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1. Introduction

The fractional calculus has a wide range of applications in several areas of science
and technology such as chemistry, engineering, mechanics, physics (see, for exam-
ple, [8], [24], [27], [43] and references therein). In particular, we can mention chaotic
dynamics and synchronization ([20], [22], [48], [49]), robotics [23], viscoelasticity
[2], system identification [8], control ([8], [43]), analysis of electrode processes [25],
Lorenz systems [20], systems with retards [10], quantic evolution of complex systems
[28], stability ([37], [40], [47]), electromagnetic waves [23], quantitative finances [30],
and many others. Lakshmikantham and Vatsala [29], and Podlubny [43], have nice
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surveys of basic properties of deterministic fractional differential equations. Jun-
sheng et al. in [26] gave the solution for a linear case in terms of Mittag-Leffler
function by the Adomian decomposition method. Matignon [37] and Radwan et al.
[44] studied the stability for fractional linear equations. The non-linear case was
treated, for example, by Li et al. [34], Martinez-Martinez [38] and Wen et al. [47],
among others.

The book of Samko et al. [45], whose topics are fractional derivatives and inte-
grals, is one of the fundamental tools for studying applications of fractional Brow-
nian motion (fBm) via stochastic differential equations (see, for instance, Mishura
[39], Nualart [41] or Zihle [51]). A fBm B = {BH;t > 0} with Hurst parame-
ter H € (0,1), defined on a complete probability space (Q, F, P), is a zero-mean
Gaussian process with covariance

E (BfBl) = % (T + 27—t =), t,s>0.

In recent years, several authors have considered fBm because of its numerous prop-
erties such as stationary increments, self-similarity, Holder’s continuity, long-range
dependence, etc (see, for example, Nualart [41]). It is well-known that B'/2 is a
Brownian motion and B is not a semimartingale for H # 1/2. Therefore, we
cannot establish a calculus for fBm based on an integral introduced by using the
classical It6 calculus, in general. So, it is necessary to apply another approaches
to deal with integration with respect to BY. In the literature, there are different
definitions of integral with respect to fBm such as Stratonovich integral [1], Skoro-
hod type integrals [41], Young integral [50], extensions of Young integral (see, for
example, [7], [15], [21] and [51]), integration with respect to rough signals [36], etc.
Consequently, several methods have been used by many researches to analyze the
properties of stochastic differential equations driven by B¥. Among these authors
we can mention Alos et al. [1], Fiel et al. ([18], [17]), Ledn et al. ([31], [32], [33]),
Lin [35], Lyons [36], Nualart and Rascanu [42] among others.

For H > 1/2, it is possible to consider Young integration to deal with fBm
because B has y-Holder continuous paths for any v € (0, H), with probability
1. Even we can study stochastic differential equations driven by fBm with either
discontinuous coefficients (see Garzén et al. [19]), or coefficients with power type
non-linearities (see Ledn et al. [31]), by means of the extension of Young integral
given by Zahle [51].

The purpose of this paper is to state the existence and uniqueness for the solution
to semilinear fractional stochastic differential equations driven by B, which are
Volterra type equations. These last equations with suitable kernels have been taking
into account by Besalu et al. ([3], [4]), Coutin and Decreusefond [6], Decreusefond
[9], Deya and Tindel ([11], [12]), Fan [16], and Wang and Yan [46]. In particular,
Deya and Tindel [11] deal with the equation

Yyt =a +/0 (t—s)"*U(ys)dxs, t e 0,17, (1.1)
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where a is a constant in R", the function ¥ is smooth enough, x is a Holder con-
tinuous noise with values in R™ and the integral is a limit of Young type integrals.
The existence and uniqueness for the solution is obtained by the fix-point theorem.
Hence, it is necessary to state estimates for the involved integral. The main tool in
this case is a variant of the rough path theory called algebraic integration. Conse-
quently, the solution of (1.1) is Holder continuous. The techniques established in
[11] and [12] allowed the authors to work with non-linear rough heat equations [13].

The main goal of this article is to study the existence of a unique solution to
the semilinear fractional stochastic differential equation of the form

Xe=&+ /Ot(t — )77 g(s, X)ds +/0t(t — ) f(s)XdBT, te[0,T]. (1.2)

Here, a, 5 € (%, 1), f is a Holder continuous process (see Section 4), g : Q x [0, T] x
R — R is a measurable function that is Lipschitz continuous with linear growth
on R, uniformly on Q x [0,7], and H > 2/3. The stochastic integral with respect
to B in (1.2) is the extension of the Young integral introduced by Zilhe [51].
In Propositions 2.1 and 2.2 we show that we can assume f = 1 without loss of
generality. Thus, due to equation (1.2) being interpreted pathwise and B having
~v-Holder continuous paths for any v < H, we only need to analyze the equation

t t
X, =&+ / (t— 5)571 g(s, Xs)ds + / (t— s)aleSdGS, te[0,T]. (1.3)
0 0

Now g is a function on [0,7] x R and 6 is a y-Holder continuous function on [0, T
with 4 > 2/3. Unlike equation (1.1), the initial condition £ in (1.3) is not a constant
but a function and 8 could be different than «. Observe that the first component
of  in (1.1) may be the identity function. That is, x,(fl) =t,t € [0,7]. Also,
unlike equation (1.1), the solution of (1.3) may not be a Holder continuous function
and it may be +oo at zero. Indeed, we consider equation (1.3) for two different
families of initial condition. Namely, either ¢ is Holder continuous, or £ could be
not defined at zero (see Hypotheses (H2) and (H3) below). Remember that the
integral with respect to 6 in (1.3) is the extension of the Young integral [51], which
is given only by means of fractional derivatives. Therefore, we only apply properties
of fractional derivatives and integrals established in [45] to state priori estimates for
t—> fot(t — )71 X dfs in (1.3) (see Lemmas 3.1 and 3.3 below). In this way, we
can also get our results throughout the fix-point theorem, although we cannot use
algebraic integration as in [11] because the solution of (1.3) is not Holder continuous
for both cases considered in this paper for £ (see Proposition 4.1 and 4.2).

We remark that it is natural to have functions as initial condition in (1.1) and
(1.3). Indeed, suppose that we know the solution of (1.1) up to a time Ty < 7. In
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this case we need to analyze the equation

To t
Yt = a+ /0 (t - 8)7Q‘I’(ys)dﬂﬁs + / (t - 3)*0\1/(3/8)613:3

To

t

—6t [ (-9 Ve, te T T)
To

to know the solution y on [0, T]. But, in this equation, & = a—l—fOTo (t—s) W (ys)das

is a function. We also remark that considering initial conditions that are Hdolder

continuous functions is a standard assumption in the study of delayed equations

(see, for instance, Boufoussi et al. [5] and Diop and Garrido-Atienza [14]).

Finally, we would also like to point out that considering (H2) we deal with an
equation in the sense of Riemann-Liouville and considering (H3) we deal with an
equation in the sense of Caputo. For more information about this subject we refer
to Podlubny [43] or Junsheng et al. in [26].

The organization of the paper is as follows. In Section 2 we introduce the frame-
work of this article. In particular, in Section 2.2 we give the definition of the exten-
sion of the Young integral [51] and we state the basic tool to obtain priori estimates
for equation (1.3). In Section 3, we establish the priori estimates, whose proofs are
in Section Appendix A. The existence of the solution to (1.3) is showed in Section
4.

2. Preliminaries

This section is devoted to introduce the framework and the main tools that we use
in this paper.

The space of all the u-Holder continuous functions on [a,b] is denoted by
CH([a,b]). Then, if f € C*([a,b]), the norm of f is defined as follows

Hlf”',u,[a,b] = ||f||oo,[a,b] + ||fH,u,[a,b] ’
with
lf(t) = f(3)]
= su t and = su _
171l a0 a§t1§)b|f( ) 1010 aSs<1:L3§b (t—s)m

Let n, 1 > 0. We will need the equality

(t — 3)#4‘7771 _ fm/ (t _ ,,,),ufl(,,, _ S)nild’l“, 0<s<t,

where T" is the Gamma function. This equality is an immediate consequence of the
relation between I' and the Beta function B. That is,

F(N)F(n) _ _ ! —r uflrnfl p
PR = B = [ =yt

Throughout the paper, C' represents a generic constant whose value is not im-
portant and may change from line to line. When we want to indicate that C' depends
on some parameters 71, ..., 7, we will use the notation Cy, . ,

n*
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2.1. Fractional derivatives and integrals

Consider 0 < a < b < T and an L!([0, T])-function f. For u € (0,1), the fractional
integrals of f are defined as

t b
Ié‘+(f)(t)=ﬁ / (t— )V fodr and I{,L(f)(t)=ﬁ / (r— ) f, dr,
(2.1)

which are defined for almost all ¢ € [a,b] due to Fubini theorem. For any p > 1,
we denote by I (LP) the image of LP([a,b]) by I4 , and similarly for I;' (LP).
Sometimes we write I (L ([a,b])) instead of I}, (LP) if it is not clear the involved
interval that we are considering. The inverse of operators I f;+ and I{fi are called
fractional derivatives, and are defined as follows. For f € I¥ (L?) and almost all
t € [a,b], we set

1% _ . 1 ft e ft_fr
pii=v -t (e aogt) 2

where we use the convention f, = 0 on [a, b]°. In the same way, for f € I{' (L) and
almost all ¢ € [a,b], we set

b
vt gt (e [ ). e

AT —p) \ o=t " Jiwe (r =)0

By [45] (Theorem 13.2), we have that, for p > 1, f € I} (LP) (vesp. f € I}' (LP)) if
and only if f € LP([a,b]) and the limit in the right-hand side of (2.2) (resp. (2.3))
exists. In this case f = I (D4, f) (vesp. f = I}’ (D}/_f)). Note that if f belongs to
C**<([a,b]), with € > 0, then D/ f and D} f given by (2.2) and (2.3), respectively,
exist.

2.2. Young integral

In this section we introduce the extension of the Young integral defined by Zahle in
[51].

Let g, f be two functions on an interval [a,b] and ¢*~(r) = g2~ = g, — gp_.
We say that f is integrable with respect to g (the generalized fractional Lebesgue-
Stieltjes integral) if and only if D¥, f and D, "¢"~ exist, and (D%, f)D, " ¢*~ €

L'([a,b]). In this case we define the integral fab f dg in the following way

b b
/ f, dg, = / (DL, £)(r) DY (r) dr. (2.4)

It is proven in [51] that this definition is independent of p. It means, if there is
~v € (0,1) such that D}, f and D, 7g"~ exist, and (D), f)D,~"¢"~ € L'([a,0]),
then

b b
/ (DY, £)(r) DL g (r) dr = / (D2, £)(r) DL g (r) dr.
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It is well-known that if f € C*([a,b]) and g € C7([a,b]), with u +~ > 1, then it

can be checked that fab fr dg, is well-defined, and that it coincides with the Young’s

integral defined as a limit of Riemann sums (see [51]), which makes this integral a

main tool to interpret the meaning of solution to stochastic differential equations

driven by a fractional Brownian motion with Hurst parameter bigger than 1/2.
We will need the following auxiliary results later on.

Lemma 2.1. Lety € (0,1), a € (1—7,1),0 € C7([0,T]) and0 < a <t <T. Then,
the integral f;(t —5)27Ld0, is well-defined and, for e > 0 such that o+~ —e > 1,

t
/ (- s)aldes‘ < O]l fay (t — a)yrHe=,

where C' is a constant depending on «, v, € and T'.

Proof. In order to see that the last constant C' only depends on «, v, € and T, we
introduce the y-Holder continuous function

O, s €0,a],
ns(aat) =q 05, s € [a, 1],
9,5, ENS [t,T}
Now let 0 < € be such that & + v — ¢ > 1, which implies that ¢ < a. Then, for
€ (0,T), we have

a T
(t =)™ Mg (r) = MF_())F() / (= 8) (s — )2 110  (s)ds
_ I;EO?IT ((t =)Mo ()) () (2.5)
and
(t =) = R 1 (= )7 ), 26)

where (2.5) and (2.6) follow from Definition (2.1). So, Samko et al. [45] (Corollary 1
of Theorem 11.5) implies that (t—-)*"'1j9 4(-) € I (LP([0,T])),
Hence, using the Definitions (2.3) and (2.4) (see, for instance, inequality (12) in Leén

et al. [31]), we can obtain, using straightforward calculations,

| Dyl (a,t)| < Cap, gt —a)Te e s e 0,7, (2.7)

and
T

(t = 5)* Mo, (s)dns(a,t)

|/ (DG=(t =) M. () () (D30 (a,1) (s)ds

T
< Ca,y,eH@IIw,[a,t](t—a)”*”‘_e_l/o (DGt = )" 10,9()) (s)| ds. (2.8)
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Applying Samko et al. [45] (Corollary 1 of Theorem 11.5) again, together with (2.5),

we are able to write, for 1 < p < ﬁ,

T
|08 =92 100 () ) s

=

L T
<7l </o [(D§e(t =) 0,() (S)|pd5>

1
t P
1-1 e—1)
> UT,a,e - P
< CroT P(/(t 5)( d5>
0

1
< O, T3 (HE D)
S C’T,o¢,5T€~

Thus, from (2.8), we get

/0 (t— s)a_11[07t] (s)dns(a,t)

< Cap,1ellBlly [0, (E = a)yteeTl (2.9)

Finally, by Zahle [51] (Theorem 2.5), (2.3) and (2.6), we have

T
/0 (t— 5)0‘711[07,5] (s)dns(a,t)
T

- / (b= )" () dna(a,t) + / (t = ) Lo, (s)dns (a, )
0 a
T
_ / (t — ) 0.4 ()dna(a, 1)
aT t
= [ =9 e e (e t) = [ (¢ 5) s
0 a

where we use that 7%~ (a,t) = 0 on [0,a]. We observe that we can see that fat (t—

5)*~1df; is well-defined proceeding as in (2.8) and (2.9) via (2.6) (instead of (2.5)).

Consequently, the result follows from (2.9). O
Henceforth we utilize the notation & = o + 8 — 1.

Lemma 2.2. Assume that 1 < o+ . Then, for x € (a,b),

- _ _ 2Tl —a) _ _
I8 (b= )P —a) ) (@)= (b—a) " ——(z—a)’ 1 (b—z)* L.
(=) —a)7) (@) = (b—a) OB (b—x)
Proof. The proof is an immediate consequence of Samko et al. [45] (equalities
(1.74), (1.75) and (2.46)). O

Now, we can state the following consequence.
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Corollary 2.1. Let v € (0,1) be such that 2—~ < a+ 3 and 0 € C7([0,T]). Then,
for0<a<b<T, we have

b a—1 —1 F(ﬂ)r(liﬂ) a+vy—1
/a(b—r) (r = a1t < o 0] g =5 (= )7

Proof. First we observe that, taking into account (2.3) and 2 — v < a + (3, we can
use the fact that

‘(D;:&Qb,) (s)’ < Canq|I0]l4(b— $)T= s € [a,b]. (2.10)

[1]

Hence, Lemma 2.2 and (2.4) yield

—
—

b
/ (DE (b~ )™ (- — a)P) (r) (DE=%6,_) (r)dr

b
< Can Bl (0= ™ 0= 0) s [ 6= =0

2d+fy—1F(5>F(1 - Bl —-a)

_ _ _\—a
- 047’*/”0”’7(1) a) F(l 7 a)F(2 —a— /B) (b a)
— F(/B)F(l — B) a+vy—1
- OOC»"/HHH’Y 1—\(2 —a— B) (b Cl) )
which implies that = is well-defined and that the result is true. O

We will also need the following two propositions in order to study the existence
of a unique solution to equation (1.2). The proofs of these results are given in Section
Appendix A because they are so long and tedious.

Proposition 2.1. Assume that v € (0,1) is such that 2 —y < a+ . Let 0 < a <
t<T, f€C¥"([a,t]), for somen >0, and 0 € C"([a,t]). Then,

/ (t =) r —a)’ 1 f(r)db, = / (t—r)*t(r— a)B_ldér,

with § = [ f(u)do,.

Remark. Under these conditions we have 1 —y < a. If § = o, then 1 — 3 < o
Also note that 6 is well-defined because & + v > 1.

Proposition 2.2. Assume that v € (1/2,1), a € (1—7,7) and0<a <t <T. Let
f be in C"([a,t]), for anyn <1 —«, and 6 € C¥([a,t]). Then,

/a t(t — ) f(r)do, = / t(t —r)*"'db,,

where 6 = [ f(u)df,.

Remark. Note that, by Propositions 2.1 and 2.2, we can reduce the stochastic
differential equation (1.2) to the case f = 1. Indeed, by [32] (Theorem 2.5) and [51]
(Theorem 4.2.1), we have that 6 € C([a, t]).
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3. Auxiliary results

The aim of this section is to state the tools needed to study the existence of a
unique solution to equation (1.2) via the fix-point theorem. Namely, it consists in
analyzing Holder continuous properties of some involved integrals. As in Section
2.2, the proofs of the following results are developed in Section Appendix A.

We recall you that we are using the convention @ = o+ 3 — 1.

Lemma 3.1. Let v € (0,1), 8 <~ and o > 1 — 3 such that 2 —y < a + 3. Also
letn=(a+e)V(1l—a), fore >0,a€[0,T) and 6 € C?([a,T]). Then, there exists
€ small enough such that the function

Ta(t) = (t - a)a/ (t— 1) B —a) (D150, ) (r)dr, € [a,T],

is n-Holder continuous. Moreover, we have, for a < t1 < to < T and X small
enough,

[Ja(t2) = Ja(t1)] < Cl0l 0,7 (t2 = 11)"(t2 — @),

where C' only depends on T, a, 8 and 7. Furthermore, this constant is a non-
decreasing function on T.

Remark. If 3 = a, then 1 — 3 <« if and only if 2 —y < a + 3.
Now we state two similar results to Lemma 3.1.

Lemma 3.2. Let o, 3 € (1/2,1) be such that B > . Also let t — t'=%g; be a
continuous function on [0,T] and g a function with linear growth. Then,

=(t) = £ / (t— )P~ 1g(s, 00)ds, te[0,T],

belongs to C"([0,T]) with n = min{l — «, 8,2a— 14+ e,a+ B — 1}, for some & small
enough.

Lemma 3.3. Let v > 1/2, a € (1 —v,7), 0 € C7([0,T]) and o € C"([a,T]) for
some 71 > 1 — «a. Then, the function

O(t) = /t(t —8)*Lo.db,, t€a,T],

is n-Holder continuous, for any n € (0,a + v — 1), with norm independent of a €
[0,T). Namely, fora <t; <ta <T<T ande<a+vy-1,

‘(I)(tZ) - (I)(tl)‘ < Ca”Y’E’T”é”"/,[a,T] (t2 _ tl)’)’-i-a—;s—l7

where §. = [, 0sdb,.
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4. Existence and uniqueness for the solution

In this section, we consider the existence of a unique solution to equation (1.3),
when the initial condition satisfies either assumption (H2), or assumption (H3)
below. In order to be able to apply Propositions 2.1 and 2.2, and Lemmas 3.1-3.3
in our analysis, we include the following hypotheses:

(H1) Let v > 2/3.

(H2) Let ¢ : [0,7] — R be a measurable function such that ¢ — t1=%¢; belongs
to C22=1+£([0, T), for some & small enough .
(H3) The function ¢ belongs to C1=%([0,7]) .

Note that the function & = t*"1&, t € [0,T)], satisfies (H2) if £ €
c2e=1+2([0,T]), for some € > 0. But, £ is a discontinuous function at 0 if & # 0.

Sometimes we write || f¢[|,),(0,7] instead of || f||,; ;0,77 We use this abuse of notation
because we believe that the reader can identify the involve function f more easily.
So, for instance, we change || '~ &[], 0,77 by 170,77

4.1. Equation with initial condition satisfying (H2)

Now we suppose that Hypotheses (H1) and (H2) are satisfied in this section. Under
these assumptions, we study the existence and uniqueness for the solution to the
equation

Xe =& +/O (t - S)B_l g(s, Xs)ds +/0 (t - S)a_1XSf(s)desv te [OvT}' (4'1)

Here, f € C?2*~1%2(]0, T]). Under the conditions of Proposition 2.1, we only need to
study the equation

t t
X =& +/ (t—s)P~! g(s,Xs)ds+/ (t—s)*"' X db,, t€[0,T]. (4.2)
0 0

In this subsection, we suppose that 1 > 3 > a and o € (1 — 3,2/3). The function
g satisfies the following:

(H4) g : [0,7] x R — R is a Lipschitz continuous function with linear growth,
uniformly in [0, 7.

Note that the conditions on « and S imply that 1 in Lemma 3.2 is equal to
2a—1+e¢, for £ small enough. We will prove that (4.2) has a unique solution in the
space

Lr={p:[0,T] = R:(t—t'""%) eC?**'([0,T)), for E<c}.

We recall that we are using the convention

- Mo,z = - N0,y + [+ Hloe 0,77+
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On L7, we define, for ¢ € [0, T,

t t
M=+ [ (1= glspds+ [ (09 puas,
0 0
in order to apply the fixed-point theorem to equation (4.2).

Proposition 4.1. Assume that v > 3 > o, a € (1 — 3,2/3) and that Hypotheses
(H1), (H2) and (H4) hold. Let § € CY([0,T]). Then, equation (4.2) has a unique
solution in the space L.

Proof. First of all, we have that M : L — L1 due to Proposition 2.1, Lemmas 2.2,
3.1 and 3.2, and straightforward calculations. In order to apply fixed-point theorem,
let p(), p) e Ly, Then, for n = 20 — 1 + &, we have

o= (M = mene ) |

n,[0,T]

<(1+T" Htl—a (M(P(l))t _ M(p(2))t)

H’r],[O,T]

t
<@t | e [ =P (gl o) - gls. ) ds
0 n,[0,T7]
t
n tka/ (t — s)etgoml (skapg) _ skapgz)) do, 1
0 7,[0,T7]
t
=@t || [ 9% (glop) - gls. ) ds
0 ,0,T]
t ~
+ tlfa/ (t —s)* 157 1dh, ],
0 7,[0,77]

where 0. = IN (51*0‘ PV — gl-a p@) df, and, consequently, the last equality follows
from Proposition 2.1. Thus, Lemmas 3.1 and 3.2, together with (A.39) below, and
Leén and Tindel [32] (Theorem 2.5) yield, for Ty < T,

[ (M) = mp),)

Hﬁ»[O’Tl]

<c, TE Htl—a( n (2>)H
< Ca,8,T9 1{ Pt Pr 00,[0,T1]

—a 1 2 —a 1 2
161 o | (o4 = £ 101 gory [ (87 = )|

) Hoo,[O,Tl] n,[0,T1] ]

<ot o= (4]
BT 1|: Pt Pt 7,[0,T1]

o (. 2
+ 1611, 10,7y ‘Htl (pg "=t ))H‘n,[o,n] ]

We can choose T small enough such that M is a contraction. Hence, M has a fix
point X which is the solution to (4.2) on [0,T}].
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On the other hand, we now introduce the space
£ = {p [0,T] = R: (t— t7%p,) € C2*~1H5([0, T)])
for ¢ < e and XM = p on [O,Tl]}.

Now choose Ty < T and p™, p@ e E(T}). Proceeding as before, for 77 small enough,
we get

== (M), - M(p@))t)

10,77

= (o)
(0,71 ‘H Pt Pt n—1,[0,T

o tha(<n (m)m

! n— 77T1T]

< Coprirg(T =T o= (2 = o)

< Capy,Tg( )( ) Pt = P ) m,10,7]

Note that the proof of Lemma 3.2 and Lemma 3.1 give that Cy g 4 7,4 is independent
of the points T and T7. In this way, we have shown that if equation (4.2) has a unique
solution on the interval [0, T1], then it also has a unique solution on [0, T} + k], with
h = [2Cy5~71,4(1 + ||9||V’[0’T])]7%. Therefore, we can use induction to see that
equation (4.2) has a unique solution on [0, T. O

< Cq BT 7g(

= Ca,p,,1,g(1 + [|0]

4.2. Equation with initial condition satisfying (H3)

Here we deal with Assumptions (H1),(H3) and (H4). Now, 1 > >1—aand a €
(1 —2,7). Throughout this section, f in the equation (4.1) belongs to C'=*([0, T]).
Consequently, by Proposition 2.2, equations (4.1) and (4.2) have the same solutions.

Proposition 4.2. Assume that 1 > 8 > 1 — «, and o € (1 — %77), and that
Hypotheses (H1), (H3) and (H4) hold. Let 6 € C7([0,T)). Then, equation (4.2)
has a unique solution in the space C'=*([0,T]).

Proof. From Proposition 2.2, Lemma 3.3 and 5 > 1 — «, we have that
M : €1=(10,T]) — €= ([0, T7).

Now suppose that equation (4.2) has a unique solution Y on an interval [0, 7], for
some 17 < T', which allows us to define the set

I ={p:[0,T] —R:peC(0,T]);p=Y on [0,T1]} .

Similarly to the proof of Proposition 4.1, choosing T < T', we can prove

o(T) = || (M)~ M) |

Curirg (1410, 0.m) (T 12)" [0 =0

IA

n, [T, T
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Indeed, by Lemma 3.3 and 8 > 1 —a, M : Jr, 7 = Jp, 7 and we can write, for
n= 1- «,

o) < (1+17) | (M) - M(™))

Hn,[O,T]

< ) || [ =07 (ot~ ot ) s

n,[0,77]

+ ‘ /t(t — )7t (pﬁ” - pﬁ”) o, ]
0 ] n,(0,T]
< Capota | ‘ pt — p(2)‘ oy T8l Hp(” —p? HMO’T]
* ”9”’7’[0’T] ’p(l) = ’nﬁ’[oﬂ}
= CapTig \ Rl I ) Vel
“Wiort [ =0

~ 7
< Cogoir (14 100 0m) (T=10) [[]o® = @] 2o

Thus, the proof is finished due to the fixed-point theorem. Indeed, for T} = 0, we
define

Ir = {p ([0,T] —R:pe Cl_a([ovT]);pO = fO} .

Appendix A. Appendix

The purpose of this section is to give the missing proofs of this paper.

Proof of Proposition 2.1. Let € > 0, then Samko et al. [45] (Theorem 3.6) yields

1

7 ([a, 1)), (A.1)

for any p > 1/a. We choose p > 1/a such that v + & — & > 1. In this way, Fiel et
al. [17] (Lemma 2.4) implies

(r— I8 (t+e—)P(=(a—e) ™) (r) €eC*

/ (t— )18 ((t+c— )2 - (a—e)~%) () f(r)db,
¢ (A.2)

= / (t— a)&If+ ((t +e— -)_’3(- —(a— E))_") (r)do,.

In order to show that the result holds, we will use Lemma 2.2 and let € go to zero.
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For the right-hand side of (A.2), we have that, for ps,g = 1“(1(6)@’

/ (t— )15, (t+e—)B( — (a—2)°) (r)df,

t
— a8 / (t— r)afl(r - a)ﬁldﬂr‘

=(t—a)® / (t+e—7)"Pr—(a—e)"*(Di=%,—)(r)dr

— / (t—r)B(r —a)"(DI=%,_)(r)dr

< Can(t = a)* 710y 0,1

x/ (tre—r)P(r—(a—e) " —(t—r)P(r—a)|dr, (A3)

which goes to zero, as ¢ — 0, because of the dominated convergence theorem.
Now we deal with the left-hand side of (A.2). Towards this end, we utilize the
conventions

A(r) =I5 ((t+e—)"(—(a—e)™)(r)
and
A(r) = I& (=) (= a)=*) (r).

Note that (A.1) and the fact that f € C%™([a,t]) allow us to deduce, for p €
1, 5A %),

[AZ(r) f(r)]
-yt [ [ SO,
Sl e
w1t s [ DA
(t+e—r) Blr —(a—e))~*f(r)
+ I'il—a) / fr —u) 1SQ)A5( ). (A.4)

Similarly, we have
Dg, [A(r) f(r)] = (t—T’) (r—a)” O‘f(?“)
/ Jgff’) ") 5 (w)du. (A.5)
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Indeed, we only need to proceed as in (A.4) throughout the inequality

(t - a) / ' mm ((t—)P( — a) ™) (u)du
Pl—a) [M]f(r)—f(w) W) Y — o)
e A e (O i

T

< Caslfllasn [ =00 = )" = )

a

< Cogl| fllagn(t —r)> / (r— )" (u— a)* 1 du

= Caslflasalt =) D = ayreo,

where the first inequality follows from Lemma 2.2 and the last term belongs to
L*([a,t]), for p < 2= A ﬁ Hence, Definition (2.4) implies

l-«a

/ (t— )15, ((t+c— )P = (a—e))~) () f(r)db,

= (t—a)® / (t+e— r)*ﬁ(r —(a— 5))*°‘f(r)(Dtl__d9t_)(r)dr (A.6)

+@——®@Fﬂd‘®L£(AT{Y);ﬂﬁgA%uMuUﬁ'&@Mﬂdn

We also have that
/
| flla-+n /T 1
< T _ n
@ LU

vt —w)Pw—a)" = (t+e—w) P (w+e—a)?
| (u—w) =

HO =T [yey — 13, (6= - a)) ()] du

(r —u)ita

dwdu.

Since ’(t —w)P(w—a)"—(t+e—w)Plw+e— a)_“} — 0 when ¢ — 0 (a.s),
it is bounded by 2|(t — w)~#(w — a)_a‘ and

Then
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as € — 0, and it is bounded by C, 5(t — u)~#(u — a)*~*. Thus,

T

/T(’/‘ — )"t —u) P (u— a)¥ Ydu < (t — r)*ﬁ/ (r—u)" Y u—a)¥ du
_ F(n)r(d —a+ 1) — nt+a—a
_F(77—|—1+6z—a)(t_r) Br —a)m el

All these last calculations applied to (A.6) lead us to write

lim [ (t— a)&If‘Jr ((t +e— ~)7B(~ —(a— s))*o‘) (r)f(r)do,

e—0 /.,
I'(l-a) /t -1 B—1
=— t—r)* " (r—a r)db,..
o [T -0 )
Finally, putting together this limit, (A.2) and (A.3) we obtain the result. O

Proof of Proposition 2.2. Let € > 0 be such that « + v —¢& -1 > 0 and
v —a—¢&>0. Also let 77 > 0 be such that v —a — & — 7 > 0. Note that 7 < 1 — a.
Set € := a+ v — & — 1, which is less than a, and n =1 — a — 7.

From (2.6) and [45] (Corollary 1 of Theorem 11.5), we know that

(t=r)*t =I5 (h)(r), 1€ lat],

where h € LP([a,?]) and 1 < p < $=. Now choose a sequence {h, : n € N} C

L?([a,t]) of bounded functions converging to h in L?([a,t]). Therefore, as in (A.2),
we are able to establish

/ 1975 (hy) () £ (r) 6, = / 1252 (ho) () d). (A7)

Proceeding as in (A.3), we can see that the right-hand side of (A.7) goes to
t

" I;ﬂ:a(h)(r)dér, as n 1 oco.

Finally, we can study the convergence of the left-hand side of (A.7) as in (A.4)
by noting that the Fubini theorem and the fact that f € C"([a,t]) imply that, for
r € [a,t],

/T ‘f(?“) _f(u)‘ Ig;s(hn _ h)(u)‘du

(7. _ u)1+o¢7€

=¢ /< = u) L (b — B) ()] du
=C / /au(r —u) 27w — )7 By (5) — h(s)| dsdu
B C/ar o (5) = h(s)| (r = )77 7ds = CL " (1 = B)(),

which goes to zero in LP([a,t]). Thus the proof is complete. O
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Proof of Lemma 3.1. We divide the proof into two steps.
Step 1: Here we consider the case that 7 = @+4¢. We have that, for a < t; <t <T,

| Ja(t2) = Ja(t1)| < 11 + 12, (A.8)

with

I = |(ts — @) — (t — 0)°] / “(ts = )P (r — a)~ (DL, ) ()|,

I, = (t1 —a)® / 2(tg - r)_ﬂ(r —a)™® (Dtl;s‘ﬁtz,) (r)dr

—/ 1(tl — r)_ﬂ(r —a)” @ (D,};&etl,) (r)dr|.

We first study I;. We can get, for ¢ > 0 such that & + e < a and f+¢ < v,

ate [ 1-&te

L <|(tz—a)®* = (t1 —a)* = [(t2—a)® = (t1 —a)*|" =

/ ’ (ta — r)*ﬁ (r—a)™@ (Dt12__5‘0t2_) (r)dr

X

~ ~ t2 -~
< Capntz — 11)5F (b2 — @)™ 26]1, o1 / (b2 — )38 (r — a) oy

< Ca gyt —t1) = (t2 — a)* 0]l 0,71
T(a+~ - BT - a)
X
L'(v)
< Capy(ta —t1)* = (ta — a)" P70l 10,17 (A.9)

(ty — a)&+v—ﬂ—a

The triangle inequality yields

Iy <D+ Iz, (A.10)

where

121 = (tl —a)a

)

[t 10 (D, )

)

- / (6 — )P — a) (D150, ) (r)dr

Iyo = (t1 —a)® / 2(t2 - r)_ﬂ(r —a)” @ (Dtl;aGtT) (r)dr|.

t1
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For I 2 we choose A > 0 such that A < aw and v — 8 — X > 0. Thus,

oo = (t —a)° / (b= 1) B —a) N — @) (D50, ) (r)dr

ty

/ (t2 =) a) (D0, ) ()

t1

to -
< Can 6] 01 (11 — ) / (tz — 1) 1P — a) Ay

ty

< (t; —a)*

< Cayllf]

to -
o (t — ) / (ts — 1)1 — 1) A dr
ty
D@45 - AP
T(@+7—B+1-n)
< Capy(ta — 1) (t2 — )05, 10.7)- (A.11)

< Caq|9] (to — t1)*T A2

vlo,m(t1 — a)*

We continue with the analysis of (A.10) by means of the next calculus:
Ip1 <Ip11+ 121, (A.12)

with

Ini1 = (t1 — a)o‘/ 1(752 — 7")_’8(7“ —a)™ @ |(D§;&0t2,) (r) — (Dtl;thl,) (r)’ dr,

Toyo = (t — a)a/ (=) [(ta — )P — (81— r)P| | (DL, ) ()] dor.

Using the mean value theorem, for € > 0 such that y—f—e¢>0and 1 —a—¢ > 0,
we have
t1

Inqpo < (t1 — a)a/ (r—a)™® ’(tQ —r) P —(t; - 7")_[3|

a

a+-e

l1-a—e¢ —&
X |(ta =) = (tr — 1)~ (D00, —) (r)] dr
tl -
< B — )t — 1) [ (= @) (0 - ) A0

a

x(ty —r) PO (D%, ) (r)] drr
< Copyelts — a)*(ty — t1)* 10| 0,17

t
y / 1 (r B a)ia(tl . T)(7571)(&+s)—B(lfdfs)+d+”/fld,r

t1
< Copoelts = ) (t2 = )60 [ @) (0= 0y

a
< Capiyelts = @) (12 = 1) 0] oz (11 — )0~
< Ca,B,%*sHe”%[QT] (t2 — tl)&-‘ra(tl _ a)’Y—B—a. (A.lg)

In order to deal with I3 ; 1, we need to analyze the following term

[(D; %00, ) (r) = (D %04,-) (r)] < Ty + T, (A.14)
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with
1| 6,—6, 0, — 0,
Jl = = = ~ |0
T@) [(la =1 (ti—r)ia
1—al [ 6,—0, g, — 0,
= —ds — ——ds]|.
"= T@ [ (s —r)p-a Syf @—H*QS‘

The mean value theorem implies that

1—a /tg 9, — 0, ’
J2= 1o —ds
2 F(O[) t (5 — 71)270(
to i
< Ca,4 101,10, / (s — r)a*2+vd5
t1
< Capqllo 7,0,T |(t2 — r)d‘*H’Y —(t; — ,,4)5[71{»')1‘

5 PR G 1-a—
< CapllBlly o,y (b2 = 1) [(0r = 1) 372077 (12 — )31 |77 {ALS)

Now we study J;. We can establish

_\l—agg _ (e _\l—a(g
— 2
J= (ty —r) (O — Or,) — (t2 — 1) ~(6r — O0,)
I'(a) (to —r)1=a(ty —r)t—&
<Jig+ Jie. (A.16)
Here
(tl _ r)l—d _ (t2 _ ,,,)1—&
Ji1=0C, - — | 0, — 64,
. ﬁ‘ - |1
1
Jio=Cop———= 0, —0y,)— (0, —06;)].
1,2 B (tl — T)lfa ‘( tz) ( t1)|
Grouping correctly we have
- ate _ate
Ji2 < Caplts =) 1|0, = 61,) = (6 = 00,)] 7 |(6r = 6,) — (0, — 64,7
1— &+te G— ate _ Ga+e
< CapnllO oy (1= 1) 1000 — 00, (2 =)~
< Cagy 01,0,y (b = 1) (t2 — 1) 5 (b2 — ) 7075 (A.17)

Using the mean value theorem again, we get
Ji1 < CapllOllyjo,my(t — ) (8 = )07 (00— 1)1 7% = (b2 — )7

= CapllOllyjo.ry(t2 — ) (8 — 1) (0 =)' 7% = (t2 — r)l—@|&+€
x|(ty =)' = (t2 — 7‘)1_6"1_&_6

< Capll01ly,10,m(t2 — 7‘)&71+7(t1 — 1")5‘*1(t2 _ t1)5‘+5(t1 _ r)faé(aJrs)
X (ty —r)I-@)A—a=e)

= %5“9||%[0,T] (t2 — tl)&+€(t2 - T)77&+5‘2+5(54*1)(t1 _ T)dieriE&*l.(A.lS)

Then, putting (A.15), (A.16), (A.17) and (A.18) in I 1, we obtain

tl - - -
12’171 < (tl — a)a/ (tz — 7’)_6(7" - a)_a [Jl,l + J1’2 + JQ] dr = J171 + J1,2 + Ja,
‘ (A.19)
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with
jl,l = Capll0]l+,10,7(t2 — tl)&+s(t1 —a)”
X /tl (r — a)~(ty — )Y O+ —Bre@1) (y _ pya-a"—ea—lg,
a
j1,2 = Ca,p A0l 10,7 (t2 — 1) () — a)®
% /tl(r —a)"(ts =) (b2 = 1) TP,
a
Jo = Capl0lly. 0.1 (b2 — 1) (81 — a)*

t
y / 1(T 7 a)fa(tl . T)(&72+y)(&+5) (t2 B T)(dfler)(lf&fs)fﬁdr'

We now analyze these terms depending on the sign of the exponent of (to —r). We
first study Jy,1. Then, if v — & + &% — 8 > 0, for € > 0 small enough, we establish

Ji1 < CaglOlly fory(t2 — 1) ¥ (81 — a)®
-~ ~2 ~ t1 ~ ~2 ~
TV —G+a ,5+€(a,1)/ (7, _ a)fa(tl _ ,r)afoz —ea—1 .

a

< CQ,BHaH’y,[O,T] (tz _ tl)d-i-a(tl _ a)&—&2—ad T’y—d—‘,—[jQ_ﬁJ,-a(&—l)' (A.ZO)

Ify—a&a+a?—p3<0, then

J11 < Cap 10]]..00,7(t2 — t1) T (t1 — @)

t1
X / (r—a)™(t; — r)"’_ﬁ_l_adr

< CollOlly o,y (2 = 1) ¥ (tr — a) =775 (A.21)

For j172, if v —a — B <0, we then obtain

8 i ¢
J12 < Ca g 101l j0.7)(t2 — 1) (81 — a)‘l/ (r—a)~(t; —r) P~ Lar

< Ca IOl 10,1 (k2 — t1) T (8 — a)y=Pe, (A.22)
Ifvy—a—p >0, then

Ji2 < Cagy |0l jo.r)(ta — t1)3 T4~ (1) — @) /t1 (r—a)~%(t; —r)® tdr
< CaprllOllyjo,r) (t2 — t1)* T (4 — @) T~ F7¢, (A.23)

The last term J, if (& — 14 7)(1 — &) — B > 0, can be estimate by
Jo < CoprlOlly. 0.1 (b2 — 1) T (81 — @)@ TE T mam9) =0 (A.24)

X /tl (r —a)~%(t; — r)@-2N@E+e) gy
a

< Cap |8l 0,17 (t2 — 1) 3 (81 — @)@ FNEFIHTEENU=A=)7( 95)
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Here (& — 2 + )& + 1 has to be positive and this is true because vy + & — 2 > —1
and a < 1.
If (&4 —147)(1—a&)— B <0, then

Jo < Capall0lly ouri (b — 1) (11 — )
t
y / 1 (T - a)fa(tl . T,)(&72+7)(d+e)+(d71+7)(17&f€)75dr

< Capl0lly,10,m(t2 — 1)t —a) P (A.26)

Finally, putting together (A.8)-(A.13) and (A.19)-(A.26) we obtain the desired re-
sult for n = & + ¢, for € small enough.

Step 2: Now we study the case n =1 — a. We first study I in (A.8) as follows

—a

I < |t — ) — (t1 — )| = |(ta —a)* — (t1 — @) =

/ t =) — @) (DI 6,,-) (r)dr

X

< Copiylta —11) "% (ta — a)** 1|6

to B
~7,[0,T] / (to — 7)1 B (r —a)dr

< Capnylta —t1) " (ta — a)** 7721015 10,7 (A.27)
In (A.10), we introduce I5 5. We can see that
Iro < Capy(ta — t1) = (t2 — a)** 7 2(|0]]. 10,7 (A.28)

That is, A = 2a + v — 2 in the inequality before the last one in (A.11).
We now deal with I ;2 in (A.13)

I 10 = (t1 —a)” /t1 (r—a)~“ |(t2 - 7")76 —(t1 — 74)7ﬂ|170t
x|(t2 —7)"7 = (tn =) P [(Dg %04, ) (r)| dr
< Co g0l 0.1 (01 — @) (b2 — 1) / "= @)ty )0
X (t; — )Pty — )3 dr '
o)ty —a)*(tz — )7 /tl(r —a)"(t —r)* T 2dr

Yoy (ta = 1) T (= a)? T2 (A.29)

< Ca,ﬁ,'v”m

< Ca,ﬂ,'v”m

Proceeding as in (A.15), we can obtain

T2 < Co g0l o,y (b2 — 1)1~ (b1 — 1) 1mOEHID) gy — p)eE1e0 (A 30)
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It can happen two things. The first one is that a(&@ — 1+ ) — 8 > 0. In this case,

Ty = (ty —a)® /t1 (r—a)”*(t2 — T)_’BJQ dr
a
< CaprllOlly0m(t2 — 1) (81 — @)™ THE1HM=B
= Ca»ﬁwa||9\|m[o,ﬂ (o — t1)' = TOEIEN=F (4 — q) (1= (@+71=2+1 (A 37)

and the exponent is positive because o + 3+~ —3 > —1 and 1 — a < 1. For the
other case, it means a(@ — 14 v) — 8 < 0, we deduce

Jo < Ca g yl0lly.jo,7(t2 — 1)~ (t1 — a)®
t
y / 1 (T B a)ia(tl - r)(17a)(d+772)+a(&71+7)7,8dr
< Cog IOl 0,7 (b2 — t1) % (t1 — @) 2, (A.32)

Concerning (A.17), we get

Jiz < Caplty =) (O —0,) — O — 0,7 |(0r —b1,) — (0 — 0,)[' "
< Ca gy 10]l,10,m (B — )8ty — 1)1 7 (ty — )Y (A.33)

Here, first we can also suppose that v+ «a —1— § > 0 to obtain

t1
Jio=(t1 — a)o‘/ (r—a)™(tag —r) P10 dr

t1 ~
< CaplOlly o, (t2 — ta) 7% TVHT10 (8 — a)“/ (r—a)™(ts =) dr

a

< Caﬂﬁ

0[] 10,7(t2 — t1)'~ TVH178 (4 — @), (A.34)

Now we assume that v+ a — 1 — 8 < 0 to calculate

t1 -
J12 < CapiyllOlly o, (ta — 1) ™ (t1 — a)a/ (r—a)~%(ty — r)*" 1t =Agy
a

< CaprllOlly 0,1y (B2 — £1)' 7 (81 — a)** 772, (A.35)
For Jy,1 we have

Ji1 < Capllfllory(tz — )3 (01 = r)370 (0 — 1)1 =0 = (tp —r) 18
x|t =)' = (ty — ) "
< CapllOlly, ot — )7 (0 — 1)t — 1)~ (81 — r) AT (ty — p)e(1m9)
o) (te — 1) 7 (tg — p) AT IEYTeTAd (g pyaal (A.36)

= Ca |0
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If 2a + v — ad — 2 < 0, then

ty
Jii=(t1 — a)“/ (r—a) %ty — T)_ﬂjl,l dr

11 ~

< Coplflomltz =)' (=) [ (=)0 = )Ty

< CopllOll o, (t2 — t1) " (t1 — a)>* 772 (A.37)
If 2a + v — ad — 2 > 0, then we are able to write
~ ~ tl ~
J1,1 S Coz,B”H‘ ~,[0,T7] (tg — tl)lia(tl — a)o‘ T2a+77aa72/ (’I“ — a)fo‘(tl — ’I“)aaildr

< Co |0l o,y (t2 — t1)'~@ T2OFT0072 (4 — )2, (A.38)

Finally, putting (A.27)-(A.38) in (A.8) we obtain the desired result for n = 1 — «,
which, together with Step 1, implies that the proof is complete. O

Proof of Lemma 3.2. In order to prove the result we will see that, for 0 < ¢; <
to < T and € > 0 small enough,

2(t2) — E(t1)]
< Capglte = t1)'™ [T7+ TPl fo,m] + Capg(tz — 1) TH7°
+ Capg(ta — )21 THIZ2E 1 | o1y
+ Capglta — )P Tt 04| oo 0,177, (A.39)
holds. To do so, we decompose the following difference into three parts:
|2(t2) = E(t1)| < L1 + Iz + I, (A.40)

where

ta
=l =t [t 5" gl 0] ds
0
t1
I, = ti_a/ |(t2 - 8)571 —(t1 — S)ﬁflf l9(s, 0s)| ds,
0

ta
I =t / (ta — )"~V |g(s, 05)] ds.
ty

The hypothesis on g and the fact that g has linear growth imply

to
I < Cylts— 1)@ / (t — )P (1 + |oa])ds
0

t2 t2
= Cylta —t1)' ™" / (ts — )7~ 'ds +/ (t2 —5)° 12 5170, ds}
0 0

o1 _ b2 e
< Gylta =)' |30+ 10wl [ (12— s
0

B
F(O‘)F(ﬂ) TaJrﬁfl ”tlfa

(1
<Gl =) |5 Tt h)

gtnm,[o,ﬂ} . (A41)
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Using that g has linear growth again, we get

I < Cy(Iz21 + I22), (A.42)
with

t1
12,1 = t%_a/ |(t2 — S)ﬁ71 — (tl — 5)571| dS,
0

t1
Ly = tfa/ {(tz — 5)6_1 —(t1 — s)ﬂ_l| los| ds.
0
The first term can be bounded by
1 1
I < ti‘“g [t@ — ] + (t2 — tl)ﬁ} < 2BT1“*(t2 — ). (A.43)

To deal with the other term, we apply the mean value theorem and the fact that
2a — B < 1 in order to see that there exists € > 0 small enough such that

ty
Iro < t}_o‘Htl*O‘gtwaﬂ / ‘(tg — 3)671 — (t1 — s)’B*l| s 1ds
0

h 2a0—1+¢
=111t 0t lloo, 0,77 / [(ta = s)P71 = (t1 — s)° 7|
0
« |(t2 _ S)ﬁ—l o (tl _ 8)5_1‘2—20(—5 Sa_l ds
< Cap t%_a||t17a9t||oo,[0,T] (ty — tp)2071+e

t1
X/ (tl _ s)(B—2)(2a—1+e)+([3—1)(2—2a—s)8a—1 ds
0

t1
=Cup t%_a”tliagt”oo,[O,T] (tz _ t1)2a71+5/ (tl _ S)B72a758a71 ds
0
2a-14e (B —2a—c+ 1)1“(04)#37&75
rB—a—c+1)
< Ca,BHtl_aQt”oo,[O,T] (tz _ tl)Qa—1+eT1+[3—2a—a. (A.44)

< Cap ty It 0tlloo 0,7 (B2 — t1)

For the last term, we have

17)
I < Gyl / (2 — 5)P~ (1 + |o])ds

t1

o1 o [ _ a-1|| d-a
<Ot — )" + Gyt /(t2—s)5 s — 1) 5" 04 oo fo.11d
t1

1—al PRY: l—a|l—a L(a)I'(B) _ g yotB-1
< Cyty 5(152 t1)” + Cgty ™It Qt”oo,[O,T]ir(a_f_ﬂ) (ta —t1)
—al —ayl- D(a)I'(B) _
<Oy | T2 (b — t1)P 4+ Tt % 04| oo 10,71 ————2 (tg — t1)*TP~Y(A.45
< Gy [T St = ) + T o e (12— 1))

Consequently, (A.40)-(A.45) yield that (A.39) is true and therefore the proof is
complete. O
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Proof of Lemma 3.3. From Proposition 2.2, for 0 < a <t < T, we have

t t
/(t—s)a_lgsdGSZ/ (t — s)*~1dd,,

where 6; = fat 0sdfs. In the remaining of this proof, we utilize the notation intro-
duced in the proof of Lemma 2.1.

Now we fix tq,ty € [a,T]7 t < tyand T € [a,T]. Therefore, Zahle (Theorem
2.5) and Lemma 2.1 imply

|B(t2) — ®(t1)] = /z(tgfs)o"ldésf/z(tl — 5)*1de,

< Hy + Hy, (A.46)

with
to -
H1 = / (tz — S)aildas y
t1
tl -
H, = / [(t2 — 5)* 1 — (1, — 5)°1] ddy|.

We have already estimate H; in Lemma 2.1. Thus, we can establish
Hy < Cocnll0]l iyt — 1)o7, (A.47)

where e < v+ v — 1.

Changing 6 by 6 in the definition of n(a,t1) (see proof of Lemma 2.1) and taking
€ close to a + v — 1 such that £ < o+ — 1, we have, by inequality (2.7) and [45]
(Corollary 1 of Theorem 11.5),

t1 B
Hy = / [(tz — S)aill[o,tz](s) — (1 — S)aill[o’tl](s)] df

T
/0 [(ta — )% 1,4, (s) — (t1 — 8)*Ljo4,)(5)] dns(a, t1)

< Con ellllly s (tr —a)Foe

T
X / |DGe ((t2 — 8)* MLg45)(s) — (t1 — 8)* " 1(0.4,1(s)) | dS]
0

< Camé,THé||»y,[aj] (t — a)Vro—é-1p1-1/p
[T 1/p
X /0 ’(t2 - 5)8711[0,1&2](5) —(t1 — 5)5—11[O)t1](5)|;0 ds]
< Ca,“/,s”,THéH»y,[a,T} (tl - a)’y—‘ra_é_lTl_l/p (H2,1 + Hz’z) , (A.48)

with 1 < p < —=

1-&>

to - l/p
H271 = [/ (t2 _ S)(a—l)pds} ,

t1
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and
1/p

t1 i i
Hy o = U |(t2 — )" = (t1 — s)E‘llpds}
0
It is not difficult to check that
Hyy < Cslty — 777! (A.49)

and the mean value theorem, for § € (0,&) and p < (1 +6 — &)1, yields

t 3 - . pa-s 1"
Hyo = [/ |(t2 —8) = (t1 — S)E_1|p ’(tz —8) T —(t — 3)5_1|p ds}
0
ty1 B 1/P
< C:(ty — 1)’ [/ (tr — 5?07 Vds
0

E—6—1+21
< Cs(ty — )0t 7,

We can choose p close enough to 1 such that é—6—1+ % > 0. Thus, (A.46)-(A.49),
together with last inequality, allow us to finish the proof. O
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