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ABSTRACT
To an odd irreducible 2-dimensional complex linear representation of the ab-
solute Galois group of the field QQ of rational numbers, a modular form of
weight 1 is associated (modulo Artin’s conjecture on the L-series of the re-
presentation in the icosahedral case). In addition, linear liftings of 2-dimensional
projective Galois representations are related to solutions of certain Galois em-
bedding problems.

In this paper we present some recent results on the existence of liftings of
projective representations and on the explicit resolution of embedding problems
associated to orthogonal Galois representations, and explain how these results
can be used to construct modular forms.

0. Introduction

In this paper, we survey results on the explicit resolution of Galois embedding pro-
blems, liftings of projective Galois representations, and a method of construction of
modular forms of weight one.

Looking first at embedding problems, we present an explicit resolution, obtained
by the author, of certain embedding problems whose obstruction to solvability can
be computed by means of the formulae of Serre and Frohlich. More precisely, the em-
bedding problems considered by Serre are those given by double covers of symmetric
and alternating groups; Frohlich generalizes the result of Serre to embedding pro-
blems associated to orthogonal representations. The method for the computation of
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the solutions exploits the connection of these embedding problems with Clifford al-
gebras. It can also be applied in the case of extensions of symmetric and alternating
groups with a kernel of order a power of 2.

For 2-dimensional projective representations of the absolute Galois group of a
field K, we present the results of Quer on the existence of liftings to linear represen-
tations. By relating these liftings to solutions of certain Galois embedding problems,
a criterion is obtained for the existence of a lifting of index 2. In the case when K
is the field Q of rational numbers, further results are obtained, namely, a criterion
for the existence of a lifting with any given index.

The method of construction of modular forms of weight one is due to Bayer and
Frey. It is worth stressing that the spaces of modular forms of higher weight can be
computed from the trace formulae for Hecke operators or by viewing these acting on
modular symbols. These ideas do not work for weight one. In this case, the method
is based on the connection of modular forms of weight one with odd irreducible 2-
dimensional complex linear representations of the absolute Galois group Gal(Q|Q)
of the field Q of rational numbers, and exploits the previously mentioned results.

More precisely, a Galois realization over Q of a group G equal to the alterna-
ting groups Ay, As or the symmetric group Sy, gives a projective representation of
Gal(Q|Q). The linear liftings of this projective representation are associated to the
resolution of embedding problems given by extensions of the group G with a cyclic
kernel. If the linear representation is odd, by a theorem of Weil-Langlands (modulo
Artin’s conjecture), it gives rise to a modular form of weight one. The explicit
resolution of the embedding problem makes possible the determination of the Fourier
coefficients of the modular form. Some numerical examples are provided of resolution
of embedding problems on A4-, S4- and As-extensions of Q and construction of the
corresponding modular form.

1. Explicit resolution of Galois embedding problems

We will now present a method to obtain the solutions to embedding problems given
by double covers and to embedding problems given by central extensions of alter-
nating and symmetric groups with a kernel of order a power of 2. For the general
ideas concerning Galois embedding problems, we refer to [17]. The resolution of
Galois embedding problems is an aspect of the inverse Galois problem. We address
the reader interested in an overview on the present state of this subject to [21], [30]
and [39].

Let us fix the following notation. We shall denote by £ — G ~ Gal(L|K)
the Galois embedding problem given by a Galois field extension L|K with Galois
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group isomorphic to G (corresponding to an epimorphism ¢ : Gx — G, for Gk the
absolute Galois group of K) and a group extension £ — G with abelian kernel A
(corresponding to an element € in the cohomology group H?(G, A)).

We note that the element ¢*c € H?(Gg, A) giving the obstruction to the sol-
vability of the embedding problem is in general not directly computable. For em-
bedding problems given by double covers of alternating and symmetric groups, Serre
[28 Th.1] gives a formula relating the element ¢*c with Hasse-Witt invariants and
allowing its computation. This result has been used by several authors (see [22], [33],
[37], [38]) to deduce the Galois realizability over Q and Q(T') of the double covers
of alternating and symmetric groups. This formula of Serre has been generalized
by Frohlich to the wider context of embedding problems associated to orthogonal
representations.

Our method of computation of the solutions to embedding problems given by
the nonsplit double cover of an alternating group is based on the fact that the
solvability of this kind of embedding problems is equivalent to the existence of a
certain isomorphism between Clifford algebras ([4]). For embedding problems given
by double covers of symmetric groups, we obtained two different methods of reduc-
tion to the alternating case ([5]). Inside Frohlich’s general framework, we obtained a
generalization of our previous methods which can be applied to an embedding pro-
blem given by an orthogonal representation if this orthogonal representation satisfies
certain conditions which can be proved to be nonrestrictive ([6]).

1.1. Embedding problems associated to orthogonal representations

We consider Galois embedding problems
(1) 2G — G ~ Gal(L|K)
given by a central extension
(2) 1-C—2G—-G—1.

First we note that if (2) is non-split, the solutions to (1) are all proper and
are the fields L(/77), for L(/7) a particular solution and r running over K*/K*2.
The fact that L({/7) is a solution to (1) is equivalent to v being an element in L*
satisfying
vy te L2 forall seG

with b, defined by b2 := v%y~1 such that
(3) st = bsbiby,!

is a 2-cocycle representing the element ¢ € H?(G, Cy) corresponding to (2).
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Thus, giving the solutions to an embedding problem of this kind means finding
an element v in L* satisfying the above conditions but, in general, such an element
~ cannot be found just by operating in the field L.

Let us consider the case when the group G is a subgroup of the symmetric group
S, and 2G is the preimage of G in the double cover 2S;" of S,,, characterized by
the property that transpositions lift to involutions. We denote by s, the element in
the cohomology group H?(S,,,Cs) corresponding to 25;7. Then the element ¢*s;
giving the obstruction to the solvability of the corresponding embedding problem
can be computed by the following formula of Serre.

Theorem ([28], Th.1)

Let Qg be the quadratic trace form of the extension E|K, for E the fixed
field of the isotropy group of one letter, w(Qg) its Hasse-Witt invariant, and dg its
discriminant. We have the following equality in H?(G g, Cs)

¢ (s55) = w(Qp)(2,dp)
where (-,-) denotes the Hilbert symbol.

Let us observe that the group G is contained in the alternating group A, if and
only if dg = 1 (modulo squares) and denote by a,, the element in the cohomology
group H?(A,,Cs) corresponding to the nontrivial double cover 24, of A,. We
obtain

go*(a,n) = W(QE> S H2(GK,CQ) .

Let us denote now by 25, the second double cover of the symmetric group re-
ducing to the nontrivial double cover of the alternating group, and the corresponding
element in H2(S,,,C2) by s, . Then, by observing that s;7 and s,; differ in (—1,dg),
we obtain

0*(s,) =w(Qr)(—2,dp) € H*(Gk,Cy).

We assume now that the element ¢ is the second Stiefel-Whitney class of the
linear representation x, associated to an orthogonal representation

p:G—0(Q)

of the group G in a K-quadratic space (V, @), i.e. that we are in Frohlich’s situation
(cf. [16]). We note that this includes the double covers of the alternating and
symmetric groups considered by Serre. Indeed, if we consider the orthogonal re-
presentation of the symmetric group S,, obtained by embedding it in the orthogonal
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space of the identity quadratic form in n variables, then the corresponding second
Stiefel-Whitney class gives the double cover 25;t.

We shall see now how we can then use Clifford algebras to compute the element
~. For the general definitions and results concerning Clifford algebras, we refer to
[18] and [24].

We note that the orthogonal representation p can be seen as a 1-cocycle G —
Or(Q) and denote by @, the twisted quadratic form of @ by p, i.e. the quadratic
form corresponding to p by the isomorphism between H!(G,O(Q)) and the set of
classes of K-quadratic forms which are L-isomorphic to (). The quadratic spaces
(V,Q) and (V,,Q,) are related by an isomorphism:

(4) f:VerkL—-V,®kx L

satisfying f=1f* = p(s), for all s € G ([27] X 2). We also denote by f the extension
to the Clifford algebras of ) and @, over L:

(5) [ CL(Q) = CL(Q)).

Now, the obstruction to the solvability of the embedding problem is given by
the following result obtained by Frohlich.

Theorem ([16], Th.3)

Let ¢ be the second Stiefel-Whitney class of the linear representation x, as-
sociated to an orthogonal representation p of the group G. We have the following
equality in H*(G g, C5)

" () = w(Q)w(Qp)sp2(p) (A(Q), —d(Q)))

where w denotes the Hasse-Witt invariant of a quadratic form, d its discriminant,
Sp, is an invariant associated to the spinor norm sp defined on the orthogonal group
and (-,-) denotes the Hilbert symbol.

In the case of the symmetric group, if we consider the orthogonal representation
given by embedding the group S,, in the orthogonal group O(Q) of the identity
quadratic form () in n variables over K, the twisted form of () by this representation
is the trace form Qg of the extension E|Q and the invariant sp, equals the Hilbert
symbol (2,dg), for dg the discriminant of the quadratic form Qg or, equivalently,
of the extension E|Q. We then recover the formula of Serre from the formula of
Frohlich.
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Coming back to the general case, we shall force the orthogonal representation to
fulfill the conditions that the application of our method requires: namely, we assume
that the embedding problem considered is associated to an orthogonal representation
p of G satisfying:

- p is special, i.e. Imp C SO(Q),

-spop=1.

We note that the first condition implies equality between the discriminants of
the quadratic forms ) and @, and the second the vanishing of the invariant sp,
(cf. [16] (7.8)). So, under these conditions, Frohlich’s formula above gives that an
equivalent condition for the solvability of the considered embedding problem is

(6) w(Q)w(Q,) =1 € H*(Gk,Cs).
We obtain then the following.

Theorem [6]

If the embedding problem 2G — G =~ Gal(L|K) is solvable, there exists a
Z/27-graded algebras isomorphism g : C(Q) — C(Q,) such that the even element

in Cp(Qp):

zi= Y flen) O fle2) . flen) T glen)™ ... glea)?glen)

ei:O,l

where (e1,es,...,e,) Is an orthogonal basis in (V, @), is invertible.

A solution to the embedding problem is then provided by any non-zero coordi-
nate vy of the spinor norm N(z) of z in the basis {g(e1)'g(e2)® ... g(en)" }e;=0,1 Of
CL(@p)-

An important step in the proof of the theorem is to obtain that, for z the
element in the statement, the element b, defined for each s € G by

(7) bs := f(xs) 1227t

for {zs}seq a system of representatives of G in 2G, lies in L* and satisfies equality
(3). Now, the explicit expression of the element z makes possible the computation
of N(z) whenever we can explicitly write an isomorphism g between the two Clifford
algebras over K. In the cases given below, we get an expression of the element ~ in
terms of matrices.
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Corollary

Let M be the matrix in GL(n, L) associated to the inverse isomorphism f~!
of (4).
1) If Q and @, are K-equivalent, we can choose P in GL(n, K) such that

PQ,P=[Q] and det(MP+1)+#0,

where I denotes the n x n-identity matrix. Then v = det(M P + I) provides the
solutions to the embedding problem.

2) If Q is the identity form and Q, is K-equivalent to a quadratic form Q, =
—1, @ I,,—q, then for a matrix P in GL(n, K) such that

PQ,IP =[Q],

an element ~ providing the solutions to the embedding problem is obtained as a sum
of minors of the matrix M P.

Remarks. In case 1), g is the isomorphism associated to the matrix P. In case 2),
P provides an isomorphism between C(Q,) and C(Q,) and we can write down an
isomorphism between C(Q) and C(Q,), not arising from an isometry. The formula
giving v is explicit but too long to be specified here (cf. [4], [6]).

In the case of alternating groups, the orthogonal representation given by embed-
ding the group A,, in the special orthogonal group SO(Q) of the identity quadratic
form @ in n variables over K satisfies the above conditions. Moreover, if K = Q, we
are always under the conditions of the corollary and so an element ~ providing the
solutions to the embedding problem can be computed in terms of matrices (cf. [4]).

In the case of an embedding problem 25, — S, ~ Gal(L|K), in order to
apply the above method, we can either construct an orthogonal representation of
the group S,, in n+2 variables satisfying the above conditions or obtain the solutions
to the embedding problem considered from the solutions to the embedding problem
24, — A, ~ Gal(L|K{/dg)) (cf. [5]).

In the case of symmetric and alternating groups, the matrix M is given by

M= (xf) 1<i<n
0<j<n-—-1

for {x;} the roots of a polynomial realizing G over K and so the element + is obtained
in terms of the x;.
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We can see now that in the general case, the assumptions made on p are not
restrictive. We note that a non-special orthogonal representation r : G — O(Q)
determines two double covers of the group G, namely the ones associated to sw(y,)
and sw(x, L det x;).

Proposition ([6], Prop.3)

Let r : G — O(Q) be a non special orthogonal representation of G. There exist
two orthogonal representations py and ps of G such that:

1) p1 and po are special,
2) spop1=spops =1,
3) sw(Xp,) = sw(xr) and sw(x,,) = sw(xr L detxr).

We get p; and ps by adding variables to @ and using the explicit expression of
the invariant sp, in terms of Hilbert symbols given in [16] (7.8).

We can apply these results to the embedding problems given by the dihedral
group Dy, and the quaternion group Hy, as double covers of the dihedral group
Dy, and to the case G abelian of exponent 2 (cf. [6] Props.5-7).

Recently Swallow has noted that the formula of Frohlich and the above results
on computation of solutions remain valid if we allow scalar extension to L in the
orthogonal space under the condition that the elements in the image of p have spinor
norm in K* K" ([35]). With this result, he is able to compute the obstruction to
the solvability of embedding problems given by the extension Ci14 — Cg. To this
end, he uses a parametric family of Cg-extensions obtained by Schneps giving all
Cs-extensions for fields belonging to a certain class containing Q ([32]).

1.2. Embedding problems with kernel of order 2"

We now consider embedding problems given by central extensions of alternating
or symmetric groups with a cyclic kernel. First we note that if the kernel has odd
order, all such extensions are trivial. We then consider extensions with a kernel
of even order m. In the case of the alternating group, there is a unique non-split
extension mA,, of A, with a cyclic kernel of order m. In the case of the symmetric
group, we denote by m.S, the central extension of the symmetric group S,, corres-
ponding to the image of s by the map j. : H?(S,,Co) — H?(S,,Cy,) induced
by the embedding j : Co — C,,. We note that j.s;} = j.s.. Now, if we consider
mA,, (respectively mS, ) with m = 2"m’, m’ odd, we have mA, = 2"A,, x Cpy
(respectively mS, = 275, x C,,) and so, the solutions to an embedding problem
mA, — A, ~ Gal(L|K) (respectively mS,  — S,, ~ Gal(L|K)) are the fields L.K',
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for L a solution to 2" A, — A, ~ Gal(L|K) (respectively 2"S> — S, ~ Gal(L|K) )
and K’ a Galois realization of C,,, over K.

We consider then the case when the kernel has order a power of 2. We recall
that H2(S,,,Car) ~ Z/27Z x 7./27 and denote by 2"S;" the second extension of S,
with kernel Cy- reducing to 2" A,,.

Let now G be a transitive subgroup of S,,, n > 4, L|K a Galois extension with
Galois group G. We consider the embedding problem

(8) 2"G — G ~ Gal(L|K)

for 2"G the preimage of G in 2"S, . We shall see that it is possible to compute
the solutions to an embedding problem of this kind by reducing to the case of an
embedding problem with kernel of order 2.

First we note that if the embedding problem (8) is solvable, so is any embedding
problem 2°G — G ~ Gal(L|K), with s > r.

Now, if the field L is a solution to the embedding problem (8), for Ly the subfield
of L fixed by the subgroup of order 2 of Car, we have Gal(L1|K) ~ G x Cyr-1. By
taking K, := LY, we get Gal(K1|K) ~ Cy—1 and LN K; = K. Moreover, L is a
solution to the embedding problem with kernel Cj:

9) 2"G — G x Cyr—1 ~ Gal(L1|K)

and all solutions to (8) are obtained in this way from a Galois extension K;|K with
Galois group Cy--1 and K1 N L = K and such that the corresponding embedding
problem (9) is solvable.

From the above discussion we get the following criterion for the solvability:

Proposition [11]
The embedding problem

2"G — G ~ Gal(L|K)

is solvable if and only if there exists a Galois extension K1|K with Galois group
Cyr—1 and K1 N L = K and such that the obstructions to the solvability of the
embedding problems 2G — G ~ Gal(L|K) and Cor — Cyr-1 ~ Gal(K;1|K) agree in
H? (GK, 02) .
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Now the preceding method of computation of the solutions can be applied to
(9) whenever the element b € H?(Cy-—1,Cs) corresponding to the exact sequence

1—{£1} - Cyr — Corm1 — 1

is the second Stiefel-Whitney class of an orthogonal representation of Cy-—1. This
is so in the case when K D pg--1 for any r and in the cases r = 2, 3 for any field K
and r = 4 for fields K for which all Cg-extensions are admissible (cf. [35]). In these
cases, the condition for the solvability is that ¢*(s; ) can be expressed as a certain
product of Hilbert symbols (cf. [7], [9], [10], [11]). In the case r = 4, we use the
result of Swallow mentioned above (cf. [12]).

In general, to obtain results for r > 4, it would be necessary to have a
parametrization of Cy-—1-extensions of the field K and an orthogonal representa-
tion of Cy-—1 whose second Stiefel-Whitney class corresponds to its cyclic double
cover.

2. Linear and projective representations

I shall now report Quer’s results on liftings of projective representations [25].

We consider continuous 2-dimensional linear representations p : Gx — GL(2, F),
for G = Gal(K|K) the absolute Galois group of a field K and F an algebraically
closed field.

The continuity of the representation p, relative to the profinite topology of
Gal(K|K) and the discrete topology of F', implies that its image is a finite subgroup
of PGL(2, F).

If p is the projective representation determined by p, i.e. p = 7o p, for 7 the
projection from GL(2, F') onto PGL(2, F'), we say that p is a lifting of p.

The obstruction to the existence of a lifting for a given p is the element p*c €
H?(Gg, F*), for ¢ € H*(PGL(2, F), F*) the element corresponding to the exact
sequence

1 — F* — GL(2, F) — PGL(2, F) — 1

and p* : H*(PGL(2,F), F*) — H*(Gg, F*) the morphism induced by p on coho-
mology.

The index of a lifting p is defined as the degree of the cyclic extension E|L, for

L= FKerp, L=K"" A minimal lifting is a lifting with minimum index and a

trivial lifting is a lifting with index 1.
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It can be seen that a minimal lifting has index a power of 2 and that there
are such liftings with determinant of order a power of 2. If charF = 2, every
representation has a trivial lifting and so, from now on, we shall assume charF # 2.

Here we shall deal with representations of types PSL and PGL, that is, repre-
sentations whose image is isomorphic to one of the groups PSL(2,q) or PGL(2, q),
occurring for ¢ a power of the characteristic p of F. This includes the groups
Ay ~PSL(2,3), Sy ~ PGL(2,3), A5 ~ PSL(2,5), occurring for any characteristic.

We see first the relation between the index of the lifting and the order of the
determinant.

Proposition ([25], 1.2)
Let p be a projective representation of type PSL or PGL.
i) p has no trivial liftings.
ii) Let p be a lifting with determinant € of order 2°. The index of p is
*) 25+ for type PSL,
*) 2% or 251 for type PGL depending on whether the maximal abelian subexten-
sion M of L|K is contained or not in the fixed field N of Ker(det p).

If M C N (resp. M ¢ N), we say that p is a lifting of class II (resp class I).

2.1 Relations with embedding problems
We recall that H?(PSL(2,q),Car) ~ Z/27Z and denote by 2"PSL(2,q) the ex-

tension corresponding to the nonzero element.

Proposition [25]

Let LK be a Galois extension with Galois group PSL(2,q) and let p :
Gk — PGL(2,F) be a projective representation obtained from an embedding of
Gal(L|K) into PGL(2, F), by identifying IF, with a subfield of F'. Then the Galois
embedding problem 2"PSL(2,q) — PSL(2,q) ~ Gal(L|K) is solvable if and only if
p has a lifting of index 2".

We recall that H?(PGL(2,q), Cor) ~ Z/27 x 7./27 and let 2PGL(2,q)~ be the
pull-back of the diagram

PGL(2,q)

l

SL(2,F) —— PGL(2,F) = PSL(2, F).
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Now, identifying the extensions of PGL(2, ¢) with the corresponding elements in the
cohomology groups, we denote by 2"PGL(2,¢)~ the image of 2PGL(2,¢)~ by the

morphism

js : H*(PGL(2,q),C2) — H*(PGL(2,q), Cor)

induced by the embedding j : Cy — Car. Let 2"PGL(2,q)" be the second extension
of PGL(2, ¢) with kernel Cyr reducing to 2"PSL(2, q).

Proposition [25]

Let L|K be a Galois extension with Galois group PGL(2,q) and let p :
Gxg — PGL(2,F) be a projective representation obtained from an embedding of
Gal(L|K) into PGL(2, F). Then the Galois embedding problem 2"PGL(2,q)~ —
PGL(2,q) ~ Gal(L|K) (resp. 2"PGL(2,q9)" — PGL(2,q) ~ Gal(L|K)) is solvable if
and only if p has a lifting of index 2" and class I (resp. class II).

To see when the embedding problems given by extensions of groups PSL and
PGL are solvable, we can use the formula of Serre that we referred to above. To this
end, we consider the permutation representation m, : PGL(2,q) — S4+1 induced
by the action of PGL(2,q) on the projective line P'(F,). Let 7} : H?*(Sy41,C2) —
H?(PGL(2, q),C2) be induced by 7 on cohomology.

Let +,3~ € H*(PGL(2,q),C3) correspond to 2PGL(2,q)" and 2PGL(2,q)~,
respectively. By determining the graph of 7
[25], Section 3).

*
q’

we obtain the following result (cf.

Proposition

Let ¢ = +3 (mod 8), p of type PGL. Then:

for E|K the fixed field of the isotropy group of some element of {1,...,q+ 1}.
Let ¢ =+3 (mod 8), p of type PSL. Then 3~ = 3%, the discriminant dg is a

square and

P =wQg).
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Now, for 2"S.", we have 7;2"S ", = 2"PGL(2,q)~ for ¢ = £3 (mod 8) and
so we can translate the results obtained on the solvability for embedding problems
given by 2"S, (cf. [10], [11]) to embedding problems given by 2"PSL(2,q) and
2"PGL(2,q)", with ¢ = £3 (mod 8) (cf. [25]).

2.2 The case K =Q

We consider now the case when K is the field Q of rational numbers. We note
first that, in this case, the existence of a lifting is always guaranteed by the following
theorem of Tate.

Theorem ([29)])
Let K be a local or global field. Then H*(G g, F*) is trivial.

We shall see now when a projective representation has a lifting with a given
determinant. Consider the exact sequence

()
(10) 1 - Cy - FFf —— F* — 1.

Given a character ¢ € Hom(Gg, F*), let e¢*c; € H?(Gg,C2) be the image by the
morphism ¢* : H2(F*,Cy) — H?(Gg,Cs), induced by ¢ on cohomology, of the
element ¢, € H?(F*,C3), corresponding to (10).

Consider now the exact sequence

(11) 1 — Cy — SL(2, F) — PSL(2, F) — 1.

Given a projective representation p : Gg — PGL(2, F), let p*ca € H*(Gg,Cs) be
the image by the morphism p* : H2(PSL(2, F), Cs) — H?*(Gg, Cs), induced by p on
cohomology, of the element c; € H?(PSL(2, F), Cy) corresponding to (11).

Theorem (Tate) ([29])

The projective representation p has a lifting with determinant ¢ if and only if

Now, with this theorem of Tate, together with the previous results connecting
the index of a lifting with the order of its determinant, the index of minimal liftings
is obtained.

Let us recall that equality in Bry(Q) is equivalent to equality for every local
component. For the local components (¢*c1), € Bra(Q,) = {1}, viewing the local
character €, as a character of Q, we have (€*c1), = €,(—1).
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On the other hand, p*cy is just the element denoted above by 7*(87) and so
can be computed from the preceding results.

If we define, for a projective representation p, P(p) = {p prime: (p*c2), = —1},
the problem of determining the minimal index of linear liftings of p can be solved
by determining the order of a global character e with local conditions €,(—1) = —1
for all p in P(p).

For an odd prime p, let u(p) be the maximum power of 2 dividing p — 1. Let
1(2) = 1. For a projective representation p, let

n(p) =

max {u(p) : p € P(p)} it P(p)#0

0 it P(p)=0.
Let x be the quadratic character corresponding to the maximal abelian subextension
—Ker p

Mot L=K

Proposition ([25], 4.3)
Let p be a projective representation

i) If p is of type PSL, the index of a minimal lifting is on(P)+1,
ii) If p is of type PGL, the index of a minimal lifting is
*) 20P) when p has some lifting of class IT and P(p) # 0 (resp. P(p)\ {2} # 0) if
x2(—1) = =1 (resp. x2(-1) =1).
) 2u(P)+L | otherwise.

Remark. For odd representations, the component at co of the element p*cs is —1.
Hence, by the product formula, P(p) must be nonempty and p(p) > 1. In particular,
odd projective representations of type PSL never have liftings of index 2.

Now, the preceding result has a consequence for the embedding problem 2"G —
G ~ Gal(L|Q). As before, G is a transitive subgroup of the symmetric group on
n letters, L|Q a Galois extension with Galois group G, 2"G the preimage of G in
2"S,. . For E the fixed field of the isotropy group of one letter, let P(E) = {p prime:

W(QE)p‘(_27 dE)P = _1}7

max {u(p) : p € P(E)} if P(E)#
u(E) =

0
0 if P(E)=0
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Corollary
The embedding problem 2"G — G ~ Gal(L|Q) is solvable if and only if r >
u(E).

3. Modular forms of weight 1

Let us recall that a theorem of Deligne-Serre and a theorem of Weil-Langlands
give a 1-1 correspondence between normalized new forms of weight 1 and isomor-
phism classes of odd irreducible two-dimensional complex linear representations p
of Gg such that p and all its twists by characters of Gg satisfy Artin’s conjecture,
that is, their Artin L-series are holomorphic in C\ {0,1} (cf. [29]). Through this
correspondence, the Artin L-series of the representation agrees with the Dirichlet L-
series of the modular form and, moreover, the Artin conductor and the determinant
of the representation are given by the level and the character of the modular form.

When dealing with complex irreducible representations, Imp can be either a
dihedral group or one of the groups Ay, Sy, As. In the first case, the modular form
attached to p can be easily obtained as a linear combination of f-series of binary
quadratic forms. In the others, the corresponding modular forms are called exotic.
These cases are classically referred to as tetrahedral, octahedral and icosahedral,
due to the representation of these groups as groups of rotations of the corresponding
polyhedra. We note that Artin’s conjecture has been proved by Langlands and
Tunnell for types A4, Sy using methods of base change in GL(2), but the icosahedral
case remains open.

For type As, Artin’s conjecture has been verified by Frey and his collaborators
([14]) in a finite number of examples corresponding to the case when the determinant
is a quadratic character and the conductor N has the shape N = 2%.n, with n odd
and square free and lem (N, 4n) < 10%, by systematizing the work of Buhler ([3]) in
the case N = 800. The verification of the conjecture is made by checking that the
number of irreducible odd two-dimensional linear representations of given conductor
and determinant is equal to the dimension of the corresponding space of new forms.
The dimension of spaces of forms of weight one are computed by determining a
subspace isomorphic to them in a space of cusp forms of higher weight.

3.1 Method of construction

We start with a Galois realization L|Q of one of the groups G = Ay, S4, A5
and denote by E the fixed field of the isotropy group of one letter. We compute the
minimal r such that the embedding problem given by 2"G is solvable. If r < 4, we can
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compute the element y providing the solutions to 2"G — G ~ Gal(L|Q) and consider
the representation p obtained from the Galois realization of 2"G and a lifting of a
projective representation of G to a linear representation of 2"(G. The prime factors of
the conductor N of the representation are the primes ramifying in the extension E|Q
and their exponents in N are determined by the higher ramification groups. The
explicit computation has been carried out by Rio in the octahedral case (cf. [26]).

For the modular form f, corresponding to p, the character € is the Dirichlet
character (modulo N) corresponding to detp by class field theory. As f, is an
eigenvector of the Hecke operators, its Fourier coefficients a,, are determined by the
coefficients a,, for p prime. Now, the equality of the L-series gives a, = Tr(pFrob,),
for p /N, where Frob, denotes the Frobenius at p, and a,, is computed by determining
the conjugacy class in 2"G of the corresponding Frobenius substitution. Let us make
this more precise in the case of the double cover 25 of Sy (cf. [2]).

When p is given by one of the two (conjugate) irreducible representations of
257 in GL(2,C), det p is the quadratic character of Q(/dg) and so we get an odd
p by taking dg < 0. For p /N, let us denote by 7,, 7, the conjugation class of the
Frobenius at p in 25, and Sy, respectively. Now, mp is determined by the reduction
modulo p of the polynomial realizing S4 over Q and the five conjugation classes of
Sy lift to eight conjugation classes in 25;. On the other hand, the character table of
25, gives the value of a, for each m,. These data are gathered in the table. In the
first column, we give the prime decomposition type of the extension of the prime p
to the ring of integers Og of E. The subindex of each prime ideal denotes its residue
degree.

POk Tp T @p
P P/P/'P/" | 1A | 1A 2
2A -2
PP} 2A | 4A 0
P, P/ P, 2B | 2B
PPy 3A | 3A -1
6A 1
P, 4A | 8A | V2
8B | —iv2

Let us choose now one of the two conjugate representations of 25 in GL(2,C).
We see that 7, and so a, is determined if m, = 24 or 2B. For m, = 1A4,3A4, it is
enough to know if 7 is a square in the completion Lg at a prime ‘B in L over p.
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For m, = 4A, 7, is determined by the action of the two liftings of s on /7, for s an
element in the conjugation class 4A. The exact condition is expressed in terms of
the element b, defined by b2 := 5y~ 1.

Proposition [2]

i) If 1, = 1A (resp. 3A), we have
a, = 2 (resp -1) if y is a square in L, for B|p,
a, = -2 (resp 1) , otherwise.
ii) If p is an odd prime and m, = 4A, we have
ap =iv2 ify*= = b, (mod P),
a, = —iv/2 otherwise.

Let us note that the condition in i) can be checked from the explicit expression
of the element . For the case ii), we take s = (1234) € 4A and in order to check the
condition, together with the explicit expression of the element ~, we need an explicit
expression of the element b, corresponding to s = (1234). By following the steps of
construction of the element -y, which is obtained as a generator of the solutions to an
embedding problem given by the double cover 244 of the alternating group A4 over
QW/dg), we see that by = b, for 0 = (123) (cf. [5]). Then, by using equality (7), a
computation in the Clifford algebra leads to an explicit expression for the element
bs which can be given in terms of the element v as

The preceding results have been generalised by Quer to extensions of the groups
Ay, S4, As with kernel up to order 8. The character tables of the group considered
and its extension lead to results similar to the preceding ones and to the correspond-
ing criteria determining the value of each a,. In each case, to check these criteria,
the explicit expression of the element v and some element b, is needed. In general,
the element bs is obtained as a sum of minors of a base change matrix between
quadratic forms and cannot be given by such a compact formula as in the case S4.
We note that in the case of the alternating groups the double covers do not give odd
representations.

By methods similar to the preceding ones it is possible to compute the coef-
ficients of the L-series of an odd irreducible representation of Gal(Q|Q) over the
algebraic closure Fp of the finite field F,. These computations provide numerical
examples for the verification of the conjecture of Serre predicting the modularity
modulo p of this kind of representations (cf. [31], [20]).
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3.2 Examples

From the examples computed by Quer, we exhibit the sample below. We note
that in the third example, given by an As-extension, the obtained coefficients do
belong to a modular form, since it is a twist of the one obtained by Buhler.

In each example, f(X) is a polynomial realizing the group G over Q and L its
decomposition field. We give the element ~ providing the solution L of the embed-
ding problem G— G~ Gal(L|Q) in terms of distinct roots x; of the polynomial f.
For the corresponding modular form F' of weight one, we give the first coefficients,
the level and the character (we denote by S7(IV, €) the space of cusp forms of weight
one, level N and character ¢).

EXAMPLE 1:
G=As; f(X)=X*—2X3—2X +3; G =44,

v = 108 — 105i — 241z1 + 34iz; + 6527 + 45ix? — 42ix3 — 24129 — 118iz9 + 707122 +
140iz1 22 — 352319 — 126103 00 + 9813 w0 + 6523 4 39ix3 — 352123 — 1120w 25+ 49iw3 23

L= L(, W)

F:q—iqg—q5—iq11 +iq15—q17—iq19—ing—iq27+iq31—q33—q37—iq47+iq51—
q53+iq55—q57—iq59+q61+iq67—q69+q73—iq79—q81+q85+q89+q93+iq95—q101

F e Si(2°7, xow)
EXAMPLE 2:
G=054: fX)=X*+X—-1; G=25]

v =30+ 7wy — 2022 + 423 + 2720 — 122120 — 120335 + 122300 + 2423 + 62222 + 2403 23

L=L(v7)

i\/§q14—2q15—q16—i\/§q18+i\/§q19+i\/§q20+i\/§q21 +i\/§q22_q23—q25+
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V2625 + %8 — %0 — 2iv/2¢%° + i3 — iv24%% — ivV2¢% 4 iv2% + 36 — 2438 —
V2670 4+ ¢ — 2¢*2 +iv/2g™ — M +iv2¢" — iv2¢% — iv2¢AT +iv2¢* — iv/2¢%0 —
P2 — iv/2¢%5 + 2657 — /2658 + P + 2650 4 O — 2462 1 ¢83 + g5 — iv/2¢%5 + 2456 +
iv2q%° — 2470 +iv/2¢75 —iv/2q70 — 7T 42978 +iv/2¢%0 — ¢3! +-iv/2¢52 — 2453 — in/2¢34 —
2450 +iv/2q5T — ¢80 — 2¢%0 — ¢! 1 ¢92 1 2¢%% 4+ 2% + 2% — 2¢% 1+ %7 — %0 + ¢\ . ..

F e 51(283,)(@(\/@))
ExXaAMPLE 3:

G=A5; f(X)=X"+10X> - 10X%2+35X — 18 ; G = 44;

= —216701 — 531333i — 180828z, — 164249ix, — 7868212 — 164682iz? — 3056623 —
25908iz% + 379221 — 9363ixT — 3995672 + 1417160z + 835327112 — 2079841179 +
2372229 + 1266352319 + 64652315 —3995ix3 200 + 107127 00 + 91230 09 — 12540422 —
53646712 +25533x1 12 —14645iz1 23 +203102 23 — 12714ix3 02 — 6450313 +2592ix5 v2 +
144iz xd — 4102423 — 1444223 + 22917z 235 — 22513iz 23 — 2492323 + 2916ix3x3 +
1320233 + 72ixdxy + 108ztxs — 36ixixr3 — 701723 — 12840ixs — 452762123 —
97176ix 03— 1207230%:133 +4335ix%x3 —4578:Jc:i’x3 — 131882‘30:1)’1‘3 —4593011333 —24631':1:‘11303 —
96588913 —68802ixox3+70374x1 2023 —|—58542ix1x2x3—47715m%x2x3—}—5430i:n%x2x3+
3801x:1)’x2x3 + 2139ix:{’x21’3 — 3468:E‘11x2x3 + 2880ix‘11x2x3 + 18915I%QZ3 =+ 50342’96%3:3 —
9300212323 — 121350z 0513 — 420303203 — 12999iv3 0503 + 1530230303 — 78IS 03ws +
162xir3z3 — 1686irir3rs — 121620323 — 4542ix3w3 + 4350210573 + T08iT 2575 —
49982 x3w3 + 2958izxdws + 246231305 — 348ixi 3w — 4597 dw3 + 153ixTads —
1516222 — 7936223 — 1144221 22 — 20607iz 1 23 — 22892323 — 10914ix 23 — 52442322 —
7296ix3x3 — 432ixtr? — 404312002 — 132ixz0x3 + 11745z 0022 — 22830iz 2022 +
112822w923 + 6273ix3 w023 + 70203 2002 + 1938ix3 w022 + 1622 w923 + 762ix 1075 —
60812322 — 2271ix323 — 1473z 12323 — 2268iz 2323 — 210232323 + 294ix? 323 +
246237323 + 468izirird — 306zir3z3 + 102ixir3zd — 72962323 — 5244ix3x? +

4578x w33 — 23700z 2525 + 24623 w323 + 1284ixtasw3 — 153x3x3x3 + blizdxias
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F=q=ig’+(5+3V5) ¢ +(=3-3V5)a" + (=5 +3V5) ¢ + (3 +3V5) ¢ —ig*
iq27+(%_%\/’)q29_- _q37+(%’+%\/5) 39+( z\/’) 43+( % %\/5)(]474-( %_
%\/g)q49_q53+( 2_|_1 5 57+(_%+%\/5) 59+q61 69_|_( +%\/5)q71+q73+(@
LVB) a7 P ig o (— 3+ 3VB) T+ (— L — V)~ (1 +1VE) T~

F € 51(2°5% xom)
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