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1 Introduction

Let (T.T.f-i) be an atomless measure space with a cr-finite measure p. Set
Ti — L¿{T.T. p) and let W = {W/,. h G H) be a Gaussian zero-mean process
with E(WhWfl/) = (h.h')-n defined on some probability space (fL d.P).
Let F be the cr-field generated by W. We consider a measurable mapping
F : Q —* Rd belonging to L2(íl. F. P) with Wiener-Chaos decomposition
F = E(F) + Zn= i Wn)- Let {FL s G (0.1]} be defined by Fs = E(F) +

tn In{fn)• We assume that the probability law of each F~ is absolutely
continuous with respect to the Lebesgue measure on Rd. The purpose of this
paper is to study the Taylor expansión of the density p-(y) of F£ at - = 0.
where y = E(F) = E(FS). A similar problem has been widely studied for
diffusion processes ([2]. [4]. [3], etc.) for the family F':. s € (0.1] obtained
bv changing the time t into et. In this case, due to the scaling property
of the Brownian motion. we obtain by probabilistic methods the behaviour
of the density pt{y) of the diffusion Xt for small t. For general families of
Wiener functionals the problem has been addressed in [14] and [13].

Our main goal is to give a precise description of the coefficients of the
development using the Wiener-Chaos decomposition of F and the particular
structure of the family {Fs, £ G (0.1]}. They correspond to densities of
completely explicit Radon measures. First we prove differentiabilitv of the
mapping £ i—* Fe on appropriate derivation spaces related with the Sobolev
spaces 0'V2 of Malliavin Calculus. The derivatives are expressed in terms of
the múltiple integráis In{fn)- Then, using the approach of [7]. [8] we obtain
in Theorem 2.4 the Taylor expansión for the density via the development of
f{F£), for smooth /. and integration by parts. As for diffusions. the odd
order coefficients of the expansión vanish and the non-nuil ones belong to a
finite Wiener-Chaos.

The paper is divided into two sections. The first one is devoted to the
proof of the main result described before; the second one contains two exam-

ples of hyperbolic stochastic partial differential equations where this results
can be applied. As usually, all constants will be denoted by C independently
of its valué.

2 Development of the density
Let F be a Rd-valued random vector defined on the abstract W'iener space

(fLTFP). belonging to L2{Q). Let F = X!íí=o Fi(/n) be its Wiener-chaos
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representation. For any 5 € (0,1] we define Fs(u¡) = XlnLo -n F(fn)-
Clearlv. the series defining Fe(w) converges in L2(fi). The purpose of this
section is to obtain an asymptotic development of the density of Fs. p£(y) at
y = E(F) = E(FS), whenever it exists. We will follow some ideas introduced
in [7] (see also [8]). The first result establishes the smoothness of F- with
respect to s. To this end we first introduce some derivation spaces. which
are related to the classical Sobolev spaces p of the Malliavin Calculus.
For any j £ Z+. set

A^'2 = {F E L2(Q) : f; 1 IIAIll <

where \\fk\\2 denotes the norm of /*. in L2(Tk). Notice that A0 2 = L2(Q)
and AJ 2 decreases as j increases.
In the next Proposition d = 1. For d > 1 the result applies componentwise.

Proposition 2.1 Fixj > 1, and assume F 6 AJ+1,2. There exists a versión
of {F£. s € (0,1)} which is of class CJ. Moreover,

&F-

d si
k\ ck~Í

(k-j)'- ~ 4(A).

Proof. Consider first the case j — 1. For
have

FC+( _ r (*) £•
í

s, £ with 0 < 5 + £ < So < 1 we

= Af +£A^. (2.1)

with
00

a\ =£ ks^hifk).

4'^EE (k)^Mik(fk).
fc=2 ¿=0 W

Since F € A1'2, the series defining A\ converges in L2(Q). In addition,

sup \Asf6,\ <CX1.
i
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with X\ := [YlkL‘2 k2{k — l)2(4(/fc))2) • Indeed. by Schwarz's inequalitv
1/2

oc k — 2

E E
k-2\ k(k-l) sie~i-2 \hifk)\

i J (k — i)(k — i — 1)

<1 É (=+Ofc-'2l4(/*)l

k=2

oc

fc=:2

oc

<

k=0

1 1

Ar=2

1/2

*1-
2 (1 - S§)l/2

Since i7 € A2,2, X\ is finite a.s. Consequently. from (2.1) we obtain

fs+í _ fe
lim = A\. a.s.
í-o £

Let j > 1 and assume the statement holds for any k 6 {1..... j — 1}. Set

fe!di~l Fs ^
dei ~ k~_1 \k - j + 1)!

~k—j +1 4(4)■

Then.

= s;+íbíj
with

00 k'
Sf =g(^E‘_í4(A)

30 b 1

^45. § cfc-j+D! v ¡ )
^ J S" „i ck-j—i — 1 4 (A) •

The series defining B{ converges in L2(Q), because F € AjV¿. As for
we have

“

2 (1 - -§)l/2 X3 ’
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with Xj := (Efctj+1 ((izftxyr) (4(/fc))2) 7 • This random variable is
finite a.s.. since F € A;+1,2. Therefore

lim
?-o

= Sí a.s.

and the proof is complete. □
Remark. For j 6 Z+. the Sobolev spaces DJ'2 can be characterized as follows.

D2'2 = {Fe L\ü) : ¿
k=j

IMIí<5c}.
Using the quotient criterium for comparison of series, one easily checks that
¡D>2L2 _ ¿y-2( Vj € Z+. Henee, the preceding Proposition can be formulated
in a more handly way. as follows.

Corollary 2.2 Leí F € ^'2- There exist a versión of {Fs. ■ e (0.1)}
which is Cx in e and

& F£

d~i

X

(k-j)l h(fk)• (2.2)

j € Z+, where the series in (2.2) converges in L2(fi).
In the proof of the main result of this section we deal with the random vector

F- - E(F) 0 < 5 < 1.

Corollary 2.2 yields the following

Corollary 2.3 Leí F e n°£0 D2,2. There exists a versión of {F~. z e
(0,1)} which is C°° in e and,

di F~

dei £
k=j+l

(fe ~ 1) •

(fe ~ 0 + 1))! h(fk). (2.3)

di F-1 di Fs
, T ,, ,

——- := lim ——- = ?! I1+i(fi+i).dzi le=o no dzi

je Z+. In particular, setting F° = lim£¿o F£, we have F° = Ii(fi).

(2.4)
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Formula (2.3) can be checked by induction. using the same arguments as in
the proof of Proposition 2.1.
Let / : Rd —> IR be a Cx function with compact support. Leibniz formula
yields. for j > 1

M U)

JZJ (/(**)) = E (V* /) (**) V01 F*-*' • • • F-'ak. (2.5)
where the symbol is a shorthand for

E E E cj(A A)
k=l 31 + ...+3k=j Qe{l

^1 ^k-1 Q — (ai,...,ak)

and the coefficients Cj{¡31..... 3k) are obtained recurrently. as follows.
k

Cj(3i'. ■ ■ ■ 3k) = E A - 1 &) •
1 = 1

with ci(l) = 1; for 3% = 1 and i < k. Cj_i(/?i...., 3i — 1. • • •, 3k) — 0: and
for 3k - 1. Cj_i(/3i,..., 3k ~ 1) = Cj-i{3i, ■ ■ ■, 3k-i)-
In the sequel we denote by Te the Malliavin matrix of a Wiener functional
G : ü —* Rd. Let $ g B00^) with detT^1 € np>! Lp. € D30: for a
multiindex a G {1..... d}k, a = (ai,.... a*), /r > 1. we define Ha($. ^)
recurrently. as follows.

d

h{í){*,*)=Y, ¿(vir^yjDv),
j=i (2-6)

=H{ak) afc_l} (*,*)),
where 6 denotes the Skorohod integral.
This notation is appropriate to State the following versión of the integration
by parts formula

E [(V* g) ($)*] = £[<?($) Ha(*. ¥)], (2.7)
where g is any smooth function defined in Rd.
A slight modification of Proposition 3.2.2 [9] yields the following estimate:
For any k G N, p € [1, oc) the exist, k'. b, b' € (1, oc), d, d! € N such that

||ffQ(*,m,P<Cl(*>P>a)(l|r¿1|U' II^IU.6 ll’í'IU')- (2.8)
The family of Rd-valued random vectors {F£. e G (0,1]} is said to be uni-
formly non-degenerate if the next two conditions are satisfied:
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(i) Fs € ID)30. |¡rp’} ¡|p < Cs 2: for any £ £ (0.1]. p £ [1. oc)

(ii) a2 := det (Cov(/i(/i))) > 0.
We now give the main result of this section.
Theorem 2.4 Let {F£. £ £ (0.1]} be uniformly non-degenerate. The den-
sity p~{y). for y = E (F£) = E (F), has the Taylor expansión

,£(i/) = ¿ + S +r% + 1 P.v+i}- (2-9)

The coefficients pj are nuil for odd j. For even j £ {1.2 N},

Pj — Ei 1{/1(/1)>o} Pj (2.10)

with Pj belonging to

U)

ñ = E «d ¿i

'H/t, Hk being the fc-th Wiener chaos, and

k

(j^/o. ^(/ií/o, n w ^i (/i/+i))) • (2-ii)
e=i

In addition. if for any j £ Z+, k £ N. p £ [1. oc

sup
se(o,i]

then. sups6(0Ip^+il *s finite-
Remarks.

dsJ
- Fs

k.p
<c. (2.12)

(1) The identities (2.10). (2.11) express the fact that pj. j = 1..... N.
are the densities at x = 0 of the Radon measures defined by

0) fc

a«£(s(/1(/1)) £ ff.('i(/i),n 3í!/*+i(/?/«)))■
e=i

for any smooth g (see. for instance, Corollary 3.2.1 [9]).

(2) As will become clear from the proof of Theorem 2.4. p^+1 is also the
density of a Radon measure depending on £. The last assertion of the
Theorem gives a sufficient condition ensuring the uniform boundedness
of this density. In this case, the last term in the development (2.9) is
0(s‘v+1) as£ 10.
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~ F~ — R( F)Proof oí Theorem 2.4. Let p- denote the density of Fs = Olearly
ps(y) = ti pt (0). Therefore we will find an expansión for p5 (0). Let f :

Fd —>■ R be a Cx function with bounded support. The mapping 5 >—> /(F-)
is Cx. a.s.. therefore

.v

f (n= /(F°) + £ Jj ^ f- (/ (Fs))j=1
£=0

+ ..V+1 U ~
7.V+1

NI dp jV+1
d t

n=ts

Next. we take expectations in both sides of the preceding equality. we use

(2.5). (2.4) and the integration by parts formula (2.7) to obtain

E(f(F^))=E(f(h(h)))
.V 1 Ü) k

+E-, ¿ E{m (/oíé Ha(h(h). n &i\ i¡3e+i
j=1 t=i

+;
,:V+ (1~¿)

iV!

iV bV+1) k

E{ñFst) £ n
f=l

¿A ¿T^í

dp4e
(2.13)

The assumptions of the theorem ensure that the Radon measures defined
by E{f{Fs)), EUihih))). E{f{h{h)) Q¡}, j = 1.....N. E{f(F-")
Q.v+1.5 j. _ wjti1

QN+l,s ¿4e « 1

dp^t 1 r7=£t

(2.14)

possess C00 densities. Moreover, a new integration by parts in (2.13) yields
(see Corollary 3.2.1 [9])

Ve{0)
1

(2n)d/2 a
+ £ 7? ~ E {1{/i(/i)>o} Pj) + ^‘V+1

i=i J'
Av+i •
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with

P.v+i =

n (1-í)X

E{hF'".N\ “ rWEt>°}
(A>1) d3f-

"<■ «i*"'- E «•• f : 11 ^"“'U))}*-12-15»t=i

We prove in Lemma 2.5 that. for any odd number j G {1. 2 N}

Qj(u) = -QA-*), (2-16)

with Qj defined in (2.14).
This shows E^f (A(/i)) QJ) = 0 for any smooth and symmetric function /
and henee pj = 0. Indeed. assume (2.16) holds. The Wiener measure P is
invariant under the transformation Z[ \áJ ) — UJ • Thus

E[f(h(f1))QJ} = E[(f(h(fl))Qi)oZ} = -E[f(h(f1))QJ).

The fact that Pj has a finite Wiener Chaos decomposition. more precisely.
Pj € J:ij+d — Q'kJif'Hk, follows from Lemma 2.6. Indeed. for any k G
{1 j}, ^ := n¿=i &i]- bi+i(/|/+i) £ 3ij-. since Q\ + ... + 3f. = j.
Consequently Qj G Jzj, because the lenght of a is k. Finally. since Pj =
Híx ,¡) ih(fi), Qj), Lemma 2.6 yields Pj G Jzj+d-
We want now to give a uniform bound for pv+1 (see (2.15)). Set G£ =

11^=1 Fs- Clearly, it suffices to show

sup e{ IH{1 d) (Fx Ha(FE. Ge))|} < C. (2.17)
0<£-<l l- I J

for any a G {1,..., d}k, 3\ + • • • + 3k — N + 1, k = 1,.... N + 1, and
some finite C > 0. The estímate (2.8) yields, for some k, b, b' G (1, ex) and
d. d' G N,

E H{ i <c(||rT¡||4 ||f»||ís iig-iu).
Therefore, the non-degeneracy condition ||T^e||p < C s~2. Vp G (l.oc) to-
gether with condition (2.12) yields (2.17). This finishes the proof of the
theorem. □
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Lemma 2.5 Let j be an odd natural number. Qj the random vector defined
by (2.14) and Z the transformation defined on the Wiener space by Z(jj) =
—¿j. Then

Qj = -Qj o z.
Proof. Fix k € {1 . j}. '3\, 3k > 1 with 3i + ... + 3k = j and a
multiindex a = (qi, .... aQ € {1..... d}k. We will prove

with

Since

Qj.k — Qj.k 0 -2 •

k

Qj.k=Ha{h(h)- n ^.i3e+i(f.ai

,3( + l

Q, = Y. E E *)<?«■
h=l , + -..+3k=j ag{i dyk

^1 q= (q1,...,ü¿)

this is enough for our purposes.
Let (aiJ)\<i.j<d be the inverse of the covariance matrix of the Gaussian

random vector ii(/i). For any 'F € O00,

H{1) (/!(/!), *) = ¿ 6(<bav f{(-))
1=i

d
r

= E / Dr*f{{r)dr}. (2.18)
j=i JT

Consequently. for 'F = ]T[f=i ht+i (/^+i)- holds
<ÜoZ = (-1y+k 'F, (Dr y)oZ = {-iy+k~l Dr *.

and therefore.

H{1) ih (/O, *) O 2 = (-1 y+k+l H{1) (hifQ, tf). (2.19)
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The recurrent formula (2.6). (2.18) and (2.19) show
k

Ha(h(h). I] 3e\Ijc+l(f%+l))oZ
e=i

= (-iy+2k * Ha(h{h). n ^!/Jf+i(/i/+i))
1=1

= -Ha(h(h). n 3(!/a+i(/J‘+1)).
e=i

Therefore the lemma is proved. □

Lemraa 2.6 Let $ be a non-degenerate d-dimensional Gaussian random
vector. $ E í > 0. For any multnndex a -- (Vu .... ar) E {1 d}r.
the random variable Ha($.'!') belongs to Je+r-

Proof. We will proceed by induction on the lenght of a. Set (6! J)¿ J=1 ¿ =

(Cov $)_1 and $ = h{f)- Then. for any i E {1,... .d}
d

H{l)($,*) = Y,bl>6(<Hf)EJe+1-
j=i

Assume the statement holds for any multiindex of lenght r — 1. Let a =

(a¡i-.... ar) E {1,..., d}r. By (2.6)
d

Ha($, ¥) = H[ar) ($, *) = £ 6(*f).
3 = 1

with T € Je+r-i- Thus Ha(<&. T) € Je+r and the proof is complete. □
Remark. Let $(h) = E(F) + fTn fn(si,..., sn) dhSl ... dhSn, h eH.
Notice that, the series defining $(/i) is absolutely convergent. due to condi-
tion X)rí=i n- WfnII2 < +oc. Assume there exist a sequence {a;ra. n E N} C
H such that P — lim^oo $(u;n) = F and. moreover. for any h E H. n E N.
there exists an absolutely continuous transformation T% : Q —► Q such that
P — limri_.0O F o = <3>(/i). If. in addition F£ E D30 and j| det r^||p <
+ oo, Vp E (l.oc), Theorem 3.41 in [1] establishes the following characteri-
zation for the points of positive density for Fs\

{ps(y) > 0} = {y : 3 h E H : $(/i) = y and D$(h) surjective}.
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Assume the family {Fs. e € (0.1]} possess the aproximating property de-
scribed before and is uniformly non-degenerate. Then. for y = E(F). ps(y) >
0. Indeed. 3>(0) = E(F) = y and. for any k € Ti.

D$(0)(k) = J h(s) k(s) dfi(s).
Thus. since a2 := det ^Cov(/i(/i))j > 0, D$(h) is surjective.

3 Applications
We devote this section to study two examples where Theorem 2.4 can be
applied

3.1 A hyperbolic stochastic partial differential equation
Let T = [0.1]2 and {Ws.t. {s.t) € T} be a Wiener sheet. Consider the
hyperbolic stochastic partial differential equation

- «3{Xs.u S.t) Ws,t + a4{Xs,t. s.t) + ai.(s.t) +a2(s. t) —.

(3.1.1)
with deterministic initial condition Xs.t = £o if (s. t) € T. s ■ t = 0. We refer
to [6]. and specially to [11] for results on this equation used in this section.
Here we will deal with the particular situation made precise in the following
set of assumptions

(Hl) ai:T-+R, i = 1,2 are differentiable and bounded with bounded first
partial derivatives.

(H2) : E x T -* 1, i = 3.4 are linear in the space variable, that means

a¿(x, s, t) = au(s, t)x + a¡2(s. t).

In addition, 031,032,041 and 042 are supposed to be continuous.
A solution of (3.1.1) is a stochastic process {ATs.t, (s.t) 6 T} satisfying

Xs.t = x0+ / 7s.t (u.v) {a3(Xu,v. u,v)dWu.v + a4(Xu.v. u.v)dudv} .
JRs.t

(3.1.2)
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where Rs,t denotes the rectangle [0. sj x [0. t] and v) is the Green
function associated with the second order differential operator

n ^ d2f{s.t) , ^ df(s.t) df(s.t)Cf(sA) = -^ar-aiisA) ~Tt “2<s'í) -ár--
Here are some properties of the Green function; their proofs are giren in [11]:

Boundedness:

sup sup \~/s,t(u. l’)[ < C.
(s.t)GT (u.v)<{s.t)

Lipschitz property:

sup \~fs.t(ü,v) — t’)| < C {\ñ — u\ + ¡U — i/’]} . (ñ.v),(u.v) < (s.t) .

(s.t)er

sup |tg-t(u-v) ~ ls.t(uX')\ < C {|s - s| + |t - f|} . (s.t). (s.t) > (u.v).
(u.v)GT

Positivity:

7s.t(s.v) = exp

7s.t(u,t) = exp

0 < v < t.

0 < u < s .

Theorem 2.1 in [11] proves the existence and uniqueness of a continuous and
adapted process {Xs.t, (s, t) G T} bounded in Lp. for any p > 2. Moreover.
Xs,t € D00, V(s. t) G T. For any e G (0,1] set

Xlt = xo+ / isA^v) {ea3(Xlv,u,v) dWu,v + a±(Xtuv,u.v)dudv}
JR,.t

(3.1.3)
and, for any h G W, the Cameron-Martin space associated to {Ws t. (s. t) G
T},

Ss.t — xo + /Jr,
7s,t(u, v) {a3(S^ v, u. v) d hu,v + a4(S^v, u, v) du dv) .
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Proposition 3.1.1 Assume (Hl) and (H2). For any z € T. z — (s.t). st y
0, let

OC

x:_. = ex= + £ /„(/„)
n = l

be the Wiener-Chaos decomposition of the solution of (3.1.2) at z = (s.t).
Then. for any e € (0.1].

X: = EXz + jr en /„(/„)■
n=1

Proof: Bv a result proved in [12]. fn{a) = ^ E (D% Xz). a — (qi a,¡).
Thus. if Xz = E Xz + In(fn)- sufñces to prove E Xz = E Xz and
E (Dna Xz)~= sn E(Dl Xz). n > 1.
Taking expectations in (3.1.2). (3.1.3) by uniqueness of solution we imrne-
diately obtain

EXZ = E X; = S° .

Fix N 6 N, ai a.v € Rz. Denote by a the vector (ai. a.v); set
a1 = (ai..... a¿_i. aj+i, a.v), N > 2. sup a = ai V ... V a.v- The
particular form of the coefficients a¿. i = 3.4 and the rules of Malliavin
Calculus yield the following expressions for N > 2.

x

D¿XZ=J2 «3.i(^)7z(at) D^1 Xat
i=i

+ í 1-Án) [03.1 (r?) D» Xn d\Vv + «4.i (b) D£ Xn dV].
J[sup a,z\

DíXl = Y, sa^iaMai) D^1 X
1 = 1

+ í Izin) [s «3.1 iv) D* xsn dWn + a4.i (í?) D* Xsn drj].
J[sup Q.z]

Let Ua (z). iV > 1, be the solution of the equation

U£{z) = 1+ f ~fz(v) 04.1 fa) fa) dr¡ •./[sup a.z]

Then. clearly

£(/>«*;) = (£ a3.l(a.)-;.-(Q,) E(D*,~l Xa,))u£{z).
Í= 1
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.V

E(D¡Xz) = (£ ^.iRRR)
For .Y = 1.

u- (3.1.4)
Z=I

E{DaXz) = 7z(a) [a3.i(a) £XQ + a3.2(a)] 0'¿ (z) ■

E(DaXz) = 573(q) [a3.i(Q) + a3.2(a)] R (z) .

Thus. E (Da Xz) — - E(Da Xz). because EXa = EX£. This fact and (3.1.4)
allow to finish the proof using a recurrent argument. □
In the sequel we fix z € T not belonging to the axes. The following notation
will be used. Set

X- - S° dJ , dJ -

X;(z) = j-Xí. X](z) = — Xz.je N.
By Corollary 2.2 applied to F = Xz we know that these derivatives exist.
One easily checks

Xf{z) = / 7j(í7) ( (a3.i(r/) + a3.2{r])) d\Vn + s a3.i{Ji) X¡{q)d\Vn
J Rz

4- 04.1(77) Xf(r])drij,

xj(z) = í 7,(77) (jo3.i(7?) Xj_x
w Rz

+ 04,1(77) Xj(r¡) dr¡),

Let Xj(z) = lime|o XJ(z), j > 1.
stochastic diíferential equations

(3.1.5)
(77) dWr, + c 03.1(77) XjWdWr,
j> 2.

(3.1.6)
Then Xj(z) satisfies the following

Xi(z)= lz(v)[(a3.i(v)Suv+a3.2(V))dWr,+ai.x(r])Xü1(r])dr1). (3.1.7)

Xj(z) = jR 7z(v) (ja3,1(77) Xj_x(r]) d Wn + 04.1(77) . (3.1.8)
Lemma 3.1.2 We assume (Hl) and (H2). Then

XUz) =
j + 1 *5+1 (*) + 5 í\i-^+i)

Jo X%2(z) d£ (3.1.9)

j € Z+.. where, by convention, Xjj(z) — Xz.
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Proof: For j = 0 the identity (3.1.9) follows from a Tavlor development of
XI around í = 0. taking into account that X? = S?. An easy recurrent
argument establishes (3.1.9) for anv j > 1. □
In the next Proposition we check assumption (2.12) of Theorem 2.4 for
F5 = XI.

Remark. We know that there exists a versión of {Xj(z). z G T} which is
continuous in 5. From the previous Lemma and (2.4) we obtain

InUn) n!
n > 1.

Proposition 3.1.3 Suppose (Hl) and (H2) are satisfied.
Z+. fceN. pe (l.oc).

For any j €

sup
0<í<1

< C.
k.p

Proof: Due to (3.1.9) the proof follows from the following faets:

sup ||A°(z)||fc.p < C.
-er

(3.1.10)

sup sup E (\X!¡(z) |p) < C.
o<s<i zeT

(3.1.11)

sup sup E{ \Da Xj(z) |p) < C. (3.1.12)
0<í<1 zeT a:supa<:

for any j, k € N, p G (1, oc) and some positive constant C.
From the remark following Lemma 3.1.2 one clearly gets Xj(z) 6 7íj. for
any j € N. This yields (3.1.10).
We know (see [11])

sup sup E(\X;\P) <C. p € (l.oc).
0<£T<1 z€T

Then. the standard arguments based on Burkholder’s. Hólder's and Gron-
walFs inequalities applied to the equations (3.1.5) and (3.1.6) yield (3.1.11)
by a recurrent argument.
Finally, for the proof of (3.1.12) we first write the equations satisfied by

Xj(z). j € N; this can be done using (3.1.5). (3.1.6) and the rules of
Malliavin Calculus. Then we proceed as for the proof of (3.1.11). This
estimate allows to use the recurrent argument which is needed. □
We finish the study of this example by checking the uniform non-degeneracv
property. We need the following additional assumptions on the coefficients.
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(H3) |a3j(s.í)-a3j(s.'t')| < C { |s - s'\ + |í - t'\}.
J = 1-2. (s.t).{s'.t')eT.

(H4) suptg(01j \a4j (s. t) - a4j (s'.t)\ < C |s - s'|. j = 1.2. (s.s')eT
suP(s.é)6T l^i a3j{s.t)\ < C. j = 1.2.

(H5) ü3i (0, t)xo + a32(0, í) # 0, í # 0.

(H6) a3i(0, v)xq + a32(0. c) = 0. Vw G (0. í].

dia3i(0.í) xo + 5ia32(0.í) + a3i(0,í)/of 7o.t (O.iu) (a4i (0. w) x0

+a42 (0. w))dw ^ 0.

for some positive constant C and where d\ means the derivative with respect
to the variable s.

Proposition 3.5 in [11] establishes Xs.t € 1®°° under (Hl) and (H2). for any
(s. t) € T. Thus Xss t also belongs to O30, for every 5 £ (0.1]. (s. t) € T.

Proposition 3.1.4 Letz = (s,t) € T, s-t ^ 0 be fixed. One of the following
set of conditions implies ||r^i||p < C z~2, for some positive constant C and
every s € (0.1], p G (1. oc)

(a) (Hl) to (H3) and (H5),

(b) (Hl) to (H4) and (H6).
Proof. It suffices to check that the inverse of the random variable
z~2 fR \DaXl\2 da has moments of any order. Consider the stochastic
differential equation

Yf(a) = 7z(a)+[ 7^(77) Y* (a) {£03.1(77) dW^+a^iirj) dr]} , 0<a<z.J(a.z]

Then, Da XI — z a3(Xf. a) Fí(a). Consequently we need to show

p{jR (a3(X¿,a)Y:(a))2da<r]}<rf,
for any p € (1, oc) and r} < t)q.

This has been proved in Propositions 3.6 and 3.7 in [11]. We point out
that, although assumptions (H3) and (H4) in this reference are stronger.
they can be relaxed to the situation of our statement. □
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Proposition 3.1.5 Suppose (Hl) to (H3) are satisfied. Either under (H5)
or (H4) and (H6), E ( |X°(2:)|2) > 0, for any z = (s.t) € T. s ■ t 0.

Proof. We will show Tz = /ñ, |£>aXf(¿) |'2<¿a > 0. Since X®(z) is Gaussian
this is equivalent to the statement. For any 0 < a < z. let

Jz{a) = ~íz(a) + / 7s(í?) «4.i(f?) Jr¡{ot) dr¡.J(a.z\

Then. Da X^z) = 1{Q<2} ¿*3(5’°. a) J2(a). For any s. 3.6 > 0 set Cj ¿ (e) =
(0. e3) x (t — t), anda = (r, w).

Assume (H5) and define

B\(s) — í a3(x0, 0. t)2 7s.t(r. t)2 dr dw.
Jefa(=)

Bi(z) = ^ ^ ^(a3(S^w.r. w) Js.t(r. w) - a3{xo,0.t) ~/s.t{r. t)j dr dw .

Clearly

Tz>^Bl(z)-B2(z). (3.1.13)
Since 7^¡.í(r.t) >0. Bi(e) > Ce2. The following properties can be easily
checked:

sup |S?| < C. (3.1.14)
z€T

\Slt-x0\<C\s-t\, (3.1.15)

sup sup | J2(a)¡ < C,
zeT a<z

\Jz(a) - 72(a)| < Cí¿, a € Cj.6(s)( (3.1.16)
for some positive constant C. Then, (H2), (H3) and (3.1.14) yield

«3 (¿r? w) Jsj(r,w) -a3 (x0,0,í)7S(t(r,í)|
<C{ | Js.tir, w) - 7s.t(r, t) | + - x0| + |r( + \t - w\ } .

Therefore, by (3.1.15), (3.1.16) and the Lipschitz property of 7, we obtain
¿M-) ^ C-4- Thus, from (3.1.13), Tz > C (c2 —£4) > 0, for s small enough.
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In the sequel we assume (H4) and (H6). For any e. 0.6 > 0 set

Bi{z.3.6) = ]- f (jz(r.w) a3(S°w.r.w)^¿ JC3.6^ '

B2(z.3.6)- í (a3(S°w,r,w) (Jz{r.w) -

2
I dr dw.

7;(r. w))) dr dw .

Clearly > B\(s. 0,6)—B2(~. 0,6) and, by (3.1.14) and (3.1.16). B2{s. 3. 6) <
q -.3+3(5

Bn(s.0.6) = - í (a3{S°w.r.w) yz(r.t)) drdw.

fíi2(£.5,6) = ^ í (a3(S°w^r.w) {iz{r,w) - ~¡z{r.t))) dr dw .2 Jcis(s) ' }
We have Bi(s. 0. 6) > Bn{s- 0.6) - B12(e. 0. 6).
The Lipschitz property of 7 yields

Bu{s,0.6) < CcJ+3í. (3.1.17)

Taylor's formula implies, for some r € (0,r),

a3i(r, w)S®w + a32(r,w) = a3i(0, w) S°w + a32(0,w)

+ (dia3i(0,w)S^_w + 5ia32(0, w)jr + ^(dfa3i(r.w)S^w + d¡a32(r. w)^jr2.
Thus. by (H6)

a31(r.w)S^w + a32(r:w) = a3i(0,w) - x0) + r dia3i(0. w) (s°w-x0)
+ r($io3i(0, w)xq + dia32(0, w)^j + ^r2(d?a31(r,w)S°w + d¡a32(r.

In addition,
rr rw

a3i(0. w)(S°w - xo) = a3i(0, w) / / 'yr,w(u,v)a4(S^v.u,v)dudvJo Jo
rw

= 031(0, w)r / 7o.í(0, n)04 (xo,0.v)dv
30

+ o3i(0, w) / / (jr,w(u,v)a4(S^v.u.v)

w

Jo Jo

— 7o.t(0, v)a4(xo, u, v )^dudv .
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Let a3(S°.w,r,w) = Ej=i H.w with

L\.W = a3i{0,w) J {7r.u,(u- y)(a4i(u. + a42{u. r))
— 7/0.t(0. v)(a4i(0- v)xo + 042(0.1?)) jdw dv .

Lr.w = rdld3i{0.U.'){S°w - X0) •

Lzr.w = ^ r2(^a31(r.w) S°w + d¡ a32(f. 10)).
LÍ.w ~ r\ dia3i(0, w) x0 + 9io32(0. w)

+a3i(0. w) / 7o.t(O- vJo . v))dv

Define

Bm(~',3'6) = í 7l{r,t) (Lrufdrdw .Je-

Bn2(s,M= /. 7?(r.í) {(L^w)2 + (Llw)2 + (L3rJ2}dr dw .JC3.6^
Then 8 B\i{e, P, 6) > Bm(s. 3.6) — 8Bu2{s. p, 6). Moreover. B\\\(s. 3. é) >Bhu(e. 3, é) — Biu2(s, p. 6) where

B1111 (s,p.6) = \ í llir.t) r2{<9ia3i(0.í)xo + dia32(0.í)2
t 1

+a3i(0,í) J 7o,t(0. v)a¿í(xo, 0, v )do| drdw,
Bni2(£,P,6) = í lz(rP) r2{(^ia3i(0. w) - dia31(0,í) )x0

+ (<9io32(0. w) — <9ia32(0. t))
rw

+(031(0,w) — (a3i(0,í)) / 7o.í(0.n) a4(xo.O.v)dvJo

+a3i(0,í) / 7o.t(0, v) O4(xo, 0. v) dv\ drdw.Jw '

Property (3.1.14) and assumptions (H2), (H4) ensure

|7r.u;(+ v) (o4l(u, v)5° v + Ü42(o. v)') - 7o.¿(0, v) (041(0, v)x0 + O42(0, o)j
< C { |r| + |í - w\ + |u| + 15° ,, - xol } .
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Thus. (3.1.15) yields

(r.t)(Llr w)2dr dw <C{ _33+3¿ I _53~\-S

and

72(r. t) r2 d\ 031(0. w)2(S®w — xo)2drdw <CeJÓ3+6

Bv (H4) and (3.1.14).

(3.1.18)

(3.1.19)

C3,6'

y:(r.t) (L3r w)2 drdw < C-M+í

Consequently. (3.1.18) to (3.1.20) give

(3.1.20)

Bu2(s. @.6) < C + s53+é). (3.1.21)

By (H6) and the positivity of 7s.t(t¿. t)

Bnn(e.p.6)>CEZ3+é (3.1.22)

Finally. by (H2) to (H4)

Bnu(z- 3.6) < C í r2 \t - w\2 dr dw < C s33+3S . (3.1.23)

Therefore, putting together the estímate for .82(0, 0,6). (3.1.17) and (3.1.21)
to (3.1.23). we obtain

p > q ¡¿33+6 _ q ^¿.3+36 ¿.33+36 _j_ ,-5^+á^

This clearly yields rz > 0 by choosing s small enough and 3 < 6. The proof
of the Proposition is complete. □

Propositions 3.1.1, 3.1.3, 3.1.4, 3.1.5 establish all the necessary ingredients
.to apply Theorem 2.4 to the family {X:, £ € (0,1]} defined by (3.1.3) with
Z = (s.t) £ T. S ■ t 0.
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3.2 An ItÓ equation on the plañe
Consider a one-dimensional Wiener process {\Ys,t.(s.t) € T}. T = [0.1 ]2.
vector fields .4(x) = (**). Aq{x) = (^) and the stochastic differential equa-
tion on R2.

Zz = x0+ [AiZ^dW. + AoiZ^drj]. zeT. (3.2.1)
Jrz

with initial condition xo = (¿). Let {Z;. z € T} be the solution of

Z: = xo + [ [s A(Zsn) d \Vn + Ao(Zsn) d n]
and {\&(2). 2 e T} be given by

<S!(z) = xo + Ao(^(p))dr¡.
JRz

In the sequel 2 will be a fixed point in T not on the axis. The analogue
of Proposition 3.1.1 for the solution of (3.2.1) can be proved by the same

arguments. due to the linearity of the coefficients A and Ao. Thus.

Z: = EZz + f; Sn In(fn).
n=1

where Zz = E Zz + Inifn) is the Wiener-Chaos decomposition of the
¿2-functional Zz.
Let Z: = 1. Following the ideas of the proof of Proposition 3.1.3 we
obtain

sup
0<s<l

<C,
k.p

for any j € Z+, k € N. p € (1. oc).
In [10] we have proved Zz 6 ID)30 and HT^Hp < C, for any p € [1. oc).
By considering the coefRcient zA instead of A we also have Z: € Z’c and
lir^llp < Cs, p € [1. oc). for some constant Ce depending on - G (0.1].
Proposition 3.2.1 Let be the gaussian component in the Wiener-
Chaos decomposition of Zz. Then, a2 := det (Cov (Ii(fi))) > 0.
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Proof. Since Zz € O30. fi(a) = E (Da Z~). a < z. So we will first give an

explicit expression for E (Da Zz).
Consider the continuous functions defined on T given by the series

m

OC

w = E
k=0

(st)'2k
í(2WT2' n(z) = t

k=0

(St)2k + l
((2k + l)!)2

(3.2.2)

2 = (s. t).
Set Zz = (XZ.YZ). The mean vector {.EZ,. zST} satisfies the determin-
istic equation

EXZ = 1+/ Er„d„Vfl,

IRz
E Xn dn

Consequently.

EX.->+/ / E1„2 dr¡2 dr\i
17 17 itf7l

EYZ = í \l+ f EYmJ Rz J R-vi
dr¡2 dril

and therefore. E Xz = m(z), EYZ = n(z).
The Malliavin derivative of Zz satisfies the stochastic differential equation

DaZz = A (Za) + f [XA (Z„) Da Zn d\Vn + VA0(Zn) Da Z„ drj\. (3.2.3)Ha. A

Consequently.

E (Da Xz) = m(a) + f E (Da Yv) dV 'Ha-A >

E(DaYz)=n(a)+ E{DaXn)driHa-A
From (3.2.4) we easily obtain

(3.2.4)

E (Da Xz) = m(a) m(z — a) + n(a) n[z — a)
E (Da Yz) — n(a) m(z — a) + m(a) n(z — a).

where z - a = (s — ai, t - 0.2) for 2 = (s. t), a = (ai, 02). Therefore.

/i(a) — (jn(a) m(z — a) + n(a) n(z — a). n(a) m(z — a) + m(a) n(z — a)J
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and

■y
a~ == m(a) m(z — a) + n(a) n(z — a

x n(a) m(z — a) + m(a) n(z — a da

^m(a) m(z — a) + n(a) n(z — a)J

x (n(a) m(z — a) + m(a) n(z — a) jda
Assume a2 = 0. Schwarz’s inequality yields the existence of A G IR : //(a) =
A f2(a). for any a G This leads to contradiction. Indeed. assume for
simplicitv 2 = (1.1). For a = (|. ^) we have m(a) = m{z — a). n(a) =
n(z — a), therefore

m
2 /1 1 \ ¡\ 1 \

= 2A"(rj) (3.2.5)

On the other hand. n(|.l) = n(^, 5). m(|.l) = m(^. 5). m((l.l) —

(5,1)) = 1. n ((1.1) - (|, 1)) = 0. Consequently

m (3.2.6)

(3.2.5) and (3.2.6) ensure m , 5) = n (5 , 5) which is impossible. In fact.
from (3.2.2) we clearly have n < 771 (5 • 5) • D
We cióse this section checking ||r^í j|p < Cs~2 for any e G (0.1]. p € (1. oc)
and some positive constant C. Clearly. it suffices to show

sup E (| det7j x|p) < C . pG( Loe),
£6(0,1]

with 7£ = s 2Tz¡■ This property will follow from the following fact

sup sup P{ v < rj} < C (p) rf , (3.2.7)
s€(0.1] h| = l

for any p G (1, 00) and p small enough.
Using (3.2.3) we easily obtain

7íj= f Ak(Z;) #{z,r) Ak'(Z;)dr. 1 < i.j <2.J Rz
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where {£-(2.r). O < r < 2} is a R2 X R2-valued process solution to the
stochastic differential equation

¿r (2. r) = / + f {5 VA(Z*) f (rj. r) d IT, + VAo(^) Ss(n- r)dr¡).
Then. as in [10], the proof of (3.2.7) is reduced to that of

sup sup P\ í |u¿ Al(Z¿t) |2 da < 77} < C[p) rf .
56(0.1] |r| = 1 L Jo J

Let V — {A. A^A}. Clearly the span of V at xq = (¿) is ¡R2. Consequentlv.
there exists R > 0, c> 0 such that

£ (vlV\y))2>c. (3.2.8)
vev

for any |n| = 1 and y G Br(xq).
Let Ss = infjer > 0 : sup^<ff-T<t |Z|r — xq| > R} A s . Then

s~

p{Jq IViAl{Z-at)\2 da < n} < PÍ(tj) + P2M + Pl(v)
with

Pl(r]) = P{jS \VlA\Zsat)\2da<y, j" \ví(A^ A)! (Z^t)\2 da < r)a.
S5 > 7?'3},

P2(n) = p {Ss < ^

Pz(p) = p{Jq \viA'{Zsat)\2da < V- | vt(A^ A)1 (Zsat)\2da >na}.
where 0 < ¡3 < a < 1.
Property (3.2.8) and the choice of 0, a yields pf (77) = 0 for 77 sufficiently
small. Chebychev’s inequality and Burkholder’s and Holder's inequalities
ensure supsS(0 X] P2(v) < Crpql2. The terna p\{r\) demands a careful analy-
sis. This has been done in [10] (pg. 15) and corresponds to the term A¿ is
this reference with V = A, Xa. = Z%., = y. a = ■ As a hint
for the reader, we point out that span ^A(xo), A[f A(xo)) = R2 implies
the validity of assumption (H2) of Theorem 2.2 in [10]. Indeed. using the
notation in this article.

A(x0) = A1(x0)> AqA(xo) =

'

[\a0lJo
* A) (r. 1) dr (xq) .
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Since all the estimates in the above mentioned proof can be obtained uni-
formly in the paramater s. we conclude. □
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