1 ijk
r,,,;a(lgz_;?_).

In order to calculate d*,;;, we will need the following expressions:

1 Jis
az'gst =A (T - _t) ’

p3, P}

1 51’ jkr
8iijr =2G (pT + Ij? ) 3
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d™ = A—l((srspr - prps),
m=1

d™ = A_IPM(1 - PM)a
1

r.e=

m-1

S A = A7 85kp; P

r,.s=1
m-1
Z A8 8iat = A‘l(&-jktpi — 0;k0ipip;)-
r,s=1

We thus have

dt;i]-ket = V;Vjek = V,-(I‘jkses) = 85(ij8)63 + ijsvies
(0T 5" + Tjx’Tist)es.

Now,
Ol + Tj’lyt =
= —d"d"0idh Tk + &7 d™T i Tigh + MO, i
= dM[d"Tjkr (—Bidish + Cisn) + 0:T ;i)
e | 1 4 1 Gk 1 &
= oM [d»”G(G - A) (—2— ") (— - ) +2G (T + ﬂ)]

p:, P )\ph P A

. 1 é; 1 d; 1 &;i
o (L+2) (e 2) s r (54 B
m T m J m )

=0 (g B (L) p (L G,
Pm  Pi) \Pm Di P P

Finally, we substitute the preceding expression in (3.24), obtaining

(3:25)  dujm(p,p) =C (— + L") (— + —") +D (T + ’§h> .

Then

Thus,

m-—1

(326) S dyjn(p)(a — pi)(a; — p)(ak — pi)(an — pn) =

1,0,k,h=1
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= C ngl(m pj)(qj* mgl(m iz)(qi—pi)(qh—ph)}
+ Z": ~—p,

-
sy

D
=C(i i >+DZ

=1
By (3.20), 3) and (3.26), we can finally write

m

d(p;q) = do+d12(_‘1&._pﬂ+d Zq'_&)_+d32(Qi_3pi)4

1 i=1 1 =1 1

(Z(q‘ 7 ) +olllg - pl1*),

d; > 0, that, written in terms of D, gives the result. [

4 The general case

In the preceding section, we obtained a local expression for monotone divergences
defined on multinomial distributions. Using the regularity condition, we are able
to extend this expansion to the general case. We need the following result:

Theorem 4.1 Let f : R — R, be a convex function. For any P and Q, equivalent
probability measures on (X, a), there ezists a non negative integral

[t (2@) pras) = ims 1 (F53) Prao,

where the limit is taken over the filter of all finite subo-fields a, of a.

1 (F88) o = o1 (55@) putan)

Proof: Since

t
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the thesis can be written in the form

() o= s ()

It is sufficient to prove it for any increasing sequence {a,} of finite subo-field of
a, such that o(lJ, a,) = a. Since f-divergences are monotone, see Heyer (1982,
Theorem 22.9, p.169), and by the remark following Definition 2.5, we obtain:

i [, £ (dQ" ) )) Putie) < [ £ (%x)) P(da).

We show now that the reverse inequality also holds. Since

dQ

TH(@)P(dz) = 1 < oo,

we can apply a well known theorem of convergence of martingales, thus obtaining

()40 (8)-5

dP, dP dP dP’

Since f is a continuous function, the convergence still holds:

dQa\ aq ,(4Q
r(G2) = ()
By the Fatou lemma,

/f( ) P(dz) <11m/ f(dQ" ))de ..hm/ f(dQ" )) P.(dz),

and the thesis is proved. .

Remark. The preceding theorem can be easily extended to the case of f being
any linear combination of non negative convex functions.

We can now prove the main result of the present section:
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Theorem 4.2 If

Q(dz) — P(dz)|*
/ ‘ — P(dz) < 00

then, at each point P, any monotone and regular divergence D(P,Q), admits the
expansion

Q(dx

@) D(PQ) = Dyt [ ELZHEL ), [ 100 dm)( )

()

[Q(dz) — P(dz)]" [Qdz) — P(da)]?
+0s |\ = pp D“(/x P(da) )
+o(llQ - PIIY),

where Dy, Dy, Dy, D3, Dy are constants, D, > 0.

Proof: By Theorem 3.3, it holds:

D(P.,Q.) = D0+DIZ[Q(A'33(_AS(A1')] +D22[Q(A,-I)J(j4§£,4i)]

(A) P(A)) [Q(A;) — P(A)1?)?
D2 = pay  t D (Z LAY )
+O(”Qa" a“ )a

for every P, and @Q),, restrictions of P and @) to the finite dimensional subo-field
a, of a. We can now pass to the limit. The terms with coefficients D; and Dy can
be obtained by applying Theorem 4.1 with f(z) = (z — 1)?. The same holds for
the term with coefficient D3, with f(z) = (z — 1)*. For the third order term we
can use the remark following Theorem 4.1, since f(z) = (z — 1)® can be written
as the difference of two non negative convex functions:

f(z) = fi(z) - fa=),

f1($)={(() zs

r—-1P z>1

f2($)={0_(x_1)3 S

> 1.

i

where

and
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The regularity of D guarantees the result. [

4.1 The parametric case

Suppose now that P and @ belong to some regular parametric model, that is,
P and Q are equivalent probability measures with densities p(z;8) and p(z;§'),
9, 0 € © C R¥, with respect to some common dominating measure . By Theorem
4.2, we have that any monotone and regular divergence between P and () can be
expanded as:

(42) D(P,Q) = D(6.#)
= Do+ by [ (RO HED) b (e
+D, /( p(z:¢) x’ap)(:r,@)) p(z; 0)u(dz) + o(|0' — 6}3).
Moreover,

p(z;0) = p(z;0) + Oip(x;0)(6; — 6;)
1
+50:p(z; 0)(0; — 6:)(8; — 6;) + o(|6" — 6]%),

so that
(p(x; 8) — pla; 9))2 _
p(z; 9)
ap(x:8) o, 10yp(z:6) ., o) ole — o
(SRerae =0 + ;220 0= 00) 4ottt o)
= Oil(x;0)9;l(z;0)(0; — 6:)(0; — 8;)

+0kl(z;0) [0i;1(x; 0) + 0il(x; 0)0;l(x; 0)] (6; — 6:)(6; — 6,)(6% — bk)
+o(|0" - 0f°),

and

p(z:0) — p(z:0)\° _ (ip(a;0) o ) 16— ol
(B =) = (G —00) +etr-am
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= Bil(z;0)0;1(z; 8)Bul(; 0)(8) — 0:)(6; — 6;)(8% — ) + o(10 — 0°).
By substituting in (4.2), we obtain
D(6,8") = Do + Dygi;(8)(6; — 8:)(8; — 65)
+D1 Tije (8)(8; — 6:)(8) — 0;)(8) — 6)
+D,T354(9)(6; — 0:)(8 — 6;)(65 — 0x) + o([6' — 6I°)
= Do+ D |gij(0)(8) — 8:)(8; — 0;)+ Tisec (6)(6; — 0:)(8; — 6,)(8 — 0%)
+o(|6' - ),

D, +2D,

Dy
and Amari’s a-connections of the parametric model, see Amari (1985, pp. 26 and
39).

where oo = — and g¢;;(8) and ﬁjk (8) are respectively the Fisher metric
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