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1. INTRODUCCION

Let T = [0,1] x [0,1] and {Wz,z € T} be a Brownian sheet on T. We consider the
stochastic Volterra equation on the plañe

Xz = Hz+¡ f{z-mXr,)dWn+ í HzwXJdr,, (1.1)
JR, JR,

where the functions / = f(z;rj;x) and b = b{z\r¡\x) are Borel functions of (z,rj,x) G
TxTxR,íí:T->R and if z = (s,t) G T then Rz := [0,5] x [0,í]. In the one-parameter
case stochastic Volterra equations have been studied for instance in [B-M 1], [B-M 2] and
n

'

Consider the stochastic partial differential equation

LX.,t = f(X.,t)Wt,t + %Xs,t), (s,t) G T, (1.2)

where L is some hyperbolic second order differential operator, (Wsj) is white noise in the
plañe and the valué of Xs<t on the axis is some deterministic given function. One possibility
to give a meaning to the formal equation (1.2) is to use Riemann’s method, that means, if

< r¡ < z < (1,1), is the Green function associated to L, then a solution to (1.2) is
a stochastic process (s,í) G T} satisfying

xg = Xo,t + -Ys,o - Xo,0 + í 7z(r,)[f(Xn)dWn + b(X^drj}. (1.3)
Jr,

In [R-S] we have studied the problem for the operator defined by

Lg{s,t) = ~ ai(M)^(M) - a2(s,t)^(s,t). (1.4)
As has been shown by Norris in [N] these type of equations appear in the construction
of path-valued processes in Riemannian manifolds. This is one of the motivations for the
analysis of stochastic differential equations like (1.1), which inelude as particular examples
(1.3).
The existence and uniqueness of solution to (1.2) can be stated using the usual Picard’s
method, assuming that the coefficients / and b are Lipschitz in the variable x and have
linear growth, uniformly in z and 77.

Consider E = ({0} x [0, l])ü([0,1] x {0}). Our aim is to obtain sufficient conditions for the
existence of a smooth density for the probability law of the solution Xz to the equation
(1.1), at fixed z € T\ E. Our theorem will cover the results obtained in [R-S] and [M-S]
for the solution to the nonlinear hyperbolic SPDE (1.2) with L given by (1.4).
The paper is organized as follows. In Section 2 we state the rigorous formulation of the
hypotheses and we state the main theorem. In Section 3 we present the proof of the
theorem. Finally, in Section 4 we inelude some estimates involving the Brownian motion.

Along the paper we will use the following notation: z = (s, <), 77 = (u,v),a = (r, e), and
H = (w, y), 0,77, a, ¡i € T. If z, rj € T then z ® 77 := (5, v).
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2. FORMULATION OF THE PROBLEM

We need the following set of hypotheses.
(Hl) / and b are measurable, infinitely diíFerentiable with respect to x with uniformly
bounded derivatives of any order.
(H2) There exists a constant C such that

\f(z-,t];x) - f(z';ri';x')\ < C(\z - z'\ + \r¡ - rj'\ + |x - x'|),
\dxf(z-,V',x) - dxf(z-,t]']x')\ < C(\r¡ - tj'\ + \x - x'|),

for all z, z',t7, 77' G T, x, x' G R.
(H3) / and H are two times diíFerentiable with respect to u with bounded derivatives of
second order. That is, there exists a constant C such that

\dif(z-n-,x)\ + \aiH,\<ct

for any z, rj € T, x 6 R. Moreover

Iduf(z; 77; x) - duf(z; 77; x')| < C\x - x#|,

for any 2,77 € T, x,x' 6 R.
(H4n) / is infinitely diíFerentiable with respect to x and n times diíFerentiable with respect
to u with bounded partial derivatives up to order n.

We introduce some conditions on the coefficients. Fix z €. T\E,
(Cl) /(z; 0 <8> 2; H0®z) 0,
(C2) dxf(z;Q (gi 2; Hotg>z) ± 0,
(C3) there exists v G (0,¿) such that /(O (8> 2; (0, v)\ JI(o,v)) í 0,
(C4) fo (d*f(° ® ff(o,v))f((0,v); (0,y); H(0íJf))dv)2dy ¿ 0,
(C5) du/(z; 0 <8) 2; H0®z) ± 0,
(C6) for all u, y € (0, t), v > y, /((0, u); (0, y); H(0ty)) = 0,
(C7„) for all j,l with j + l = k, k G {0, • • • ,n - 1}, d*iu,f(z;Q <8> z;ifo®2) = 0,
(C8n) J2j+i=n jhdz> 0 ® z< Ho®z)( fo b(0 (8) (0, u); H(0tV))dv + duH0®,zY ¿ 0.
Notice that (C7n) implies not(Cl) , (C6) yields not(C4) and (C81) reduces to
dxf(z-, 0<8> z;Ho®z)(f¡b(0 ® 2; (0,u); H(0}V))dv + duH0®z) + duf(z\ 0 ® z\H0®z) ± 0.
Then, we will consider the following sets of hypotheses:
(hl): (Hl) and (Cl)
(h2): (Hl), (H2) and not(Cl), (C2) and (C3)
(h3): (Hl), (H2) and (H3) and not(Cl), (C2), not(C3) and (C4)
(h4): (Hl), (H2) and (H3) and not(Cl), not(C2), not(C3) and (C5)
(h5): for some n > 0, (Hl), (H4n) and (C6), (C7„) and (C8„).
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The main result reads as follows.

Theorem 2.1. Suppose that (Hl) is satisfied and that Hz is a Lipschitz deterministic
function. Fix z £T\E and assume that one of the assumptions (hl)-(h5) hold. Then, the
law of Xz is absolutely continuous with respect to Lebesgue ’s measure on R and its density
is infinitely differentiable.
Remark. The conclusión of this theorem can be obtained by exchanging the roles of t and
s, v and u, and y and w, in all the hypotheses.

3. PROOF OF THE RESULT

The proof of Theorem 2.1 relies upon a sequel of lemmas and propositions. We recall first
a technical lemma from [R-S].
Lemma3.1. Let {Fn,n > 1} be a sequence ofrandom variables inü>N’p, N > 1 ,p € [2, oo).
Assume there exists F € ü>N~l,p such that {DN~'Fn , n > 1} converges to DN *F in
LP(Q] L2(Tn~1)) as n goes to infinity and, moreover, the sequence {DNFn,n > 1} is
bounded in LP(Q; L2(TN)). Then, F € D*-*.
Proposition 3.2. Assume (Hl). Then Xz belongs to D^50 and for 0 < a < z,

DaXz = f(z;a;XQ)+ í dxf(z;y]Xn)DaXf)dW^ + í dxb(z;r¡;Xr,) DaXvdr¡. (3.1)
J(a,z\ •'(<*,*]

Proof. Consider the Picard approximations

X°z = Hz,

-Y,"+'=H,+ Í f{z;r,X’)dW,+ f n > 0. (3.2)
J Rz J Rz

In order to deal with the derivatives of X" and Xz of any order we introduce some notation
inspired in Leibniz derivation rule. Let 7 = (7!, • • • , 7^) € TN; we denote by ¡7) the length
of 7, that means N. Set 7¿ = (71,-•• ,7,-1,7*-i-i, * * * ,7n), i = l,*” For a random
variable Y € ü>N,p, we denote by D^Y the iterative derivative DW5W., • • • DlxY. Let
/ € x T x R), the space of continuous functions defined on T x T x R, infinitely
differentiable with respect to the last variable, with bounded derivatives. Set

N m

r,(/;*;<!;*„) = £ (3.3)
m= 1 i=l

where the second sum extends to all partitions p\, • • • ,pm of length m of 7. T7(/; 2; 77; X”)
is defined in an obvious manner.

We will check, for any p > 2, by induction on N, the following set of hypotheses (H^N^)
(a) (X>>0}Clf’p, ’
(b) Dn~KYtn —7 Dn~KY. in Lp(Q,L2(TN~1)) when n -► 00,
(c) supn supjgj’sup|7|_/v E(\D^X"|p) < 00.
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Notice that by Lemma 3.1, (H^N^) yields Xz € Hyv,í’.
Let N = 1. It is easy to prove the convergence of {JY",n > 0} to Xz in Lp(tt). The
fact that for every n > 0, -Y™ € D1,p is checked by induction on n, using the stochastic
rules for Malliavin derivatives, (3.2) and the properties of the coefficients. Moreover, the
derivatives satisfy the equations

D7V,° = 0, (3.4)

07V,"+1 =/(*; 71 -V”)+ í DyXHdIf(Lz-,mX;)áW,+d,%r1r,;X*)<hi],
«'('y,*]

0<7<2. Henee, there exists a constant Cp such that

E(\D,X¡\P) < Cp,

E(\D1X?+1\P) < Cp( 1 + í E(\DyX*\p)dr)),
JM

for all n > 1, z £ T. Consequently condition (c) holds. Taking n —> 00 in (3.4) we obtain
(3.1).
Suppose now that (íf^), 1 < k < N — 1, holds. The proof of (a) in (H^N^) can be done
using induction on n. Moreover, using (3.3) one can write

D%X°Z = 0,

JY”+1

(3.5)
N

f

^r-(/;I;7¡;.Y»)+ / [r7(/;2;,;X;)áW, + r7(6;2;,;X;
¿=1 “'(sup7,r]

n > 0, where sup7 := 71 V • • • V 7/y.
The convergence (b) of (H(Af^) can be checked taking into account that DN_1 X¿, n > 1
and Dn~1Xz satisfy equations of the same type than (3.5).
Set, for |7| = N

A,(f;z;mX”) x:)-d?f(z-,r,x:)DZxN n

n •

Then for any n > 0 we can write (3.5) as

<V,”+1=¿rí(/iíl7i;.Y,"¡)+ f [A7(/;*;,;X,")¿H', + A7(4;
¿=1 ^(sup7,í]

+ í DÍ¡X"[d^f(z;ty,X^)dW,+a^(z-,tr,X^)áti}.
J(sup 7,i]

)*/]
(3.6)

Notice that in the first two terms of the right-hand side of (3.6) only derivatives of X¿ oí
order less or equal to N — 1 do appear. Henee, condition (c) in (H^), 1 < k < N — 1,
implies the existence of a constant Cp such that

£(|I»"Y,,|')<C„
B(|PÍ'vr+1n<cp(i+ / E(\D”x;\”)dri),

J(sup7,z]
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for all n > 1, 2 € T and |-y| = N. This proves property (c) of the set of assumptions
□

We introduce some new notation. Let {Y’.(a) : 0 < a < z < (1,1)} be the solution to

n(«) = l+ í dIf(z;r,Xri)Y,(a)dWtl+ í d^z-^X^Y^dq. (3.7)
J(a,z] J(a,z]

Fix e,f3,8 € (0,1), z € T, we define the sets C^s(e) = (0,£^) x (f — es,t) and Gp(e) =
(0,£^) x (0,<)-
Using Burkholder’s and Hólder’s inequalities and Gronwall’s lemma one easily gets the
following.
Lemma 3.3. Assume (Hl). Then, for any q > 1 there exists a constant Cq such that for
any z € T,

sup£(|U(o)|!’) + E(|Xl|2’) < C„ (3.8)
c*<z

sup E(\Yz(a)-l\2q)<Cqe6q, (3.9)
«€C*i4(«)

sup £(|.YQ - Ha|2?) < Cqefiq. (3.10)
<*€G'(s)

Notice that, unlike for ordinary stochastic difFerential equations, here Yz(a¿)f(z-,ar,Xa) ^
DaXz in general.
The following lemma will be useful to control the difFerence between the two terms.
Lemma 3.4. Assume (Hl). Then, for any q > 1 there exists a constant Cq such that for
any z € T,

sup E(\DaXz - f(z-,a-,XQ)Yz(a)\2q) < Cqe6q. (3.11)
4(5)

Proof. Burkholder’s and Holder’s inequalities, (3.7) and the estímate (3.8) yield

<C,(í,(«-,> f E(\D*X,-f{z-,a-,Xa)Y,(a)\2')dn)V •/(«,*] '

<Cqe*'-'Aé + í EQDaXr, - f(ma;Xa)Yn(a)\2q)dr¡).
Thus, (3.11) follows from Gronwall’s lemma. □
Lemma 3.5. Assume (Hl).
a) Suppose that (CS) does not hold. Then, for any q > 1 there exists a constant Cq such
that

sup £(|.Ya - HQ\2q) < Cq(e2fiq + e(f}+2S)q). (3.12)
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b) Suppose that (C6) holds. Then, for any q > 1 there exists a constant Cq such that

sup E(\Xa - HaI2’) < Cq£2^. (3.13)

Proof. Introducing JR /(O ® z;0 0 77; Ho®r))dWr¡ = 0, from Burkholder’s and Holder’s
inequalities we obtain,

E(\Xa-Ha\2*)<Cq(E(\ J* (/(a;7?;X,)-/(0®z;0®r?;iío®,))d^If|2?)
+ E(\ í b(cr,rr, X^ch^)) ZC'ieW'+eV+W' + e*'-1' í E(\XV - Hn\^)dr¡).

v Ra J Ra

Then, (3.10) yields (3.12). The inequality (3.13) can be checked using similar calculations.
□

Proposition 3.6. Suppose that (Hl) is satisfied and that H is a Lipschitz function. Fix
z € T\ E and assume that one of the conditions (hl) to (h5) hold. Then, for any p > 1,

Ur. \DaXz\HaYl el<\
Proof. It suffices to show that

P(e):=P(/ \DaXz\2da<e)<ep,
JR,

p > 1, for any £ < £0, where £0 depends on p,z and the coefficients / and b.
Fix £,/3,6 > 0 such that £li < s,£6 < t. We have P(e) < P\{¡3,8,£) + P2(0,8, £), with

Pí(l3,6.e)--P{ / \DaXz - /(z;a 0 z-,Xa)\2da > e),

W,S,e):=P( í \f(z-,a ® z-,Xa)\2da < te).

Chebychev’s inequality and Lemma 3.4 yield

ñ(/M,e) < C,e{lí+‘-')i(s6'> + sup E(|/(*;a;Xa)Y,(a) - f(z,a ® *;Xa)|2í)).

Then, using the Lipschitz property of the coefficient /, (3.8) and (3.9), we obtain

Pi (0,8, £) < Cg£(0+2S-l)*. (3.14)
We will now study P2(/?,¿, £) under the different sets of hypotheses.
Assume (hl). We can write P2(fl,8,£) < p2^(¿9,¿,£) + P${(3,8,£), with

PÍl\/3,8,£) := P{ f \f(z;a ® z;Xa) - f(z;Q ® z;Ho®z)\2da > te),

P&\P,8,£) := P{\f(z;0®z;H0®z)\2 < íe^1”^).
6



From Chebychev’s inequality, the properties of / and (3.10), we have that for any q > 1,

< Cq(£(23+6~'l)q + e^+2S~l)q).

Choose ¡3,8 € (0,1) such that (3 + 8 <l,2f3 + 8>l and (3 + 28 > 1 (for instance (3 = | and
8 = | ). Then, (Cl) implies e) = 0 for e small enough and the result is proved.
Assume (h2). Using a Taylor expansión, (1.1) and not(Cl), one has

6

f(z; a ® z;Xa) = Tí2\zi «),
i=i

with

T¡2\z-,a) := f(z;a ® z;Hq®q),

T2(2)(2;q) := ld¡f(z-a 0 - ff0®a)2,

T3(2)(z;a;) := dxf(z;a <g> z\H0®a)( Í b(a\T)\Xn)dr¡ + Ha - P0<g>a),
J Ra

T4(2)(z;a) := (dxf{z; a ® z; H0®a) - dxf(z\0 ® z; H0®z)) ( /(a;^;I,)cl^„
JRa

T5(2)(z;a) := dxf(z;0 ® z;H0®z)( í f(a;r¡;Xn)dWn- í /(O 0 z; 0 ® 17; H0®n)dWn),
J Ra ■'fingí

T6(2)(z;a) := dxf(z;0 ® z;P0®*) í /(O O z; 0 0 r?; #o®.,)dWV

where if* denotes a random point between -X"Q and Po®a-
Then P2(/?,¿,e) < P2(2)(/?,<5,£:) + P${f3,8,e), with

PÍÍl(í,í,e):=P( / iy'2f)(i;a)l2da>4e),
SÍ

P2(2>(/3,¿,£) := P( / |IÍ2)(i;a)|2<¡a < lfe).

Using (3.8), (3.10) and Chebychev’s, Burkholder’s and Hólder’s inequalities, we prove for
any q > 1,

P%\(3,<5,e) < Cq{£^+2S~1)q + e(3í3+s~1)q). (3.15)
Set K\ := (dxf(z; 0® z; iío®i))2 > 0 and /v2 := |/(0 <g> z\ (0, v); H(otV))\2dv > 0. Define

MrX) := Í /(0 ® z; 0 ® 17; HQ<g>v)dWn.
jRr,t
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Then, {A/<1},r > 0} is a martingale with < M^ >r= rÁV So, there exists a Brownian
motion Z^l\ such that . Thus,

PH\l3,6,e) = P(J‘ \Z%\2dv <
/«\

_ 1, /1 \ /<y\

Define now Z\ ’ := I\2 2 t_TThen {Zí- \r > 0} is also a Brownian motion and

Pg\P,i,c) = P(fo |ZÍ2)|2<ír < (3.16)
Then, from (3.14), (3.15) and (3.16), choosing 6, (3 € (0,1) such that 2(3 + 8 < 1, 3/3 + 6 > 1
and (3 + 26 > 1 (for instance (3 = i and 8 = |) and using Lemma 4.1 the proof is finished.
Assume (hS). Consider the Taylor expansions

f(z; a 0 z;Xa) = f(z;a 0 z;fT0®a) + dxf(z;a 0 z;H0®q)(Xq - ff0®«)
+ \d2xf{z; a 0 z; H*){Xa - H0®a)\

f(z;a 0 z;ff0®a) = /(z; 0 0 z; H0®a) + rdu/(z;0 0 z;Po®a) + ;jr2d2/(z; fío®a),

Ha — Ho®a 4" rduHo^a + ~r du Hu*,

with íf* some random point between Xa and Po®a, V* € (0 0 z, a 0 z), u* in the segment
joining 0 0a and a. Then

4

/(z; a 0 z\XQ) = ^T/3)(z;a),
i— 1

with

Tj(3)(z; a) := /(z; 0 0 z; íf0®a) - /(*; 0 0 z; fío®*),

T2|3)(2;a) := i^/(2;a ® r; H')(Xa -

if’(*;<*) := jr2(a3/(2;,-;í„8(1)+ai/(2;a®z;ír„0„)aíir,.),
r4(3)(z;a) := 5x/(z;a 0 z;i70®*)( / f(a;r¡;Xtl)dWt,+ í b(ot; r/; X,,)^

ffía -/«o
+ rduff0®a) + i'duf{z\ 0 0 z; fí0®a)-

Then P2(/M,e) < P2(a3)(/M,e) + P2(23)0M,O. with

p£\(3,6,s)-.= P a)|2da > 4e),

p(3)
■*22 CM.O z; a)|2da < 16e).
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Using Lemma 3.5 and similar calculations as for (3.15), we prove

< Cv(£(^+3í-1)7 + £(5'?+5-1)9), 5 > 1. (3.17)

Define

S{3\z;a) dxf(z;0 ® z;H0®z)( í /(O <g> z; 0 <2> m X^dWy
JRa

+ / 6(0 <g> 2;0 ® ri;Ho®v)dTi + rduH0®z) + rdu/(z;0 <g> 2; H0®z).

We can write P22'(/?, <Ü, g) < P^Ü^S,e) + ^222(^1^£)>

P&l(0M := P{ í |T4(3)(^;a) -5Í3)(^;a)|2da > 16g),
JC0,S^

Pg}2(f3,ó,e) := P( í |SÍ3)(¿;a)|2da<64£).
Jcyf(e)

It is easy to check that for any q > 1

P£l(f3,6,s) < C,(£(/?+3é-1)9 + £(4^+fi-1)9). (3.18)

Set Kz dxf(z;0<$z;H0®z)(f0t b(0®z;(0,v);H(0,v))dv + duHo®z) + duf(z;0®z;H0®z).
/o\ /o\

Using again a Taylor expansión for /(O <g) 2;0 ® 77;Xv) we have S\ {z',a) = Sl {(z‘,a) +
S432(2;oí) with

S{3J(z-, a) := rl\z + dxf(z; 0 <g> z; H0®z)
x / (dr/(0 <g> 2; 0 0 77; tfo®,) f /(intiiX^dW^dWr,,

JR» •/«,

:= dxf(z-,0® z]H0®z)(^J [dxf(0 ® 2; 0 0 77; ^O0,)( b(q; fi; X^dy.
+ H„- H00„) + |^/(0 ® z; 0 ® 77; ¿T)(X, - ff0®„)2],

where iP is a point depending on the Taylor expansión.
Set

and

g(v,y) := dxf{z; 0 ® z;H0®z)dxf(0 ® z; (0, v); ff(0it,))/((0, u); (0, y); )

í'r := r/\3 + / 5(Uit,)dWUllM with S(ti)i;) := / g(v,y)dWW}y.
J Rr t " Ru>V
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Then, p£1((3,6,s) < p£)21{0,6,e) + p£12(0, 8,e), with

P&h(M,e) := P{ í |5J3(í,a) + S¡*}(z,a) - *r|2 da > 64e),
Jcy¿e)

re’

pg¡2(0,8,e) := P{ J |*r|2dr < 25661"6).
It is not difficult to check that, for any q > 1

< C,e-"ÍE{| / |S$(*,o)|í<M«)V Jcyt(e)
+ E(| / \Sí3}(z; a) - \Pr|2da|«)) < Cq(£^+26~1)9 + e(^+«-D?).’

(3.19)

Now, putting together (3.14), (3.17), (3.18) and (3.19) the proof reduces to study
-^2222(^1 ^i£) with 8,0 € (0,1) such that 0 + 28 > 1 and 40 + 8 > 1 (for instance, 8 = |
and 0 = y). We will follow the method presented in Norris’ lemma (see [Nu]). Set

A(u) := {w; sup / |5(lltl;)|2du < £v),
0<u<e¿ JO

Nr := í
JRT.t

Mr := f S(u,v)dWUtV.
jRr,t

Then, P¡2l2(0,8,e) < Qx(v) + Q2(v,qi) + @3(91»92) + <54(92) with

Qiiy) := P(-4C),

Q2(^,9i) := P(Afl { í l'&r^dr < 256£1-í} D { sup |jVr|>e91}),
Jo 0 <r<e*

reP
^3(91,92) := P( / l’í'rpdr < 256c1 s, sup ¡Nr\ < e91, / <M>rdr>e92),Jo o <r<e0 ./o

Q^:=P([ <M>rdr<e92).
Set 1/ := 0 — ¡i, qx := |(1 - 8 + 0 — 3^), 92 := ¿(1 — ¿ + 3/? — 5/i). Choose 8,0, ¡i >0 such
that u > 0,qi >0 and 1 — 8 > 52 >3/? (for instance, for ¿ | and 0 = take /i = •“).
Notice that 91 + /? > 92 and 92 < |(1 — 8 + 30).
By Chebychev’s and Burkholder’s inequalities, for any 9 > 1

Qi(v) < Cíe-"9 f E{ sup |5(U)t,)|2?)du <Jo OCuCe'*
(3.20)
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■6+u

Fix u> G A, such that J* |^r|2c/r < 256c1 6. Then, for any r <

. <iV>r= í |'í,ti-S'(Ut„)|2ducíu = í \^u\2(f \S(u,v)\2dv)du < 256e1_
JRr.t J0 JO

Then, using the exponential inequality for martingales,

Qa(v, qi) < P{ sup |iVr¡ > eqi, < N >tp < 256£1-5+i/) < 2exp(—Ce~2>l). (3.21)
0<r<í^

Fix now u) such that fQs \'ifr\2dr < 256e1-í and sup0<r<e¿ \Nr\ < eqi. Then, from Itó’s
formula we have,

í <M>rdr<¡ |\I/r|2<ir + 2 / \í yud*u\drJo Jo Jo Jo

<C{P~6+ \K3\ f \ í <¡fudu\dr + e0 sup \f *uS{u<v)dWu,v|)Jo Jo 0 <r<e0 Jftr, t

er

< C(el~s + |/v3| / r*(/ |tfu|2du)^dr + e^+^)Jo Jo
< C(el~6 + |A'3|t*(1~6+3/J) + £?l+/í) < e92.

Henee, by the choice of ¡3,8 and /z,

$3(91 >92) = 0.

Using Hólder’s inequality and Fubini’s theorem, we can obtain

(3.22)

Q4(q2)<P(f í [f (/ g(v,y)dv)dWW}V]2dudr <teqi).Jo Jo JRu,t jy

Set K\ := Jq(J*g(v,y)dv)2dy. Notice that from (C2) and (C4), Kt > 0. Define

Mí2)-.= f (íg(v,y)dv)dWw,,.jRu.t Jy

Then, {MÍ2\u > 0} is a martingale with < M^ >u— uK4. So, there exists a Brownian
motion Z(3), such that A/¿2) = . Thus,

QiM < P( f [T\Z<$fdudr < te»).Jo Jo
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Define Zi4) := I\4 2 £ »Then {ZÍ4\u > 0} is also a Brownian motion and by a
change of variable,

<?4(?2) < P( í\ 1 - «)|Z‘4)|2¿« <
70 -^4

Then, from Lemma 4.1, (3.20),(3.21) and (3.22), this part of the proof is completed.
Assume (h4). We follow the proof of the previous case till the decomposition
p£\p,6,e) < Philip, 6, s) + P222 (/?,$, e). Set := (duf(z; 0 <g) z;i70®z))2- Notice than
under (h4), K5 > 0 and S\3^ = rA'*, so

^«OM.e) = P(A5 < Cex-6-zf}). (3.23)

On the other hand, P2('2}(/A s) can be studied as in (3.18). Thus, from (3.14), (3.17),
(3.18) and (3.23), choosing ¿, fi € (0,1) such that P + 28 > 1, 4/? + 6 > 1 and 3/? + 8 < 1
(for instance, ¿ = y and 6 = 4), the proof of this case is finished.
Assume (h5). Using a multidimensional Taylor expansión, we have

3

/(*-;<» »z-,Xa) = YiT¡t\z-,c),
1 = 1

with

T¡%;c) := ¿[ £ ulf(z-,0®z-,HW!y(Xa -
k=0 j+l=k

T2(5)(?;o):= ® z-,H0<S)z)rl(XQ - H0®z)3,
j+ t=Tl '

T¡5\z-,c):= £
j+l=n+1

where H*,r¡* are random points depending on the Taylor expansión.
From (C7„), T¡i}(z;a) 2 0. Then P2(P,S,e) < P£\p,6,e) + P2(25)(^,¿,e), with

p£\PM:=P( f |T3(5)(z; a)\2da > 4e),
Jcy,(€)

P&\PM := P( / |T2(5)(z;a)|2da < 16c).

By Lemma 3.5 (b) it is easy to check that for any q > 1

P2(!5)(/3,6, e) < Cq£-qs{^6)^-x) T ( r2qlE(\Xa - Ht
i+/=n+

< C,(c(/i+3í_1)? + e((2»+3)0+*-i)í).

0®z
|2 qj )da

(3.24)
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Define K$ := /J 6(0 0 2; (0, v); H(0tV))di> + duH0®z- Using again the Taylor expansión

Ha®z — Hq®z + rduHo®z + —r2d2Hv*,

with 77* a random point in (0 0 2, a 0 2), we can write Xa — Ho®z = Vi (a; 2) + V2(a;z),
with

Vi (a; 2) := í (/(a; 77; Xn) - /(O 0 a; 0 0 77; HQ®r,))dWn + í b(a;rj] Xr,)drj
J Ra J R-a

6(0 0 2; 0 0 77; H0®r,)dr) + (Ha - Ha®z) + -r2d\Hr,
Ra&z ^-L

;*) := /
0 x

6(0 0 2; 0 0 77; Ho®r,)dr] + rduH0®z = rÜT6.

Notice that from (3.13), for any q > 1

£(|V,(a;2)|2«)<C,(ew»+e3/,«). (3.25)

■Using now a Taylor formula for the function f(x) — x1, for any j > 0 there exists a random
variable Aj (0 < \j < 1) such that

(Xa-Ho®z)j =V2(a;s)> +j(\j(Xa -Ho®z) + (l - Aj)V2(a;2))>”1
x (Xa - H0®z - V2(a;z)) = r>K¿ + ¿V,(a; 2)(AiV1(o; 2) + r^)^1.

Henee Tj5^;») = ^^*(2;a) + with

:= £ TJ?3:¡„.f(z;0®z-,Has,)r‘jV¡(a-,z)(\iV1(a-,z) + rKey-',
j+/=n

I$(z;a):=r“ £ „./(*!0 ® *í ^0®.
j+/=nJ'

Then P2(2S)(/?, í, e) < pgw, í, e) + P<25>(/3,6, £), with

PS(/M,e) := P( f ITf^ziaJlVa > 16e),
7c;.,(«)

P2'25»(/3,¿,£) := P( f táVtett)!1*, < 64e).
JC0,é^)

From (3.25), by Chebychev’s and Holder’s inequalities we have that for any q > 1

< C,e(/,+fi)l?“1)~í V í r2*lE(\V1(cr,z)\2<l\\jV1(or,z) + rK6\2,lij-1))da
j+l=nJcí.tl')

(3.26)

< C9(e(/?+35~1)<? + £((2n +2)/í-|-«-l)^ (3.27)
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Set K7 := J2j+i=n <8> z;Ho®s)K}6. Notice that from (C8„), K7 > 0 and

p£¡(0. ¿, e) = P(A'72 < §Ael-6-(2n+l)í)). (3.28)
Then, by (3.24),(3.26), (3.27) and (3.28) and choosing 8, 0 € (0,1) such that (2n + l)/3 + ¿ <
1, (2n + 2)0 + 8 > 1 and 0 + 28 > 1 (for instance 0 = 4n1+3 and 8 — |), we end the proof.

□

Proof of Theorem 2.1. Apply Malliavin’s criterion for the existence of a smooth density
(see [M]) and Propositions 3.2 and 3.6. □

4. APPENDIX

Lemma 4.1. Let {Wt,t > 0} be a Brownian motion and A,K € R. Then for any 0 > 0
such that 0 < A, there exists £o such that for all £ < £o

P{[ m2dt < Ksx) < 2exp(-¿£-«), (4.1)

P(j\\-t)\Wl\2dt < Kex) < 2exp(-(4.2)
Proof. Set v := ^(A — 0). It is well-known that for any t

\Wt\2 = 2 f* WudWu + t.Jo

Then,

1= í tdt< f \Wt\2dt + 2 sup | í WudWu|.
- Jo Jo 0<t<l Jo

Henee, for £ small enough, the exponential inequality for martingales implies

P( í \Wt\2dt < K£x) < P( f \Wt\2dt < K£x, sup | / WudWu\ > £v)Jo Jo 0<t<l Jo

< 2 exp( -;2A' )•

So, (4.1) holds true. The proof of (4.2) is similar. Indeed

l = J\i - t)\wt\2dt - J\ 1 - ifWtdWt.
Thus, for small e,

P ( / (1 - t)\Wt\2dt < If£x) <P{ í (1 - t)\Wt\2dt < K£x, I / (1 - t)2WtdWt\ > £v)Jo Jo Jo

<P( í (l-t)4\Wt\2dt<K£X, sup I f\l-t)2WtdWt\>£v)<2exp(-^-£2,'-x).Jo o<s<i Jo AK

□
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