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Abstract

The flat deformation theorem states that given a semi-Riemannian analytic
metric g on a manifold, locally there always exists a two-form F, a scalar
function ¢, and an arbitrarily prescribed scalar constraint depending on the
point x of the manifold and on F and ¢, say W(c, F,x) = 0, such that the
deformed metric n = cg — € F? is semi-Riemannian and flat. In this paper we
first show that the above result implies that every (Lorentzian analytic) metric g
may be written in the extended Kerr—Schild form, namely n,;, 1= ag.»—2bklp)
where 7 is flat and &, [, are two null covectors such that k,[* = —1; next we
show how the symmetries of g are connected to those of 1, more precisely; we
show that if the original metric g admits a conformal Killing vector (including
Killing vectors and homotheties), then the deformation may be carried out in a
way such that the flat deformed metric 1 ‘inherits’ that symmetry.

PACS numbers: 04.20.Cv, 02.40.Hw, 02.40.Ky

1. Introduction
It has recently been proved [1] that, given a semi-Riemannian analytic metric g,; on a manifold
M, there exist a 2-form F,;, and a scalar function ¢ such that

(1) an arbitrary scalar constraint ¥ (c, F,p, x) = 0, x € M, is fulfilled and
(2) the so-called ‘deformed metric’
Nab = C8ab — 6Fazb where €e==41 and Fazb = Fachdde €))
is semi-Riemannian and flat
This result was called flat deformation theorem. For the purposes of the present paper, we
shall only consider the four-dimensional Lorentzian case.
The proof of the above theorem was based on the existence of solutions for a partial

differential system that is derived from the condition that 7, is flat. As a consequence of the
arbitrariness in the choice of the Cauchy hypersurface and Cauchy data, the deformation (1)
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leading to a flat n, is by no means unique. Furthermore, as the Cauchy—Kovalewski theorem
is a cornerstone in the proof, the validity of the theorem is limited to the analytic category.

The purpose of the present paper is to deal with the question of how the symmetries of
the metric g, are reflected upon the deformed metric ,;, more precisely: assuming that g,
admits a Killing vector field X“, we ask whether it is possible to choose F,; and ¢ in (1)
such that X“ is also a Killing vector field for n,,. We shall prove that the answer is in the
affirmative in the case of non-null Killing vectors and that the symmetry is thus somehow
‘inherited’ along the deformation.

The paper is structured as follows: section 2 contains some algebraic developments on the
consequences of the deformation law (1) for a four-dimensional spacetime which will allow us
to state it in a number of alternative ways, thus illustrating different features of the deformation
law. In section 3 we present the formalism and prove some intermediate results® in order to
demonstrate the theorem alluded to in the previous paragraph. It is worth noticing that in
order to prove it, the problem is reformulated on the three-dimensional quotient manifold (see
section 4.2), so that a dimensional reduction occurs. Section 5 contains a generalization of
the above result to the case of (non-null) conformal Killing vectors. Finally, in section 6, we
present some examples which we believe may be of interest due to their physical relevance. We
put some technical developments in the appendices in order to make the paper more readable.
Also for this reason, we do not insist at every intermediate step on the local character of the
results presented here, but the reader should bear this in mind.

2. Algebraic consequences of the deformation law
Consider now the 2-form F,;, whose existence is granted by the deformation theorem [1];
there are two possibilities, either it is

(a) singular (or null), then, a tetrad {x,, Y4, k4, l,} €xists such that g, = XaXp+ Yo Yp — 2k(alp)
and

Fp = 2kaxp) and then F2 = —kuk, )

or else it is
(b) non-singular (or non-null), in which case a tetrad such as the one above exists in terms
of which F,;, reads

Fap = —2Bx1ayp) + 2Ekialy and then F2 = —B? (xaxp + Yayp) — 2E*kaly)
3)

where E and B are functions related to the algebraic invariants of F“j, := g F,,. If either
B or E is zero, the resulting 2-form is timelike or spacelike respectively. If neither of them
vanishes, the 2-form is said to be non-simple.

In the singular case, the deformation law (1) reads 1., = cgup» + €k,kp or, equivalently,

1 €
8ab = —MNab — —kaky 4
¢ ¢

with k,k = 0 and n,;, flat. That is, g, is a conformal Kerr—Schild metric [2]. The singular
case is therefore non-generic and encompasses a rather restricted class of metrics.
In the non-singular case, from equations (1) and (3) we have that

Nab = agab + bSup )

3 This formalism was developed in a number of references, notably [4] and [5] which will be used in section 4. We
present it here in a way well suited to our purposes.
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witha = ¢ +€B% b = —e(B*+ E*) and S, = —2k4lpy. As was shown in [1], this is the
generic case in the sense that the flat deformation (5) can always be achieved for any analytic
semi-Riemannian metric.

Note that the arbitrary scalar constraint W(c, F,;,x) = 0 has no consequences on
the factors a and b in (5). Indeed, including (3) the scalar constraint may be written as
f(c, E, B) = 0 or, equivalently, as a relation f (¢, a, b) = 0 which, at most, can be used to
determine ¢ = c(a, b) to choose one amongst the many 2-forms F,;, compatible with (5).

We have hitherto proved that:

Proposition 1. Let g, be a Lorentzian analytic metric on a spacetime M. Locally there exist
two scalars, a and b, and two null vectors, k, and l,, such that k,1* = —1 and the metric

Nab ‘= A8ab — 2bk(alb) (6)

is Lorentzian and flat.

The above expression vaguely recalls a conformal Kerr—Schild transformation, but in the
present case two non-parallel null vectors, k, and /,, occur. We shall henceforth call this
expression extended Kerr—Schild form and proposition 1 can be restated as:

Any Lorentzian analytic metric can be written in the extended Kerr—Schild form.

An equivalent statement is

Proposition 2. Let g, be a Lorentzian analytic metric on a spacetime M. Locally there exist
two scalars, a and b, and a hyperbolic two-plane S,;, such that the metric

Nab = A&ab t bSap )

is Lorentzian and flat.

Note that ¢ is a two-dimensional projector:
5948y = S, $% =2 ®)
which projects vectors onto the hyperbolic plane spanned by {k“,[¢}. If we now denote
H,p := gap — Sap, 1.€. the complementary projector, then
Hadeb = Hab, Haa = 2, and Sadeb = Hadeb = O, (9)
H,;, is then the elliptic two-plane spanned by any two spacelike vectors orthogonal to S5, in
particular x¢, y“, the spacelike vectors in the chosen tetrad, i.e. H,, = 2x(,)p), and it is then

possible to write the deformation (1) in a way similar to that given by (7) but in terms of the
(elliptic) projector H,;, instead of the S,;,, namely

Nab ‘= agab + BHab, (10)

where @ and b are scalars.
From the comments and developments above and taking (7) into account, we can write

8ab = Hap, + Sap and Nab = ((l + b)Sab +aH,yp, (11)

that is, the almost-product structure [3] defined by S, is compatible with both metrics, g,
and n,p, and therefore we can state:

Proposition 3. Let g,; be a Lorentzian analytic metric on a spacetime M. Locally there exists
a Lorentzian flat metric ngp, that shares with gq;, an almost-product structure.
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3. Spacetimes admitting a (non-null) Killing vector

In this section we are going to set up and develop the formalism and basic results which will
later be used in order to prove the result stated in the introduction; namely: that if the metric
admits an isometry, it is always possible to preserve it in the flat deformed metric.

Let M be a spacetime with an arbitrary metric 7,,* admitting a Killing vector X¢. Let
&, = nabXb and [ := §,X“. Assume that the Killing is non-null, that is: / # 0, and denote by
S the set of all orbits of X¢, which we assume to be a three-manifold (the quotient manifold)°.

We shall designate by & the canonical projection w : M — S where w(x) = Oy is the
orbit through the point x € M of the one-parameter group generated by X*.

The projector,

1
=8y — 1 X6 (12)
projects vectors in 7'M onto vectors that are transverse (orthogonal) to X“. There is a bijection
[4] between tensor fields T,* on S and the tensor fields 7 on M that fulfill:
X1 =0, ETy =0  and  LyT/ =0 (13)

that is, those which are transverse to X“ and £, and Lie invariant along X“. Following Geroch
[4]: ‘while it is useful conceptually to have the three-dimensional manifold S, it plays no
further logical role in the formalism. We shall hereafter drop the primes: we shall continue to
speak of tensor fields being on S, merely as a shorthand way of saying that the field (formally,
on M) satisfies (13)’.

As [ # 0 the projected metric

1
hab = Nab — 75{1&7 (14)

induces a semi-Riemannian metric on the quotient manifold S, the so-called ‘quotient metric’.
Its signature is +1 + 1 — sign(/). We shall designate by h% := n® — %X“Xb the inverse
quotient metric, that is: hh,, = he.

3.1. The Killing equation

From Lxn,, = 0 it follows that V,&, is skew-symmetric, that is: V,&, + V&, = 0 where V
stands for the covariant derivative associated with 7.

We also have that Lx&, = 0 and X%, = 0, where [, := V,[. Since X¢ is non-null, V&,
can be decomposed as

2V, 1= 2 fia&p + O with f:=log|l| and OwX’ =0. (15)

B = —0y, is related to the vorticity of the Killing flow. We shall use the above form for
the Killing equation in the following.

3.2. The Levi-Civita connection on S
Let T be a tensor field on S and define
DT = o Wy he Vi, (16)

Clearly, it is a tensor field on S, since 7, and hj, both satisfy (13), and, since X“ is a KV, the
Lie derivative with respect to it commutes with V; further it can be easily proved that D, is a

4 Note: 7, does not designate the flat metric at this point. We use this notation here for later convenience.
3 Tt can be shown that locally this is always the case if fixed points of X¢ are excluded.
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linear connection: indeed, it is linear, it satisfies the Leibniz rule and for any scalar function
fonS, D, f is the gradient of f. Moreover, it can also be shown that it is torsion-free and
that D h,p, = O (this last result holds trivially); therefore, D is the Levi-Civita connection on
S (see [4)).

Let now v?, w? be two vector fields on S, then taking into account (13), (15) and (16) one
easily gets

1
D,w’ = Vyw® + 2—lXa®vawa, (17)

where D,w® := v D,w“. Note the formal similarity between this formula and Gauss equation
for hypersurfaces, even though S is not a submanifold and we have the skew-symmetric ®p,
instead of the second fundamental form.

3.3. The Riemann tensor on S

Consider next a vector field v* on S endowed with the quotient metric 4, and its associated
Levi-Civita connection D, as defined above in (16). We aim at calculating the Riemann tensor
RE 4ap for this connection.

From the Ricci identities, [D,, Dp]v¢ = v¢RE 4ap, We have that

1
Rabed = Rapea + Z(®ab®cd + O Opa),

where RY . := R} h? RS Rynp,. Using the identity ©,,0.4 + OucOup + ©,44Op. = 0 that
follows from the fact that dimS = 3, we then arrive at

3
Rade = R;_bcd + Il®ab®cd' (18)

The remaining components of R4 follow from the second-order Killing equation [6],
V,Vp€e = RyapeX? := Rxape Which, taking into account (15), leads to

1 1
R)l(abc = 5D,Opc + _f[b®ac]a (19)
2 2
1 1 1
Rxaxe = —=Dule — =0,"Opc + —1,1.. 20
XaX 7 Dale = 7 bet 4 (20)

We have thus shown that the entire Riemann tensor on M may be expressed in terms of
the kinematic invariants of &, and the Riemann tensor on S associated with the Levi-Civita
connection D, of the projected (quotient) metric /.

3.4. Lift of a metric from S to M

We have hitherto shown how a semi-Riemannian metric can be projected from M to S. We
shall now consider the converse case. As before, let X“ be a vector field on M and let S be
the set of its orbits, which we take to be a manifold according to the reasoning at the beginning
of the present section. Further, let w : M — S be the canonical projection.

Let now h,, be a semi-Riemannian metric on S having constant signature (+ + o),
o = £1. We shall denote by the same symbol the pulled back metric on M, i.e.: w*h,, = hgp,
which is degenerate because h,, X b = 0, moreover, Lxhy, = 0. The point now is: does a
metric 1, on M exist such that: (a) admits X¢ as a Killing vector and (b) has %, as the
quotient metric?
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If it exists, a relation similar to (14) must hold, with &, := 1, X bandl = &,X“. Hence,
the solution is not unique, because we may choose any covector &, such that Lx&, = 0 and
that [ := £,X“ has constant sign®; then taking

1
Nab = hap + 78adp 2y

as the lifted metric, all the required conditions are satisfied (namely: X¢ is a KV of n,;, and
hgap 1s its quotient metric). Then, if no further condition is demanded, equations (18), (19) and
(20) merely relate the Riemann tensors for both metrics, n,, and h,;,. However, if we require
the lifted metric 1, to fulfill some supplementary condition, e.g. to be flat, then these become
equations on the chosen &, and the given h,;, much in the same way as the Gauss curvature
equation and the Codazzi—Mainardi equations set up conditions on the way that a submanifold
can be immersed in an ambient space.

The choice of &, is restricted by the condition £Lx&, = 0. Assume that a 1-form «,
on M such that o, X* = 1 and Lxa, = 0 is given. Then, the sought &, can be written as
&, =1(og + [Lg), with [ := £,X¢ and u, X = 0. It can easily be proved that

Lxé, =0 & XI=0 and Lxu, =0.

Hence, given a 1-form o, on M such that @, X* = 1 and Ly«, = 0, choosing &, is
equivalent to choosing a function/ # 0 on S, a 1-form p, on S and taking &, = [ (e, + [1g).-
The exterior derivative of this expression yields

2
(d&)ap = Tl[aé:b] +1(d)ap and Oup = 1(dp)gp + 1(det) ap (22)

where (15) has been taken into account.
In terms of / and u,, taking (22) into account, equations (18), (19) and (20) read, in the
special case in which ¢, is closed:

3l
Ripea = Ravea = 7 @0ap (@)ca; (23)
L 1
RXubc = EDu [l(dﬂ)bc] + El[b(dﬂ)ac]v (24)
1 2 bd
Rxaxc = _EDalc - Z(dﬂ)ad(du)bch P (25)

which are equations for /, u, and h,p, to be solved on S.

3.5. Hypersurfaces and Killing vectors

Let X be a surface in S, then 7 ~! = is a hypersurface in M and the Killing vector X is tangent
to it. The following diagram is commutative:

(ny V9 R) M 7"Hé‘ (haDaR)
A
(n/y v/sR/) 71'712 L E (h/sD,’ R/)

where J and j are the respective embeddings.
6 The sign is to be chosen so that the lifted metric has the required signature (+ + + —).
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We respectively denote by 1., ®.p, V' and R/, ., the first and second fundamental
forms, the induced connection and the intrinsic curvature on 7 'Y as a hypersurface of
the Riemannian manifold (M, n,;). Similarly, we denote by A, ¢.», D' and R, , the
corresponding objects on X regarded as a hypersurface in (S, hyp).

Let n¢ be the unit vector n-normal to 7 ~!' 2. Since X¢ is tangent to 7 ~' &, then £,n% = 0.
Furthermore, Lxn* = 0. Indeed, for any V¢ tangent to 7S we have that Lx V¥ is also
tangent to 7 ! = and, using that X¢ is a Killing vector field, we easily arrive at 7,, Lxn?V? = 0,
which implies that Lxn® o n®. On the other hand, as n“ is unit, napLxn®n® = 0, whence it
follows that Lxn® = 0. Therefore, n“ is also a vector in S and is the unit vector #-normal
to X.

It can easily be proved that the second fundamental forms for 7 ='¥ and X satisfy that:
Gap = CIJjb. On the other hand, for any vector field yb tangent to 7%, we have that

DX VP = Vyn, VP = —Vygn® = —1(d&) VOn®

where in the second equality we have used that LxV“%n, = 0 and that Vbn, = 0. The above
equation implies, putting (d&),,n” := (d€),, and f,n® := f,,

Pup X! = 3(dE)us = 3 fobp + 3 Om, (26)
where (15) has been taken into account. Therefore,
1 1
Dyp = Qap + angaéb + 7®n(a€:b)4 (27)

4. Flat deformation

The aim of this section is to prove the main result in this paper, namely,
Theorem 1. Let (M, g,p) be a spacetime with a metric g,;, admitting a non-null Killing vector
X“. Locally there exists a deformation law

Nab = A8ab + bHab, (28)

where a and b are two scalars, H,y, is a two-dimensional projector on a g-elliptic plane and
Nap is flat and also admits X as a Killing vector.

It will be convenient for our purposes to prove the following result previously:

Proposition 4. Let X¢ be a Killing vector for g,» and let 0, be defined by (28) with b # 0,
then

Lxnay =0 < Lxa=Lxb=0 and LxH,, =0. 29)

Proof. As Lxg., = 0, Lxn., = 0 implies that
Lxagay + LxbHy, +bLx Hy, = 0. (30)

Since H{ is a two-dimensional projector, H**H,, = H® = 2, and taking the Lie derivative
we get 2L x H,, H*> = 0. Contraction of (30) with g%» and H“" leads respectively to

4Lxa+2Lxb =0 and 2Lxa+2Lxb =0
which imply: Lxa = Lxb = 0. Substituting back into (30) and taking into account that b # 0
yields Lx H,p = 0. O

The proof of theorem 1 spreads over the present section and it consists of finding a, b and
H,;, such that
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(1) nap = agap + bH,p 1s flat and
(11) EXa = ,be = 0and »CXHab =0.

The number of unknowns is 6, namely: 2 for a and b plus 4 for H,;, (recall the constraints
H!H; = Hj] and H] = 2). Then, (i) means that the Riemann tensor for n,, vanishes,

Rapea = 0. 31D

To ensure (ii) we shall solve (31) on S and then pull the solutions back to 77'S = M.
We first introduce the decompositions:

1. _ 1
8ab = Pab + Tga%-b and Nab = hap + 7&15/)9 (32)

where £, := g,, X" and I = £,X? are known from the data g,;, and X”, whereas
£, = nap X’ = ak, + bH,, X and [ :=&,X°, (33)
depend on the unknowns. Note that bH,, X X" = — al.

4.1. The projection of our problem onto the quotient manifold S

We must now replace the unknowns (a, b, H,;), which are tensor quantities on M, with
others that are tensor quantities on S. Consider the covector , = &, /1. Tt is obvious that
o, X% = 1 and Lxo, = 0; hence the results in section 3.4 can be applied and we have that
Ha = }Ea — %Ea is a covector in S, thus we can write

I
Sa - lmva + ?Saa (34)

where v, is a p-unitary covector on S and m := /., p®. Then, on account of (33), we
have that’

1 I —al_
H, X0 = 5 (lmva + Za “;‘a) . (35)

Now, H%, is a two-dimensional projector and therefore its eigenvalues are 0 and 1, both
with multiplicity 2. H%,X? is an eigenvector (not unit), and a second one may be chosen so
that it is g-orthogonal to it. We can thus write

Hup = BuBp + wawp, (36)

where B, and w, are g-unitary and mutually g-orthogonal, and

ﬁ _ lm . +l l_azg (37)
ba—an IV b "

Since H?, is a projector, it follows that w, X = w,v* = 0, and as B, is g-unitary we also
have that

’m? [
e bta—-. (38)
[l —al [
From Lx H,, = 0 (proposition 4), its transverse projection
y b+a)l —1
H,, = (z—;vavb + w,wp 39)

satisfies also Lx H,;, = 0. Hence, H,, is a tensor on S.

7 We explicitly exclude the cases [ — al = 0 and b = 0 since they are non-generic. Note that b = 0 corresponds to
the metric g being conformally flat.
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The quotient metric A, is the transverse projection of 7, and, taking (28), (32) and (39)
into account, we obtain

I
hap = apap + (b +a— ?) VaVp + bw,wy. (40)

We have seen so far that the set of unknowns {a, b, H,;}—tensor quantities on M—can
be assigned the new set of unknowns {a, b, [, v,, wp}, where v, and w; are p-unitary and
mutually p-orthogonal covectors on S, and a, b and [ are scalar functions on S. The inverse
correspondence is easily established. It suffices to take H,;, as defined by (36) with g defined
by (37).

(Note that the number of degrees of freedom is still 6 because, once v, is given, the unit
orthogonal covector w, is determined by only giving one angle.)

Due to the symmetries of the Riemann tensor, R .4, it can be separated as

2 4
Rapca = Labea + T(Lab[cé:d] + Learabn) + l—zglbLaucfd], (41)

where Lupeq, Lape and L, are transverse to X” and have the following symmetries:

(a) Lgpea has the same symmetries as a Riemann tensor in three dimensions,
(b) Labc = _Lbam Labc + Lbca + Lcab =0and Lab = Lba'

Note that:
Labed = Rypeas Lape = Ry and  Lae = Rxaxe (42)
and are given by (18), (19) and (20). Then equations (31)—flatness of 1,,—are equivalent to
Lapea =0, Lype =0 and L, =0. (43)

By taking the exterior differential of mv, and taking (34) and (22) into account, we have
that

1 1—
2D[a (mvb]) = 7®ab - 7®ab (44)

with m given by (38). Including now (18), (19), (20), (40) and (44), equations (43) result
in second-order partial differential equations relating a, b, [, v, and wj, i.e. tensor quantities
onS.

4.2. The constraints and the reduced system

Equations (43) constitute a system of 20 independent equations for only 6 independent
unknowns. To handle this overdetermination we shall take six equations among them as
a reduced partial differential system (PDS) [7], which we shall solve by giving Cauchy data
on a non-characteristic surface ¥ [8]. The remaining 14 equations are to be considered as
constraints to be fulfilled by the Cauchy data on X. It must then be proved that any given
solution of the reduced PDS fulfilling the constraints on X also fulfils them on a neigbourhood
of .

Given a surface ¥ C S, we choose Gaussian p-normal coordinates (x', x2, x3) on a
neighbourhood &/ C S of X:

x'=0onXx, pii=s==%1 and p;; =0, j=2,3. (45)

The sign s depends on the sign of I: if I < 0, then s = +1, while for/ > 0, s can take both
values +1. For the sake of simplicity, here we shall choose X so that s = —sign(/) and then
pij has signature (++).
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In these coordinates, we choose (indices a, b, c, ... run from 1 to 3 and i, j, ... run from
210 3)

Ly =0, Lyj; =0, Lij1; =0 (46)
as the reduced partial differential system and
L, =0, Lpijk =0, Lica=0 47

as the constraints. (Note that L;j; = 0 is included in the above equalities because, as a
consequence of the first Bianchi identity, Lz = —L jx1 — L1j.)

In appendix A we prove that, if a, b, H,;, is an analytic solution of the reduced PDS
(46) fulfilling the constraints (47) on X, then the constraints are also fulfilled in an open
neigbourhood of X.

4.3. The reduced PDS

We shall now write equations (46) in terms of the unknowns {a, b, [, v,, ®,}. We shall only
make explicit the principal parts, i.e. those terms involving the second-order partial derivatives

~

with respect to the coordinate x1. In what follows a ‘dot’ will stand for 9;, whereas == will
mean ‘equal apart from non-principal terms’.

(a) From (42) and (20), and taking into account that / # 0, we have that L|; = 0 leads to
I=o. (48)

(b) From (42) and (19), including (44), we obtain L., = — D.[ID,(mvp))]. Therefore,
Lij; = 0 amounts to

ﬁwj+mi)j =0, ]22,3 49)

with m given by (38).
(c) From (42) and (18) we have that the third of the equations (46) Ly;;; = 0 leads to

= (50)

ij =
which, using (39), (40), (48) and (49), becomes

a(pij + (b +a) — ;) + bwjw; + bldw; + wid;] =0, i,j=23. (51)
The characteristic determinant for the reduced partial differential system constituted by

the six equations (48), (49) and (51) is (see appendix B for details)

- [ —al
A :=2boiviTip [l — sof +[I(b+a) — [v]] P

[ )

4.4. Geometrical meaning of the constraints

It remains to be shown that Cauchy data fulfilling the constraints (47) on the Cauchy surface
¥ do exist. Consider 7 ~' %, which is a hypersurface in M, and take coordinates (x', ..., x*)
adapted to both X and 7 7', i.e. X* =8 andx! =0onn~'%.
Let FZ and P}’ be the projectors
— 1 1
Py =8 — —g'5) and Py =8) — —=n'"8). (52)
8 n
10
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They both project vectors in TM onto the hyperplane 7' (7 ~'X) and, while FZ projects
parallelly to g'¢, P/ does it parallelly to n'®. It is obvious that F; = P} =0, hence
PiP’=pP" and PP =P (53)

which implies that, when restricted to the hyperplane T(x~'Y), both projectors, ?Z and Py,
yield the identity.
It is easy to see that the constraints (47) amount to

Rapea =0 whenever at most one of the indices is 1
. —b—c —d L . . .
that is, Rapca P, Pcf Pg = 0 which, including (53) is equivalent to
Rapea P! P{P{ = 0. (54)
Then, if n¢ is the unit vector n-normal to w ' X, (54) is equivalent to
RS =0 and RE =0, (55)
where ‘tang’ denotes components tangential to 77 'Y and Rypeq := Rupean®.
7~ can be seen both as a hypersurface of the Riemannian manifold (M, 1,5) and as a

hypersurface of (M, g,;). We shall denote 1, and g/, the respective first fundamental forms.
The two normal vectors are respectively:

a 1 la 1 1 —a 1 la = 1 1
n =mn naz\/WSa and n =mg , nazm(sa
(56)
and the second fundamental forms are
Dy = PV and D, = Fzgcﬁb.
The Gauss curvature equation for 7 ~' = as a submanifold of (M, n,,) reads [9]:
R =R, 1 +2Pua®ep (57)
and the Codazzi—Mainardi equation is
RS, = 29,0, (58)
where V' and R/, , are respectively the induced connection and the intrinsic curvature.
The constraints (55) are therefore equivalent to
R i +2Pua®ep =0 and Vig®ep =0
a particular solution of which is
D, =0 and R ,..=0. (59)

The normal derivatives of the unknowns. The first of equations (59) determines the first-order
normal derivatives of the unknowns on the Cauchy hypersurface X. Indeed, from (27) and
®,, = 0 we have that

=0, 0, =0, ¢apr = 0. (60)

Furthermore, as ®,, is skew-symmetric and ¢a,,nb = (0, itis obvious that¢,, = 0and ®,, =0
are equivalent to

¢ij =0 and ®nj =0, l,J = 2,3

Note that the remaining equations, namely ¢,4 = 0 and ©,4 = 0, are identically satisfied
because ¢, and ©, are tensors on S and in these coordinates X“ = §j.

11
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Including then (27), (33) and (44), equations (60) are equivalent to
_ [
n’ Dyl =0, 2Dy (mv;n” + 7®nj =0, Din; =0 61)

and, using (56), we have that

gl (= 1 "l _
Danbz |n_11| ¢ub+§and10g W — anc )

where b, is the difference tensor for the connections D and D.

In Gaussian p-normal coordinates, taking into account (40) and writing explicitly the
principal terms only, (61) becomes

' =0, R (v +mp;) =0, h''hi; = 0. (62)

The similitude of these equations with (48), (49) and (50) is apparent and the characteristic
determinant is (h'')® A. Hence, provided that the Cauchy data on ¥ are chosen so that A # 0
and A'' # 0, the constraints ®,;, = 0 permit to obtain the first order normal derivatives of the
unknowns, namely a, b, [, v, and @, on X, in terms of the values of a, b, [, v, and @, on X.

The unknowns on the Cauchy surface . The second of equations in (59) is a condition

on the values of the unknowns on X. The isometry group G generated by X¢ acts also on
7 'Y and 77'X/G = X. Hence, relations similar to (18)—(20) hold

/ ’ 1 / ’ / ’

Ran_cd = Nabed — 2_l(®ab®cd + G‘)[ac(ab]d) =0 (63)
7L 1 !y 1 e

RXabc = EDaGbc + §f[b®ac] =0 (64)
4 1 rq/ 1 b

RXaXc = _iDalc - Z®a ®bc =0 (65)

with R' := J*R, R’ := j*R, ©" := j*O,l' = j*I.

As ¥ has only two dimensions, ®;C®’bc = 6"n",, where 207 = G);,CG)’bC. Hence,
equation (64) is equivalent to @R, = 0 which, after a little algebra yields D/,0"*+ f10% =
0 and, since f’ = log|l’|, we have that

6”l' = constant. (66)
In two dimensions, the Riemann tensor has only one independent component: R/, , =
R'h h;] »» therefore (63) and (65) are respectively equivalent to

alc
39/2
R =
2l
The integrability conditions for this equation imply that 6" = 0. Indeed, as
D,D.D.I' — D.D,D.l' = —R" 4, DI,
we have that D{,0”h/,. = —R'Dj,l'h,., where the fact that we are in two dimensions has
been used to simplify the Riemann tensor. Now taking into account the first equation (67) we
obtain D;Q/z — %Dl/,l/, or /17 = constant or 0’2I'3 = constant. This, together with (66)
implies I’ = constant which substituted into (67) leads to 6’ = 0.
Therefore, equations (63)—(65) are equivalent to

R =0, =0 and  D,D.I' =0. (68)

The Gaussian p-normal coordinates introduced in section 4.2, equation (45), are especially
well suited to our problem. In these coordinates vectors that are tangent to X are characterized

1
and D.Dl' = Ee/zh;c. (67)

12
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by v! = 0 and the restriction to ¥ of any covariant tensor on S, Ty, a,b,... = 1,2,3,
merely consists in keeping the components T;; i, j,... = 2,3. Thus, h;j = (j*h)ij =

hij, vii= ()i = v, ®;j = (j*®);; = ©;;,m' :=mo j = m and so on.

Now, including this and the second equation (68), the restriction to ¥ of equation (44) is
1 .
205 (mvjy) = —= 0%, i,j=23 (69)

and, as all differential forms in A%Y are closed, this equation is locally integrable and yields
mv;, j =2,3.

Moreover, I’ = constant is a solution of the third equation (68) and therefore we shall take
| = constant on X.

As ¥ has only two dimensions, R = 2" (h")e’* (h") R, 1> Where €'/ (1) is the volume
tensor on X for the metric /J,. In two dimensions the volume tensors €'/ (k') and €'/ (p') are
proportional to each other and therefore R’ = 0 is equivalent to "/ (p’)e’* ( PR, =0, 0r

PR} =0. (70)

This is a condition on h;j which depends on the unknowns a, b, [, v,, wp,a,b = 1,2, 3.
From the third equation (68) we know that / = constant on X. Then, by solving

equation (69) we obtain mv;, j = 2,3, on X. We then choose w;,i = 2,3, on ¥ which,
together with the orthogonality conditions

wawp p™ = voupp® =1 and vawy p™ =0,
permit to obtain wp, v, a,b = 1,2,3 and m. Finally, substituting this into (38), we can
obtain b = b(a) and therefore condition (70) yields a partial differential equation for a, whose
principal part is

Wk — 1+ plov]p©)da =0 where vl = plku. (71)
The characteristic form is

x @) = @) — 1+ pvvlpz;z
and the existence of non-characteristic lines for equation (70) is obvious.

4.5. Summary of the proof

So far, we have analyzed the existence of a solution to the problem stated in section 1. Let us
now synthesize a way to find such a solution:

(a) from the given X¢ and g,;, obtain 1, ?a, @ab and the quotient metric p,p;

(b) choose a Cauchy surface ¥ - &S and a chart of Gaussian p-normal coordinates for
¥, (x', x2, x3);

(c) choose mv;,i = 2,3, 0on X as a solution of 278[i (mvj) = —@ij;

(d) take [ = constant on X;

(e) then choose w;,i = 2,3, such that inequality A # 0 is fulfilled and, including the
orthonormality condition, the definition (33) and the obtained value for mv;, derive wy, vy
and mon X;

(f) with the relation (38) obtain b = b(a) and

(g) substitute the above into (70) and solve it to obtain a on X.

With this we have a, b, [, v., w; on X. Then

(a) solve (61) to derive a, b, I, v,, @y on T and
(b) with these Cauchy data, solve the reduced partial differential system (46); then use (34)
to have &,, (40) to have h,;, and (32) to have n,y.

13
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5. Generalization to conformal Killing vectors

The main result in this paper, stated in theorem 1, can be extended almost immediately to
the case of conformal Killing vectors (CKV for short), as a consequence of the so called
Defrise—Carter’s theorem (see for instance [11]); which states, roughly speaking, that given a
(non-conformally flat) metric g admitting an r-dimensional Lie algebra of CKVs, C, , there
exists a function €2, such that C, becomes a Lie algebra of Killing vectors for the conformally
related metric § = Q?g.

Thus, we can state:

Theorem 2. Let (M, g) be a spacetime such that the metric g, admits a non-null CKV X*.
Locally, there exists a deformation law as the one given by (28) such that X* is a KV for the
flat metric n4p.

Proof. Since X“ is a CKV of the metric g,p, there exists a conformal factor Q2 such that
8ap = nga;, has X% as a KV [11]. By theorem 1, it then follows that a flat, deformed metric
Nap EXIStS,

Nab = égah + bHah

for which X¢ is a KV, defining next a := ©2a and taking into account the above expression
for n,p as well as the relation between the metrics g and g, it readily follows that X¢ is a KV
of the flat metric

Nab = A&ab + bHab- 0O

6. Examples

Next we present some physically significant examples. We have chosen families of well-
characterized spacetimes and then selected, amongst all spacetimes in the family, one well
known and physically relevant particular solution. For the sake of convenience, instead of the
deformation law (28) in theorem 1, we shall rather use the equivalent formula (7) with the
hyperbolic projector S,p.

6.1. Class Al warped spacetimes

For these spacetimes, coordinates x¢ = u, x* with k = 1, 2, 3 exist such that the metric takes
the following form (see [12] for definitions and further details),

ds? = edu® + f2(u)h;; (x*) dx’ dx/, € =41,
where f is some function of u. For € = +1, u is a spacelike coordinate (class Al spacelike
warped), whereas for e = —1, u is time (class A1l timelike warped). In what follows, we shall
consider only the latter case and put u := ¢, thus, we shall take the line element to be

ds? = —dt* + f2(t)h; (x*) dx’ dx/, i,jk=1,...,3. (72)

Writing now
- t -

ds? = f*(v)ds?, with dr = [0 Fo) = f(t(v) (73)
we get, in an obvious notation,

ds? = —dr? + p;j (x*) dx’ dx/, or else 8ab = FHO)Zap. (74)

14
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Now, 9, is a KV of g,, and a CKV of the original metric g,;; further, it is orthogonally
transitive. Hence, p;;(x*) is a Riemannian metric on the quotient manifold coordinated by
x*k=1,2,3.

Making use of the equivalent to the flat deformation theorem in three dimensions for a
Riemannian metric (see [13]), we can see that a scalar function a (x*) and a covariant vector field
wi (x*) exist such that they fulfil a previously chosen arbitrary relation, say W(a, ||u|]) = 0,
where ||ul|? = p" pip;, with p pj = 8%, and the metric

flij = apij + Wil (75)
is flat. Presently, we choose
W(a, lul) = lul* +a—1=0,
and it then follows that the four-dimensional semi-Riemannian metric
n:=—-dr ®dr + ﬁ[j(xk) dx’ ® dx/
is also flat and admits the KV 9,.
Using now (75) we have that
n:=—dt @drt +ap;; dx' @ dx/ + pu;dx' ® iy dx/,

or else, using the coordinates x¢ = x Ux2 23 xt =1, setting ;4 = 0 and making use of (73),

it turns out that we can write

Nab = a8ap — (1 — @)8a84 + papty = aBap + (1 — @) Sap, (76)
where
4od | A A ~ 1
Sab = —8,8;, + aflp, fa = mua

is a two-dimensional hyperbolic projector (recall that we chose ||1|> = 1 — a), and thus (76)
corresponds the sought for form (7).

6.2. Spacetimes with additional symmetries

In some cases with additional symmetries it is possible to derive an explicit expression for u;;

this giving for granted that the deformed metric 7,, the factors a and b, and the hyperbolic

projector S,;, will share the same additional symmetries. (Note that this is only a conjecture

that goes beyond what has been proved so far, although theorem 1 supports its plausibility.)
As an example, take a static spherically symmetric metric

g=—f2(r)dt @dr+ p*(r)dr @ dr + r*(d0 @ df +sin’ 0 d¢ ® dp).  (77)

which, besides the three KV implementing the spherical symmetry, admits one fourth KV,
namely d,. The quotient space S can be given the structure of a manifold as discussed
previously. Consider next the metric 4 on S,

h=g+ f2r)dt @ dt = p>(r)dr @ dr +r*(df ® df + sin® 6 dp @ d¢). (78)

By the theorem in [13] regarding three-dimensional metrics, a scalar a and a covariant
vector u; exist, which fulfil an arbitrary, previously chosen constraint, that we shall take
W(a, |ul) = llnll> = £72(r) +a = 0, and are such that the deformed three-dimensional
Riemannian metric

N=ah+u®nu (79
is flat. Let us next make a guess at a and p and take a = a(r) and u = wu(r) dr, we shall have:
Il = h iy = p2 (),

15
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hence

A= (a+|ul>Hp>(r)dr @ dr +ar’*(d8 ® d + sin® 0 dp @ d¢). (80)
The spacetime metric  := —dr ® dr + 7 is also flat, i.e.,
n=—-drQdt+ah+u@u=a(g+ f2(r)dt @dr) + u @ u — dr ® dr, (81)

which is already in the desired form (7) with bS := pu @ u — (f 2(r) — a) f2(r) dt ® dt.
In order to ensure that S is a hyperbolic projector as required, we need ||i||> = f~2(r) —a
which is fulfilled thanks to the chosen arbitrary constraint ¥ (a, ||u||) = 0.
Substituting the above back into (80) we get that
i=f2r)p*(r)dr @ dr + ar*(d0 ® do +sin’ 0 d¢ ® d¢) (82)
must be flat, and this determines a up to a constant. Note that a line element of the form
do? = F*(r)dr? + Y*(r) dQ?
is flat iff
dY (r)
dr

hence, choosing the plus sign for convenience and since Y> = ar? and F(r) = p(r)/f(r), we
finally get

Ja = 1 < ' ?Er/; dr' + K) , K =constant. and = p(r)Vf2(r) —a. (83)
r r

Two interesting particular cases are the following:

= +F(r),

Friedmann—Robertson—Walker spacetimes. These are particular instances of the ones just
discussed, namely: class Al timelike warped. As is well known, the metric may be

written as
2 2, RO 5 5 2 2, 2 2
a5 = —dr” + = (@ + 7 a2, 492 = 62 + sin® 6 dep?. (84)
+ &y
4

Proceeding as in the general case in section 6.1, we can write ds?> = R?(¢) d52, where

k
d3? := —dr? + (1 + Zﬂ)

dr

1
(dr? + r2d$?) and dr = —,
R(1)

(85)

with d9; being a KV of the metric § (of line element ds?) and a CKV of g (line
element ds?).
The metric g is a particular case of (77) with

k —-1/2
f@r):=1 and p(r) = (1 " Zr2> ’

which substituted into (83) yield
1—a

Jivk/a

and
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Schwarzschild solution. Consider next the well-known Schwarzschild solution written in
the form

-1
g = —(1 —r—s)dt®dt+(1—r—5) dr @ dr +r2(d0 ® d6 +sin® 0 dp ® dp),  (86)
r r

which is a particular case of (77) with

f(r):=,/1—§ and  p(r) == 1/£(r)

which substituted into (83) yield

o= \/(1 o /r)—a(l —ry/r)?

and

\/E=1+r—$|:K+ln<L—l):|, K = constant.

r Iy
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Appendix A

We here prove that the constraints (47) propagate out of ¥. Assume that a, b and H,, is a
solution of the reduced PDS (46) for a set of Cauchy data fulfilling the constraints (47) on the
Cauchy surface . We must prove that these constraints also hold on a neighbourhood of X.

Given a, b and H,;,, consider the metric 1., = agu» +bH,p. Let V and R,p.4 respectively
denote the Levi-Civita connection and the Riemann tensor for 7,,. By the second Bianchi
identity we have that

Z VeRabea = VeRapea + VeRapae + VaRapee = 0. (Al)
{cde}
Including (41), the different projections of this equation are

(a) the projection on X is

1 1 1
Z <D2Lcda - EfeLcda + 7Lac@ed - ELabcd@eb) = Oa (AZ)
{cde}
(b) the totally transverse projection yields
1 1
Z <DeLabcd + TLabc‘@ed + TLcd[aG)eb]) = 07 (A3)
{cde}
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(c) and the projection on X°¢ is
VXRabcd + 2V[CRabd]X - 2Rab[deVC]Xe = O, (A4)

which is transverse to X for the indices ¢ and d.
As X is a Killing vector, Lx R,»cqa = 0, and the above equation becomes

VieRabd1x — Reppea Va1 X =0, (A.3)
which, projected on X b and including (41), yields

1 1 1 l
DicLaq) — = Lapa®c b _chad - _Lcdb@ah - _Lbacdfb =0. (A.6)
[ ] ) [ ] ) [ 1 4 4

On its turn, the totally transverse component of (A.5) is

1 1 1
DicLapa) — ELe[bch)a]e + ELcd[bfa] + 7®[c[bLa]d] =0. (A7)

In Gaussian normal coordinates equations (A.2), (A.3), (A.6) and (A.7) respectively read

31ija + 28[ij]la = lin, 81Labjk + 28[jLabk]l = lin (A 8)
dLgj — d;Lg = lin, 3101 Lapj — 3;Lap1 = lin ’
where j = 2,3 and a, b, ... = 1,2, 3, and ‘lin’ denotes ‘linear terms not containing partial

derivatives’. (We have only kept those equations governing the propagation outwards of X, i. e.
those containing partial derivatives with respect to x'.)

As the metric 1y, is a solution of the reduced PDS (46), we have that L1; =0, L{j; =0
and Ly;;; = 0. Equations (A.8) thus yield the following linear partial differential system to
be fulfilled by the constraints (47):

01 L jg = lin+ 20 Ly, 01L jx1 = lin
8]Lll~_,~k = lin+28[_,~Ll,~k]1, 81L1,~jk = lin and
31L1j = lin, 31L,‘j =lin+8jL51

which is already in the normal form for the Cauchy—Kowalevski theorem [8]. As the chosen
solution a, b and H,;, of (46) is assumed to be analytic, the coefficients are analytic. Then, for
the Cauchy data L,j = 0, Ly;jx = 0 and L ;s = 0 on X, the solution is unique in the analytic
category and, by linearity, L,; = 0, Lj;jx = 0 and L j.; = 0 on an open neighbourhood of X.

Appendix B. The characteristic determinant

The reduced PDS is constituted by six equations (48), (49) and (51):

=0 (B.1)
r'izvj+mi}j§0, ]22,3 (BZ)
d(pij+[7(b+a)—l]vivj)+lia),~wj+b[d),~wj+a),~c'[)j] 20, l,J =2,3 (B3)
where

) m( b+a i )
m=— =+ -
2\b+a—-1/l a-1]

as it easily follows from (38) and (B.1).
The surface ¥ is non-characteristic if the PDS can be solved for the second partial
derivatives of the unknowns, namely d, b, [, ¥, and @&, on X, where a ‘double dot’ stands for
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812. Note that due to the constraints of p-unitarity and p-orthogonality, in i, and @, there
are only three independent unknowns. In order to handle them more appropriately we shall
consider the p-orthonormal triad of spatial covectors

Wys Va, Ta where 1, 1= €p0"V°,

where €5 1= €apcaX?/1 is the p-volume tensor on S.
We then have that

g = 3V, — Q74, Uy = —Q3w, + Q1 74, Ty = Qow, — 1V,
and, deriving again and keeping only principal terms:
Wy = QSVa - Q2Tav v, = _Q3wa + Qlfa’ T, = QZwa - lea (B.4)

which introduced in (B.2) and (B.3) yields
r'r'zvj—ma)jQ3+mthl =0, j=2,3 (B.5)
d(pij+[7(b+(l) —l]v[vj)+5wiwj +2b1)(,‘(1)j)§23 —2b1:(ia)j)§22 =0, i, ] =2,3 (B6)

This last expression (B.6) contains three independent equations, which amount to the
contractions with p'/, '@/ — p'/w'w' and viv/ — pivlv!. They read, respectively:
Q+[Ib+a) —vyvha + o' wb +2bvI0; Q3 — 2bT w0 = 0
[—olw + [[(b+a) — []((vjwh)? — vlvla)ja)j)]d =0 . B.7)
1

—vpla + ((veh)? — vy a)ja)j)li — Zb(vla)lvjr-" — v;vltja)j)Qz =0

On its turn, the expression (B.5) consists of two independent equations. They are equivalent
to the wedge products with t; and v;, namely
—mWA)B+mOAT)I =0
m b+a a . (B.8)
(Tt AV)— -+ — ) —mT Aw)23 =0
2 \b+a-1/l a-1]I
where (38) has been used and (v A w) := vow3 — V3w, and so on.

Some simplification is gained taking into account that {w,, vy, 7.} is a p-orthonormal triad
and, in the Gaussian p-normal coordinates of section 4.2, we have that

®w AV =ST1./D, VAT =sw14/p, TA®=sv/P

where p := det(p;;), and

. 1 . .
(0'v)? — a)la)lvaj =——WAw?= —1)12, wlvlvfrj - w’r;vaj = wiT.
p

Furthermore,
wla)l =1- sw%, ijj = —sVTq, wjtj = —swT].
Substituting this into (B.1), (B.7) and (B.8), we obtain
Q2+Ub+a)—11(1—sv}))i + (1 — sw})b — 2sbvi w23 + 2511012 = 0
[1+sw? —[I(b+a) —I]v}]da =0
—(1 — svlz)d — vlzii —2bwi 1120 =0
msTy /P23 +msw;/pS; =0

m b+a a
——Sw - + =
2 lﬁ<b+a—l/l a—1/I

(B.9)

) —msv/p =0
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The reduced PDS (B.1)—(B.3) can be solved for all the second partial derivatives of the
unknowns, namely d, b, 1, v, and @y, if, and only if, the system (B.9) can be solved for the six
unknowns &, b, I, 21, Q, and 23; that is if, and only if, it has a non-null determinant, A # 0,
where
2 2.0 ol—al
A = 2bwiviTip [1 = swi +[[(b+a) — []v]] B

x |:<b+a—%> (1 —sv}) — sof <a—§>i|, (B.10)

which stands for the characteristic determinant of the partial differential system (B.1)—(B.3).
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