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THE DISTRIBUTION OF GALOIS ORBITS OF POINTS OF SMALL
HEIGHT IN TORIC VARIETIES

By JOSE IGNACIO BURGOS GIL, PATRICE PHILIPPON,
JUAN RIVERA-LETELIER, and MARTIN SOMBRA

Abstract. We study the distribution of Galois orbits of points of small height on proper toric varieties,
and its application to the Bogomolov problem.

We introduce the notion of monocritical toric metrized divisor. We prove that a toric metrized
divisor D on a proper toric variety X over a global field K is monocritical if and only if for every
generic D-small sequence of algebraic points of X and every place v of K, the sequence of their
Galois orbits on the analytic space X%" converges to a measure. When this is the case, the limit
measure is a translate of the natural measure on the compact torus sitting in the principal orbit of X.

The key ingredient is the study of the v-adic modulus distribution of Galois orbits of generic
‘D-small sequences of algebraic points. In particular, we characterize all their cluster measures.

We generalize the Bogomolov problem by asking when a closed subvariety of the principal orbit
of a proper toric variety that has the same essential minimum than the ambient variety, must be a
translate of a subtorus. We prove that the generalized Bogomolov problem has a positive answer for
monocritical toric metrized divisors, and we give several examples of toric metrized divisors for which
the Bogomolov problem has a negative answer.
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an Archimedean place, they proved the equidistribution of the Galois orbits of se-
quences of points whose Néron-Tate height converges to zero. This equidistribu-
tion result was motivated by the Bogomolov conjecture on Abelian varieties, and
eventually led to an affirmative solution by Ullmo [U1198] and Zhang [Zha98], see
also [Cinl1, Ghi09, Gub07, Yam13, Yam16] for similar results in the function field
case.

This equidistribution result has been widely generalized. In particular, it has
been extended to more general varieties and height functions and, with the intro-
duction of Berkovich spaces, to non-Archimedean places [Bil97, Cha00, FRO6,
Cha06, BR0O6, Yua08, BB10, Chell]. However, all these generalizations are re-
stricted to height functions that satisfy a special condition, namely, that the es-
sential minimum of the heights of points is equal to the normalized height of the
ambient variety, see below for precisions. In this paper, a height function satisfying
this extremal condition is called “quasi-canonical”. All the available methods to
prove equidistribution for points of small height break down for height functions
that are not quasi-canonical.

There are important classes of quasi-canonical height functions, such as Néron-
Tate heights on Abelian varieties, canonical heights on toric varieties, and more
generally those coming from algebraic dynamical systems. But there are also many
height functions of interest that are not quasi-canonical, like (twisted) Fubini-Study
heights on projective spaces and the Faltings height on modular varieties.

For toric varieties and height functions the situation is startling: the only ones
that are quasi-canonical are essentially the canonical one, and those derived from
it by scaling and translations. So all the previous equidistribution results apply to a
very restricted class of toric height functions. In this paper, we give a complete de-
scription of the equidistribution phenomenon for general toric heights. Our results
reveal that a very mild positivity assumption is enough to guarantee equidistri-
bution, see Corollary 1.2 and Theorem 6.4 for restricted applications. This pro-
vides a wealth of new height functions for which the equidistribution property
holds. Moreover, we give a complete classification of those toric heights for which
equidistribution holds (Theorem 1.1), and use it to prove that the equidistribution
property implies the Bogomolov property in the toric context (Theorem 1.4). As a
by-product, we give a characterization of those toric heights whose essential mini-
mum is attained (Corollary 4.9). We also provide examples of toric height functions
that fail the Bogomolov property and for which the equidistribution property fails
in a myriad of ways (Section 6 and Section 7).

Our methods build on the results and techniques developed in [BPS14,
BMPS16, BPS15] to study toric heights. In particular, convex analysis and the
Legendre-Fenchel duality play an important role. We introduce new techniques to
deal with the spaces of adelic measures that appear naturally in the equidistribution
problem. Most of the technical difficulties arise from the fact that these spaces are
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not compact. In dealing with these difficulties we are naturally led to consider the
interplay between several topologies on these spaces.

To describe our results more precisely, we start with a brief review of the state
of the art in the general setting. Let K be a global field, that is, a field that is either
a number field or the function field of a regular projective curve over an arbitrary
field, and My its set of places. We denote |- |, and n, the absolute value on K
associated to a place v and its weight. Let X be a proper algebraic variety over
K of dimension n, and D = (D, (|| - ||l,)veomy ) @ semipositive metrized (Cartier)
divisor with D big. Let

hy: X(K) — R

be the associated height function on the set of algebraic points of X, see Section 2
for details. It is a generalization of the notion of height of algebraic points consid-
ered by Weil, Northcott and others.

The essential minimum of X with respect to D, denoted by n3 (X)), is the
smallest possible limit value of the height of a generic net of algebralc points of X.
Consequently, we say that a net (p;);es is D-small if

gy (1) = 155 ().
A fundamental inequality by Zhang [Zha95] shows that the essential minimum
can be bounded below in terms of the height and the degree of D:

h(X)
(n+1)degp(X)

(1.1) M (X) >

We say that D is quasi-canonical if this lower bound for the essential minimum is
an equality (Definition 2.7).

For a place v € M, we denote by X2" the v-adic analytification of X. If v is
Archimedean, it is a complex analytic space whereas, if v is non-Archimedean, it
is a Berkovich space over C,, the completion of the algebraic closure of the local
field K,. We endow the space of probability measures on X3" with the weak-x
topology with respect to the space of continuous functions on X3".

For an algebraic point p of X, we denote by Gal(p), its v-adic Galois orbit,
that is, the orbit of p in X3" under the action of the absolute Galois group of K. We
set

(12) Hpw #Gal Z %

qeGal

for the uniform probability measure on Gal(p),. We also denote by ¢ (D, || - [|,)""
the v-adic Monge-Ampére measure of D, see for instance [BPS14, Section 1.4]. It
is a measure on X 2" of total mass deg,(X).
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The following statement is representative of several equidistribution theorems
for Galois orbits of small points in the literature. In this form, it is due to Yuan
[YuaO8, Theorem 3.1] for number fields and to Gubler [Gub08, Theorem 1.1] for
function fields, see also [Fab09] for this latter case.

THEOREM 1. (Equidistribution for quasi-canonical metrics) Let X be a projec-
tive variety over K of dimension n, and D a quasi-canonical semipositive metrized
divisor on X with D ample. Let (p;),c1 be a generic D-small net of algebraic points
of X. Then, for every v € Mk, the net of probability measures (fip, )11 converges
to m c1(D, ]| ||)\", the normalized v-adic Monge-Ampeére measure of D.

A common feature of this result and its variants and generalizations, is the
assumption that the lower bound (1.1) is an equality or, in other words, that the
metrized divisor D is quasi-canonical. This severely restricts their range of appli-
cation. Nonetheless, these results do apply to the important case of metrics arising
from algebraic dynamical systems and, moreover, they have a very strong conclu-
sion: not only the Galois orbits of points of small height do converge, but the limit
measure is given by the normalized v-adic Monge-Ampere measure.

The motivation of this paper is to start the study of what happens when we
remove the hypothesis that D is quasi-canonical. Some of our typical questions
are: is there always an equidistribution phenomenon for Galois orbits of D-small
points? If not, can we give conditions on D, beyond being quasi-canonical, under
which such a phenomenon occurs? When equidistribution occurs, can we describe
the limit measure?

We address these questions and some of its continuations in the toric setting.
As mentioned previously, our approach is based on the techniques developed in the
series of papers [BPS14, BMPS16, BPS15]. We briefly recall the setting of these
papers.

Let X be a proper toric variety over K of dimension n, given by a complete
fan ¥ on a vector space Nr ~ R", and a nef and big toric divisor D on X, given
by a concave support function Wp: Nr — R. This toric divisor also defines an
n-dimensional polytope Ap in the dual space Mg = Ny.

Let D = (D, (|| ||s)vemmy ) be a semipositive toric metrized divisor on X with
underlying divisor D. To it we associate an adelic family of concave functions
wﬁv: Nr — R, v € My, called the metric functions of D. They satisfy that
¥p.,, — ¥pl is bounded on N for all v, and that ¢55 , = W for all v except for
a finite number. We also associate to D an adelic family of continuous concave
functions on the polytope 79E,v : Ap — R, v € Mk, called the local roof functions
of D. They verify that 95 , 1s the zero function for all v except for a finite number.
The global roof functior[ is a concave function ¥5: Ap — R defined as the
weighted sum of the local roof functions.

Let T ~ G| i be the torus of X', which can be identified with Xy, the principal
open subset of X. There is a valuation map val, : T2" — N, defined, in any given
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splitting of T, by
(1.3) val, (:El,...,acn) = (—10g|:r1|1,,...,—10g|a:n|v),

see also [BPS14, Formula (4.1.2)]. There is a canonical toric section s of O(D)
with div(s) = D. The metric function v5 , is characterized by the property

U5, (valo(p)) =log||s(p)]],

for p € X", while the local roof function /5 , is defined as the Legendre-Fenchel
dual of 955 . We use the extension of these constructions to the case of R-divisors,
see Sectioﬁ 2 and [BMPS16, Section 4] for precisions.

The metric functions and the roof functions convey a lot of information about
the pair (X, D). For instance, the essential minimum of X with respect to D can
be computed as the maximum of the global roof function [BPS15, Theorem A]:

(1.4) n5 (X) = max Jp5(x).

zEAp

In the toric setting, the condition that the metrized divisor D is quasi-canonical
is very restrictive, since it is equivalent to the condition that its global roof function
is constant (Proposition 5.3). Thus, the only toric metrics to which Theorem 1
applies are those whose global roof function is constant.

To identify the toric metrics having good equidistribution properties, we in-
troduce the notion of monocritical toric metrized divisor. To define this concept,

first consider the map from X(K) to the space of measures on the adelic space
@UemK Ng given by

p——vp = ((Valv)*ﬂp,v)vemK )

where (valy, ).y, denotes the direct image under the v-adic valuation map in (1.3)
of the uniform probability measure on Gal(p), in (1.2). For a certain metric space
Hx of measures defined on @HGWK Ngr we show that there is a (Lipschitz) con-
tinuous function 75: Hk — R extending the height function h in the sense that
for every p in Xo(K) we have h5(p) = 175(vp), see Section 4 for precisions. We
show that this function always attains its minimum value and we give a charac-
terization of the set of measures at which this function is minimized (Lemma 4.8
and Corollary 4.10). The semipositive toric metrized divisor D is monocritical if
the function 7;; attains its minimum at a unique measure (Definition 4.14, see also
Proposition 4.16 for equivalent formulations). For such a toric metrized divisor D,
the uniquely minimizing measure is supported on a single point

u = (uv)veimK S @ Nr

veEMK
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that satisfies ZU nyUy, = 0, where n,, denotes the weight associated to a place v €
I as in Section 2. This point u is called the critical point of D (Corollary 4.10).

The condition for D of being monocritical can be characterized in terms of its
global roof function: given a point Ty, € Ap maximizing 9, the sup-differential
0V (@max) is a convex subset of Vg containing the point 0. Then D is monocritical
if and only if O is a vertex of this convex subset and, when this is the case, the
critical point of D can be computed from the sup-differential of the local roof
functions at z,x (Proposition 4.16).

For each v € Mg, we denote by S, the compact subtorus of T2". To a mono-
critical toric metrized divisor D with critical point u € @vemK Ng, we associate
a probability measure As, ,, on X3" (Definition 5.1). When v is Archimedean,
it is the uniform measure on a translate of S, ~ (S')" whereas, when v is non-
Archimedean, it is the Dirac measure at a translate of the Gauss point of T3".

The following is the main result of this paper (Theorem 5.2).

THEOREM 1.1. (Equidistribution for general toric metrics) Let X be a proper
toric variety over K and D a semipositive toric metrized divisor on X with D big.
Then D is monocritical if and only if for every place v € Mk and every generic
D-small net (p;)1c1 of algebraic points of Xo, the net of probability measures
(fp,0)1er on XE" converges.

When this is the case, the limit measure agrees with \s, ., where u, € Ng is
the v-adic component of the critical point of D.

Quasi-canonical toric metrized divisors are monocritical, and Theorem 1.1 re-
duces to Theorem 1 in this case. However, quasi-canonical metrized divisors are
rare even among monocritical metrized divisors, so Theorem 1.1 produces a wealth
of new examples of metrized divisors satisfying the equidistribution property that
were not covered by the previous results. A concrete class of such metrized divi-
sors are those defined over a number field K with positive smooth metrics at the
Archimedean places and canonical metrics at the non-Archimedean ones (Theo-
rem 6.4). Here we state a simplified version for the case when K = Q.

COROLLARY 1.2. Let X be a proper toric variety over Q and D a semipositive
toric metrized R-divisor with D big. We assume that the v-adic metric of D is, when
v is the Archimedean place, smooth and positive and, when v is non-Archimedean,
equal to the v-adic canonical metric of D. Then D is monocritical, and for every
generic D-small sequence (p;);>1 of algebraic points of Xy and every place v €
Maq, the sequence (L, »)i>1 on X" converges to the probability measure X, .

This corollary covers many typical examples of metrics on toric varieties such
as weighted projective spaces and toric bundles, see Section 6.2. For instance,
let X = ]P’(l@ and let D be the divisor of the point at infinity equipped with the
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Fubini-Study metric at the Archimedean place and the canonical metric at the non-
Archimedean places. Its essential minimum is

log(2)
}’L%S(X) = 5

and for every generic sequence of algebraic points of ]P’}@ with height converging
to this quantity, its eo-adic Galois orbits converge to the Haar probability measure
on S!, the unit circle of the Riemann sphere (Example 6.5). This is an example
where equidistribution does occur, but the limit measure is not given by the v-adic
Monge-Ampere measure as in Theorem 1.

In the other extreme, classical examples of translates of subtori with the canon-
ical metric can behave badly with respect to equidistribution. For instance, let X
be the line of ]P’?Q of equation 2z, — 2, = 0 and D the metrized divisor on X given
by the restriction of the canonical metrized divisor at infinity of IP’%Q. As explained
in Example 6.1, Theorem 1.1 implies that D does not satisfy the equidistribution
property in the sense of Definition 2.9.

The key new ingredient in the proof of Theorem 1.1 is the study of the modulus
distribution of the v-adic Galois orbits of D-small nets of algebraic points.

For an algebraic point p € X((K) = T(K), the direct image measure

Vpw = (Valy)sfip o

is a probability measure on Np that gives the modulus distribution of its v-adic
Galois orbit.

To each semipositive toric metrized divisor D with D big, we associate an
adelic family of nonempty subsets of Ng
(1.5) (Bu, Fy)

veMK’

with B, C F,, (Notation 4.2). We endow the space of probability measures on N
with the weak-* topology with respect to the space of bounded continuous func-
tions on Ng. For a probability measure v on Ng, we denote by supp(v) C Ng its
support and, if v has finite first moment, we denote by E[v] its expected value.

The next result characterizes the limit behavior of the modulus distribution for
D-small nets (Theorem 4.3 and Corollary 4.12).

THEOREM 1.3. Let X be a proper toric variety over K, D a semipositive toric
metrized divisor on X with D big, and v € M. For every D-small net (p;)icr of
algebraic points in X, the net of probability measures (v, ,)icr has at least one
cluster point. Every such cluster point is a measure v, with finite first moment that
satisfies

(1.6) supp(vy) C F, and E[v,] € B,,.
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Conversely, for every probability measure v, on N that has finite first moment
and satisfies (1.6), there is a D-small net (p;)ic1 of algebraic points of Xo such
that v, is the limit of the net (Vp, 4 )ic1.

In the situation of Theorem 1.3, when F), consist of only one point wu,, the
net (vp, v)icr, representing the modulus distribution of the Galois orbits of the net
of small points (p;);cs, converges to the measure d,,, . In this case, we say that D
satisfies the modulus concentration property at the place v.

One of the main ingredients in the proof of the toric equidistribution Theo-
rem 1.1 is the characterization of monocritical metrized divisors as those for which,
for every place v, the set F, is reduced to a single point (Proposition 4.16). Equiv-
alently, a metrized divisor is monocritical if and only if it satisfies modulus con-
centration at every place. This fact allows us to attach, to each monocritical divisor
D, anew metric on D that is quasi-canonical and such that the D-small points are
also small with respect to this new metric. In this way, we obtain Theorem 1.1 as a
consequence of Theorem 1.3 and Theorem 1.

In the proofs of Theorem 1.3 and Proposition 4.16, a central role is played by a
family of auxiliary concave functions (®,),con, defined on the space of measures
on Np with finite first moment. For each place v, the function ®, is nonpositive
and it is defined in terms of the metric at the place v, and in terms of a certain
average of the metrics at all the other places. The crucial fact is that the function
1y extending hy; vanishes at an adelic measure (1, ),eon, if and only if, for each
place v, the function ®,, vanishes at v,,. In this way we reduce the equidistribution
problem to independent maximization problems at each place (Proposition 3.9 and
Theorem 4.3). The maximization problem at a given place is solved in Section 3.
To do this, we use that for each place v the function @, is upper-semicontinuous
with respect to the weak-* topology defined above.

In the absence of modulus concentration, there is a wealth of limit measures of
v-adic Galois orbits of D-small nets of algebraic points. For instance, consider the
projective line over a number field K and any adelic set E = (E,),con, of global
capacity 1, whose associated equilibrium measures are compatible with the collec-
tion of sets in (1.5) (see Theorem 7.2 for the precise condition). Using Rumely’s
Fekete-Szegd theorem [Rum02], we show that, for all v, the equilibrium measure
of F, can be realized as the limit measure of a sequence of v-adic Galois orbits of
D-small points (Theorem 7.2).

As we already mentioned, the original motivation in [SUZ97] to search for
equidistribution results of Galois orbits of small points was to prove the Bogomolov
conjecture. The Bogomolov conjecture for toric varieties can be stated as follows:
let X be a toric variety over K and D™ an ample toric divisor on X equipped with
the canonical metric. Let V' C X()’K be a closed subvariety that is not a translate
of a subtorus by a torsion point. Then there exists € > 0 such that the subset of
algebraic points of V' of canonical height bounded above by e, is not dense in V.
Equivalently, if V' C X, is a closed subvariety with u=za (V) = 0, then V' is a
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translate of a subtorus by a torsion point. This statement is the toric counterpart of
the Bogomolov conjecture for Abelian varieties proved by Ullmo and Zhang.

This conjecture was proved by Zhang [Zha95] for number fields, and later Bilu
gave a different proof using his own equidistribution theorem [Bil97]. Here we ex-
tend Bilu’s equidistribution theorem (Theorem 5.7) and use it to prove the follow-
ing generalization of the Bogomolov conjecture for toric varieties (Theorem 5.12).

THEOREM 1.4. Let X be a proper toric variety over a number field K and D
a monocritical toric metrized divisor on X with critical point w = (U, )yeomny. Let
V' be a closed subvariety of X, with

(V) = S (X).

Then V is a translate of a subtorus. Furthermore, if u, € val,(T(K))® Q for all
v, then V' is the translate of a subtorus by an algebraic point p of X with hi(p) =

K (X).

A closed subvariety of X, & with
(V) = W5 (X)

is called a D-special subvariety. We say that a given toric metrized divisor D sat-
isfies the Bogomolov property if every D-special subvariety is a translate of a
subtorus (Definition 5.11). This is not to be confused with the property (B) in-
troduced by Bombieri and Zannier, and studied by Amoroso, David and other au-
thors. This property is intimately related with the equidistribution property. Indeed,
we give an example of a metrized divisor D on IP%Q such that the line of equation
20+21+20=0is E—special (Example 6.6). This line is certainly not a translate of a
subtorus, and so D does not satisfy the Bogomolov property. This metrized divisor
is a variant of the one in Example 6.1, and does not verify modulus concentration
nor equidistribution for any place of QQ.

These results arise several interesting questions. For instance: is it possible that
a given semipositive toric metrized divisor D satisfies the equidistribution property
at one place and not at another? We study this for the projective line showing
that, under a natural rationality hypothesis, the equidistribution property holds at a
given place if and only if it holds at every place (Proposition 7.5). However, this
conclusion is not true without this rationality hypothesis (Remark 7.7) and we have
neither settled this question for the projective line in full generality, nor treated toric
varieties of higher dimension.

It would also be interesting to see if the converse of Theorem 1.4 holds: Let
X be a proper toric variety with dim X > 2. Given a semipositive toric metrized
divisor D on X, with D big satisfying the Bogomolov property, is D necessarily
monocritical? In Proposition 6.7 we show that this is true in a very particular case.
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Extending this to the general case would reinforce the link between the equidistri-
bution and the Bogomolov properties.

The results of this paper also inspire questions for general varieties and
metrized divisors. For instance, from Corollary 1.2, it is plausible to conjecture
that a toric divisor equipped with a positive smooth, but not necessarily toric,
Archimedean metric and canonical non-Archimedean metrics, does satisfy the
equidistribution property. A puzzling question is that of computing the essen-
tial minimum, with a formula generalizing (1.4) to the general, non-toric, case.
Even more challenging seems the problem of generalizing the crucial notion of
monocritical metrized divisor.

Several of the results presented in this introduction hold in greater general-
ity and their conclusions are stronger. We refer to the body of the paper for these
versions. The structure of the paper is as follows. In Section 2 we give the prelim-
inaries on Galois orbits and heights of points. In Section 3 we introduce the upper
semi-continuous concave functional ®,, and study its properties. In Section 4 we
study the modulus distribution of v-adic Galois orbits of D-small nets of points
in toric varieties. In Section 5 we prove the toric equidistribution theorem (Theo-
rem 1.1) and its variants, together with the Bogomolov property for monocritical
toric metrized divisors. In Section 6 we give examples illustrating a number of
phenomena, including a non-monocritical toric metrized divisor not verifying the
Bogomolov property. Finally, in Section 7 we use potential theory to study the limit
measures that appear in the absence of modulus concentration.
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2. Galois orbits, heights of points and essential minimum. By a global
field K we mean a finite extension of either QQ or the function field of a regular pro-
jective curve over an arbitrary field, equipped with a certain set of places, denoted
by M. Each place v € M is a pair consisting of an absolute value |- |, on K and
a positive weight n,, € Q-+, defined as follows.

The places of the field of rational numbers QQ consist of the Archimedean and
the p-adic absolutes values, normalized in the standard way, and with all weights
equal to 1. For the function field K(C') of a regular projective curve C over a field
k, the set of places is indexed by the closed points of C'. For each closed point
vo € C, we consider the absolute value and weight given, for o € K(C')*, by
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‘Oé|v0 _ c}; ordv0 (@)

and n,, = [k:(vo) : k],
with ¢, = #k if the base field & is finite and ¢ = e otherwise, and where ord,, («)
denotes the order of « in the discrete valuation ring O¢ 4.

Let K¢ denote either Q or K(C'). In the general case when K is a finite exten-
sion of Ky, the set of places of K is formed by the pairs v = (|- |,,n,) where |- |,
is an absolute value on K extending an absolute value |- |, with vy € My, and

2.1) Ny =

where K, denotes the completion of K with respect to |- |,,, and similarly for Ko .
This set of places satisfies the following basic properties.

PROPOSITION 2.1. Let Ky denote either Q or K(C'), the function field of a
regular projective curve C over a field k. Let K be a finite extension of Ko and 9k
the associated set of places as above. Then

(1) for every vy € Mk, we have va Ny = Ny

(2) forevery a € K*, we have ZvemK nylog |al, = 0 (product formula).

Proof. These properties are classical, see for instance [AW45, Theorems 2
and 3].

In the function field case there is a subtlety, due to the fact that a given field
may have different structures of global field depending on the choice of base curve.

Let C be a regular projective curve over k and K (C') — K a finite exten-
sion of fields. Then there is a regular projective curve B over k and a finite mor-
phism 7: B — C such that K ~ K(B) and the previous extension can be iden-
tified with 7*: K(C') — K(B), see for instance [Liu02, Proposition 7.3.13 and
Lemma 7.3.10].

We could give to K the structure of global field defined directly by the curve
B, but the obtained absolute values of KK would not be extensions of those of K.
To remedy this, we renormalize these absolute values of K and, to preserve the
product formula, we also change the weights.

From the valuative criterion of properness, for each closed point vy € C, the
absolute values of K extending |- |,, are in bijection with the closed points of
the fiber above vy. Moreover, since the map 7 is finite, for each closed point v €
ﬂfl(vo), the ring Op,, is a finite module over O¢,,,. It follows from [Bou64,
Chapitre 6, Proposition 2 in Section 8.2 and Théoreme 2 in Section 8.5] that the
absolute value and weight corresponding to v are given, for o € K(B)*, by

_ ordy (@)

o v /v _ CGy/yg [k(v) : k]
- e ) KO
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with e, /,,, the ramification index of v over vo. The same results in loc. cit. give the
formula in (1).

For the product formula in (2), we obtain from (2.2) that

B [k(v) : k]ord, ()
2 mlee el = ~1o8(e1) 2 ey i)

v

—log(cx) :
=_———"" _deg(div(a)) =0,
[K(B) :K(C)]
because the degree of a principal divisor on B is zero, which concludes the proof.
O

For v € Mg, we choose an algebraic closure K, C K, of K,. The absolute
value |- |, on K, has a unique extension to K,. We denote by C,, the completion
of K, with respect to this extended absolute value. We also choose an algebraic
closure K of K and an embedding 3, : K — C,.

Let X be a variety over K, that is, a reduced and irreducible separated scheme
of finite type over K. The elements of X (K) are called the algebraic points of X.
For p € X (K), its Galois orbit is Gal(p) := Gal(K/K) -p C X (K), that is, the orbit
of p under the action of the absolute Galois group of K.

For v € M, we denote by Xj' the v-adic analytifications of X over K, and
by Xi" the v-adic analytifications of X over C,. If v is Archimedean, they both
coincide with a complex space (Xx, is equipped with an anti-linear involution if
K, ~ R). If v is non-Archimedean, they are Berkovich spaces over K, and C,,
respectively. These spaces are related by [Ber90, Corollary 1.3.6]

X = X"/ Gal (K, /K,).
We denote by
(2.3) Tyt Xyt — X,

the projection.
There is a map

X(Cy) — X3

Using the chosen inclusion 7, : K < C,,, we obtain a map X (K) < X(C,) and,
by composition the previous map, an inclusion

Lyt X(K) — X2,

The v-adic Galois orbit of an algebraic point p € X (K), denoted by Gal(p),,
is defined as the image of Gal(K/K) -p under ¢,. It is a finite subset that does
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not depend on the choice of the inclusion j7,. We also denote by i, ,, the uniform
discrete probability measure on X2" supported on Gal(p),, that is,

#Gal Z 0a;

qGGal( Vv

(2.4) Hp,o =

where ¢, is the Dirac measure at the point ¢ € X3". Hence, for a continuous func-
tion f: X3" - R,

1
/fdlup,v:w Z f(q).

v qeGal(p),

An R-divisor on X 1is a linear combination of Cartier divisors on X with real
coefficients. A metrized R-divisor D on X is an R-divisor D on X equipped with
a quasi-algebraic family of v-adic metrics (| - ||,)veony, see [BMPS16, Section 3]
for details. In loc. cit., for each v € Mk the metric || - ||, is defined over the analytic
space X . Note that this space was denoted “X{"” in loc. cit. but since we will
study equidistribution problems of Galois orbits of points that are defined over
varying extensions of K of arbitrary large degree it is more convenient to work on
the space X" instead that in the space Xj' . Hence we have changed the notation
accordingly. With this point of view, every object on X' will be seen as an object
on X by taking its inverse image under the projection . For instance let D be a
metrized R-divisor on X and s a rational R-section of D [BMPS16, Section 3]. In
loc. cit., the v-adic metric || - ||, is described by a continuous function

IIs]lo: X5 \|d1v ‘—>R>0

In the current paper we denote by ||s||,, the function on X3"\ |div(s)| given by the
composition

ls®)[,, = ls(mo®)l,.

Clearly this function is invariant under the action of Gal(K, /K, ).
To a metrized R-divisor D on X we can associate a height function

as follows.

Given p € X (K), choose a rational R-section s of D such that p ¢ |div(s)|.
Choose a finite extension F of K such that p € X (FF). For each w € 9y over a
place v € Mk, we can choose an embedding o, : F < C,, such that the restriction

of the absolute value |- |, of C,, agrees with |- |,,. We denote also by o, the induced
map X (F) — X2".
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Definition 2.2. Let X be a variety over K, D a metrized R-divisor on X, and
p € X(K). With the above notation, the height of p with respect to D is defined as

hpy(p) = — Z nywlog||so oy (p) |-

weMp

The height is independent of the choice of the rational R-section s, the exten-
sion [F and the embeddings o,.

Instead of choosing a finite extension where the point p is defined, it is possible
to express the height of an algebraic point in terms of its Galois orbit.

PROPOSITION 2.3. With the previous hypothesis and notation, the height of p
with respect to D is given by

b == ¥ g > loells@ll

veMx v q<Gal(p),

Proof. Choose a finite normal extension F C K of K such that p € X (F). For
each v € Mk we denote My, the set of places of I above v.

Write G = Gal(FF,K) and let F“ be the fixed field. Then F/F¢ is a Galois
extension with Galois group G and FC /K is purely inseparable. Hence, for v €
Mk,

[Fo: K] [Fo: (F),] 1

F:K]  [F:FC]  #0g,

Then, from the definition of the height of p in Definition 2.2 and Proposi-
tion 2.1(1), it follows that

i) = 3 S e soou )],

veMr wlv

== 3 s Stoelsomutol

veMr 7 wlv

(2.5)

The group G acts on My, and, since p is defined over F, also on Gal(p),. Both
actions are transitive. Therefore, choosing wy € M 4,

1 1
I _ sy
T > logllso 0w (p)]lo e > log 150 7y (9(9)
wlv geG
1
== > logs(q)].-
#Gal(p)v iy

The statement follows from this together with (2.5). ]
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The essential minimum of X with respect to D is defined as

(2.6) ns(X) = sup inf _ hy(p).
YCX pe(X\Y)(K)
Y closed

Roughly speaking, the essential minimum is the generic infimum of the height
function.

Definition 2.4. Let X be a variety over K and D a metrized R-divisor on X. A
net (p;);e; of algebraic points of X is D-small if

limhp;(p) = v (X).

The net (p;)es is generic if, for every closed subset Y C X, there is [y € I such
that p; ¢ Y (K) for [ > l.

PROPOSITION 2.5. Given a variety X over K and D a metrized R-divisor on
X, there exists a generic D-small net of algebraic points of X. Moreover, every
generic net (p;);>1 of algebraic points of X satisfies

limlinfhﬁ(pl) > ps (X).

Proof. The second statement is clear from the definition of the essential mini-
mum.

For the first statement, let I be the set of closed subvarieties of X of pure
codimension 1, ordered by inclusion. This is a directed set. For each Y € I, denote
by ¢(Y') its number of irreducible components and choose a point py € (X \ Y)(K)
with

hﬁ(pY) < p’%g(X) + C(Y) :

Clearly, the net (py )y is generic and D-small. O

Remark 2.6. When K is a number field, the collection of subvarieties of X is
countable. This fact implies that a generic D-small net contains generic D-small
sequences (although these sequences need not be subnets). Thus, Proposition 2.5
implies the existence of generic D-small sequences of algebraic points in this case.

Suppose now that the variety X is proper over K and of dimension n. A
metrized R-divisor D on X is semipositive if it can be written as

E = ZT: Oéiﬁi
i=1
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with D; a semipositive metrized divisor and o;; € R>¢, i = 1,...,7. Recall that D;
is semipositive if each of its v-adic metrics is a uniform limit of a sequence of semi-
positive smooth (respectively, algebraic) metrics in the Archimedean (respectively,
non-Archimedean) case.

Given a semipositive metrized R-divisor D, we can extend the notion of height
of points to subvarieties of higher dimension. In particular, the height of X', denoted
by h5(X), is defined. Moreover, for each v € 9k we can consider the associated
v-adic Monge-Ampere measure, denoted by ¢1(D, || -||,)"™. It is a measure on X"
of total mass deg, (X ), see for instance [BPS14, Section 1.4] for the case when D
is a divisor. The v-adic Monge-Ampere measure of an R-divisor is defined from
that of divisors by polarization and multilinearity.

A theorem of Zhang shows that, when K is a number field, D is an ample
divisor and D is semipositive, the essential minimum can be bounded below in
terms of the height of X and the degree of D [Zha95, Theorem 5.2]:

h(X)
(n+1)degp(X)

2.7) M (X) >
This inequality can be generalized to global fields and semiample big divisors, see
for instance [Gub08, Proposition 5.10].

In some cases, the inequality (2.7) is an equality. For instance, this happens for
the canonical metric on divisors of toric and Abelian varieties, and for the canonical
metrics coming from dynamical systems. This motivates the following definition.

Definition 2.7. Let X be a proper variety over K of dimension n, and D a
semipositive metrized R-divisor on X with D big. Then D is quasi-canonical if

hp(X)
(n+1)degp(X)

HE(X) =

In other words, quasi-canonical metrized R-divisors are those for which Zhang’s
lower bound for the essential minimum is attained.

As we will see in Section 5, the condition for a toric metric of being quasi-
canonical is very restrictive. The following observation is a direct consequence of
Proposition 2.5 and of the inequality (2.7).

PROPOSITION 2.8. Let X be a proper variety over K of dimension n and D a
semipositive metrized divisor on X with D big and semiample. Then there exists a
generic net (py)ey of algebraic points of X with

hp(X)
n+1)degp(X)

(2.8) limhg; (p1) = (

if and only if D is quasi-canonical.
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We discuss now the equidistribution of Galois orbits of points of small height.
Let X be a proper variety over K and v € k. We endow the space of prob-
ability measures on X3" with the weak-* topology with respect to the space of
continuous functions on X2". In particular, a net of probability measures (1;);cs
converges to a probability measure . if, for every continuous function f: X3" — R,

lilm/fdul:/fdu.

Definition 2.9. Let D be a metrized R-divisor on X. A probability measure
on X is a v-adic limit measure for D if there exists a generic D-small net (p;);cr
of algebraic points of X such that the net of probability measures (1, )i con-
verges to .. We say that D satisfies the v-adic equidistribution property if, for every
generic D-small net (p;);c; as above, the net of measures (tp,,v)1e1 converges.

Clearly, when the v-adic equidistribution property holds, there exists a unique
limit measure.

Remark 2.10. When K is a number field, the analytic space X" is homeo-
morphic to a compact subspace of an Euclidean space [HLP14, Theorem 1.1]. In
particular, X2" is a compact Polish space, and so the space of probability mea-
sures on it is metrizable [Vil09, pages 94-95]. In particular, this space of proba-
bility measures has a nested countable basis of neighborhoods at each point. If all
the generic D-small sequences contained in a generic D-small net converge, they
must converge to the same limit. Then, using the above fact, we may strengthen
Remark 2.6 showing that a generic D-small net not converging to a given point
contains a generic D-small sequences not converging to that point. This implies
that one can reduce to sequences, instead of nets, in Definition 2.9 over number
fields.

In the literature there are many equidistribution theorems of Galois orbits of
points of small height. All these equidistribution results deal with generic nets
(or sequences when K is a number field) of algebraic points satisfying the equal-
ity (2.8). In view of Proposition 2.8, the existence of such a net implies that the
metric is quasi-canonical. Moreover, the condition (2.8) for this net is equivalent
of being D-small. Thus we can reformulate a general equidistribution result in the
following form.

THEOREM 2.11. Let K be a global field and X a projective variety over K of
dimension n. Let D be a semipositive metrized divisor on X such that D is ample.
If D is quasi-canonical then, for every place v € My,

(1) D satisfies the v-adic equidistribution property;
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(2) the limit measure is the normalized Monge-Ampére measure

1 An
mcl (D7 ” ’ ”v) .

This result is due to Yuan [Yua0O8, Theorem 3.1] in the number field case and,
with more general hypotheses, to Gubler [Gub08, Theorem 1.1] in the function
field case.

This equidistribution theorem imposes a very restrictive hypothesis, namely,
that the metrized divisor D is quasi-canonical. But it also has a very strong conclu-
sion: not only the Galois orbits of points of small height converge to a measure, but
this limit measure can be identified with the normalized Monge-Ampere measure
of the metrized divisor.

The main objective of this paper is to start the study of what happens when
the hypothesis of D being quasi-canonical is removed. We will work with toric
varieties and toric metrics because, in this case, the tools developed previously
allow us to work very explicitly. In this setting, we will see that the first statement
in Theorem 2.11 holds in much great generality, but, if the metric is not quasi-
canonical, the limit measure does not need to agree with the normalized Monge-
Ampere measure.

3. Auxiliary results on convex analysis. In this section we gather several
definitions and results on convex analysis that we will use in our study of toric
height functions. For a background in convex analysis, see for instance [BPS14,
Section 2].

Let Ng ~ R" be a real vector space of dimension n and Mz = Hom(Ng,R) =
Ny its dual. The pairing between 2z € Mg and u € Ng will be denoted either by
(x,u) or (u,z).

Following [BPS14, Section 2], a convex subset C' is nonempty. The relative
interior of C, denoted by ri(C), is the interior of C relative to the minimal affine
subspace containing it.

Let C' C Mg be a convex subset and g: C'— R a concave function. The sup-
differential of g at a point x € C'is

dg(z) ={u € Ng | (u,z —x) > g(z) — g(z) forall z € C'}.

Itis a closed, convex subset of Ny, see [BPS14, Section 2.2]. The stability set of g
is the convex subset of Ny defined by

stab(g) = {u € Ng | u— g is bounded below }.
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The Legendre-Fenchel dual of g is the concave function gV : stab(g) — R defined
by

(3.1) g"(u) = inf (u,z) — g(x),
zeC

see ibidem.

Let £ C N be a convex subset. A nonempty subset /' C F is a face of F
if every closed segment S C E whose relative interior has nonempty intersection
with F', is contained in F'.

LEMMA 3.1. Let C' C Mg be a compact convex subset and g1,g>: C — R
two continuous concave functions. Denote by Ch.x the convex subset of C' of the
points where g1 + g, attains its maximum value and choose x© € Ch,y. Fori=1,2,
consider the concave function qu Nr — R defined by

o~

(3.2) ¢i(u) = g/ (u) — (x,u) + gi(z).

Then

(1) if 2’ € 1i(Chnax), then 0g;(x) is a face of 0g;(x), i =1,2;

(2) g1 (z) N (—0g2(x)) is nonempty and does not depend on the choice of
x € Cpaxs

(3) the minimal face of 0g\(x) containing 0g;(x) N (—0gz2(x)) does not de-
pend on the choice of x € Crax,

(4) the function qu is nonpositive and vanishes precisely on 0g;(z).

Proof. The restriction to C,x of the sum g; + g5 is constant, and so the restric-
tions to this set of g; and g, are affine and with opposite slopes. In other words,
there is ug € N such that, for all 21,22 € Cpax,

(3.3) gi(z2) —g1(w1)=(uo,x2— 1) and ga(72) — g2(x1) =—(uo, 72 — 71).

For the statement (1), let i € {1,2}, 2’ € 1i(Ciax) and u € 9g;(2'). By the
definition of the sup-differential, for all z € C,

(3.4) (u, 2 — ') > gi(2) — gi(2).
Since 2’ is in the relative interior of Cpay, there exists € > 0 such that
7' —e(z —12') € Chax.
By (3.4) and (3.3),
—e{u,x —2') = (u, 2’ —e(x —2') — ')

> gi(z' —e(z— ")) — gi(a")
= (=) Yug, —e(z —a')) = —e(gi(x) — gi(")).
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Hence (u,x —2') < g;(x) — gi(2"). By (3.4) applied to z = x, we have also the
reverse inequality. Thus (u,x — ') = g;(z) — g;(2'), and it follows from (3.4) that,
forall z € C,
(u,2 —x) = gi(2) — gi(z).

Hence u € dg;(z) and so dg;(x’) C dg;(x). Applying [BPS14, Proposition 2.2.8]
to the closed concave function g; and observing that gV = g;, we deduce that
0gi(x') is a face of dg;(x).

To prove the statement (2) note that, since g; + g, attains its maximum value
at x, by [BPS14, Proposition 2.3.6(2)]

0 € 9(g1 + 92)(x) = Dg1 () + Dga ().

Hence 0g; (z) N (—0g2(x)) # 0, as stated. Now let u be a point in this intersection.
Then

(3.5 (u,z—x) > g1(z) —g1(z) and (—u,z—x) > ga(2) — g2(®).

Choose x” € Cpax. Subtracting, from the inequalities (3.5) applied to z = z”, the
identities (3.3) applied to x; = x and x, = 2, we deduce that

{(u—ug,z" —z) =0.
Using this together with (3.4) and (3.5), we obtain
(u,z—2") > g1(2) —gi(2") and (—u,z—2") > g2(2) — go(a”).

Hence u € dg; () N (—dga(x")), as stated.

For the next statement, consider the convex set B = dg;(x) N (—0dg2(x)) that,
thanks to (2), does not depend on the choice of = € Cppax. Denote by F),. the minimal
face of dg;(x) containing it. By (1), it is enough to consider the case when x €
1i(Cmax ). By the same statement, the set Og,(x) does not depend on the choice of
x € 11(Chax ), proving (3).

The statement (4) follows readily from [BPS14, Lemma 2.2.6]. O

Definition 3.2. Let C' C Mg be a compact convex subset and g;,¢g2: C — R
two continuous concave functions. Choose a point x in C' at which g; + g, attains
its maximum value. We define the closed convex subset of Ng

B(g1,92) = 0g1(z) N (— gz (z))
and the convex subset

F(g1,92) C 9g1(x)

as the minimal face of Jg; (x) that contains B(g;,g>). By Lemma 3.1(2),(3), these
convex subsets do not depend on the choice of z.
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LEMMA 3.3. Let C C Mg be a compact convex subset with nonempty interior
and g1, 92: C — R two concave functions. Then B(g1, g ) is bounded and F(g;,g2)
contains no lines.

Proof. The closed convex set B(gj,¢>) is not bounded if and only if it contains
a ray, that is, a subset of the form R>ou; +up with u; € Ng, i = 1,2, and u; # 0.
Suppose that this is the case. This implies that, for z € Ch,x and all ¢ > 0,

tu;+up € dg1(z) and —tu; —uy € 9ga(x).
Hence, forall z € C and t > 0,
—(up,z—x)+ g1(2) —g1(z) < t(up,z —x) < —(up,z — ) — g2(2) + g2 ().

Letting t — oo, this implies C' C {z | (u1,z — ) = 0}, contradicting the hypothesis
that C' has nonempty interior. Hence B(g, ¢2) is bounded.
Similarly, if F'(g;,g>) contains a line Ruj + up, then, for z € Cyax and t € R,

tuy +uy € dg1 ().

This also implies that C' is contained in the affine hyperplane {z | (u;,z —x) =
0} and contradicts the hypothesis that C' has nonempty interior. Hence F'(g1,9>)
contains no lines. U

Let C,(/Vr) be the space of bounded continuous functions on N, let || - || be
an auxiliary norm on Ny that we fix, and for = in Ny and r > 0 denote by B(z,r)
the open ball in Ny centered at x and of radius r.

Definition 3.4. We denote by P the space of Borel probability measures on N
endowed with the weak-* topology with respect to C,(/Vgr). This is the coarsest
topology on P such that, for all ¢ € Cy(Ng), the function p — [ ¢dp is continu-
ous.

We denote by £ C P the topological subspace of probability measures with
finite first moment, that is, the probability measures on Ny satisfying

/ el d ja(as) < o

For i1 € &, the expected value is

Elu] = / wdpu(u) € N

The weak-* topology of P with respect to Cy(Ng) is called the “ropologie
étroite” in [Bou69, Section 5]. By Proposition 5.4.10 in loc. cit., the topologi-
cal space P is complete, metrizable and separable. Later we will consider other
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topologies on the underlying spaces of P and £. When this is the case, we will
state explicitly the used topology.

For p € P, its support, denoted by supp(u), is the set of all points in Nr such
that all its neighborhoods have positive measure. Clearly, every measure in P with
bounded support lies in £.

PROPOSITION 3.5. The space & verifies the following properties.
(1) For every i in € we have E[p] € conv(supp(p)).
(2) The set of probability measures on Ny with finite support is dense in &.

Proof. To prove the first statement, let ;1 € £ and suppose that E[u] does not
lie in conv (supp(x)). Restricting to an affine subspace if necessary, we can assume
that conv (supp () U{E[u]} is not contained in a hyperplane. The hyperplane sep-
aration theorem applied to the convex sets {E[u]} and conv(supp(u)), implies that
there is a nonconstant affine function f such that f(E[u]) <0 and f [gypp(.)> 0, see
for example [Roc70, Theorem 11.3]. So

0> f(E[u]) = / fluydp >0,

and therefore E[u] and supp(u) are both contained in the hyperplane {u € Ny |
f(u) =0}. This contradiction completes the proof of the first statement.

To prove the second statement, we show that every measure in £ is the limit
of measures with bounded support. For r > 0 put B(0,7) = {z € Ng | ||z| < r}.
Given a measure i € £, the sequence of probability measures with compact support
defined for [ > 1 by

1l B0, + (N \ B(0,1)) b,

converges to f as [ — .

Using a straightforward discretization argument, one can show that every mea-
sure in £ with bounded support is the limit of probability measures with finite
support. Combined with the previous observation, this completes the proof of the
second statement. U

For the rest of this section, we fix a compact convex subset C' C Mg with
nonempty interior and two continuous concave functions gi,g>: C'— R. Since C
is compact, the stability set of g; is Ngr. Thus the Legendre-Fenchel dual giv is a
concave function on Ny with stability set C'.

We introduce the function ®: £ — R given, for u € £, by

(3.6) O(p) = /ngqugzv(—E[u]) +max (g1 (z) + g2(x)).

This function will play a central role in the proof of the main results in the next
section.
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It follows easily from its definition that ® is concave. In general, this function
is not continuous, as the following example shows.

Example 3.6. Let Nr =R, so that Mg =R. Set C' =[0,1] and g; = 0,7 =1,2.
Then g (u) = min(0,u) for u € R. Consider the sequence of measures

="t 10 121,

where &y and §_; are the Dirac measures at the points O and —I, respectively. This
sequence converges to . However, ®(y;) = —1 for all [ and ®(dp) = 0.

Nevertheless, we have the following result.
PROPOSITION 3.7. The function ® is upper semicontinuous.
To prove this proposition, we need the following lemma.

LEMMA 3.8. Let ¢: Nr — R be a continuous function. If ¢ is bounded above
(respectively below), then the map P — RU{—eo} (respectively P — RU {eo})
given by

po— / pdp
is upper semicontinuous (respectively lower semicontinuous).

Proof. We prove the case of a function bounded above, the other case being
analogous. Let 4 € P and € > 0 be given and, for [ > 1, put

¢1(u) = max(p(u), =1).

The sequence of functions (¢;);>; is monotone and converges pointwise to ¢. So
Lebesgue’s monotone convergence theorem implies that there is [y > 1 such that

[ovans [oau-e

Let (y);>1 be a sequence in P converging to . Since ¢y, € Cp(NR), there
exists [; > 1 such that, for [ > [y,

[edus [onams [apduse< [oan+2e

Since ¢ is arbitrary, limsup; .., [ ¢dpy < [ ¢dp, proving the lemma. U

Proof of Proposition 3.7. Set ¢; = g, i = 1,2 for short. Fix p9 € £ and set
ug = —E[uo] € Nr. Take x € 0¢y(ug) C Mg. Then, for all u € Ng,

(z,u—uo) > ¢2(u) — ¢2(uo).
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Let i € £. It follows from this inequality that
D () — @ (po) /¢1du+¢2 /¢1duo — ¢2(—E[po])
< [ &1d(u= o)~ (Elu] ~ Elpo). )

< [ ordtu—po)~ [ (wa)de=rw)
S/cbd(u—uo)

with ¢ = ¢; — x. Hence

(3.7) B(u) < (o)~ [ oo+ [ odn

Since z belongs to d¢a(ug) and Oy (ug) C stab(¢y) = stab(¢;) = C, the func-
tion ¢ is bounded above. By Lemma 3.8, the right-hand side of (3.7) is upper
semicontinuous. The inequality (3.7) is an equality for p = 9. Hence ® is upper
semicontinuous at fi, as stated. O

PROPOSITION 3.9. The function ® is nonpositive, and vanishes for p € £ if
and only if

(3.8) supp(u) C F(g1,92) and  E[p] € B(g1,92),
with B(g1,92) and F(gy,g2) as in Definition 3.2.

Proof. Let notation be as in Lemma 3.1 and fix a point x € ri(Chy,x ). For short
put

Ai :agl(x)7 1= 1727 B :B(glag2)7 F:F(gl792)

By Lemma 3.1(1), the sets A; and A, do not depend on the choice of the point
x € 1i(Chax)- Let ¢; be as in (3.2). For every p € £ we can write ®(u) in terms of
the functions ¢; as

(3.9) D) = / é1d i+ da(—E[u)).

By Lemma 3.1(4), the functions QASZ are nonpositive and vanish precisely on the
sets A;. It follows from (3.9) that ® is nonpositive and vanishes for every p € £
satisfying (3.8).

Conversely, let y € € such that ® () = 0. Since both 1 and &, are nonpositive,
the equality (3.9) also implies that

/ $1dp=0 and $y(—Elu]) =0.
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Therefore supp(p) C A; and —E[u]| € A;,. By Proposition 3.5(1), E[u] belongs to
conv(supp(/)). Since A, is a convex set that contains supp(u), we deduce E[u] €
A and so

E[u] € AiN(—A) =B,

which gives the second condition in (3.8).

We next prove that the first condition in (3.8) is satisfied. Write 6 = p(F'), so
that 0 <60 <1 and pu(A;\ F) =1— 6. We want to show 6 = 1, thus we assume the
contrary, namely 6 < 1. This implies that F' is a proper face of A;. We put

1

—— [ udpeA\F
=0 Japp 1

uz

If # = 0, then E[u] = uy and so E[u] € A; \ F, contradicting the fact that E[u] €
B C F. Suppose that 0 < 6 < 1 and set

1
ulz—/ud,uEF.
0 Jrp

Therefore
Elp] = Ous + (1 — 0)uy € 1i (w7w3),

the relative interior of the segment wyw;. Since E[u] is in B and hence in F', we
have ri(ajuz) N F' # 0. Moreover, the whole segment is contained in A;, and F
is a face of A;. We deduce that this segment is contained in F'. Therefore u, € F/,
contradicting the fact that uy € A\ F. We conclude that # = 1 and so supp(p) C F
since F'is closed. This proves the first condition and completes the proof. (]

The function ® satisfies also the following property.

LEMMA 3.10. There are constants c¢; > 0 and ¢ > 0 such that, for all p € &,

B(u) < 12 / lulldg.

Proof. Let ¥ be the support function of C', which is the function on N given
by

U(u) = min{u,y).
yeC
Put ¢; = 4maxyec(|91(y)|,]92(y)]). It follows from their definition that the func-
tions ¢; = g, verify, for u € N,

C1

(3.10) max (@1(u), ¢2(u)) < \I/(u) + Z
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Let = be a point in the interior of C'. On Mp, we consider the norm induced by
the chosen norm || - || in /Vg. Since z is in the interior of C', we can find a constant
¢y > 0 such that B(x,c;), the closed ball of center x and radius ¢;, is contained in
C. Then

(3.11) U(u) < min (u,y) = (u,z) — c2fu].
yeB(z,c2)

Since z € C' = stab(¥), we have (¥ — z)(u) < 0. By (3.10) and (3.11),
B(0) = [ Gr(w)dp-+ o~ Elu) + max(o1(s) + 92(0))
et [ W)+ ¥(-Elu)
et [ () dyt (¥ ) (- Elu)
<a-a [ uldn
as stated. ]

PROPOSITION 3.11. Let ()11 be a net of measures in € such that

lim ®(ju1) = 0.

Then (p;)1e1 has at least one cluster point in P, and every such cluster point i lies
in € and satisfies

supp(i) C F'(g1,92) and E[u] € B(g1,92).

Proof. Replacing (11;);c; by a subnet if necessary, we assume that ®(;) > —1
forall [ € I. Let ¢y, ¢, be the constants of Lemma 3.10 and set K = (¢; +1)/c; > 0.
This lemma implies that each g is in the subset of £ given by

{neel [lulant < x}.

This subset is compact thanks to Prokhorov’s theorem [Bou69, Théoréme 5.5.1],
and it is metrizable because P is. Hence, the net (1) has at least one cluster
point, and every such cluster point p lies in £, proving the first statement.

To prove the last statement, let (15 )re be a subnet converging to 1. By Propo-
sition 3.7, the function ® is upper-semicontinuous and so

®(p) > limsup @ (p1,) = 0.
k

Hence ®(x) = 0, and the statement follows from Proposition 3.9. U
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As we have seen in Example 3.6, the function ¢ is not continuous. We now
consider another topology on £ with respect to which the function ® is continuous.

Given p,p/ € P, denote by I'(u, u’) the set of probability measures on Ng X
Ng with marginals y and p’. That is, a probability measure v on Ng x Ng belongs
to I'(u, ¢') if and only if

(p)sv=p, (P2)w=u,

where p; is the projection of Ng x Ng onto its i-th factor, and (p;). the direct image
of measures.

Definition 3.12. The Kantorovich-Rubinstein distance (or Wasserstein distance
of order 1) on & is defined, for u, ' € &, by

W (p, ) 1nf /Hu u||dv(u,u).

The quantity W (u, p') satisfies the axioms of a distance and is finite when p, ' € €
[Vil09, pages 94-95]. The Kantorovich-Rubinstein topology (or KR-topology for
short) of £ is the topology induced by this distance.

The finiteness of W (u,p') for u and i’ in €, can be argued as follows. The
product measure 1 X g’ is in I'(u, '), and we have

Wioap) < [ u=alllaux ) < [ fullanto+ [ Inlan ) <

For a Lipschitz continuous function ¢: Ng — R, denote by Lip(v)) its Lips-
chitz constant, given by

uFu! Hu U H

Lipschitz constants and the Kantorovich-Rubinstein distance are related by the du-
ality formula: for p, ' € € and a Lipschitz continuous function : Ng — R, we
have

(3.12) ‘/wdu—/wdu’

see for instance [Vil09, Remark 6.5].

< Lip(¢) W (s, 1),

Remark 3.13. By [Vil09, Theorem 6.9], the KR-topology agrees with
the weak-x topology on £ with respect to the space of continuous functions
: Nr — R such that

lp(u)] < e(1+lul])
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for a ¢ € R and all u € Ng. In particular, the KR-topology is stronger than the
topology of £ induced by that of P as in Definition 3.4.

PROPOSITION 3.14. The function ® is continuous with respect to the
KR-topology. In particular, if (w;)ier is a net of measures in £ that converges
to a measure [ € € with respect to the KR-topology and

supp(p) C F(g1,92) and E[u] € B(g1,92),
then limy <I>(,ul) =0.

Proof. Let (11;);c; be a net on & that converges to a measure p € £ with respect
to the KR-topology. By Remark 3.13,

tim [(gyd= [gdu and timgy (~Elu)) = g3 (~El).

Therefore lim; ®(y;) = (1) and so @ is continuous, proving the first statement.
The second statement follows from the first one and Proposition 3.9. U

We also need the following easy result. We include it here for the lack of a
suitable reference.

LEMMA 3.15. Let E; C Ng, @ = 1,...,r, be convex subsets and ¥ = F| +
.-+ B their Minkowski sum. For a point ug € E, the following conditions are
equivalent:

(1) the point uyg is a vertex of E;

(2) the equation ug = ZZ zi with z; € E; has a unique solution and, for i =
1,...,7, the point z; in this solution is a vertex of Fj.

Proof. First assume that ug is a vertex of E. Suppose that the equation uy =
>~: %i» zi € Ej, has two different solutions, namely uo =, 2/ and ug = >, 2! with
z;, # 2, for some ig € {1,...,7}. Then both points

/ " " /
U = E zi+tz, and wuy= E zi + %,
iio i

belong to F, they are different and satisfy ug = %(m + uy), contradicting the fact
that ug is a vertex of . Hence the equation ug = ZZ z; has a unique solution with
z; € E;.

Now suppose that z;, is not a vertex of E;, for some iy € {1,...,7}. Then we
can write z;, = 5 (2} + 2 ) with 2}, # 2/ both in E;,. Hence the points

/ "
Uy = E zitz, and wuy= E zi + %,
i 7o
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are different, belong to E and up = %(ul + uy), contradicting the assumption that
ug is a vertex of E. Thus we have proved that (1) implies (2).

Assume now that the statement (2) is true but ug is not a vertex of . Then
there are two different points uj,uy; € F with ug = %(ul +uy). Since E is the
Minkowski sum of the sets F;, we can write

uozg Zi, ulzg zZ’- and uzzg zg’.

The equation ug = >, z; has a unique solution and so z; = (2} + 2/) for all i.
Since z; is a vertex of E;, this implies 2] = z/. Therefore u; = u,, contradicting
the assumptions and thus proving that (2) implies (1). U

4. Modulus distribution. In this section, we study the asymptotic modu-
lus distribution of the Galois orbits of nets of points of small height in toric vari-
eties. Our approach is based on the techniques developed in the series of papers
[BPS14, BMPS16, BPS15]. These techniques are well-suited for the study of toric
metrics and their associated height functions. In the sequel, we recall the basic
constructions and results.

Let K be a global field and T ~ G| i a split torus of dimension n over K. Let

N =Hom(G,,x,T) and M =Hom(T,G,,x)=N"

be the lattices of cocharacters and of characters of T, respectively, and write Ng =
N ®R and Mr = M @ R. We also fix an auxiliary norm || - || on Ng.

Let v € Mk. We denote by T2" the v-adic analytification of T and by S, its
compact subtorus. In the Archimedean case, S, is isomorphic to (S')" whereas, in
the non-Archimedean case, it is a compact analytic group, see [BPS14, Section 4.2]
for a description. Moreover, there is a map val,: T3" — Ng, defined, in a given
splitting, by

4.1) valy(zy,...,2,) = (—log|x1|y,...,—10g|Tn|y)-

This map does not depend on the choice of the splitting, and the compact torus S,
coincides with its fiber over the point 0 € Np.

Let X be a proper toric variety over K with torus T, described by a complete
fan ¥ on Np. To each cone o € ¥ corresponds an affine toric variety X, which
is an open subset of X, and an orbit O(o) of the action of T on X. The affine
toric variety corresponding to the cone o = {0} is the principal open subset X. It
coincides with the orbit O(0) and is canonically isomorphic to the torus T.

An R-divisor D on X is toric if it is invariant under the action of T. Such an
R-divisor defines a virtual support function on ¥, that is, a function

\I/DZNR—>R
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whose restriction to each cone of the fan X is linear. We also associate to D the
subset of Mp given by

Ap =stab(Vp)={z € Mr |z >Vp}.

If D is pseudo-effective, then Ap is a polytope and, otherwise, it is the empty set.
Properties of the R-divisor D can be read off from its associated virtual support
function and polytope. In particular, D is nef if and only if W is concave, and D
is big if and only if Ap has nonempty interior.

A quasi-algebraic metrized divisor D = (D, (|| ||»)vemmy ) on X is foric if and
only if the v-adic metric || - ||, is invariant with respect to the action of S,,, for all
v. Such a toric metrized R-divisor on X defines a family of continuous functions
wﬁv: Nr — R indexed by the places of K. For each v € 9k, this function is
given, for p € T3", by

(4.2) U5, (Valy(p)) = log [sp (p)lo;

where sp is the canonical rational R-section of D as in [BMPS16, Section 3]. This
adelic family of functions satisfies that [/ , — W p| is bounded for all v, and that
Y5, = ¥p for all v except for a finite number. In particular, the stability set of
each Y5, coincides with Ap.

For each v € M, we also consider the v-adic roof function V5 ,: Ap — R,
which is given by 7

\/ .
0p,(@) = 5 (@) = inf ((u,2) =, (W).
This is an adelic family of continuous concave functions on Ap that are zero ex-
cept for a finite number of places. The global roof function V: Ap — R is the
weighted sum

The essential minimum of X with respect to D defined in (2.6) can be com-
puted as the maximum of its roof function [BPS15, Theorem A], that is

4.3) n5 (X) = max J5(x).

TEAp

Example 4.1. Let X be a proper toric variety over K and D a toric R-divisor
on X. The canonical metric on D is the metric characterized by the fact that, for
each v € My and p € T2",

log|[sp(p) Hcan,v = Up(valy(p)),
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see [BPS14, Proposition-Definition 4.3.15]. We denote this toric metrized
R-divisor by D™ For all v € My,

o, =Up and dpm =0,

In particular, ¥z = 0 and pen (X) = 0.

Given a semipositive toric metrized R-divisor D over D, its associated met-
ric functions are concave. Conversely, every adelic family of concave continuous
functions 1, : Ngp — R, v € My, with |, — ¥ p| bounded for all v and such that
Y5, = ¥p for all v except for a finite number, corresponds to a semipositive toric
metrized R-divisor over D [BMPS16, Proposition 4.19(1)]. For instance, a canon-
ical toric metrized R-divisor D" is semipositive if and only if Wp is concave,
which is equivalent to the condition that D is nef.

For the rest of this section, we suppose that X is a proper toric variety over the
global field K with torus T, and that D is a semipositive toric metrized R-divisor
with D big.

We also fix the notation below. Recall from Section 3 that P denotes the space
of probability measures on Nr endowed with the weak-* topology with respect to
the space C,(/Ngr), and that £ denotes the subspace of probability measures with
finite first moment.

Notation 4.2. Let v € M. We denote by g; ., © = 1,2, the concave functions
on Ap given by

n
Mo=v5, ad g,= ) “ig,
weMg\{v}

Thus V5 = Ny (91,0 + g2,0). We consider the convex subsets of N given by Defi-
nition 3.2

(4-4) Bv:B(gl,UagZ,U)7 Fv :F(ghvagZ,v)

and we write
Av = agl,v (l‘)

for any z in the relative interior of the set A p max Where 7 attains its maximum.
By Lemma 3.1(1) A, does not depend on the choice of x € ri(Ap max). Thus F,
is the minimal face of A, containing B,. We also denote ®,, the function on &
defined in (3.6) applied to the set C' = Ap and the functions g; ,,, i = 1,2.

Given v € Mk and a point p € X((K), we consider the discrete probability
measure on Ny defined by

Vpow = (Valv)*,up,va
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where 1, , is the uniform discrete probability measure on X3" supported on the
v-adic Galois orbit of p as in (2.4). This probability measure on Np gives the
modulus distribution of the v-adic Galois orbit of the point p. The next result char-
acterizes the limit behavior of this modulus distribution for nets of points of small
height.

THEOREM 4.3. Let notation and hypotheses be as above. For each v € Mk
and every D-small net (p;);c; of algebraic points in the principal open subset X,
the net (v, )11 of measures in P has at least one cluster point. Every such cluster
point vy, lies in € and satisfies

4.5) supp(vy) C F, and E[vy] € B,,.

The proof of Theorem 4.3 is given below, after a definition and an auxiliary
result.

Definition 4.4. A centered adelic measure v on Ny is a collection of measures
vy € €, v € Mk, such that v, = dy, the Dirac measure at the point 0 € Ng, for all
but a finite number of places v, and such that

(4.6) > nuElp] =0.

veEMr
We denote by H the set of all centered adelic measures on Np.
We introduce the function 75: ‘Hx — R defined by
4.7) ) =— Y ny / Vg, dvy.
veEMK

This function extends the notion of heights of points to the space Hxk. Indeed, for

p € Xo(K), the collection

(4.8) Vp = (Vpw)veamy

is a centered adelic measure on N, because of the product formula in Proposi-
tion 2.1(2). Moreover, the canonical R-section sp does not vanish at p and, by
Proposition 2.3 and (4.2),

b)) = =3 e O YDa(val(@)

v qeGal(p),

(4.9) _ Z n / U5 dvpe

=np(Vp).
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LEMMA 4.5. For every centered adelic measure v = (Vy)yeomy

(4.10) max —n,®y (1) < (V) = S (X) < > =1y @y ().

veEMK
veEMr

In particular, for p € Xy(K),

4.11) max —n,®y (vp,y) < hg(p) —p3F(X) < Z —1y Py (Vpv)-

veEMK
veEMK

Proof. Let Ap max be the set of points maximizing the roof function /5 and
choose € Ap max. For each v € My, let ¢; ,: Nr — R, i = 1,2, be the function
defined by

Bio(w) = g}y (1) — (2,u) + gi,0(2),

where g; , denotes the concave function on Ap in Notation 4.2 and gl\{v its Le-
gendre dual as in (3.1).
Note that 95, = 9}/,@- Using (4.6) and (4.3), we deduce that

Thus
(4.12) (V) — 1S (X) = —vaf&,vdyv.
For each v € Mk, we get from the definition of ®,, that
®,(0) = [ rodve + Ga.(~El)
By Lemma 3.1(4), the functions &S\i,v are nonpositive and so
(4.13) (1) s/%,vduv.
The second inequality in (4.10) then follows from (4.12) and (4.13).

To prove the first inequality in (4.10), fix v € 9Mk. By [BPS14, Proposi-
tions 2.3.1(1) and 2.3.3(3)],

-~ ~ n
(414) ¢2,v = an#v <¢1,wn_w> )

v
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where w runs over the places of K different from v, the symbol H denotes the sup-
convolution and, for a concave function ) and a nonzero constant A, the expression
1A denotes the right multiplication as in [BPS14, Section 2.3].

By the equality (4.14), the definitions of the sup-convolution and the right mul-
tiplication, and condition (4.6), we deduce

(415) ¢21} Vv > Z_¢1w w])

WHV M

By the concavity of ngwa and Jensen’s inequality, [ qAﬁl,w dy, < ngwa(E(yw)) for all
w € Mg. Therefore, by (4.12) and (4.15),

775( v)— HCDSS /¢lvd7/v+z_¢lw Vw))

WHV M
_nv</$l,vdyv+$2,v(_E[Vv])> = —’I’LU(I)U(I/U),

which proves the first inequality and completes the proof of (4.10). The inequalities
in (4.11) follow directly from (4.10) and (4.9). ]

Proof of Theorem 4.3. Let v € Mk and let $,,: £ — R be the function defined
by (3.6) with g1, and g», as in Notation 4.2. Since the net of points (p;);cr is
D-small,

limb (pr) = 1 ().

By Proposition 3.9, ®,, is nonpositive, and so we deduce from Lemma 4.5 that
li}n O, (vp,0) =0.
The theorem is then a direct consequence of Proposition 3.11. O
To state a partial converse of Theorem 4.3, we need a further definition.

Definition 4.6. The adelic Kantorovich-Rubinstein distance Wik on Hx is de-
fined, for v = (1), V' = (V) € Hi, by

E nv Vva v

where W denotes the Kantorovich-Rubinstein distance in /N as in Definition 3.12.
By the definition of Hx, there are only a finite number of nonzero terms in this sum.
The topology on H induced by this distance is called the adelic KR-topology.

THEOREM 4.7. With notation and hypotheses as before, let v = (vy)yeom, €
Hi be a centered adelic measure such that
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supp(vy) C F, and E[v,) € B,

for all v. Then there is a generic D-small net (p;)er of algebraic points of X
such that the net of measures (Vp,)1c1 converges to v with respect to the adelic
Kantorovich-Rubinstein distance.

The proof of Theorem 4.7 is given below, after some preliminary results. The
first result gives the main properties of the function 7.

LEMMA 4.8. The function 1y is Lipschitz continuous with respect to Wk.
Moreover, for all v = (vy,)yeomy, € HK,

(4.16) np(v) > us (X)),
with equality if and only if supp(v,,) C F,, and E[v,] € B,, for all v.

Proof. Let S C Mk be a finite subset such that ¢ = Vp for all v ¢ S. For
v=(vy),V = (V) € Hk,

/z/)ﬁvduv—/z/)ﬁvdy{)

<3 Lip (i, W (v.17)

Inp(w) —np(@)] <D ny

< (max [lz])) Wie(v, ),
zEAp

where the second inequality is given by the duality formula (3.12) and the last by
the observation that Lip(1/;,) = maxgeca, ||| for all v. This proves that 7 is
Lipschitz continuous with reépect to Wk.

As already remarked, the functions ®,, are nonpositive. By Lemma 4.5, this
implies the inequality (4.16). From the same result, it follows that the equality
holds if and only if @, (1,) = O for all v. By Proposition 3.9, this holds if and only
if supp(v,,) C F, and E[v,] € B, completing the proof of the lemma. (]

From this lemma, we deduce as a direct consequence the next characterization
of algebraic points in toric varieties realizing the essential minimum.

COROLLARY 4.9. Let p be an algebraic point of Xo. Then hi;(p) = u35(X) if
and only if supp(v} ) C F,, and E[v, ] € B, for all v € M.

Let Hx C @veimK Nr be the subspace defined by the equation ), ny,u, = 0.
By sending the point (u,), € Hk to the adelic centered measure (d,,, ), € Hg, we
identify Hyk with a subspace of Hi.

COROLLARY 4.10. The minimum of the function 1y is equal to u%s(X ) and
it is attained at a point of the subspace Hg C Hxk.
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Proof. Let x be a point where )7 attains its maximum. Since 0 € 05 (x) and
005 (z) =3, m0V5 (), we can find u = (u,), € Hg such that for every v,

T
9=
D

v

uy € g (x)N | =0 > (z) | = B,.

weMg\{v}

,w

The adelic centered measure 6 = (d,, ), € Hk corresponding to u € Hy satisfies
supp(dy, ) = {uy} C F,, and E[d,,, ] = u,, € B,,. Thus, by Lemma 4.8,

v

w5 (X) = np(u) = min n5(v),

veHK

as stated. O

We next show that the set of measures coming from algebraic points is dense
in Hg.

PROPOSITION 4.11. For every v € Hy there is a generic net (p;)ic; of alge-
braic points of Xo such that the net of associated measures (Vp,)icr as in (4.8)
converges to v with respect to the adelic KR-topology.

Proof. Putv = (1), and let £ > 0 be given. Let S be a finite nonempty subset

of Mx such that v, = dp for all v ¢ S, and put
/ € ;2

By [Vil09, Theorem 6.18], for each v € S we can approach v, with respect to
the KR-distance, by a probability measure with finite support. Therefore we can
find d > max{2,d’} and for each v € S a sequence of points Uy 1see ey Uy d—1 € NR
such that the probability measure v/)] = -1 St Ou,,; satisfies W (v, 1)) <€’ We
deduce from [Vil09, Formula (6.3)] the inequalities

\ [av,~ [ vy <

Defining u, 4 := dE[v,] — (d — 1) E[V))]], we verify ||uy q|| < [|E[vp]]| + (d— 1)’
Thus, setting v, = 52?215%@ and using Jensen’s inequality and [Vil09, For-
mula (6.3)] again, we get

¢ and ||E[v,] —E[)]| <€

W (vy,v,) < ZH vill + HuvdH

fullar+ [ ullave + >e'>

l

d

2 / /
< p llu||dvy +&" < 2.
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We then easily check E[v)] = E[v,] and
W(VU7 v) < W(Vv7 v)+W( v? v) < 35

Set also v, = 0o for v ¢ S. Then v’ = (1), € Hx and Wk (v,v') < 5.

Let F/K be a finite extension of degree d such that all places in .S split com-
pletely, as given by [BPS15, Lemma 2.2]. For each v € S and w € 9 such that
w | v, we have n,, = n,/d. We enumerate the places above a given place v € S as

w(v,j), 7 =1,...,d.
Let Hr C ®’w€m]5‘ Nr be the subspace defined by the equation ), 1, = 0.
For each v € Mk consider the element w € Hy given, for w € My, by

uy,j forve Sandw=w(v,j) with1 <j <d,
Uu. =
v 0 forv ¢ Sand w | v.

Consider the map valg: T(F) — D, con, Vr defined by valp = (valy )weom,- This
is a group homomorphism and so it can be extended to a map

valp: T(F)@Q — @ Ng.

weMp

By the product formula, the image of this map lies in the hyperplane Hy and,
by [BPS15, Lemma 2.3], it is dense with respect to the L'-topology on Hp. For
a € T(F) and r € Q, we have

n
||U—Val]F HL' Z UZHuv] Val w(v,j) ||—|—ZHV31

(4.17) ves =l vgs

_ va/Hu—u’Hd)\v(u,u’)

for the probability measure A\, on Ng X N given by

d
1 :
Ez (o, j valy () (@) ifvels,
J=
(5(0 val, (ar)) if v ¢ S.

This measure has marginals v}, and v, ,, for any p = w - o with w a torsion point
in T(K), thus W (v}, 1) < [ |lu—u/[|d X, (u,u’) for every v, and the quantity in
(4.17) is an upper bound for the adelic KR-distance Wk (v, vp). It follows that we
can choose « and r such that Wi (v, ) < £/2 and thus Wk (v,v,,) < e.

Since the orbit of o under the action of the group of torsion points of T (K)
is Zariski dense, we have shown that, given ¢ > 0 and a nonempty open subset
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U C X, we can choose p € U(K) satisfying
WK(V, Vp) <eE.

As in the proof of Proposition 2.5, let I be the set of closed subvarieties of
pure codimension 1 in X ordered by inclusion. For each Y € I choose a point
py € (X \Y)(K) such that

1

WK(V,VPY) < m

with ¢(Y) the number of components of Y. Thus, the net of algebraic points
(py)yer is generic and the net of probability measures (1, )y converges to
v in the KR-topology, proving the result. O

Proof of Theorem 4.7. Let v = (v,), be a centered adelic measure on N such
that each measure v, satisfies the condition (4.5). By Lemma 4.8, it satisfies

(V) =y (X).

Proposition 4.11 implies that there is a generic net (p;);e; of points in T(K) =

Xo(K) such that (v, ), converges to v with respect to the distance Wx. On the
other hand, by Lemma 4.8 we also have

and so the net (p;);es is D-small. O

COROLLARY 4.12. Let v € Mx. For every measure v, € E with supp(v,) C
F, and E[v,] € B,, there is a generic D-small net (p;)ic; of algebraic points of
Xo such that the net of measures (vp, .)icr converges to v, with respect to the
Kantorovich-Rubinstein distance. In particular, (vp, ,)icr also converges to v, in
the weak-x topology with respect to Cy(NR).

Proof. Let x be a point where )7 attains its maximum. Since

EveBoc—0| 3 Mg, )@ == Y oig,),

v Ny
weMg\{v} weMg\{v}

we can find u,, € 0V, for each w # v such that
Nw

uy ;= E[py] = — Z — Uy

weMg\fv) Y
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In particular, for all w € Mk one has

w=— Y Muyedp @n|-o| Y ™5 ]| @
weMg\ {w) weMg\ {w)
= B,.

Furthermore, we have u,, = 0 for all but a finite number of places w in k. Put
vy = 0y, for each w # v. The statement then follows from Theorem 4.7 applied to
the centered adelic measure v = (1) wemy - ]

Combining Theorems 4.3 and 4.7, we can obtain a criterion for when the direct
image under the valuation map of the Galois orbits of a small net converges in the
sense of measures. We show that in this case, the limit measure is concentrated in
a single point.

COROLLARY 4.13. Let v € Mx. The following conditions are equivalent:

(1) for every D-small net (p;);c of algebraic points of Xy, the net of measures
(Vpyv)ic1 converges in the weak-x topology with respect to Co(Nr);

(2) for every generic D-small net (p;)ie1 of algebraic points of Xy, the net of
measures (Vp, v)ic converges in the weak-x topology with respect to Cc(Nr), the
space of continuous functions on Ny with compact support;

(3) the face F,, contains only one point.

When these equivalent conditions hold, the limit measures in (1) and (2) coincide
with the Dirac measure at the unique point of F,.

Proof. 1t is clear that (1) implies (2), and Theorem 4.3 shows that (3) implies
(1). Now suppose that the face F}, has more than one point. Since F, is the minimal
face containing B,,, we can find distinct points ug, w1, up € F,, such that

_uptu

2 € B,.

Uo
The probability measures d,,, and %51“ + %&Q satisfy the conditions (4.5). By
Corollary 4.12, we can find generic D-small nets (p;);c; and (q;);cr such that the
nets of measures (v, ,)icr and (g, ,)ic1 respectively converge to
1 1
5u0 and Eéul + E(Suz
in the KR-topology, and hence in the weak-* topology with respect to C.(Ng).
Combining these nets, we can obtain a net that does not converge in this weak-x
topology. Hence the condition (2) implies the condition (3).
The last statement follows from Theorem 4.3. U

When any of the equivalent conditions of Corollary 4.13 holds we say that
the metrized divisor D satisfies the modulus concentration property at the place
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v. Thus Corollary 4.13 gives us a criterion for the modulus concentration property
at a place. We next give a criterion for the modulus concentration property at all
places simultaneously, which can be directly read from the roof function. Before
giving it, we need some preliminary results and a definition.

Definition 4.14. A semipositive toric metrized R-divisor D with D big is called
monocritical if the minimum of 7 in Hy is attained at a unique point. If this is
the case, by Corollary 4.10, the minimum is attained at a point of Hy. This point
is called the critical point of D.

Example 4.15. Let D™ be a nef and big toric R-divisor equipped with the
canonical metric as in Example 4.1. Then all its local roof functions are zero. Tak-
ing a point x in the interior of the polytope, we have V5 ,(x) = {0} for every v.

Hence F, = {0} for every v and D is monocritical with critical point 0 € H.

Recall that Ap max denotes the convex set of points of Ap where 15 attains
its maximum.

PROPOSITION 4.16. The following conditions are equivalent:
(1) the metrized R-divisor D is monocritical;
(2) for every point x € Ap max, the set

(4.18) Hyn [] 095, ()

veEMK

contains a unique element u = (u,), € Hx and, for v € Mg, the point wu, is a
vertex of 005 (z);

(3) for every point x € Ap max, the point 0 is a vertex of 0V (x);

(4) there exists a point x € Ap max such that 0 is a vertex of 005 (x);

(5) forall v € My, the set I, contains only one point.
When these equivalent conditions hold, F,, = {u,} for every v and w is the critical
point of D.

Proof. We prove first that (1) implies (2). Assume that D is monocritical. Let
u = (uy), belong to the set (4.18). Then for every v € Mk we have

wedp (n|-a| > Z—“’ﬂﬁw ()

weMg , w#v v

So the measure v = (§,,, ), belongs to Hyk and satisfies supp(d,,) C B, for each

v v

v. In particular, supp(d,,,) C F, and E[0,,,] € B,,.. Thus by Lemma 4.8

v v

n5(u) = min n50").

I/GHK
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Since D is monocritical, this shows that the set (4.18) is reduced to the unique
critical point of D.

Assume now that the set (4.18) contains a single point © = (u,), € Hg and
there is a place vy € Mk such that w,, is not a vertex of 8195’00 (). Then we can
find two points w1,y 2 € 8195,1)0 (x) such that

Uyl + Uy, 2
72 .

Uy,

We consider the measure v = (d,,, ), and the measure v = (1), defined by

Ou, if v # v,
Uy = 5uv071 + 0y

v(),2 .
if v =y.
2

Then v; is in (4.18) and, again by Lemma 4.8, we have that

(V1) = ip(v2) = min i5(v)
contradicting the hypothesis that D is monocritical, and completing the proof of
2.
Assume that (2) is true and fix € Ap max. Let S C M be the finite set of
places where u,, # 0 or 95 , is not identically zero. We have that

00p(x) = nudip ,(x).

veS

Moreover, (2) implies that the equation

0= vaav with a, € 819571)(@

veS

has a unique solution a, = u, and this solution satisfies that a, is a vertex of
05 ,(x). Therefore, by Lemma 3.15 we deduce that 0 is a vertex of V().
Hence (2) implies (3).

Since Ap max is nonempty, (3) implies (4).

Assume now that (4) is true. For each v, let g; , and g ,, be the continuous
concave functions on A p in Notation 4.2. Since U5 = 1,910 + 10 92,05

0V 5(x) = ny0g1,u(T) +nu092,6 ().

Lemma 3.15 and the definition of the set B, imply that this set contains one single
point w,, and that this point is a vertex of both dg; , () and of —0g, ., (x). Hence
B, is already a face of dg; ,,(x). Thus F,, = B,, = {u,} and so (4) implies (5).

By Lemma 4.8 it is clear that (5) implies (1) finishing the proof of the equiva-
lence.
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Assume now that D is monocritical. Since by Lemma 4.8 the point u in (2)
satisfies that 775(w) = min, ey, 75(v), it is the critical point. Following the proof
of the equivalence we deduce that F, = {u, } proving the last statement. 0

For a given toric metrized R-divisor, the condition of being monocritical and
its critical point behave well with respect to scalar extensions. The following result
follows from the compatibility of toric metrics with scalar extensions in [BPS14,
Proposition 4.3.8].

PROPOSITION 4.17. Let X and D as before. Let F C K be a finite exten-
sion of K and write Dy for the toric metrized R-divisor on Xg obtained by scalar
extension. If D is monocritical with critical point (Uy)veomy, then Dy is also mon-
ocritical and its critical point (Wy)yeomy IS given by w,, = w, for all v € Mg and
w over v.

We now give the criterion for modulus concentration at every place.

THEOREM 4.18. Let X and D be as before. The following conditions are
equivalent:

(1) for every D-small net (p;)1c1 of algebraic points of Xo and every place
v € Mg, the net of measures (Vp, ,)ic1 converges;

(2) the metrized R-divisor D is monocritical.
When these equivalent conditions hold,

1ll€njl Vpro = Ou, s

where (), is the critical point of D.

Proof. The theorem follows directly from Corollary 4.13 and Proposition 4.16.
O

When there is modulus concentration for every place, we can show that the
convergence holds not only in the weak-* topology with respect to C,(/NVg) but
even in the stronger adelic KR-topology.

THEOREM 4.19. Let X and D be as before. Assume that D is monocritical.
Let u = (uy), be the critical point of D and set 8, = (3, )» € Hx. Then, for every
D-small net (py)1e1 of algebraic points of Xy, the net of centered adelic measures
(Vp, )ic1 converges to 8y, in the adelic KR-topology. In particular, for every v € Mk,
the net of measures (vp, v)ic1 converges to 6,, in the KR-topology.

Proof. For each v € My, let f,: Nr — R be the function given by

Fulw) =, () = Up(u—u,).
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This is an adelic family of bounded continuous functions on Ng with f,, = 0 for all
but a finite number of v. Consider then the function 1’ : Hx — R given by

n'(v) = +va/fvdyv— va/\lfp u—1uy)dv,.

Since the net (p;);es is D-small,
lilmnﬁ(ypl) = lilmhﬁ(p 1) = p‘BS(X)

By Theorem 4.18, for every place v € M the net of measures (1, ,, )17 converges
to &y, so that lim; [ f,dvy,, = [ fuddy, = ¥y, (uy). Since w = (uy), is the
critical point of D, using Corollary 4.10 we get

(4.19) lim 1 (v,) = 15 ( +va ) = 0.

Choose a point x in the interior of Ap. Then there is a constant ¢ > 0 such
that, for all u € Ng,

Jull < =c(¥p —z)(u).

It follows from the definition of the Kantorovich-Rubinstein distance that, for each
v € Mk,

W (U 0y ) < / = 1 | Ay ().

Hence
WK(Vpl,(su) SZ%/HU—UUHde,U(U)
< e [ (Wp =) (umw) vy o) = i (1),

(2

where the last equality follows from the facts that u belongs to Hy and that v,
is a centered adelic measure on Np, thanks to the product formula in Proposi-
tion 2.1(2). By (4.19), this distance converges to 0, completing the proof. U

5. Equidistribution of Galois orbits and the Bogomolov property. We
turn to the study of the limit measures of Galois orbits of D-small nets of algebraic
points in toric varieties. In this section, we denote by X a proper toric variety over
a global field K and D a toric metrized R-divisor on X with D big. For v € My,
recall that val, : T3" — N denotes the valuation map, defined in (4.1).

We first describe the limit measures in the monocritical case.
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Definition 5.1. Given v € Mk and u € Ng, the probability measure As, , on
X2 is defined as follows.

(1) When v is Archimedean, note that val,'(u) = S, - p for any point p €
val; !(u) and where S, = val; !(0) ~ (S")™ is the compact torus of T2". In this
case, As, .y is the direct image under the translation by p of the Haar probability
measure of S,,.

(2) When v is non-Archimedean, consider the multiplicative seminorm on
the group algebra C,[M] ~ C, [xfl, ...,z 1] that, to a Laurent polynomial
> e GmX™, assigns the value max,, (|, [,e~™™). This seminorm gives a
point, denoted by 0(u), in the Berkovich space X2". The point 0(u) lies in the

preimage val,; ! (u). We then set Ag, , = d9(u)- the Dirac measure at this point.

The following result corresponds to Theorem 1.1 in the introduction, and
shows that modulus concentration at every place implies the equidistribution prop-
erty at every place. Due to the existing equidistribution theorems in the literature,
we restrict its statement to divisors (rather than R-divisors).

THEOREM 5.2. Let X be a proper toric variety over K and D a semipositive
toric metrized divisor on X with D big. The following conditions are equivalent:

(1) for every generic D-small net (p;)er of algebraic points of Xo and every
place v € Mg, the net of probability measures (fip, »)icr on X" converges;

(2) the metrized divisor D is monocritical.

When these equivalent conditions hold, the limit measure in (1) is As,, v, with
Uy € Ng the v-adic component of the critical point of D.

The proof of Theorem 5.2 is done by reduction to the quasi-canonical case.
The following is the characterization of quasi-canonical toric metrized R-divisors
in [BPS15].

PROPOSITION 5.3. Let X be a proper toric variety over K and D a semi-
positive toric metrized R-divisor on X with D big. The following conditions are
equivalent:

(1) D is quasi-canonical (Definition 2.7);

(2) Y5 is constant;

(3) there are u = (uy), € Hg and (7,)y € @UGWK R such that

U5, =VYp(u—uy) =7
for all v € Mk and u € Np.

Proof. The equivalence of (1) and (3) is given by [BPS15, Corollary 4.7]. The
equivalence of (1) and (2) is given in the course of the proof of [BPS15, Proposi-
tion 4.6], recalling that vol(D) = deg,,(X) and noting that, since by assumption
D is semipositive, \7(;1X (D) = hy(X). O
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The following result gives the key step in the proof of Theorem 5.2.

PROPOSITION 5.4. Let X be a proper toric variety over K and D a mono-
critical metrized R-divisor on X with critical point w = (uy)yeon, . Let D' be the
toric metrized R-divisor over D corresponding to the family of concave functions
1/15/’”: Nr — R, v € Mk, given by

(5.1) %’,v(“) =Up(u—uy).

Then D is quasi-canonical and every D-small net of algebraic points of X is also
—
D -small.

Proof. The fact that D'is quasi-canonical is given by Proposition 5.3.

Let (p;)ier be a D-small net of algebraic points of X. By Theorem 4.19, the
net of centered adelic measures (v, );c; converges to d,, = (0, ), With respect to
the adelic KR-distance. By Lemma 4.8, the function 755 is continuous with respect
to this distance. Using (4.9), we deduce that

limhgy (pr) = lim sy (v,) = 15 (8) = 0.

On the other hand, ¥ = u, for each v. Since the critical point u lies in the
subspace Hk, we have that 195/ =Y, MU, = 0. Hence,

w2 (X) = Jmax Uy (z) =0.

Thus (p)ic; is D -small, as stated. O

Proof of Theorem 5.2. Suppose that the condition (1) holds. Given a generic
D-small net (p;);cr of algebraic points of X, and v € My, the net of measures
(tp,v)1e1 converges weakly with respect to the space C(X3"). Hence, the net of
direct images (v, ,)ic; converges weakly with respect to the space C.(Ngr). By
Corollary 4.13, for each v, the face F;, contains only one point. Proposition 4.16
then implies that D is monocritical, giving the condition (2).

Now suppose that the condition (2) holds. Since D is monocritical, the poly-
tope A p has nonempty interior. Let Y be the toric variety associated to the normal
fan of Ap and E the divisor on Y associated to the virtual support function ¥ p,
see for example [BPS 14, Theorem 3.3.3]. By construction F is ample and (Y, E) is
the polarized toric variety associated to the polytope Ap, see for example [BPS14,
Theorem 3.4.6 and Remark 3.4.7]. By the characterization of semipositive toric
metrics in [BPS14, Theorem 4.8.1], the metric in D induces a semipositive toric
metric on E, and we denote by E the corresponding toric metrized divisor. We have
that wE = wﬁ , for all v, and so E is also monocritical with the same critical point

as D.
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Let

—
E = (B, [l )vemy

be the ample divisor £ on Y equipped with the quasi-canonical toric metric given
by Proposition 5.4, with D replaced by E. Let (p;);c; be a generic D-small net
of algebraic points of Xq = T = Y;. It is also a generic -small net of algebraic
points of Y;. By Proposition 5.4 with D replaced by E, it is also E -small.

By Theorem 2.11, for each place v the net (., )ic7 converges to the normal-

ized Monge-Ampere measure fi, = WCI(E, |- ]I2)™ on Y;*». Consider the

real Monge-Ampére measure M (¢ ) associated to the v-adic metric in E as
in [BPS14, Definition 2.7.1]. By the explicit formula (5.1) and [BPS14, Exam-
ple 2.7.5],

_ degp(Y)

E25,

M(¢g ) = volar(Ap)du,
Then [BPS14, Theorem 4.8.11] implies that ji, = As, 4,. Therefore, the net of
measures (L, v)icr on X3" converges to Ag, ,, giving the condition (1) and the
last statement in the theorem. ]

Example 5.5. Let D™ be a big and nef toric divisor on X equipped with the
canonical metric. Following Example 4.15, this toric metrized divisor is mono-
critical with critical point 0 € Hk. Hence, it satisfies the v-adic equidistribution
property with limit measure As, o, for every v € k.

In [Bil97], Bilu gave an equidistribution theorem for Galois orbits of sequences
of points of small canonical height. This result is restricted to number fields and
Archimedean places. However, and in contrast to the previous example, this result
holds not just for generic, but for strict sequences of points, that is, sequences
that eventually avoid any given proper torsion subvariety. This stronger version of
the equidistribution property was used in a crucial way in loc. cit. to prove the
Bogomolov property for the canonical height.

Here we extend this version of the equidistribution property to monocritical
metrized R-divisors on toric varieties (Theorem 5.7) and deduce from it the Bo-
gomolov property (Theorem 1.4 in the introduction, or Theorem 5.12 below). Our
proofs are similar to Bilu’s and use Fourier analysis. Hence, for the rest of the sec-
tion we restrict to the case when K is a number field and we only study the equidis-
tribution over the Archimedean places, see Remark 5.9. Following Remark 2.10,
we restrict without loss of generality to sequences, instead of nets.

To formulate this extension, we have to modify slightly the notion of strict
sequences, see Remark 5.8. First we recall some standard terminology: a subtorus
of T is an algebraic subgroup of T that is geometrically irreducible, a translate of
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a subtorus is a subvariety of Ty that is the orbit of a point p € T(KK) by a subtorus,
and a forsion subvariety is a translate of a subtorus by a torsion point of the group
T(K) ~ (K.

Definition 5.6. A sequence (p;);>1 of algebraic points of T is strict if, for every
translate of a subtorus U C T, there is Iy > 1 such that p; ¢ U(K) for all [ > lo.

Equivalently, (p;);>1 is strict if, for every m € M \ {0} and every point ¢ € X((K),
there is lp > 1 such that x™(p;) # x™(q) for all [ > I.

THEOREM 5.7. Let X be a proper toric variety over a number field K and D
a monocritical metrized R-divisor on X. Then, for every strict D-small sequence
(p1)i>1 of algebraic points of Xo and every Archimedean place v € My, the se-
quence (#pz,v)lz | converges to the probability measure Xs, ,, With u, € N the
v-adic component of the critical point of D.

Proof. Let (p;);>1 be a strict D-small sequence of algebraic points of X. For
each m € M\ {0} consider the character

X" T— Gnxk.

Since (p;);>1 is strict, the sequence (x™(p;));>1 is generic.

We embed G, x — IED]%< as the principal open subset. Let Dy = div(zg) be the
divisor at infinity on Pk, equipped with the toric metric corresponding to the adelic
family of functions 1/)5613” : R — R given by

1/156”71)(10 =min(0,u — (m,u,)).
By Proposition 5.3, this metric is quasi-canonical. For each v € Mk, there is a
commutative diagram

Xm
an an
’]TU Gmﬂ)

val, l lvalv

NRTR

The commutativity of this diagram implies that vym (), = MuVp,». By Theo-
rem 4.19, the sequence (v,);>; converges in the adelic KR-topology to the cen-
tered adelic measure (dy, ), on Ng. Hence, the sequence (vymy,))i>1 converges
in the adelic KR-topology to the centered adelic measure (J(y,,))» on R. By
Lemma 4.8,
limagm (ym () = 157 (Ot Jo) = B (Pk)-

By the identity in (4.9), nﬁ(r)n(uxm(pl)) = hﬁgn(xm(pl)). Thus the sequence of
points (x™(p;))i=1 is Dy -small.
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Summarizing, the sequence (X" (p;));>1 of algebraic points of P} is generic
and small with respect to the quasi-canonical toric metrized divisor 3? . Theo-
rem 2.11 then implies that the sequence of measures (/Lx'm(pl)’v) 1>1 on the analyti-
fication Py™" ~ P!(C) converges to AS,y (muy) -

Assume now that v is Archimedean. Since the space of probability measures
on X (C) is sequentially compact, by restricting to a subsequence we can sup-
pose without loss of generality that (11, );>1 converges to a measure /. Since the
sequence of direct images ((valy)fip,v)1>1 converges in the KR-topology to the
Dirac measure on the point u,, € Nr, we deduce that

supp(p) C val, ' (u,) =S, -e .

Let z be the standard affine coordinate of P!(C). For each m € M \ {0}, let
Z,, be a continuous function on P'(C) that agrees with z on a neighborhood of
St x™(e ). Hence (x™)*(zm) agrees with the character x™ on a neighborhood
of S, -e %, Then

/de,u:/( ™ (2m du—hm/ “(2m) d fip, v

—hm/zm ,up”, —hm/zmd,ux ™ (py) v

:/Zmd)\sl’<m’uv> Z/zd)\gl,@n,uv) =0,

where the last equality comes from Cauchy’s formula. Hence [x™du = 0 for
all m € M \ {0}. By Fourier analysis, the only probability measure supported
on S,-e “v satisfying this condition is Ag, ,,. Thus pt = As, 4,, concluding the
proof. O

Remark 5.8. Our notion of strict sequence is stronger than the one in [Bil97].
Nevertheless, for the canonical height on a projective space, a small sequence of
points is strict in our sense if and only if it eventually avoids any fixed translate
of a subtorus with essential minimum equal to 0. Such a translate of a subtorus
is necessarily a torsion subvariety, see for instance Example 5.16. Hence, a small
sequence of points that is strict in the sense of Bilu [Bil97] is also strict in the sense
of Definition 5.6. Thus Theorem 5.7 applied to the canonically metrized divisor at
infinity on a projective space specializes to [Bil97, Theorem 1.1].

Remark 5.9. To the best of our knowledge, even for the canonical metric it
is still not know if the equidistribution property for strict sequences holds for the
non-Archimedean places of a global field.

The toric Bogomolov conjecture can be stated as follows: let X be a toric
variety and D an ample toric divisor on X. Let V' C X, & be a closed subvariety
that is not torsion. Then there exists € > 0 such that the subset of algebraic points
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of V' of canonical height bounded above by ¢, is not dense in V. Equivalently,
if VC X, is a closed subvariety such that p.%ian(V) =0, then V is a torsion
subvariety.

This conjecture was proved by Zhang in the number field case [Zha95]. Bilu
obtained a proof of Zhang’s theorem based on his equidistribution theorem. In what
follows, we extend his approach to the general monocritical case over a number
field.

Recall that X denotes a proper toric variety over a number field K and D a
toric metrized R-divisor on X. For a subvariety V' C X, we set

u%bs(V) =inf{hz(z) |z € V(K)}

for the absolute minimum of the height function. The fact that D is toric implies

(5.2) S (X) = 2 (Xo),

see [BPS15, Lemma 3.9(2)]. Therefore, for any subvariety V' C X %,

G- K5 (V) 2 (V) = Wi (Xo) = 155 ().
This motivates the following definition.

Definition 5.10. A closed subvariety V' C XO,K is D-special if
(V) = 5 ().

In particular, an algebraic point p of X is D-special if and only if h5(p) =
HES (X).

We also propose the following terminology.

Definition 5.11. The toric metrized R-divisor D satisfies the Bogomolov prop-
erty if every D-special subvariety of X, 18 a translate of a subtorus.

Note that if X is of dimension 1, then the Bogomolov property is trivially
satisfied for every metrized divisor.

We consider the problem of deciding if a given toric metrized R-divisor satis-
fies the Bogomolov property. The following result corresponds to Theorem 1.4 in
the introduction, and shows that the answer is affirmative for monocritical metrics.

THEOREM 5.12. Let X be a proper toric variety over a number field K and D
a monocritical metrized R-divisor on X with critical point u = (uy)yeony. Let V.
be a D-special subvariety of XO,K' Then V is a translate of a subtorus.

Furthermore, if u, € val,(T(K))® Q for all v, then V is the translate of a
subtorus by a D-special point.
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Before giving the proof of this theorem, we study special points and, more
generally, special translates of subtori in the monocritical case. We first give a
criterion for the existence of such points.

PROPOSITION 5.13. Let X be a proper toric variety over K and D a mon-
ocritical metrized R-divisor on X with critical point w = (uy)yeomy. Then there
exists a D-special point if and only if

(5.4) uy € val,(T(K))®Q forall v e Mxk.

If this is the case, then every D-special point is of the form ¢'/* with q € Xo(K)
and ¢ > 1.

Proof. Suppose that there is a D-special point p € Xo(K). Choose a finite
normal extension F C K of K where p is defined. Consider the norm of p relative
to this extension, given by

NEp) = [ ~(F%,

T€Gal(F/K)

where Gal(F/K) and [F : K]; are the Galois group and the inseparable degree of
the extension, respectively.

Let v € M. For every 7 € Gal(IF/K), there is a place w € M over v such
that val, (7(p)) = val,(p). By Corollary 4.9 and Proposition 4.17, we have that
valy, (p) = u, for any such place. It follows that val,(7(p)) = u, for all 7. Using
that #Gal(F /K) - [F : K]; = [F : K], we deduce that

val,(NE (p Zval p)F ) = [F: KJu,

Since N& (p) € T(K), we get that [F : K]u, € val,(T(K)), proving the implication.
Conversely, assume that the condition (5.4) holds. Let S C 91k be a finite set
containing the Archimedean places and those places v where u,, # 0. Set

T(K)s = {p € T(K) | val,(p) =0 forall v ¢ S}

and let Hy g be the subspace of @@, . ¢ Nr defined by the equation ) ¢ ny2, =0.
Moreover, consider the lattice

I' = Hy s NP val, (T(K))

veS

and the map valg: T(K)g — I' given by valg(p) = (val,(p))ves. By Dirichlet’s
unit theorem [Wei74, Chapter 1V, Section 4, Corollary to Theorem 9], the image
A of this map is a sublattice that is commensurable to I'. Thus A@ Q =T'® Q.
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Condition (5.4) implies that (u,)yes € '@ Q = A ® Q. Hence, there is an integer
¢ > 1 such that

(fuv)vgs € A

In other terms, there is ¢ € T(KK)g such that val,(¢q) = ¢u, for all v € S. By Corol-
lary 4.9, the point p = ¢'/¢ € T(K) is D-special, proving the reverse implication.
To prove the last statement, suppose that the condition (5.4) holds and consider
an arbitrary D-special point p’ € X((KK). Let p be the D-special point constructed
above and F C K a finite extension of K so that p,p’ € T(F). Then val,,(p'p~!) =0
~1is torsion. We conclude
that some positive power of p’ lies in T(KK), as stated. O

for all w € M. By Kronecker’s theorem, the point p'p

Next we characterize the translates of subtori that are D-special. Let U = Twp
be the translate of a subtorus 7' C T by a point p € Xo(K). The subtorus 7' corre-
sponds to a saturated sublattice () of N; we denote by +: () < N the corresponding
inclusion map. Let F C K be a finite extension of K where p is defined. For each

w € My, we consider the affine subspace of N given by

Ay = valy(p) + Qr.

Indeed Ay, = val,(U2') and so this affine subspace depends only on U and not
on a particular choice for the translating point p.

As explained in [BPS14, Section 3.2], the normalization of the closure of U in
X can be given a structure of toric variety. Let X be the fan on N corresponding
to X and ¥ the fan on Qr obtained by restricting X to this latter linear space.
Then the inclusion ¢: Qr — Np induces an equivariant map of toric varieties

Yoot Xy, x = X
extending the inclusion U — Tx.

PROPOSITION 5.14. Let X be a proper toric variety over a number field K
and D a monocritical metrized R-divisor on X with critical point u = (uy)yeomy-
Let U =Tg-p C X, g be the translate of a subtorus T' C T by a point p € X (K)
defined over a finite extension F C K of K. For a place w in My denote by v(w)
the place in My below w. Then we have the following properties.

(1) The translate U is D-special if and only if Uy(w) € Avyw for all w € Mp.

(2) If the translate U is D-special, then the metrized R-divisor ©p, D is mon-
ocritical and its critical point is (U, — valy (P))wemty-

Proof. By passing to a suitable large finite extension of K and applying Propo-
sition 4.17, we can reduce to the case when U is the translate of a K-rational
point, that is, U = T - p with p € Xo(K). With this assumption, F = K and we
set v :=w = v(w).
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Since D is a semipositive toric metrized divisor with D big, the virtual support
function W p is concave and its associated polytope has dimension n. Hence, there
is m € My such that (m,u) > ¥ p(u) for all u # 0. Moreover, the metric functions
zpﬁ ,, are concave for all v € M.

Consider the toric metrized R-divisor E := ¢ , D on the toric variety Xx,,. By
[BPS14, Proposition 4.3.19], its virtual support function and metric functions are
given, for z € Qr, by

Vp(2) =¥p(u(2)), ¥vg,(2)=1vp,(Val(p) +(2)).

)

Therefore W is concave and satisfies (tYm,z) > Wg(z) for all z € Qg \ {0}.
Hence, the R-divisor F is big. Moreover, the metric functions szv are concave
and so E is semipositive.

Since U is identified with a dense open subset of XZQ,K’ we have

(1) = 188 (X ).

Consider the affine subspace Ay = @, Ay, of @, Nr. By Corollary 4.10,

o . / o . /
H%S(XEQ) - u’eglﬂigAUzU:_nvwﬁw(uv)’ H%S (X) - uI;IélII{l]K . _nvwﬁﬂ)(uv)‘
Since D monocritical, the minimum in the right equality is attained only at the
point w’ = u. We conclude that n=(U) = p3 (X) if and only if u, € Ay, for all
v € Mg, proving both statements. U

COROLLARY 5.15. Let X be a proper toric variety over a number field K and
D a monocritical metrized R-divisor on X with critical point w = (uy)yeomy, and
suppose that u,, € val,(T(K)) ® Q for all v € Mx. Then a translate of a subtorus
of Xo is D-special if and only if it is the translate of a subtorus by a D-special
point.

Proof. Clearly, the translate of a subtorus by a D-special point is D-special.
To prove the reverse implication, let U be a D-special translate of a subtorus and
write U = T - p as in the statement of Proposition 5.14. By this result, the toric
metrized R-divisor F = @;7 Lﬁ is monocritical and, for each v € 9k and w € My
over v,

Uy € Ay Nval,(T(K)) ® Q C Ay, Nval, (T(F)) @ Q.
Since p € X (F),
Ay Nvaly, (T(F)) @ Q = val, (p) + val, (T'(F)) @ Q.

Hence u,, — val,, (p) € val,(T(F))® Q. Extending the base field to IF and restricting
to X, Proposition 5.13 implies that this toric variety contains an E-special point.
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Hence U contains a D-special point and it is the translate of T by this point, as
stated. U

Example 5.16. Let D" be a nef and big toric R-divisor on the proper toric
variety X, equipped with the canonical metric. By Example 4.15, it is monocrit-
ical with critical point 0 € Hy. Hence, p € Xo(K) is D" -special if and only if
val,(p) = 0 for every v € M. By Kronecker’s theorem, this is also equivalent to
the fact that p is torsion. Hence, Corollary 5.15 shows that a translate of a subtorus
that is 3can—special is necessarily the translate of a subtorus by a torsion point, that
is, a torsion subvariety.

Proof of Theorem 5.12. Let U C X,z be the minimal translate of a subtorus
containing the subvariety V' and let ) and ¥ be as the ones defined before Propo-
sition 5.14. By (5.2) and (5.3), we have p%’s(U) =p35(U) and

HES(X) = Wl (Xo) < i (U) < WB(V) < (V) = 1S5 (X).
Therefore, U is D-special. By Proposition 5.14(2), D pulls back to a monocritical
metrized R-divisor on Xy, the normalization of the closure of U in Xg. Replac-
ing X by this toric variety, we reduce to the case where U = X, .

Using Proposition 2.5, we choose a sequence (p;);>; of algebraic points of V'
that is generic in V' and satisfies

limhs (1) = S5 (V).

Since V is not contained in any proper translate of a subtorus, this sequence is strict
and, since V is E—special, it is also D-small.

Applying Theorem 5.7 to an Archimedean place v € Mk, we obtain that the
sequence of measures (/ip, ,);>1 converges to a measure whose support is the trans-
late S, -e~“» of the compact subtorus, with u,, the v-adic coordinate of the critical
point of D.

Since V is D-special, it is a closed subvariety of Xo - Therefore V" is closed
in X{7,. The measures (1,,,)i>1 have support in V;", and the limit measure has
support S, -e~“». By the closedness of V" we deduce the inclusion S, -e™v C
V", Using that S, -e™ " is dense in X2" with respect to the Zariski topology, it
follows that V' = X, ¢, proving the first statement of the theorem.

The last statement of the theorem follows from Corollary 5.15. (]

By Theorem 5.12 and Example 5.16, the canonical toric metrized R-divisor
D" satisfies the Bogomolov property, and every 3can—special subvariety is tor-
sion. Hence, Theorem 5.12 extends Zhang’s theorem to the general monocritical
case. On the other hand, in Section 6.3 we will give examples of non-monocritical
metrized divisors not satisfying the Bogomolov property.
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6. Examples. The obtained criteria can be applied in concrete situations
to decide if a given semipositive toric metrized R-divisor satisfies properties like
modulus concentration or equidistribution. In this section, we consider translates
of subtori with the canonical height, and toric metrized R-divisors equipped with
positive smooth metrics at the Archimedean places and canonical metrics at the
non-Archimedean ones. We also give a family of counterexamples to the Bogo-
molov property in the non-monocritical case.

6.1. Translates of subtori with the canonical height. Let X be a proper
toric variety of dimension n over a global field K and D a big and nef toric
R-divisor on X. Let W be its virtual support function.

We denote by D" this R-divisor equipped with the canonical metric as in
Example 4.1. This toric metrized R-divisor satisfies that, for all v € M,

Ypem , =¥p and g  =0.

Since D is big, A p has dimension n. Every point x in the interior of A p maximizes
the global roof function and 95 () = {0}. Therefore, for all v € M,

B,={0} and F,={0}.

By Proposition 4.16, the canonical metric is monocritical and so, by Theorem 5.2,
D" satisfies the equidistribution property at every place (Example 5.5).

We next study the toric metrics on D that are obtained as the inverse image
by an equivariant map of a canonical metrized toric divisor on a projective space.
For r > 0, let Py be the standard projective space over K of dimension r with
homogeneous coordinates (2 : ... : z.) and H the hyperplane at infinity, defined by
the equation 2o = 0. Denote by H™" this toric divisor equipped with the canonical
metric.

Let v € Mg. If v is Archimedean, we set A\, = 1 whereas, if v is non-
Archimedean, we set )\, as the positive generator of the discrete subgroup
val, (K*) of R. A piecewise affine function is said to be A,-rational if all its
defining affine functions (x,u) + b satisfy € Mg and b € A\, Q.

Let ¢: Ng — R be a concave \,-rational piecewise affine function with
|t — W p| bounded. This determines a semipositive metric on Oxm (D). As seen
in [BPS14, Example 3.7.11], there is an integer » > 0 and a toric morphism
t: X — Pk such that

w = w/f‘ﬁcanm
Hence, any such function ¢ can be realized as the v-adic metric function of the
preimage of H™" to X. This allows us to construct many examples, both mono-
critical and non-monocritical, of metrized toric divisors.

In the next examples, we fix K = Q and, as before, we denote by H™ the
hyperplane at infinity with the canonical metric.
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v Fo0,2

Figure 1. Local roof functions in Example 6.1.

Example 6.1. Let v: Gy g — IP%Q be the map given by
w(t)y=(1:t/2:1).

Let X be the normalization of the closure of ¢(Gy,g) and D = (*(H ). Then
X = ]P’(l@ and D is the divisor at infinity.

We have Ap = [0, 1]. As explained in [BPS14, Example 5.1.16], for each v €
Mg the graph of the local roof function associated to D is given by the upper
envelope of the extended polytope

conv ((0,0), (1,log|1/2],), (1,log|1],)) CR x R.

The graphs of these functions are represented in Figure 1. Thus, for = € [0, 1]
we have ¥, (z) = xlog(2) and ¢,(x) = 0 for v # 2. The global roof function is
¥(x) = xlog(2) and the only point that maximizes it is x = 1. Moreover, 09, (1) =
(—e0,l0g(2)] and 0V, (1) = (—eo,0] for v # 2. With Notation 4.2, we have

B, = [0,l0g(2)], Py = [—e,log(2)],
B, =[—10g(2),0], F,=[—c,0] forv#2.

By Corollary 4.13, this metrized divisor does not satisfy the modulus concentration
property at any place. A fortiori, it does not satisfy the equidistribution property at
any place.

Indeed, by (4.3) we have pu%* (X)) =1log(2). Let (w;);>1 be a sequence given by
a choice of a primitive [-th root of the unity, a # 2 a positive prime number and r
an integer with log(a) < rlog(2). Choose any 7-th root a'/" of a and consider the
generic sequences of points

p=(1:w) and ¢=(1 :2a71/rw1) forl > 1.
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For every v € Mg, I > 1, p € Gal(p;), and ¢ € Gal(g;), we have (val,).(p) =0
and

(log(2) ifv=2,

—1

—log(a) ifv=a,

(valo)«(g) = ¢ " |

—log(2) + —log(a) if v=reo,
r

0 if v#£2,a,00.

Either by computing the local roof functions of D or the Weil heights of the image
of these points under the inclusion ¢, we deduce that

h5(p1) =log(2) and hy(q) =log(2).

Therefore both sequences are D-small. For any place v, the sequence fp, v CON-
verges to Ag, o. In contrast, if we denote u,, = (val,).(q) for any ¢ € Gal(g;),,, then
fiq,» converges to As, . This shows that neither the modulus concentration nor
the equidistribution properties hold for the places 2,a,c. Varying a, we deduce
that these properties do not hold at any place of Q.

The metric of D at the Archimedean place is the canonical one. The metrics at
the non-Archimedean places can be interpreted in terms of integral models. Let X’
be the blow up of IP% at the point (1 : 0) over the prime 2. The fibre of the structural
map X — Spec(Z) over the point 2 has two components: the exceptional divisor
of the blow up, which we denote by F, and the strict transform of the fibre of ]P’é;,
which we denote by Y. Consider the divisor

D=%+Y,

where & denotes the closure in X' of the point (0 : 1) € P!(Q). The pair (X, D)
is a model of (X, D). For each non-Archimedean place v, this model induces an
algebraic metric on D that agrees with the v-adic metric of D.

Example 6.2. Consider now the map ¢: G, g — ]P’?Q given by
W)= ("1 1/2:1).

Let X be the normalization of the closure of +(Gp,g) and D = t*(H ). In this
case, X = ]P’}@ and D is the divisor at infinity plus the divisor at zero.

We have Ap = [—1,1]. As before, we compute the local roof functions using
[BPS14, Example 5.1.16]. Their graphs are represented in Figure 2. For z € [0,2],
we have ¥, (z) = (1 — |z|)log(2) and ¥, (x) = 0 for v # 2. Thus, the global roof
function is ¥(z) = (1 —|z|)log(2). Its maximum is attained only at the point x = 0.
In this case, 09,(0) = [—log(2),log(2)] and 9¢,(0) = {0} for v # 2. We deduce
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Figure 2. Local roof functions in Example 6.2.

that
(6.1) B, ={0}, F, =[—1log(2),log(2)] and B, ={0}, F, = {0} forv #2.

By Corollary 4.13, D satisfies modulus concentration for all places except the
place 2. This toric metrized divisor is not monocritical, and so we cannot apply
Theorem 5.2 in this case. Indeed, later we will see that D does not satisfy the
equidistribution property at any place of Q (Example 7.6).

As in the previous example, the metric of D at the Archimedean place is the
canonical one, and those at the non-Archimedean places can be interpreted in terms
of integral models. Let X' be the blow up of P}, at the points (1:0) and (0: 1) over
the prime 2. The fibre of the structural map X — Spec(Z) over the point 2 has three
components. Consider the divisor

D ==+0,

where & denotes the closure in X of the point (0 : 1) € P!(Q) and 0 the closure of
the point (1 :0). The pair (X, D) is a model of (X, D). For each non-Archimedean
place v, this model induces an algebraic metric on D that agrees with the v-adic
metric of D.

Example 6.3. This time we consider the map ¢: Gy g — IP’?Q given by
)= (1:t/2:4%/2: )

. In this

can )

Let X be the normalization of the closure of ¢(Gy g) and D = *(H
case, X = I% and D is three times the divisor at infinity.

We have Ap = [0,3] and the local roof functions are represented in Figure 3.
They are given by ¥, (z) = log(2) min(z, 1,3 — ) and 9, (x) = 0 for v # 2. The
global roof function is thus ¥(x) = log(2) min(z, 1,3 — x), which is maximized at
any point of the interval [1,2]. Choosing the maximizing point x = 3/2, we have
0V,,(3/2) = {0} for all v.

Thus D is monocritical, by Proposition 4.16. By Corollary 4.13 and Theo-
rem 5.2, it satisfies both the modulus concentration and the equidistribution prop-
erties for any place.
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Figure 3. Local roof functions in Example 6.2.

6.2. Positive Archimedean metrics. The following result covers many of
the examples considered in [BPS14, BMPS16, BPS15]: twisted Fubini-Study met-
rics on projective spaces, metrics from polytopes, Fubini-Study metrics on toric
bundles, ¢/P-metrics on toric varieties, and Fubini-Study metrics on weighted pro-
jective spaces. All of them consist of toric varieties over Q with a toric divisor
equipped with a positive smooth metric at the Archimedean place and the canoni-
cal metric at the non-Archimedean ones.

THEOREM 6.4. Let X be a proper toric variety over a number field K and D =
(D, (|l - lls)vemy ) a semipositive toric metrized R-divisor with D big. We assume

that, when v is Archimedean, || - ||, is a positive smooth metric on the principal

open subset X(a)f’v whereas, when v is non-Archimedean, it is the v-adic canonical
metric of D. Then D is monocritical. In particular; it satisfies the equidistribution
property for every place of K.

When K = Q, the v-adic limit measure is Xs, o for every v € M.

Proof. Since the metric is smooth and positive on ng‘v for v Archimedean, the
proof of [BPS14, Proposition 4.4.1] implies that the metric function ¢5 , is smooth
and strictly concave, in the sense that its Hessian is negative definite. Therefore
Y5, 18 of Legendre type in the sense of [BPS14, Definition 2.4.1] and, by [BPS14,
Theorem 2.4.2(2)], the local roof function 795’0 is of Legendre type. In particular,
U5 ,, is smooth and strictly concave on the interior of Ap and the sup-differential
at a{ny point of the border of the polytope is empty.

For the non-Archimedean places, the metrics are canonical and so their local
roof functions are zero. Hence

195 = Z nvﬁﬁv,

vleo



SMALL POINTS IN TORIC VARIETIES 367

this function is smooth and strictly concave on the interior of Ap, and its sup-
differential at any point of the border of Ap is empty. This implies that there is a
unique maximizing point Ty € Ap, which lies in the interior of the polytope, and
that 90U 5 (2max) = {0}. Thus, the first assertion then follows from Proposition 4.16.

When K = Q there is only one Archimedean place. Therefore all the v-adic
metrics are the canonical metric except one. This implies easily that the critical
point in this case is u = (0),, and the last statement follows from Theorem 5.2. [J

Example 6.5. Let X = ]P’(b and D the divisor at infinity equipped with the
Fubini-Study metric at the Archimedean place and the canonical metric at the
non-Archimedean ones. By Theorem 6.4, this toric metrized divisor satisfies the
equidistribution property at every place. Moreover, the limit measure of the Galois
orbits of any generic D-small sequence is As, 0.

Recall that the canonical metric at the non-Archimedean places corresponds
to the canonical model of (]P’}@, o) given by (PP} %), where & is the closure of the
point (0: 1) € P!(Q). If we change the integral model, different phenomena may
occur. For instance, consider the integral model of Example 6.1, whose global roof
function is given by

Vp..(2) = —% (xlogz+ (1 —x)log(l —z))+ zlog(2),
see [BPS14, Example 6.2.3]. The unique maximum of this function is attained at
a point in the interior of Ap = [0,1]. Since V5 is differentiable on (0,1), we
deduce that the sup-differential is reduced to one point. By Proposition 4.16, this
new toric metrized divisor is also monocritical.

In contrast, if we consider the divisor D' = 0+ oo with the Fubini-Study metric
at the Archimedean place and the metrics induced by the integral model of Exam-
ple 6.2, then the maximum of the global roof function is attained at the point zero
and the sup-differential at this point is [—1log(2),log(2)]. Since zero is not a vertex
of this set, by Proposition 4.16 this divisor is not monocritical. Hence it does not
satisfy the equidistribution property at the Archimedean place.

6.3. Counterexamples to the Bogomolov property. In this section, we
give examples of toric metrized divisors not satisfying the Bogomolov property.
For simplicity, we restrict to the case K = Q. As in Section 6.1, we denote by "

the canonical metrized divisor at infinity on a projective space.
Example 6.6. Consider the map ¢: Gy g X Gmg — IP’?Q given by
L(tl,tz) = (1 12 tl . tz).

As in the examples in the previous section, we denote by X the normalization of
the closure of the image of ¢ and D = ,*(H ). In this case, X = IP%Q and D is the
divisor at infinity.
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We have that Ap is the standard simplex of Ng = R2and Up: R? — Ris the
function given by

Up(ur,up) =min(0,uy,up).

By [BPS14, Example 4.3.21], the local metric functions are given, for (uj,u;) €
R?, by

Up(ur+1og(2),us +1log(2)) —log(2) if v=reo,

Vp o, (ur,u2) = {\I/D(ul,uz) if v # oo

By [BPS 14, Example 5.1.16], the local roof functions are given, for (x;,x;) € Ap,
by

(1—zy—xp)log(2) ifv=co,

9 _
D (@1,72) {0 if v 2 oo

Hence the global roof function agrees with 95 . Its only maximizing point is
Zmax=(0,0), and one computes easily that 995 _(0,0) = (—log(2), —log(2))+R2%,
and 095 ,(0,0) = RZ, for v # o. Thus

Be = [~log(2),0, F..=(~log(2),~log(2)) +RZ,,
B, = [0,10g(2)]?, F,=R%, foruv#co.

We also have u=*(X) = 955(0,0) = log(2).

Let (29 : 21 : 22) be homogeneous coordinates of X and consider the curve C' of
equation zp+ 21 + 2z = 0. In what follows, we will see that this curve is a ﬁ—speoial
subvariety. Since C' is not a translate of a subtorus, this will show that D does not
satisfy the Bogomolov property.

For [ > 1 choose a primitive [-th root of the unity w;. Let z; ; be a solution of
the equation 224+ z+w; =0and put zp; = wy /2 for the other solution. Then

(6.2) 21,1 + 2211 +1=0 and Z1,1%22,1 = Wy.

In particular, p; = (1: 21 : 2p) is an algebraic point of C.
Letv € Mg and ¢ = (1: ¢ : 2) € Gal(py),,. If v # oo, then the conditions (6.2)
imply that

(6.3) val,(q) = (0,0) € B,.

If v = oo, then these same conditions (6.2) give max(|qj |«,|q2|«) < “522. Thus

(6.4) val..(q) € <—10g <1+2‘6> ,—log <1+2\G>> +R%, C F..
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Moreover, by the product formula and (6.3), we have

1

(65) E[V;Dl,“’] = m

> valu(q) = (0,0) € B...

q€Gal(p;)e

By Corollary 4.9, the conditions (6.3), (6.4) and (6.5) imply that h(p;) = p.%S(X).
Since the sequence (p;);>1 is generic in C, we deduce u3*(C') = u35°(X) and so

C is a D-special subvariety.

We generalize this example to a family of metrics on toric varieties of dimen-
sion greater than or equal to 2.

PROPOSITION 6.7. Let X be a proper toric variety over Q of dimension n > 2
and D a big and nef R-divisor on X. Let ug € Ny and consider the metrized divisor
D" over D defined by

Up(u—ug) ifv=oco,

—=u u) =
¢D 071)( ) {\PD(U) lf‘U#‘x’
Then D™ satisfies the Bogomolov property if and only if ug = 0.

Proof. When uyp = 0 we have D" = D™, By Theorem 5.12 and Exam-
ple 5.16, this toric metrized divisor satisfies the Bogomolov property.
Suppose ug # 0. The local roof functions of D" are given, for x € Ap, by

(x,up) ifv=oo,
ﬁﬁuo’v(ﬂj‘) = {O lf'U ?é oo,

In particular, the global roof function 15 coincides with 195%700. The maximum of
¥ is attained on a face of Ap. Fix xg in the relative interior of this face. If we
denote by 1 the constant function equal to 0 defined on A p, then o = 9y (xp) is
a cone in Ny containing —uy in its relative interior. Moreover,

8193“0 _(x0) =up+o0p and 8’[95% v(l‘()) = ¢ for v 7 eo.

It follows that 0 € B, for every v, that F.. = ug + ¢ and that F,, = o for v # oo.
As in Example 6.6, to prove that D" does not satisfy the Bogomolov property,
it is enough to exhibit a curve C in X that is D-special but not a translate of a
subtorus.
We identify Ng ~ R". Since X is proper and oy is a cone of the fan of X, there
is a primitive vector ng € IV in oy. It follows that there is €y > 0 such that

by := {ZL"I’L() | —go<x< 50} C up + 09.

Choose a primitive vector ag € N such that ag and ny generate a saturated sublat-
tice V of N. Put by = ng + ag. Then ag and by form an integral basis of V. Fix an
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integer ko > ¢, !"and consider the linear map L: Vi — R? defined by
L(S(Io —|—tb0) =ko- (S,t).

Let S be the toric surface in X associated to the saturated sublattice V. The linear
map L induces a toric morphism ¢: S — Gfm@. Let C be the curve in Gfm@ of
equation = +y -+ 1 = 0 and denote by Cj the closure in X of the curve .~ (C).

As in Example 6.6, for [ > 1 choose a primitive [-th root of unity root w;. Let
21, be a solution of the equation 224+ z+w; =0and put 2 ; = w; /7 ;. Hence

210+ 2, +1=0 and 220, =w.
In particular, (214,22;) € C(Q). Choose a point p; € Cp(Q) such that ¢(p;) =

(21,1, 22,)- The sequence of points (p;);>0 is generic in Cj.
For every place v there is a commutative diagram

an L
(Gh), <— Sy—— X{,

l val,, l val,, l val,

R2 <Ly Ng.

Since ng = by — ag, we have
l:= L(fo) = {(ZL‘,—ZL‘) | |:L‘| < Eok‘()}.

Arguing as in Example 6.6, for every non-Archimedean place v and every point
q € Gal(p;)y, we have

val, (¢(q)) = 0.
Since L is injective, val,(¢) = 0 and therefore v}, ,, = do. In particular,
supp(vp, ») = {0} C F,, and E[v, ] =0 € B,,.

When v = oo, the product formula implies that

1

= vale(q) =0 € B...
#Gal(p;)w qecg(:pl)w

E[vp) o]

On the other hand, note that for every ¢ in Gal(p; )., the point ¢(q) = (q1,¢2) satis-
fies

(]1+QZ+1:0 and q1q2 = wj.
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We thus have [q1]e |g2]e = 1,

V5—-1 . 14+4/5
7 < min {|q1 e, |g2e } < max {|q1 e, |g2]e } < 7
and therefore
145
max(—10g o~ oglazl-) < log (572 ) <1 <ot

This implies that

val..(¢(q)) € ¢, valu(q) € bo Cug+oo=F.. and supp(vp, ) C Fu.

€ss

By Lemma 4.8, we have hz;(p;) = u%°(X). Being the sequence (p;);>1 generic in
Cy, we deduce that Cy is D-special. Since Cj is not a translate of a subtorus, we

conclude that D does not satisfy the Bogomolov property, as stated. U

7. Potential theory on the projective line and small points. In this sec-
tion, we apply potential theory on the projective line over a number field, and in
particular Rumely’s Fekete-Szegd theorem, to produce interesting sequences of
small points in the non-monocritical case.

In the absence of modulus concentration, this allows to produce a wealth of
non-toric measures that are limit measures of Galois orbits of generic sequences
of points of small height. These techniques also allow to show that the absence of
modulus concentration at a place can affect the equidistribution property at another
place.

7.1. Limit measures in the absence of modulus concentration. We recall
the basic objects of potential theory on the projective line. For most of the details
and precise definitions, we refer the reader to [Tsu75, BR10] for the Archimedean
and non-Archimedean cases, respectively.

Let K be a number field and fix a place v € Mik. For a subset £ C C,,, we
denote by F its closure in A}/an. Moreover, for r > 0, put

By(E,r) = {z eC, | aigg\z—a\v < r}.

In particular, for a € C, the set B,(a,r) is the closed ball with center a and radius
r.Set O, = B,(0,1), and recall that S, = {z € C, | |z|, = 1}

Note that if E is a bounded subset of C,, then E is compact. Since Ay™ is
metrizable, it follows that the set of Borel probability measures on E endowed with
the weak-* topology is compact, metrizable, and therefore sequentially compact.
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Denoting by AL™ x AL™ the product of AL™ with itself in the category of
topological spaces, let

. A lLan 1,an
Op: Ay x A — R

be the function defined by 6, (z,2") = |z — 2’|, for v Archimedean, and the unique
upper semicontinuous extension of the function on C, x C, defined by (z,2) —
|z — 2'|,, for v non-Archimedean, see [BR10, Proposition 4.1].

Given a Borel probability measure y on A},’an, the energy integral (with respect
to the point at infinity) of y is defined as

a.n L= [, ~loeb (=) p) (2,2

Let K C Ay™ be a measurable subset. The v-adic Robin constant and capacity
(with respect to the point at infinity) of K are respectively defined as

(7.2) Vo(K) =inf{I,(u) | supp(p) C K} and cap,(K)=e ")

If K is compact and cap, (K) > 0, then there exists a unique probability measure,
denoted by pg, supported on K and realizing the infimum in (7.2), see [Tsu75,
Section III.2 and Theorem II1.32] for the Archimedean case and [BR10, Proposi-
tions 6.6 and 7.21] for the non-Archimedean one. Hence

L(pr) = Vo (K).

This measure is called the equilibrium measure of K. It does not charge singletons,
so we can also consider it as a measure on C;;. For K = O,, it agrees with Ag, o,
the Haar probability measure on the unit circle when v is Archimedean, and the
Dirac measure at the Gauss point of Ay™ when v is non-Archimedean. We also
have

(7.3) cap, (0y) =1,

see for example [Rum02, Section 3].
In the non-Archimedean case, C,, is a proper subset of A}/an. In general, for a
Borel subset E of C,, we have

cap, (E) < cap,(E),

but this inequality might be strict even if E is closed and bounded. Equality holds if,
for example, there are r > 0 and a polynomial P with coefficients in C,, such that
E={z€eC,||P(z)] <r}, see [BR10, Corollary 6.26] and [Rum02, Section 3.2].

Definition 7.1. An adelic set is a collection E = (E,),ecom, such that E,, is
a subset of C, invariant under the action of the absolute v-adic Galois group
Gal(K,/K,) for all v, and such that E, = O,, for all but a finite number of v. We
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say that FE is bounded (respectively closed, open) if E, is bounded (respectively
closed, open) for all v.

Given an adelic set E = (E,,)ycomy . its (global) capacity is defined as

cap(B) = ] cap,(Eo)™.

veEMK

By (7.3), this product actually runs over a finite set and so the global capacity is
well-defined.

The following result shows that, in the non-monocritical case, there is a wealth
of limit measures of Galois orbits of generic sequences of points of small height
that are not invariant under the action of the compact torus.

THEOREM 7.2. Let X = Pﬁ( and D the divisor at infinity equipped with a
semipositive toric metric. Let B, F,, be the associated subsets of Ng = R as in
(4.4). Let E = (E,)yemy be a closed bounded adelic set such that cap(E) = 1,
and such that for every non-Archimedean place v we have cap(E,) = cap(E,).
Assume that the following conditions hold:

(1) supp((valy)spr,) C F, for all v € My,

(2) E[(valy)spE,] € By forall v e Mg,

(3) 2 vemy mwE[(valy).pp,] = 0.

Then there is a generic D-small sequence (p;);>1 of algebraic points of Xy =
G,k such that, for every v € My, the sequence of probability measures (fip, v)i>1
converges 10 g

The proof of this theorem will be given after two preliminary propositions. The
next statement is a direct consequence of Rumely’s version of the Fekete-Szeg6
theorem in [RumO2, Theorem 2.1].

PROPOSITION 7.3. Let E = (E,)ycomy be a closed bounded adelic set such

that cap(E) > 1. There exists a sequence (p;);>1 of pairwise distinct points of K
satisfying

Gal(pl)v C Bv <Ev> %)

foralll > 1 and v € M. In particular, Gal(p;), C E, for every non-Archimedean
place v such that B, = O,,.

Proof. Forl > 1, consider the bounded adelic neighbourhood U; = (U} ) yeom,

of E given by
1
Ul7v =B, <Ev 7> .
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By [Rum02, Theorem 2.1] with S = 0, there is an infinite number of points p € K"
such that Gal(p), C U, for all v. Inductively, for each [ > 1 we choose p; as one
of these points that is different from py for I’ <[ —1. O

In the notation of Proposition 7.3, when the adelic set E has capacity 1, the
sequence of v-adic Galois orbits of the points p; equidistribute according to the
equilibrium measure of the closure F,.

PROPOSITION 7.4. Let E = (E,)yeomy be a closed bounded adelic set such
that cap(E) = 1 and such that for every non-Archimedean place v we have
cap(E,) = cap(E,). Let (p;);>1 be a sequence of pairwise distinct points of K"
with Gal(p;), C By (Ey, %) foralll > 1 and v € M. Then, for all v € Mk, the
sequence ([, v)i>1 converges to the equilibrium measure of E ..

Proof. Our hypotheses imply that for every | > 1 the Weil height of p; is
bounded from above independently of [. Together with the Northcott property
and the fact that the points in the sequence (p;);>; are pairwise distinct, this im-
plies that lim; #Gal(p;) = . Taking a subsequence if necessary, we assume that
#Gal(p;) > 2 forevery [ > 1.

Since for each place v the space of Borel probability measures on B, (E,, 1)
is sequentially compact, by taking a subsequence we can suppose without loss
of generality that the sequence (fip,,,);>1 converges to a probability measure i,
supported on (), By(Ey, 1) = E,.

For each [ > 1 and v € Mk, put for short G, = Gal(p;), and set

1
dy = 1 —q|,.
lv #Gl,y(#GLv — 1) Z 0og |q q |v
4,4€G

q#q

Consider also the probability measure on A})’an X A}/an, given by

E 0g X Ogt
Vlw = #G v(#Gl v — %0
q qeGy

a#q’
and note that (v,);>1 converges to ji, X ji,. The function log(d,(-,-)) is bounded
from above on B,(E,, 1) x B, (E,, 1). Similarly as in the proof of Lemma 3.8, this
property implies that

(7.4) lirnsupdl,vzlimsup/1 1 log(0y(2,2"))dvy (2, 2")
Aban plan

[0 [0

< —Iy(py) < logcapv(E_U).

By the product formula, Zveme nydy, = 0. Let S C Mg be a finite set of
places containing the Archimedean places and those where F,, # O,,. In particular,
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d;», < 0forv ¢ S. Hence, for v € My,

.. .. Ty
1 fd;, =1 f E ——d
1{2&1 1,0 = limin L w

K
©° v

weMg\{v}
Ty
> Timi AT
_hlrgglf Z . dj
weS\{v}

> — E n—wlimsupdl,w
Ny |5
weS\{v}

Nw
>— Y —“log(cap,,(Ey))
weS\{v} ©

> log(cap,,(Ey))-

Together with (7.4) and our hypothesis cap,(F,) = cap,(E,), this implies
I, (py) = —logcap, (E,). Therefore p, is the equilibrium measure of E,, and the
proof is complete. U

Proof of Theorem 7.2. Let (p;);>1 be a sequence of pairwise distinct points of
K" asin Proposition 7.4, which exists thanks to Proposition 7.3. Note in particular
that the sequence (p;);>; is generic. On the other hand, Proposition 7.4 implies
that, for every v € M, the sequence of probability measures (fiy, ,);>1 converges
to pg. Here we have to show that, under the present hypotheses, this sequence of
points is D-small.

Let sp be the canonical section of O(D) with div(sp) = D. This is a global
section vanishing only at infinity. Hence for every v € ik the v-adic Green func-
tion

95, = —log|splv

is a continuous real-valued function on All,’an. Let S C Mk be a finite set of places
containing the Archimedean places, the places where the metric || - ||, differs from
the canonical one, and those where E,, # O,,.

By construction, for each v € Mk and [ > 1 we have Gal(p;), C By(Fy,1). In
particular, for v ¢ S, Gal(p), C Oy and so g5, (¢) = 0 for all ¢ € Gal(p;),.. Hence

Ty -
hy(p) = Z m Z gﬁv(Q):va/gﬁ,udﬂpz,v

vEMyK qeGal(py)y veS

for any continuous function %’U on Ph™ coinciding with g5 , on the bounded
subset B, (Ey, 1).

The measures pi,, converge to pg, and are supported on the closure
By(Ey,1). Also, for all v ¢ S, we have pg, = Ag, o and 95, vanishes on the
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support of this measure. Hence

75 fimbp(e) =Y n [Gp,doe = 3 o [p,doe.

veS veEMr

By condition (3) and the fact that E is an adelic set, we deduce that the col-
lection v = ((valy, )« pE, )vemy is a centered adelic measure (Definition 4.4). More-
over, g5 , = —Up., © val, on Ay™\ {0}. By (7.5), we have

lim h5(py) = — > nv/%’vd(valv)*pEu =n5(v).

Lemma 4.8 together with the conditions (1) and (2) implies that i (v) = pF*(X).
Hence the sequence (p;);>1 is D-small, as stated, finishing the proof of the
theorem. ]

7.2. Local modulus concentration and equidistribution. Corollary 4.13
gives a criterion for a semipositive toric metrized R-divisor to satisfy the modulus
concentration property at a given place. Applying it, one can immediately give
examples where modulus concentration fails at that place. If this happens, then the
equidistribution property also fails at that place.

Can this absence of modulus concentration affect the equidistribution property
at another place? The next result on the projective line over a number field shows
that this can be the case under a rationality hypothesis, see Remark 7.7.

PROPOSITION 7.5. Let X = Pﬁg be the projective line over a number field K,
D the divisor at infinity equipped with a semipositive toric metric, and vy € M.
For each v € My, let B, be the set introduced in Notation 4.2. Assume that there
is a point p € Xo(K) =K such that val,(p) € B, for all v € My and val,, (p)
ri(By,). B

If D does not satisfy the modulus concentration property at vy, then D does
not satisfy the equidistribution property at any place of K.

Proof. Assume that D does not satisfy the modulus concentration property at
vo. Let v € M. If v = vy then clearly D does not satisfy the equidistribution
property at v, so we can suppose that v # vy. Extending scalars to a suitable large
number field and translating by the point p, we can also reduce to the case when
0 €r1i(B,,) and 0 € By, for all w € Mik.

Let Fy,, g1, and g2, be as in Notation 4.2, and let = be a point in Ap at
which g1 ., + 92,4, attains its maximum. By Corollary 4.13, the set F,, is not a
single point. Since 0 € ri(B,,) and F,,, is the minimal face of dg ,,(x) containing
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B,,, there is 0 > 0 such that the set F},, contains the interval [—d,d]. Set

e5+e’5
C=

>1
2

and consider the closed bounded adelic set E = (E,,),com, given by

[—2¢,2¢] if vy is Archimedean,
v B, (2,¢) if vg is non-Archimedean,

~ J[=2/e.2/c] ifvis Archimedean,
b B,(2,1/¢)  if v is non-Archimedean,

and, for w # v, v,

[—2,2] if w is Archimedean,
By, =
Oy =By (0,1) if w is non-Archimedean.

The local capacities of these sets are
cap,,(Ey,) =c, cap,(E,)=1/c and cap,(Ey,)=1 forw # wy,v,

see for instance [Rum02, Section 3]. Hence, the global capacity of E is 1.
Consider the map R: P} — P defined in affine coordinates by R(z) = z + %

Using the expression R(z) —2 = =17 one checks that, for w non-Archimedean,

z b
{zeCy|lz—1[, <clzly,} ifw=n1p,
R YE,)= {zeCy|lz—1]}<c Mz} fw=v,
{zeCyl||?+ 1w <|2lw} fwHuv,v,

(7.6)
{z€Cy | <zl <} ifw =1y,
=< By(1,¢71/?) ifw=w,
Sw if w 757)(),2).

On the other hand, using

z:l<R(z)j:\/R(z)2—4>, c—Ve—1=e¢? and c+vVE—-1=¢,

2

one also checks that, for w Archimedean,
(7.7)
SUOU{ZE(CUO lim(z) =0, e < 12w, Se‘s} if w = vy,
R Y (EBy) = {ZESU\im(z)Zm} if w=wv,
Sw if w # v, v.
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Figure 4. Inverse images by R of the sets E,,, F,, and E,, for vg, v and w # v,vy Archimedean.

We represent in Figure 4 the inverse images by R of the sets £, F,, and E, in the
Archimedean case. The point z therein is = ¢! +iv/1 — ¢ 2.

We deduce from the previous analysis that, regardless whether vy, v or w are
Archimedean or not, we have

R Y(By,)Cval,'([-6,6]), R '(E,)CS, and R '(E,)=S, for w# vg,v.

Let (p;);>1 be a sequence of pairwise distinct points as given by Proposi-
tion 7.3 applied to the adelic set E. For each [ > 1, choose a point ¢; € R~ (p;).
Since for each place v the space of Borel probability measures on B,(E,,1) is
sequentially compact, after restricting to a subsequence we can assume that the
sequence (fiq, w)1>1 converges to a probability measure p,, on R~1(E,,), for all
w € Mxk. By construction, for each w the supports of the direct image measures
Vgw = (Valy)«ftg, w, I > 1, are contained in [—9,0] C Ng. Therefore, this sequence
of measures converges in the KR-topology to the direct image (valy, ). ft, Which
can be seen by using Remark 3.13.

Let S C Mk be the finite subset consisting of the Archimedean places plus vy
and v. If w # vo, then Gal(g;),, C val,'(0) and E[vy, ,,] = 0. Thus

E[(val, )+ ()] = HimElvg,] = 0.
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Hence, thanks to the convergence in the KR-topology and the product formula,

E[(valy, )« (b)) = h}nE[qu,vo] = li}n Z —E[vg 0] =0.
wes
WV

Thus E[(valy, )« (1w)] =0 € By, for all w € M. By construction, it is also clear that
supp((valy, )+ /i) C F, for all w. By Lemma 4.8, the sequence (q;);>1 is D-small.

We have thus constructed a generic D-small sequence such that its v-adic Ga-
lois orbit converges to a measure p, whose support is contained in the closure
R~1(E,). On the other hand, the sequence (w;);>; given by the choice of a prim-
itive {-th root of unity is also D-small, but its v-adic Galois orbit converges to
the measure As . By (7.6) and (7.7) the support of this measure is not contained

in R-1(E,), soitis different from 1. We deduce that D does not satisfy the v-adic
equidistribution property, as stated. U

Example 7.6. Let X = ]P’(l@ and D the divisor at infinity plus the divisor at
zero, equipped with the semipositive toric metric from Example 6.2. As explained
therein, D does not satisfy modulus concentration at the place vy = 2 and, by (6.1),
we have 0 € ri(B,) for all v € 9. Theorem 7.2 implies that D does not satisfy
the equidistribution property for any place of Q.

Remark 7.7. A rationality hypothesis like the condition that the sets B,, contain
the image by the valuations map of an algebraic point, is necessary for the conclu-
sion of Proposition 7.5 to hold. Indeed, suppose that, for a given non-Archimedean
place v, we have B,, = F,, = {u, } with u, ¢ val, (K: ). By the tree structure of the
Berkovich projective line, this implies that val,, ! (u,) consists of a single point, of
type Il in Berkovich’s classification [BR10, Section 1.4]. Hence, the v-adic modu-
lus concentration at v given by Corollary 4.13, easily implies that the v-adic Galois
orbits of D-small sequences of algebraic points concentrate around this point of

type III, regardless of the structure of the set B,,.
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