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1 Introduction

After the great recession, there has been renewed interest in analyzing growth models with financial bubbles.
However, the effect that bubbles may have on the number of entrepreneurs and their productivity has largely
been ignored.! The goal of this paper is to consider these effects to gain new insights into the consequences of
financial bubbles for growth and productivity. To achieve this goal, we build a growth model with financial
bubbles that not only explains facts obtained from aggregate data but also from firm-level data.

We distinguish two facts using aggregate data. First, Campbell (1999), among many others, show that
asset price volatility is highly procyclical. We follow the literature on financial bubbles and interpret asset
price growth as the result of a bubble and the reduction of asset prices as the result of a bubble burst.
According to this interpretation, growth is larger when there is a bubble. Caballero et al. (2006) and Martin
and Ventura (2012) provide convincing evidence on this relationship. Second, Basu, and Fernald (2001),
Basu et al. (2006) and Field (2010) show that total factor productivity (TFP) is procyclical.? Since bubbles
are also procyclical, this second evidence implies that TFP is large when there is a bubble and declines
when it bursts. This is consistent with findings obtained by Meza and Quintin (2005), Pratap and Urrutia
(2012), Queralto (2011) and Tang (2017), who find that TFP fell during East Asian, Mexican and Argentine
financial crises in the 1990s and in Spain during the Great Recession.

We also distinguish two facts using firm-level data. First, Koellinger and Thurik (2012) show that
entrepreneurship is procyclical.? Since bubbles are also procyclical, this finding implies that the number of
entrepreneurs increases during a bubble and declines when it bursts. This has been confirmed by Klapper and
Love (2011) and Tian (2018), who show that the number of entrepreneurs falls drastically during the Great
Recession. Second, Bartelsman and Doms (2000), Lee and Mukoyama (2015) and Tian (2018) show that
new firms are smaller and less productive than incumbents and that these differences are more pronounced
in booms than in recessions. Therefore, periods with bubbles correspond to periods in which the number of

firms increases, but these new firms are less productive and smaller in size.

IThis is in contrast to the literature on firm dynamics, which has shown that entrepreneurship is an important channel
through which financial development affects productivity. For instance, Midrigan and Xu (2014), Buera, et al. (2011) and
Jeong and Townsend (2007) distinguish between the intensive and extensive margins of financial development and show that
the effect on productivity is mostly explained by the extensive margin; that is, the change in the number of entrepreneurs and

their productivity.
2Fernald and Wang (2016) confirm that TFP is procyclical, although they also show that after mid-1980s the TFP became

less procyclical.

3Koellinger and Thurik (2012) show a positive correlation between entrepreneurship and deviations of GDP from trend for
a cross-country panel of 22 OECD countries for the period 1972 to 2007. Bilbiie et al. (2012), Campbell (1998), and Clementi

et al. (2016) show that in the US firms entry is procyclical, while exit is countercyclical.



The literature on financial bubbles has mainly explained the facts obtained using aggregate data. This
literature has studied the growth effects of bubbles since the seminal papers by Tirole (1985) and Grossman
and Yanagawa (1993). In these papers, the introduction of a speculative asset without fundamental value,
a financial bubble, reduces productive investment and growth. More recent literature has shown that if
individuals are heterogeneous and face credit constraints then bubbles can promote growth, which is more in
line with evidence. For instance, Fahri and Tirole (2012) consider a model with three period lived individuals
and assume that productive investment can only be done in the second period of life. This implies that in
every period there is heterogeneity among individuals of different age regarding their investment decisions.
Since part of the labor income is generated in the first period of life whereas productive investment occurs
in the second, the bubble, by increasing the savings devoted to the demand of financial assets, provides the
liquidities needed to invest when individuals are credit constrained in the second period. This is the liquidity
effect of the bubble that explains why growth is larger with bubbles.? Another example of the liquidity effect
is in Martin and Ventura (2012), who consider two groups of individuals differentiated by their return of
productive investment. Those individuals with a large return invest and become entrepreneurs, whereas
the rest are savers that accumulate financial assets. When entrepreneurs are credit constrained, the bubble
promotes growth by providing the financial liquidity needed to invest.®

Some papers have also studied the effect of bubbles on TFP. In particular, Miao and Wang (2012) show
that if bubbles increase investment of more productive entrepreneurs relative to less productive ones then
TFP is larger with bubbles, which is in line with evidence. Hirano and Yanagawa (2017) obtain a similar
conclusion in an endogenous growth model.

Very few papers consider the effect of bubbles on the number of entrepreneurs. One exception is Kunieda
and Shibata (2016), who study an economy in which the returns of productive investment are individually-
specific and follow a continuous distribution. Individuals compare these returns with the returns of financial

assets to decide between being savers, who save only through financial assets, or entrepreneurs, who invest

4The literature distinguishes between two growth-enhancing roles of the bubbles. One is the liquidity role of the bubble:
agents hold at the beginning of the period the bubble and sell it to increase their productive investment (Kocherlakota (2009),
Farhi and Tirole (2012), Martin and Ventura (2012), Hirano and Yanagawa (2017)).The other one is the collateral role of the
bubble: agents buy the bubble to increase their possibilities to borrow and use these loans to invest in capital (Kocherlakota
(2009), Martin and Ventura (2016)). In Clain-Chamosset-Yvrad, et al. (2020) we show that in the absence of uncertainty both
roles are identical. Accordingly, in this paper we do not distinguish them and we simply refer to this growth enhancing effect

of the bubble as the liquidity effect.
5There are many other examples of models with bubbles and heterogeneous individuals. For instance, Bengui and Phan

(2018) and Graczyk and Phan (2018) consider that individuals have different endowments, which separates individuals between
borrowers and lenders. This distinction is also in Basco (2016) and in Kocherlakota (2009) in a model of infinitely lived agents.

In contrast, Hillebrand (2018) distinguishes between three groups of individuals: savers, entrepreneurs and semi-entrepreneurs.



in productive capital. Since the bubble increases the savings devoted to the demand of financial assets, it
rises the return of these assets. As a consequence, the bubble reduces the number of entrepreneurs.’

We contribute to this literature by showing that the aforementioned four facts can be explained as the
result of the transition between a bubbly and a bubbleless steady state of an overlapping generations (OLG)
model with the following characteristics. First, as in Fahri and Tirole (2012) and Clain-Chamosset-Yvrad et
al. (2020), we introduce the liquidity effect of the bubble by assuming that individuals can invest in produc-
tive capital only in the second period of life, whereas part of the labor income is obtained in the first period.
In the first period, individuals save or borrow through two different financial assets: a deposit (or a credit)
and a financial bubble. In the second period, individuals face a borrowing constraint that limits investment.
More precisely, to borrow they must use the financial asset and productive capital as collateral. Second,
as in Kunieda and Shibata (2016), there is a continuous distribution of abilities in the population. These
abilities are an individual-specific productivity shock that determines the return of productive investment.
Third, as in Martin and Ventura (2012), Kunieda and Shibata (2016), Hirano and Yanagawa (2017), among
many others, these heterogeneous returns separate individuals between entrepreneurs and savers. Forth, we
assume that abilities not only determine the productivity of individuals as entrepreneurs but also as workers.
As a result, wages are heterogeneous in the first two periods of life. Finally, we assume that individuals incur
a start-up cost to be entrepreneurs. The introduction of this cost and wage heterogeneity are the novelties
of this model. We show that they are crucial to explain the aforementioned facts.

The economy can converge to two different steady states: a bubbly steady state in which financial assets
are deposits and the speculative asset, and a bubbleless steady state in which the only financial asset is the
deposit. We show that the return of financial assets is larger in the equilibrium with bubbles, which is a
consequence of the larger demand of financial assets in this equilibrium. We also show that if a bubbly steady
state exists then the return of financial assets equals the growth rate in this steady state and it is lower in the
bubbleless steady state. These results coincide with the ones obtained by Tirole (1985) and Grossman and
Yanagawa (1993) in models in which individuals that belong to the same generation are identical. Therefore,
we show that these classical results remain with heterogeneous individuals.

We use the comparison between steady states to study the effect of the bubble on the composition of the
population between savers and entrepreneurs, on growth and on productivity. Two opposite mechanisms
determine the effect of the bubble on the composition of the population. On the one hand, in a bubbly
economy the return of financial assets is larger, which implies that more individuals choose to be savers. On

the other hand, the liquidities provided by the bubble make adult individuals wealthier, which facilitates

6Kunieda (2008) considers the same mechanism in the context of an OLG model and Kunieda (2014) also introduces this

mechanism to study the effect of bubbles on growth in a model of perpetual youth.



that more individuals can afford the start-up cost. Therefore, the number of entrepreneurs is larger in the
bubbly economy when this cost mechanism dominates. Moreover, we show that these new entrepreneurs are
less productive and invest less than existing entrepreneurs, which is in line with firm level evidence.”

We also show that the bubble affects growth through three distinct effects: the liquidity, leverage and
composition effects of the bubble. First, as in Fahri and Tirole (2012), the bubble provides liquidities to
adult credit constrained entrepreneurs that then increase productive investment. Thus, the liquidity effect
promotes growth. Second, the larger return of financial assets in the bubbly economy reduces the amount
of credit that can be obtained using productive investment as collateral. As a result, productive investment
decreases. This is the leverage effect that reduces growth. Finally, the composition effect of the bubble is
a contribution of this paper. A larger number of entrepreneurs increases capital accumulation and growth.
Therefore, the composition effect promotes growth when the bubble increases the number of entrepreneurs.

We finally show that the previous three effects also modify TFP. The composition effect decreases pro-
ductivity when the number of entrepreneurs increases, since new entrepreneurs have lower productivities.
The leverage effect reduces TFP because the increase in the return of financial assets causes a larger decline
of the investment of more productive entrepreneurs. Finally, the liquidity effect of the bubble increases TFP
when the productivity of investment is more correlated with the wages in the first period of life than with
the wages in the second period. When this happens, the bubble provides more liquidities to more productive
entrepreneurs. As a consequence, it further increases the investment of highly productive entrepreneurs,
which explains that the liquidity effect increases TFP.

The correlation between wages in the first period of life and the return of investment in the second
period is related to findings in the literature that studies the effect of financial development on growth and
TEFP. This literature interprets financial development as access to external financing that, together with
self-financing, is used to invest (see Cooley and Quadrini, 2001; Midrigan and Xu, 2014). In this literature,
self-financing substitutes external financing. As a result, Moll (2014) shows that external financing cause a
smaller increase in TFP when idiosyncratic shocks are persistent, since more productive entrepreneurs have
access to larger self-financing. We also analyze how the interaction between the persistence of idiosyncratic
shocks and external financing affects TFP. In our model, the persistence of shocks is measured by the
correlation between wages of the young and investment productivity of the adult, self-financing corresponds
to the savings of the young individuals who will be entrepreneurs in the following period and we consider two
sources of external financing: credit and the bubble. The bubble introduces significant differences. Unlike

Moll (2014), we show that when this correlation is large, the external financing, introduced in our framework

"This result is related to Aghion et al. (2019) that shows that better credit access allows less efficient firms to remain longer

on the market.



by the bubble, positively affects TFP. The reason for this different finding is that the bubble increases
the returns of the savings of the young individuals and, hence, it enlarges the effect of self-financing on
investment. Thus, self-financing complements the bubble, whereas it substitutes credit.

We conclude that the bubble can increase the number of entrepreneurs, growth and TFP, even though new
entrepreneurs are less productive. Therefore, this model not only explains the facts obtained using aggregate
data, but also the facts obtained using firm level data. As a consequence, we include the composition effect
in the analysis of the growth and productivity effects of bubbles, focusing on the extensive margin of the
bubble.

This paper is organized as follows. Section 2 presents the model. Section 3 characterizes the equilibrium.
Section 4 analyzes the effect of bubbles on entrepreneurship, productivity and growth. Concluding remarks

are provided in Section 5, while some technical details are relegated to an Appendix.

2 Model

We consider a discrete time overlapping generations model (¢ = 1,2, ...) with firms, entrepreneurs and savers.

2.1 Production

We assume that entrepreneurs produce a homogenous good with the same constant returns to scale tech-
nology. As a result, production is fully characterized using an aggregate production function that relates
final output, y;, with efficiency units of labor, I;, and aggregate capital, k;. An externality associated to the
average capital to labor ratio, @;, increases labor productivity. Therefore, the aggregate production function
is:
yr = F(ky, aly).

This production function has the usual neoclassical properties; that is, it is a strictly increasing and concave
production function satisfying the Inada conditions and is homogeneous of degree one with respect to its
two arguments. Profit maximization under perfect competition implies that the wage w; per efficiency unit

and the return of capital ¢; are given by:

wy = Fy(ky, rly)ay, (1)

gt = Fi(ke, aly). (2)

We will consider only symmetric equilibria for which a; = as, where a; = k¢/l;. Using (1) and (2), we



deduce that the wage per efficiency unit and the return of capital at an equilibrium satisfy:

wy = (1 — s)Aay, (3)

q = SA, (4)

where s = Fy(1,1)/F(1,1) € (0,1) is the capital income share and A = F(1,1) > 0.

2.2 Individuals

The economy is populated by individuals ¢ € [0, N] that live for three periods: young, adult and old. We
assume that the mass of individuals in each generation N is constant.

Young and adult individuals work and obtain wages wlyt and wflt 11, respectively. Young individuals
consume cﬁ’t and save using two different financial assets: a speculative asset, bit, with return Ry ;41 and
a deposit, d’i’t, with return Rg ;1. Adult individuals consume cé’t 41, may invest x,, in productive capital
and save béyt 11 in the speculative asset and dg,t 41 in the deposit. Individuals that invest in productive
capital are entrepreneurs and obtain a return of productive investment that is individually specific and equal
to qf +2.8 Capital totally depreciates after a period. The return of the speculative asset purchased by adult
individuals is Rs 442, which is a priory different from the return of the speculative asset purchased by young
individuals. These speculative assets, that are supplied in a fixed amount, are financial bubbles when their
aggregate value is positive. Since their fundamental value is zero, their return coincides with the growth of
its price. Finally, old individuals do not work, obtain the return of the different investments made when

adult and consume cé’t 4o. Accordingly, the budget constraints of the young, adult and old individuals are,

respectively:
i i i
Cigtdi +b1 = w,,, (5)
Chpu1 + Riqpo Hd5 40 + 05400 = we i + Raer1dy y + Baeabi g, (6)
i i i i
C3442 = Qiyokipo + Raptods i + Ropyabs . (7)

The financial assets are used to borrow when they take negative values. A negative value of the speculative
asset implies that individuals short sell this asset, whereas a negative deposit is a credit. Therefore, adult
individuals that borrow have access to two different sources of external financing: the credit and the bubble.

These individuals face the following constraint:

—Rayads g < Rogi2bs g + 0 ok o (8)

8 This individually specific return of investment is consistent with recent evidence that shows that the return of investment

increases with the wealth of the investor (see Fagereng, et al., 2020).



This credit constraint ensures a strictly positive wealth in the last period of life and implies that the cost
of the credit, —Rd,t+2d§1t 41, is limited by the value of the bubble in the last period and by the return of
productive investment.” Therefore, both the bubble and a fraction 6 € [0,1) of productive investment are
used as collateral. The parameter # measures the degree of pledgeability of productive investment and,
hence, it is a measure of financial development.

The return of the financial assets has different interpretations. It is an interest factor for deposits,
while it is the growth of the price for the speculative asset. Despite this different interpretation, from the
budget and credit constraints we observe that the financial assets are perfect substitutes and, therefore, their
returns coincide, i.e. Rg;41 = Ri 41 = Ro44+1. We denote by R;4; this common return of financial assets.
Therefore, both sources of external financing are identical for the individuals. However, since the aggregate
supply of these two financial assets are different, the introduction of the bubble modifies individuals decisions
through general equilibrium effects.

Preferences of an individual ¢ born in period t are represented by the following utility function:

aln(ciyt) + Bln(cé,t—&-l - fti+1) + 'YIH(Cé,t-i-Q)a 9)

where «, 8 and v are positive preference parameters that satisfy o+ 8+~ = 1, and ftiJrl is a start-up cost
that individuals must pay to be entrepreneurs.

Adult individuals that decide to be entrepreneurs spend time searching for productive investment oppor-
tunities, which introduces a start-up cost that takes the form of a time cost. This time cost reduces leisure
time and, therefore, causes a utility loss. Since it is a time cost, we assume that it is proportional to the wage
of adult individuals, w}, ;, ;. Therefore, the start-up cost is f{,; = £w}, ,,; > 0 if the individual is an entre-
preneur, whereas fi,; = 0 if she is not.!" The parameter £ € (0,1) is the start-up cost rate that measures
the fraction of time spend searching for investment opportunities. The additive form of the utility function
used to introduce the start-up cost has the advantage that the cost can also be interpreted as a reduction of
the adult individuals’ employment or as a cost in terms of consumption goods. In fact, the solution of the

individuals problem is identical under these different interpretations.'! Finally, it is important to underline

YA similar credit constraint was introduced by Martin and Ventura (2016), and by Kocherlakota (2009) in the particular

case in which 6 = 0.

10Poschke (2013) among many other have also assumed that the cost of becoming an entrepreneurs is an opportunity cost in

terms of forgone wages. In Chatterjee et al. (1993) and many others, this opportunity cost directly causes a utility loss.
' We have interpreted the start-up cost as a reduction in the time devoted to leisure. However, we could have also interpreted

it as a reduction in the time available to work or as an expenditure. To see that the solution of the consumers’ problem is
identical under these different interpretations of the cost, it is enough to define consumption when adult as E”é’t+1 = cé}tjrl —fti+1.
Rewriting the adults’ budget constraint using Ac‘é}tJrl, it is immediate to see that adults’ labor income is (1 — &) w;,t+1, which

is consistent with the cost implying a reduction in the time devoted to work. It is also consistent with an increase in the



that the start-up cost does not depend on the amount of entrepreneurs’ investment. As a result, this cost
introduces a discontinuity in the utility function.

We close the introduction of the model by describing heterogeneity. We assume that individuals are
heterogeneous in their innate abilities, 6°. In every generation, 6 follows a time invariant and continuously
differentiable cumulative distribution function F (51) with support §° € (Omin, Omax ). These abilities are an
individual-specific productivity shock that determines the return of productive investment and wages. On
the one hand, an individual ¢ that invests ;,, units when adult obtains 5Kl L2 units of productive capital
when old. Therefore, the return of investment is q§+2 = q420", where q;1o = sA is the constant return of

capital. It follows that the return of investment is perfectly correlated with abilities.

On the other hand, wages of the young individuals satisfy: w;,t = (5i)vl wy, where w; is the wage
per efficiency unit, ((5i)v1 measures the efficiency units of a young individual ¢ and v; € [0, 1] measures
the correlation between wages of young individuals and abilities. Since abilities are perfectly correlated
with the return of productive investment, v, also measures the correlation between this return and the
wages of young individuals. Adult individuals wages are also an increasing function of abilities satisfying:

wi,t+1 =¢ (5L)

parameter ¢ > 1 measures the common increase of wages in adulthood associated to accumulated skills and

v W41, Where ¢ (5i)1)2 measures the efficiency units of labor of an adult individual i. The

vg > 0 measures the correlation between wages of adult individuals and the return of investment. Since
young individuals do not benefit from accumulated skills, we assume that their wages are more correlated

with innate abilities; i.e. v; > vo. Assumption A groups all these assumptions.
Assumption A. v; € [0,1], j =1,2, v1 > v3, ¢ > 1 and Opin = 1.
As follows from Assumption A, we also assume that d,,;, = 1, which implies that the return of investment

of the individual with the lowest ability equals the return of capital and this individual is endowed with one

efficiency unit of labor when young and ¢ units when adult.

2.3 Individuals’ decisions

To characterize the individual’s decisions on both consumption and investment, we must take into account
that the start-up cost introduces a discontinuity in the utility function. Therefore, we solve the individuals’
problem by backward induction following a two step procedure. First, we obtain the individuals’ optimal
demands of both consumption and assets that maximize (9) subject to the budget constraints (5)-(7), the
credit constraint (8) and a non-negativity constraint on investment, ;,, > 0. In solving this maximization

problem, we distinguish between two groups of individuals: savers and entrepreneurs. Savers are those

expenditures of §wa7t+1.



individuals that only invest in financial assets, whereas entrepreneurs are those individuals that pay the
start-up cost and invest in productive capital. In a second step, we use the individuals’ consumption demands
to obtain the indirect utility function of both savers and entrepreneurs. We compare these indirect utility
functions to determine the amount of entrepreneurs. Details are given in Appendix A.

We consider first the optimal decisions of savers. They are not credit constrained and their consumption

decisions are determined by the following first order conditions:

ey a1 = (B/a) Rijacyy o (10)

C3 i = (v/B) Ryiocy’ 1 (11)

where ci’f, cgf 1 and cgf o denote, respectively, the consumption of young, adult and old savers.'? Savers
only invest in financial assets, the deposit and the bubble, which are perfect substitutes. We denote the
financial assets owned by young and adult savers as xl .= b + dZ and gcQ 1 = b2 t1 T d2 111+ We easily
obtain from the budget constraints, (5)-(7), and from the first order conditions, (10) and (11), that financial

assets satisfy:

;S i wi7 1

‘,L‘l17t = (ﬂ + 7) wy,t - Oéaiwv (12)
’ Ryt
S ) )

33; A1 = V(Rt+1w;,t + w;,t+1)- (13)

We next consider the optimal decisions of entrepreneurs. They are credit constrained and their consump-

tion and investment decisions are determined by the following first order conditions:

CZQ',t+1 — fiz1 = (B/a) Rt-&-lci,t ) (14)
C§7t+2 =(/B) 7/)35+2(1t+2(012,t+1 = fiv1)s (15)

where ci’tE, cé’ﬁl and c;tb:rz denote, respectively, the consumption of young, adult and old entrepreneurs and
iy = (1—0)/(1—0g},5/Res2). Since 0 < 1, ¢i+2 > 0 requires g;, < Rt+2/9. We define the financial
assets owned by young and adult entrepreneurs as :1;1 b= bl B d ¢ and :1;2 1 = b2 1t d;’fH and we use
the binding credit constraint, the budget constraints (5)-(7) and the first order conditions (14) and (15) to

obtain financial assets:

i i
We t41 — ft+1

R (16)
; Oyq? > ( 1 ) ) . )
) t+2 i i [

Toprq = — g Riqwy, , +w, — , 17
2,t+1 ( Rt+2 1_ 9q2+2/Rt+2 ( t+1Wy ¢ J+1 ft+1) ( )

12The super index S identifies the optimal decisions of savers, whereas the super index E identifies the optimal decisions of

entrepreneurs.



and the amount of productive investment

i 1
KL o = - -
2= (1 —0q;. 5/ Rit2

Entrepreneurs are not credit constrained when young and, therefore, they use the financial assets to

) (Rt+1w;,t + wfz,tﬂ - fti+1) . (18)

smooth consumption between their first two periods of life. Instead, they are credit constrained when
adult. Therefore, they smooth consumption between the second and third periods of life using productive
investment. Since the return of this investment is individually specific, entrepreneurs are heterogeneous in
the amount consumed when old even if wages are identical among individuals of the same generation. This is
an important difference with respect to savers. A second difference is the start-up cost paid by entrepreneurs.
It reduces entrepreneurs’ productive investment. Finally, another difference is that adult savers use financial
assets to save and, instead, adult entrepreneurs use them to borrow to finance productive investment.

The first term in (18) is the multiplier of productive investment, which takes into account that each unit
invested has a multiplier effect that results into 1/ (1 —0q; -/ Rt+2) units finally invested. To be positive
and finite, we assume that ¢j,, < Ryy2/0 for all individuals, which introduces an upper bound on the
value of abilities. Since the amount of collateral depends on the return of investment and it is larger
for more productive entrepreneurs, these entrepreneurs obtain a larger credit and invest a larger amount in
productive capital when 6 > 0. This explains that the investment multiplier of more productive entrepreneurs
is larger. Therefore, the interaction between the credit constraint and the heterogeneous returns of productive
investment is one determinant of the different amounts invested by entrepreneurs. The other determinant is
labor income differences. As follows from (18), investment in productive capital increases with the present
value of labor income net of start-up costs in the second period of life. Finally, since entrepreneurs with
larger innate abilities benefit from a larger investment multiplier and have larger wages, they invest more
and therefore own larger firms.

We next consider the individual decision between being a saver or an entrepreneur, which is based on the
comparison between the indirect utility function of savers and entrepreneurs. In Appendix A |, we show that
an individual that is adult in period ¢ obtains a larger utility as entrepreneur when ¢¢ 41> R/ wi, where

1
wi=<1—.ﬁ.)w(1—0)+9. (19)
! wg + Rewy 4
Since f} < w;’t and 6 < 1, it follows that w{ € (6,1) when f; > 0. Therefore, an individual becomes an
entrepreneur only when the return of productive investment is strictly larger than the return of financial
assets; that is, q't"Jrl > Ryy1. In contrast, in the absence of a start-up cost, wi = 1 and an individual with
qg 11 = Ry is indifferent between being an entrepreneur or a saver. We reached the same conclusion if we

consider the limiting case in which the degree of pledgeability equals one. Therefore, the interaction between

10



the start-up cost and the financial frictions explain that ¢! 41 > Ryp1. Clearly, a larger start-up cost or a
smaller degree of pledgeability increase the minimum return of productive investment necessary to be an
entrepreneur and, hence, reduce the number of entrepreneurs.

Using (3) and (19), we rewrite w! as the following increasing function of both ¢* and of the ratio between
the interest factor and the growth factor, z; = R:/g:, where g = a¢/as_1 :

As shown in (19), the effect of the start-up cost on w} is determined by the ratio f{/ (wf ; + Rew}, ; ), which

measures the cost as a fraction of the present value labor income in the second period of life. Since young
individuals obtain wages in the previous period, this ratio decreases with the interest factor and increases
with the growth rate of wages, which in this model coincides with the growth rate of a;. As a result, the ratio
between the start-up cost and the present value of labor income decreases with the ratio z;, which explains
that w! increases with z;. In other words, the ratio z; determines the effect of first period wages on the net
present value of labor income in the second period of life. Hence, when z; increases, the labor income in the
second period of life increases and the cost as a fraction of this income decreases.

To determine the number of entrepreneurs, we define by &, the ability of the marginal individual that in
period ¢ is indifferent between investing in financial assets or in productive capital. We obtain ¢, from the

solution of the following equation:
5 — Rit1
t —_— T = <.
w (5t, zt) sA

(21)
Note that those adult individuals with 6° > &, satisfy qi41 > Riy1/wi and, therefore, are entrepreneurs. The
rest are savers. Therefore, the fraction of adult entrepreneurs in ¢, \;, satisfies \y =1 — F (gt) .

Using (20) and (21), we obtain that 8, = 6 (Ry11, %) is an increasing function of R, 1 and a decreasing
function of the ratio z; when &€ > 0. Since the fraction of entrepreneurs decreases with d;, we obtain that this
fraction is a decreasing function of R;;1 and an increasing function of the ratio z; when £ > 0. A larger return
of financial assets, R;1, decreases the number of entrepreneurs, since more individuals obtain a larger utility
when they only invest in financial assets. In contrast, an increase in the ratio z; makes adult individuals
wealthier and, as a consequence, more individuals find affordable the cost and become entrepreneurs. This
positive effect of wealth on entrepreneurship is well-known and supported by empirical evidence (see, for
instance, Quadrini, 2009).

At this point, we introduce constraints on the domain of the distribution in order to ensure that the
equilibrium is well-defined with a positive number of both savers and entrepreneurs. In particular, we

assume that 0max < Riy1/ (0sA) so that the multiplier of investment is positive and finite for all individuals
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and we also assume that 6; € (Smin, Smax) 50 that s € (0,1). These assumptions are rewritten as constraints

on the return of the financial assets in the following assumption:

Assumption B. Ry 1 > max {w (§,min, 2t) $AOmin, 05 Admax } = 05Admax With w (8min, 2t) Omin < 00max

and Rii1 < w (0max, #t) SAdmax.

In the following section, we guarantee that this assumption is satisfied at all steady state equilibria.

3 Equilibrium

3.1 Intertemporal equilibrium

We determine the equilibrium using the market clearing conditions for productive capital and financial assets.
The first one implies that the firms’ aggregate demand of productive capital in period ¢ + 1, k¢41, equals the
aggregate supply of productive capital that results from the aggregation of the product between investment
productivity, ¢°, and investments, K 11, of each entrepreneur. Therefore, the market clearing condition in
period ¢ + 1 is kg = f;ﬁma" 5in§+1Nf (5’) dé’, where f ((5’) is the density function. Using (3) and (18), we

rewrite the market clearing condition for productive capital as
ki1 = yNwyty, (22)

where 7, =T (Et, Ryyq, zt) satisfies:

Oma i i\ U1 i\ V2 4 7
rom [ i [ )"+ (=086 £ () a5 o)

Equation (22) indicates that capital at ¢ + 1 depends on the present value of labor income of all entre-
preneurs at period ¢, taking into account that this labor income affects capital accumulation depending on
the productivity of investment and the investment multiplier of each entrepreneur. More precisely, capital
depends on the product between the wage per efficiency unit and 7, which is a measure of the aggregate
efficiency units of labor of entrepreneurs that takes into account the productivity of investment and the
investment multiplier. The term of 7, inside the square brackets amounts for the efficiency units of labor at
young and adult ages. Young individuals efficiency units are multiplied by the ratio z;, because young indi-
viduals obtain labor income one period before individuals invest in capital and adult individuals efficiency
units are multiplied by 1 — £ to substract the start-up cost.

From (23), it is immediate to see that 7; decreases with 6, and R;+1 and increases with z;. The intuition
is quite immediate. First, an increase in &; reduces the number of entrepreneurs and, as a result, capital

accumulation decreases. Second, an increase in R;y; reduces the investment multiplier when 6 > 0, which
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also reduces capital accumulation. Finally, since young individuals obtain wages in the first period of life,
adult individuals are wealthier when z; increases, which explains the positive effect of this ratio on capital
accumulation.

It is convenient to rewrite (22) in terms of R:1; and z;. To this end, we use the definition of a; to
obtain that a;y1 = kiy1/liy1, where l;1q are the total efficiency units of employment that satisfy Iz =
N (Xl + d)x2) , where:

N /émx (5" f (5) ds', j=1,2.

Omin

We use the definitions of a;y1 and of the ratio z; and equations (3) and (22) to obtain that the market
clearing condition for productive capital satisfies:

Ay(1—5s)

Ry =222
TN+

Zt+4+1Tt¢- (24)

We next obtain the market clearing condition for financial assets. To this end, we first use (3), (12) and

(13) to deduce that the aggregate value of the financial assets owned by young and adult savers is:

ag
aty = (1 - s)ANay ((5 +Y) Ny — Zt+177?+1> ; (25)
$§t+1 =7(1—s)ANaz4y (Zt+177%+1 + ¢77%+1) ) (26)

where

, o Sepr o
M =7 G = [ (6)"7 £ s’ =12

min

measures the aggregate efficiency units of labor of savers, which are an increasing function of ;1.
Using (3), (16) and (17), we obtain that the aggregate value of the financial assets owned by young and

adult entrepreneurs is:

1-— 2
ok = (1= 9) AN, (5 4wty - @l =EL07E ) (27)
E — _gy(1—s) ANsAZETtH 2
$2t+1**’Y( —5) S Tw7 (28)
where
=7 () = /g (6)" £ (5°) do, j=1,2,
t+1

measures the aggregate efficiency units of labor of entrepreneurs, which are a decreasing function of ;.

Observe that 7’ (5t+1) + 7 (5t+1) = 7.
We define the aggregate value of financial assets owned by individuals at period t as ¥, = xf, + 27, +
o + 5, Using (25)-(28), we obtain
U, = (1 —s)ANai Ay,
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where

2 abpr? OvsA
apx 4 £o t+1+’7(zt77%+¢77§)— VSAT:

Ar=(B+7)x" —
t=(B+7)x P et Rt

(29)

The market clearing condition for financial assets depends on the type of financial asset. In a bubbleless
equilibrium, bit = bg,t = 0 and the financial assets are only deposits and credits. Since the aggregate value
of deposits equals the aggregate value of credits in every period, the market clearing condition implies that
the aggregate value of the financial assets owned by individuals is zero in every period; that is ¥; = 0 or,
equivalently, A; = 0. In contrast, in a bubbly equilibrium, financial assets include the bubble and also deposits
and credits. The equality between the aggregate values of deposits and credits implies that the aggregate
value of the financial assets equals the value of the bubble, which is positive in a bubbly equilibrium; that
is ¥, = [ 56“”‘ Zi_’tdéi + [, 65‘"‘ béidéi > 0. In this case, the market clearing condition states that the value of

the bubble purchased at ¢ + 1 by young and adult individuals equals the value of the bubble that in period
t + 1 adult and old individuals sell; that is,

\I/t+1 = Rt+1\Ift. (30)

Since we assume that the supply of the bubble is fixed, equation (30) implies that the growth of the bubble
equals its return, R;;;. Using the definition of the ratio z;, this market clearing condition can be rewritten
in a more convenient way as

At+1 = Zt+1At- (31)

The aggregate value of financial assets shows the difference between the two sources of external financing.
When there is no bubble, the aggregate value of credit limits the amount of savings through financial assets,
since U; = 0. In other words, the supply of asset is limited by the demand of savings. The existence of
a financial bubble overcomes this limitation, since next generation purchases of the bubble, Wy, are an
additional source of demand of assets that provides liquidities in equilibrium. We can provide a graphical
interpretation of (30) in terms of demand and supply of financial assets. W, can be interpreted as the net
supply of assets and it is increasing in R:11, as follows from (29). Following this interpretation, the net
demand of financial assets is Wy.1/R;y1 when there is a bubble and zero otherwise. The larger demand of
financial assets implies a larger return of these assets in the equilibrium with bubbles, since the supply is
increasing in R;41. We prove this result in the following section.

An equilibrium of this economy is a path of {Rt, Zt, Tt Oy, At}:; that, given R; and zp, solves the two
market clearing conditions (24) and (31), satisfies (21), (23) and (29), and along which the value of the

bubble is non-negative, A; > 0.'® In the following section, we show that this equilibrium can converge to

3Note that Ry = (A1/Ao) (a1/ap) and z1 = Ri (ap/a1). Since at t = 1, ag, a1 and Ag are predetermined and Ay is a

control variable, R; and z; are state variables.
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two different steady states: a bubbly steady state with A; > 0 and a bubbleless one with A; = 0.

3.2 Steady states

We denote by g*, R*, 5" and z* the constant growth factor, interest factor, ability of the marginal individual
and ratio z at the bubbly steady state and we denote by ¢°, R°, 5° and 2° the corresponding values of these
variables at the bubbleless steady state. In what follows, we obtain conditions that ensure existence and
uniqueness of these two steady states. To this end, we rewrite the two market clearing conditions when
R; = R and z; = z for all ¢ as two functions linking z with R.

First, we consider the market clearing condition for productive capital. To this end, we first use (21) to
rewrite 7 =T (R,g, z) as 7 =7 (R, z). It is immediate to see that 7 (R, z) is decreasing in R and increasing

in 2.1 We use 7 (R, 2) to rewrite (24) as

1-s)A
R= %zr (R.z). (32)

Equation (32) implicitly defines an increasing and continuous function, z = ¢ (R) , that provides all pairs of R
and z for which the market of productive capital clears. As follows from Assumption B, this function is defined
in the domain R € (05Admax, W (Smax, 2) $Admax). Using equation (32), we deduce that ¢ (0sAdmax) = 0 and
© (W (max, 2) $Admax) diverges to infinite.!?

Second, using (24) and 72 = x? — n?, we rewrite the market clearing condition for financial assets as
A(l—2)=0 (33)
with A =79 (5, z) — @, where

7(8,2) =z [ (6) + 67 (3)] + (B +7)x'z — agoir” (9)

and
_Os (X' +ox®) 2
Q= Wﬂmﬂl—ﬁ)x .
It will be useful to use (21) to rewrite 7 (4, z) as
0 (R, z) =z [an' (R,2) + én* (R, 2)] + (B+7) X'z — aon’ (R, 2) . (34)

4Remember that 7 (R, s, z) is decreasing in both R and & and increasing in z. Moreover, (21) implies that & is an increasing

function of R and a decreasing function of z. These relations imply that 7 (R, z) is decreasing in R and increasing in z.
15When R tends to 0sAdmax, both the investment multiplier associated to dmax and 7 (0sAdmax, z) diverge to infinite, which

implies that ¢ (0sAdmax) = 0. When R tends to w (6max, 2) SAdmax, 0 = Omax, the number of entrepreneurs equals zero and

T (w (6max, #) SAdmax, z) = 0, which implies that ¢ (w (dmax, 2) SAdmax) diverges to infinite.
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We proceed to show the existence of the bubbly steady state. Given that at this steady state A > 0,
we deduce, from (33), that z* = 1, which implies that R* = g*. Therefore, the growth of the bubble equals
the growth of wages, which is a well-known result since Tirole (1985).1® We next use the market clearing
condition for productive capital to obtain that R* is such that 1 = ¢ (R*). Since ¢ (R) is an increasing
function, ¢ (0sAdmax) = 0 and ¢ (w (Omax, 2) SAImax) diverges to infinite, there exists a unique R* that
clears the market of productive capital. Ry = R* and z; = 1 define a bubbly steady state when the aggregate
value of the speculative assets owned by individuals is positive; i.e. A > 0 when R; = R* and z; = 1, which
occurs when:

n(R*1) > Q. (35)

We conclude that there exists a unique bubbly steady state when (35) is satisfied.

We next study the steady state without bubbles for which A = 0 and, hence, n(R,z) = . This
equation implicitly defines a continuous function z = ¢ (R), along which A = 0. The steady state without
bubbles is the solution to equations z = ¢ (R) and z = ¢ (R). To show the existence of this steady state,
we first define the function z = 2° (5) as the solution to equation ﬁ(g, z) = Q. This function provides
the values of z and § for which A = 0. We use this function to define Ry = sAw (Omin; 2° (Smin)) Omin
and Ry = $Aw (Omax, 2° (Omax)) Omax, which are; respectively, the lower and upper values of the range
of R that are consistent with A\; € (0,1). Assumption B and w; > 6 imply that 00maxsA € (R1, R2).
Moreover, using (34) and the properties of the functions ¢ (R), we obtain that ¢ (R1) > 0 = ¢ (00axsA4)
and ¢ (Ry) < ¢ (Ry) = 00.17 As shown in Figure 1, these conditions imply that the functions ¢ (R) and ¢ (R)
cross, which guarantees the existence of at least one steady state without bubbles.

While the existence of a steady state without bubbles does not depend on the shape of the function ¢ (R),
uniqueness depends. To determine the slope, we first assume that the function 7 (R, z) increases with z. In
the online Appendix we provide conditions that ensure that the function 1 (R, z) increases with z. We assume
that these conditions are always satisfied. In the same appendix, we show that there exist two values of &,
&, and &,, such that the function ¢ (R) is downward slopping when & < &,, upward slopping when £ > &,
and hump-shaped when ¢ € (£,,£,). These three cases are shown graphically in Figure 1. The first case,
shown in Panel a, corresponds to the situation in which £ < &;. Since in this case ¢ (R) is increasing and
¢ (R) is decreasing, there exists a unique steady state without bubbles. The second case is shown in Panel b

of Figure 1 and corresponds to the situation in which £ > &,. In this case, both functions are increasing and

I67f R* > g¢* the bubble is not sustainable because the price grows faster than the wage and if R* < g* the bubble

asymptotically vanishes, implying that the equilibrium converges to the bubbleless steady state.
7To show that ¢ (R1) > 0 and ¢ (R2) < oo it is enough to use n (R, 2) = Q, where 7 (R, z) is defined in (34) and realize that

77 (R1,2) = 0 and 17 (Ra,2) = x? for all j = 1,2.
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we can only guarantee the existence of at least one steady state without bubbles. Finally, Panel ¢ shows the
third case in which £ € (§;,&,). In this case, the function ¢ (R) is hump-shaped and we can not guarantee
uniqueness of the steady state. In the online appendix, we study uniqueness and show that if £ is sufficiently

small then there is a unique bubbleless steady state.'®

Figure 1. Bubbly and bubbleless steady states

{(R)

R: 05A8mgr

R® R RZ R R; 054G, R R R:R

Panel a. £ < ¢, Panel b. £ > ¢,

R;!i?sAd‘mU :R R‘; R R; R
Panel c. € € (£,§,)

Finally, we compare the two steady states when we assume that there is a unique bubbleless steady
state, condition (35) is satisfied and 7 (R, z) increases with z. Condition (35) implies that the bubbly steady
state satisfies n (R*,1) > @ and remember that 1 (R, z) = @ along the function z = ( (R). Since 1 (R, z) is
increasing in z, the bubbly steady state satisfies that 1 > ¢ (R*). As it is shown in Figure 1, this condition
and ¢ (R) being an increasing function imply that R* > R° and z° < 1 when there is a unique bubbleless
steady state.!” The first inequality implies that the return of financial assets is larger in the bubbly steady
state. This is a well-known result that is explained because the bubble increases the savings devoted to the
demand of financial assets (see, for instance, Fahri and Tirole, 2012). The second inequality implies that

R° < ¢°, which is also a well-known relation that the bubbleless steady state must satisfy to ensure the

I8 More precisely, we show that if & is small then the function ¢ (R) is flatter than ¢ (R) in the whole domain R € (R, Ra),

which guarantees uniqueness of the bubbleless steady state.
198ince n (R, ) is increasing in z, the value of financial assets is negative below the function ¢ (R) and positive above. This

explains that the bubbly steady state is above this function.
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existence of a bubbly steady state (see Grossman and Yanagawa, 1993). Therefore, we have shown that
some classical results that the literature has obtained in models in which individuals of the same generation
are identical remain when we consider heterogeneous individuals. The following proposition summarizes the

results obtained in this section.

Proposition 1 If Assumptions A and B and condition (35) are satisfied then:
(i) There exists a unique bubbly steady state that satisfies R* = g*.
(ii) There exists a unique bubbleless steady state when & is sufficiently small. This steady state satisfies

R° < ¢g° and R* > R°.

Proof. The existence of steady states follows from the previous arguments and uniqueness of the bubbleless

steady state when ¢ is sufficiently small is shown in the online appendix. m

In the online appendix, we also study stability and we show that when # = 0 and ¢ is sufficiently small
then the bubbleless steady state is locally stable and the bubbly steady state is either locally stable or
saddle path stable. These results are obtained for restrictive parameter conditions. However, using several
numerical examples, we show that local stability of the bubbleless steady state and saddle path stability of
the bubbly steady state seem a robust finding. These results imply that the equilibrium can convergence to
both steady states and, therefore, the particular steady state to which the equilibrium converges depends on

individuals expectations.

4 Entrepreneurs, growth and productivity

In this section, we study the effect of the bubble on the number and the size of entrepreneurs, economic
growth and TFP. We first study the composition effect of the bubble, which is the effect of the bubble on the
composition of the population between entrepreneurs and savers and it is determined by the ability of the
marginal individual, §;. As follows from (21), this ability increases with R;,; and decreases with the ratio
z¢. Since the bubble increases both R;1; and z;, the effect of the bubble on the number of entrepreneurs is
ambiguous. This ambiguity is the consequence of two opposite mechanisms. On the one hand, in a bubbly
economy the return on financial assets is larger, which implies that more individuals choose to be savers. On
the other hand, adult individuals are wealthier with the bubble. As a result, more individuals find affordable
the start-up cost. Therefore, the number of entrepreneurs is larger in the bubbly economy when this cost
mechanism dominates, which occurs when the start-up cost rate is sufficiently large.

In this last case, the bubble increases the number of entrepreneurs by reducing the ability of the marginal

individual. This implies that new entrepreneurs are less productive than existing ones. Moreover, these new
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entrepreneurs benefit from a smaller investment multiplier and a lower labor income and, hence, they invest
less. Therefore, new entrepreneurs are less productive and own smaller firms, which are two features observed
in firm-level data.

We next analyze the effect of the bubble on growth. To this end, we use (24) to obtain

Ay(1—5s)

gt+1 = WF (Et, Ztth+1) . (36)

Equation (36) shows that the bubble may only increase growth if it enlarges 74, which depends on three
variables that introduce three distinct effects of the bubble. The first variable, §;, measures the composition
effect of the bubble. A larger §; reduces the number of entrepreneurs and, as a consequence, capital accumu-
lation and growth decrease. Since the bubble may either increase or decrease the number of entrepreneurs,
the composition effect of the bubble on growth is ambiguous. It is positive when the start-up cost rate is
large, since the number of entrepreneurs increases in this case. This result is consistent with findings in the
literature on entrepreneurship showing that more entrepreneurs increase growth (see Quadrini, 2009).

The second variable, z;, measures the liquidity effect of the bubble, which has been introduced in other
papers (Martin and Ventura, 2012 or Fahri and Tirole, 2012). Since part of the labor income is obtained in
the first period of life but investment can only be done in the second, the bubble provides liquidities that
increase the present value labor income in the second period of life. As a consequence, adult individuals are
wealthier, which increases capital accumulation and growth.

To gain some additional intuition on the liquidity effect, we assume that § = 0. In this case, adult
individuals save, as the aggregate financial assets of adult savers and entrepreneurs satisfy xit > 0 and
xgt = 0. Since in the bubbleless economy the value of the aggregate financial assets equals zero, the
aggregate financial assets of young individuals must be negative, i.e. :rls .+ xﬁt < 0. In other words,
young individuals borrow from the deposits accumulated by adult savers. These loans are paid back when
adult, which limits productive investment. In contrast, in the bubbly economy, aggregate financial assets
are positive. That is, young individuals can hold the bubble and sell it in the following period, even if adult
individuals also buy the bubble to postpone consumption. As a consequence, the amount borrowed when
young and the amount adult individuals must pay for the credit decline with the bubble. Adult individuals
then are wealthier and can invest more in productive capital. In this way, the bubble provides liquidities to
adult credit constrained entrepreneurs. The same intuition applies when 6 > 0 but not too large.

We have seen that the liquidity effect implies that the bubble makes adult individuals wealthier. As a
result, entrepreneurs increase investment and more individuals find affordable the start-up cost and become
entrepreneurs. Thus, the aforementioned cost mechanism of the bubble can be interpreted as the extensive

margin of the liquidity effect. Following this interpretation, the increase in investment of each entrepreneur
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corresponds to the intensive margin.

The last variable, R;11, measures the leverage effect of the bubble that has also been considered by other
papers in the literature (Fahri and Tirole, 2012). By increasing R;11, the bubble reduces the amount of
credit that can be obtained using productive investment as collateral. As a result, the investment multiplier
of each entrepreneur decreases, which reduces aggregate investment and growth. From the expression of the
investment multiplier, it is immediate to see that the leverage effect of the bubble on growth weakens when
the degree of pledgeability, measured by @, is smaller and disappears when 6 = 0.2

We conclude that it is more likely that the bubble increases growth when the degree of pledgeability is
small and the start-up cost rate is large.

Finally, we consider the effect of the bubble on TFP. In Section 2.1, we have introduced an aggregate
production function that satisfies y; = Ak;. However, TFP is endogenous, since entrepreneurs have hetero-
geneous productivities to transform investment into capital. To obtain TFP, recall that each entrepreneur
produces with the same technology yi,, = F (6°s},,@l’), where y,, is the output produced by entre-
preneur 7. Since the technology exhibits constant returns to scale and the labor market is competitive, we
have 5%% = a;l* for all entreprencurs at the equilibrium and the production function can be rewritten as
follows yi, | = Ad'xi, ;.2 The aggregate production is g = fg(im“"y,fﬂf (6") d5* and it is immediate to see
that yry1 = ptfgi"'a" f@iﬂf (51) dé*, where

= sl it )
i i () d

is TFP, which is equal to the average return that entrepreneurs obtain per unit invested.

Since the productivity of each entrepreneur is constant, TFP depends only on two margins: extensive,
related to the number of entrepreneurs, and intensive, which is determined by the amounts invested by each
entrepreneur. First, since new entrepreneurs are less productive, any increase in the number of entrepreneurs
reduces TFP. Second, the intensive margin, introduced by Miao and Wang (2012), increases TFP when
the amount invested by more productive entrepreneurs increases relative to the amount invested by less
productive entrepreneurs. In what follows, we show how these two margins are affected by the bubble in

this model. To this end, we use (3), (18), and (23) to rewrite TFP as

Y43 (gt»RtJrla Zt) = Aty (SbRtJrl; Zt)/ Vi (gm Rt+17zt) ) (37)

20These results, related to the degree of pledgeability, are in line with those obtained in Clain-Chamosset-Yvrad, et al.

(2020). In this paper, we consider a model in which individuals of the same generation are identical and study how the growth
effects of the bubble depend on the degree of pledgeability. We show that growth is larger with the bubble when the degree of

pledgeability is sufficiently small.
21 A competitive labor market implies that the wage per efficiency unit equals the marginal productivity of one efficiency unit

and is the same for all workers.
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where

Duma 1 N i\ V2 i s

TFP depends on the same three variables, d;, R; 41 and z;, which measure the composition, leverage and
liquidity effects of the bubble. The composition effect directly alters the extensive margin. An increase in
0 reduces the number of entrepreneurs and, since the remaining ones are more productive, TFP increases.
Following the same argument, we assert that the composition effect reduces TFP when the bubble increases
the number of entrepreneurs.

The leverage and liquidity effects of the bubble affect TFP through the intensive margin. First, the
leverage effect of the bubble is the consequence of the reduction in the investment multiplier due to the
increase in the returns of financial assets. This effect is larger for more productive entrepreneurs, as follows
immediately from the expression of the multiplier. This implies that the leverage effect reduces to a larger
extend the investment of more productive entrepreneurs and, hence, it reduces TFP.

Second, the liquidity effect, measured by the variable z;, also affects TFP through the intensive margin.
In Appendix B, we show that the liquidity effect increases TFP only when v; > wvo. In this case, the
distribution of wages of the young individuals is more correlated with investment productivity than the
distribution of wages of the adult. To understand how the liquidity effect affects TFP, remember that the
ratio z; determines the effect that the wages of the young individuals have on the wealth of adult individuals.
Indeed, the bubble provides liquidities because young individuals obtain wages one period before individuals
invest. Therefore, the liquidity effect of the bubble causes a larger increase in investment when the wages of
the young individuals are larger. As a result, when the wages of the young individuals are more correlated
with the productivity of investment, the liquidity effect is more intense for more productive entrepreneurs.
In this case, the bubble increases to a larger extend the investment of these more productive entrepreneurs.
This explains that the liquidity effect increases TFP when the productivity of investment is more correlated
with the wages of the young than with the wages of the adult. Finally, note that since the leverage and
composition effects reduce TFP when the number of entrepreneurs increases with the bubble, TFP can only
be larger with the bubble if the liquidity effect increases TFP, which requires v > vs.

To summarize, we show that when the start-up cost rate is large, the degree of pledgeability is small
and the productivity of investment is more correlated with the wages of the young than with the wages
of the adult, the bubble increases the number of entrepreneurs and growth and may increase productivity.
Moreover, we also show that the individuals that are entrepreneurs only when there is a bubble are less
productive and invest less than the rest of entrepreneurs. We conclude that this model explains the different

facts mentioned in the introduction.
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4.1 Numerical examples

We use numerical examples to show that our model can explain the empirical facts. In these examples, we

assume that abilities follow a Pareto truncated distribution with density function:

5%, _
f ((5) _ w min 7/)(5 (1+’¢))’
1— (6min/5max)

where the parameter 1 > 0 determines the shape of the density function.

Table 1
Parameters Values Targets Data Model
A 10 Normalization - - - -
S 0.4 Labor Income Share® 60% 60%
[0 0.422 Consumption to I. ratio of the youngb 84% 84%
B 0.411 Consumption to I. ratio of the adult® 85% 85%
vy 0.167 Normalization - - - -
Omin 1 Normalization - - - -
Omax 16 Annual growth rate in the bubbly S.S. - - 2.67%
Y 1.214 Fraction of entrepreneurs in labor force®  10.6% 10.8%
10} 2.2 Adult to young labor Income.? 1.12 1.15
V2 0.4 Third to first labor income quartileb 1.97 1.52
13 0.75 Start-up cost to GDP -- 17.45%
U1 1 Assumption - -
0 0 Assumption --

Note. “PWT, 9.1, bBureau of labor statistics, “OECD.

The parameters in the benchmark economy are set to match several targets of the US economy in the
period 2010-2020. First, technological parameters, s and A, are set so that the labor income share equals
60%. Second, preference parameters, a, 8 and ~, are set so that the ratio of consumption expenditure to
income equals 84% in the first period of life and to 85% in the second period of life.?? Third, the parameters

of the density function, dmin, dmax and 1, are set to have in the bubbly steady state an annual growth rate

22We obtain the consumption expenditure to income ratio from the 2019 US consumption expenditure survey. We obtain the
value of this ratio in the first period of life as the average value of the ratio between annual expenditures and after tax income
for households whose reference person is aged between 25 and 44 years and the value of this ratio in the second period is also
the average value of the ratio between annual expenditures and after tax income for households whose reference person is aged

between 45 and 64.
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close to 2.5% and a fraction of the entrepreneurs in the labor force of 10.6%.2° Forth, the labor earnings
parameters ¢ and vg are set so that the labor income in the second period of life is 12% larger than in the
first period and to match that the average labor income of the third quartile is 97% larger than the average
labor income of the first quartile.?* Finally, the rest of parameters of the benchmark economy are set so that
the equilibrium of this economy is consistent with the facts explained in the introduction, which requires a
low pledgeability of capital, a larger correlation between the return of investment and wages of the young
than of the adult individuals and a large start-up cost rate. In particular, we assume that productive capital
cannot be used as collateral, # = 0, that v; = 1 and, hence, v; > v, and we set £ = 0.75, which implies that
the start-up cost is 17.45% of the GDP per capita.?® Table 1 summarizes the parameters of the calibration.

Table 2 shows the values of the return of financial assets, growth rate, fraction of entrepreneurs and
productivity in the bubbly and in the bubbleless steady states. From the comparison between the two
steady states of the benchmark economy, it follows that growth and the return of financial assets are clearly
larger with bubbles and both the number of entrepreneurs and TFP are slightly larger in the bubbly steady
state. Thus, in the benchmark economy, bubbles increase the number of entrepreneurs, growth and TFP and,
hence, this economy is consistent with the empirical findings mentioned in the introduction. At this point,
some words of caution are appropriate, since the effect of the bubble on the number of entrepreneurs and
on TFP is too small to explain the fluctuations observed in these two variables as a result of the transition
between the two steady states. Basu et al. (2006) and Tian (2018) report fluctuations of TFP of around
5% and in the number of entrepreneurs around 2%. Our tractable model does not generate these variations.
However, in the online appendix we show numerically that a more complex version of the model in which
the return of investment is a convex function rather than a linear function of abilities accounts for these
fluctuations.?® More precisely, we consider that ¢i = q:0%, we calibrate the economy and show that the

bubble increases growth by 71%, the number of entrepreneurs by 2% and TFP by 5%.

23The fraction of entrepreneurs is obtained from the OECD as the ratio between self-employed (both own-account workers
and also self-employed who are employers) and total employment. This ratio changes substantially among OECD countries. In

the US, this ratio is 10.6%.
24Data on the distribution of labor income across age groups and income quartiles is obtained from the US Bureau of Labor

Statistics, first quartile of 2020. The income of the age groups is defined as the median income of individuals aged between 25

and 44 for the first period of life and between 45 and 64 for the second period.
25Gtart-up cost is measured as a bureaucratic cost by Klapper et al. (2006). They report huge differences across countries.

The cost ranges between 0.5% and 81% of per capita GNP.

26When the return of investment is a convex function of abilities, the model is complex and we only solve it numerically.
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Table 2

Bubbly Benchmark Economy 1 Economy 2 Economy 3
R=g 1.70 2.30 1.20 0.44
A 0.108 0.198 0.063 0.041
P 92.3 75.8 107 115
Value bubble 1.11 1.01 1.16 0.27

Bubbleless

R 0.53 0.87 0.30 0.32
0.99 1.62 0.56 0.38
0.107 0.267 0.047 0.039
p 91.9 67.1 114 117

Eco. 1: £ = 0.5; Eco. 2: €= 1; Eco. 3: v1= va= 0.4.

The results for the benchmark economy show that the composition effect of the bubble is small, since
the differences in the number of entrepreneurs between the two steady states are quite small. However, this
conclusion changes when we consider other economies with a different start-up cost rate. To show this, we
compare the benchmark economy with three different counterfactual economies. First, Economy 1 differs
from the benchmark economy in the value of the start-up cost rate, which is substantially smaller. As a
result, compared to the benchmark economy, there are more entrepreneurs at both steady states. This larger
amount of entrepreneurs explains the larger growth and the smaller TFP in both steady states. Moreover,
the reduction in the start-up cost rate weakens the cost mechanism, which explains that in Economy 1 there
are more entrepreneurs in the bubbleless economy than in the bubbly one. As a consequence, the composition
effect of the bubble reduces the differences between the growth rates of the bubbly and the bubbleless steady
state, whereas it increases substantially the differences in TFP. In this economy, the composition effect is
sizable as a result of the large differences in the number of entrepreneurs between the two steady states.

In Economy 2, the start-up cost rate is larger than in the benchmark economy. This larger cost rate
explains the smaller fraction of entrepreneurs, which reduces growth and increases TFP in both steady
states. In this economy, the cost mechanism is more intense than in the benchmark and, as a consequence,
the fraction of entrepreneurs is substantially larger in the bubbly steady state than in the bubbleless one.
This implies that the composition effect of the bubble is large, which explains that TFP is smaller in the

bubbly steady state.

24



Finally, in Economy 3, the correlation between productivity of investment and wages is equal at both
periods of life. As a consequence, the liquidity effect of the bubble does not affect TFP. Since the number
of entrepreneurs is larger in the bubbly steady state, the TFP is smaller in the bubbly steady state due to
the composition effect.

These numerical examples suggest that the composition effect may be sizeable and determine the overall
effect that bubbles have on growth and productivity. More specifically, Economies 1 and 2 show that the start-
up cost rate crucially determines the direction and intensity of the composition effect. Klapper, et al. (2006)
show that this cost rate varies substantially across countries. This suggests that cross-country differences
on the effect that bubbles have on growth and productivity could be explained by differences in this cost
rate. These cross-country differences could also be explained by differences in the wage distribution. More
precisely, in Economy 3, we show that the correlation between wages and the return of productive investment
is another determinant of the effect of bubbles on productivity. Therefore, cross-country differences in these

correlations could be an alternative explanation of differences in the effect of bubbles.

4.2 Comparison with the literature

To organize the comparison between our paper and the literature that studies the effects of financial bub-
bles in models with heterogeneous individuals, we distinguish three groups of models: (i) models with two
exogenous groups of individuals: savers and entrepreneurs; (ii) with two exogenous groups of entrepreneurs:
high and low ability entrepreneurs; and (iii) with endogenous composition of the population between savers

and entrepreneurs.

(i) Savers and entrepreneurs

Martin and Ventura (2012), Fahri and Tirole (2012) and Raurich and Seegmuller (2019) among many
others have considered models in which the population is divided in two constant groups of individuals.
The model of Section 2 can be adapted to this setting by assuming that the distribution function of ¢
is discrete and has the following properties: a constant fraction A of individuals has a high ability, ot
and the rest, 1 — ), has low ability, 6L, Moreover, we assume that the support of the distribution satisfies
6% < Ryys/ (wsA) < 6", This assumption implies that in equilibrium individuals with low ability will be
savers and individuals with high ability will be entrepreneurs. Therefore, the fraction of entrepreneurs in the
population is constant, it is equal to the parameter A\, and it is not affected by the bubble. In other words,
the bubble does not cause the composition effect.

In this setting, using (37), we obtain that p = A6 . Therefore, TFP is constant and it is not affected by

the bubble. Moreover, using (36), we obtain that the ratio between the growth rate in the bubble and in the
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bubbleless steady states equals

o [ (87) T+en-g <1 - 95H3A/R°>
9° | s (5H>”1J2+¢>(1—£) 1-05"sA/R* )

The ratio of growth rates is equal to the product of two ratios. The first one measures the liquidity effect of
the bubble and it is larger than one because z° < 1. This effect is reinforced by a high value of (5H )vrw.
The second one measures the leverage effect of the bubble and it is smaller than one since R* > R°. Therefore,
in models that divide the population into two constant and homogeneous groups of individuals, the bubble
increases growth when the liquidity effect dominates the leverage effect. However, these models do not

explain that productivity and entrepreneurship increase with the bubble.

(ii) High and low ability entrepreneurs

Miao and Wang (2012) and Hirano and Yanagawa (2017) consider two constant groups of entrepreneurs
with different ability to account for the effects that the bubble may have on TFP through the intensive
margin. The model of Section 2 can also be adapted to this context. To this end, we assume again that the
distribution function of § is discrete and has the following properties: a constant fraction AL of individuals
has low ability, 5T, a constant fraction A has a middle ability, 5M, and the rest, A, has high ability, 5t
Obviously, A + A 4\ = 1. We also assume that 6° < Ry, o/ (wsA) < 6™, which implies that low ability
individuals are savers and the rest, middle and high ability individuals, are entrepreneurs.

As occurs in models with identical entrepreneurs, the fraction of entrepreneurs in the population is
constant, equal to AM )\H, and it is not affected by the bubble. The bubble also increases growth when the
liquidity effect dominates the leverage effect of the bubble. However, since there are two different groups of
entrepreneurs, the bubble affects TFP through the intensive margin. To see this, we use (37) to obtain that

TFP equals
() 000 M) (6) 0 (6)?

—A 1—05MsA/Ryyq 1—05" sA/Ry 14
pe = 2 (M) —6)9(3M)"2 \ py | = (SO -0)@(oM)"2 \ gy
1-06MsA/Ryqq 1-06HsA/Ry 4y

It is immediate to see that TFP decreases with R4 and increases with z; if and only if v; > vy. Since the
bubble increases R;11 and z;, the bubble affects TFP through the leverage and liquidity effects.

Models with two groups of entrepreneurs can explain that growth and productivity are larger with
bubbles. However, they do not consider the composition effect of the bubble, which may be sizeable according

to our numerical examples.
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(#11) Endogenous composition of the population

Kunieda and Shibata (2016) consider a model with a continuous distribution function of abilities to study
the effect of the bubble on growth when the composition of the population between savers and entrepreneurs
is endogenous. Our model of Section 2 particularizes to their setting when # = ¢ =0and v; =0, j = 1,2.

A first difference with our paper is that they do not introduce the start-up cost. As a consequence, the
number of entrepreneurs is smaller in the bubbly steady state. A second difference is that productive capital
is not used as collateral and, hence, the bubble does not cause the leverage effect. Therefore, as follows from
(23) and (36), the bubble causes two opposite effects on growth. First, the smaller number of entrepreneurs
reduces capital accumulation and growth. This is the composition effect of the bubble. Second, the bubble
still has a growth enhancing liquidity effect. Thus, the bubble promotes growth when the reduction in the

number of entrepreneurs is not too large. Finally, TFP simplifies as follows

_ omax i £ (57 o
o () = Af f ()

Ot
C [Omax g (i) g5i
J5" £ (8) do
Since v; = 0, the liquidity effect of the bubble does not alter TFP. Therefore, TFP only depends on the

composition effect. Given that in this economy the bubble reduces the number of entrepreneurs, TFP

increases.

5 Concluding remarks

Asset prices, TFP and entrepreneurship are procyclical, whereas new firms that enter in booms are less
productive and smaller. We explain these facts by interpreting asset price fluctuations as the result of a
transition between two steady states: a steady state without bubbles, in which financial assets consists only
of deposits, and another one with bubbles, in which financial assets also include a pure speculative asset.
We show that the aforementioned facts can be explained in an overlapping generations growth model
populated by heterogenous individuals that live for three periods. We distinguish three dimensions of het-
erogeneity. First, individuals are heterogeneous in the return of productive investment. This heterogeneity
separates individuals in two groups: savers and entrepreneurs. Savers only invest in financial assets, whereas
entrepreneurs borrow from the savers to invest in productive capital. A novelty of this paper is the introduc-
tion of a start-up cost that entrepreneurs must pay. The bubble changes the composition of the population
between savers and entrepreneurs. On the one hand, the bubble increases the return of financial assets,
which increases the amount of savers. On the other hand, the bubble reduces the start-up cost as a fraction
of labor income. As a result, more individuals are willing to pay the cost and become entrepreneurs. We

show that the bubble increases the number of entrepreneurs when this cost mechanism dominates.
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Second, workers are heterogeneous since individuals work both when young and adult. Since investment
can only be done when adult and part of the labor income is obtained when young, the bubble provides
liquidities to credit constrained entrepreneurs. This is the liquidity effect of the bubble that increases growth.
However, the bubble also increases the return of financial assets, which causes a negative growth effect when
productive capital is used as collateral. This is the leverage effect of the bubble. The bubble also increases
growth by increasing the number of entrepreneurs. This is the composition effect of the bubble, which is a
major contribution of this paper.

Third, wages are heterogenous among workers of the same generations, which is another novelty of
this paper. We show that this dimension of heterogeneity is necessary to explain that TFP is larger with
bubbles. In particular, we show that the liquidity effect of the bubble increases TFP when the productivity
of investment is more correlated with the wages of the young than with the wages of the adult. In this case,
the bubble further increases the investment of more productive entrepreneurs, which causes the increase in
TFP.

We conclude that the model explains the aforementioned facts when we introduce two crucial assumptions:
a large start-up cost rate and a larger correlation between the productivity of investment and the wages of
the young than with the wages of the adult. The first assumption is needed to explain that entrepreneurship
is larger with the bubble. The second assumption is needed to explain a larger TFP with the bubble.
This assumption is aimed to ensure that more productive entrepreneurs obtain a larger income in the first
period. Therefore, this second assumption could be generalized by assuming that the return of productive
investment is correlated with income when young, which in addition to labor income could also include
transfers, bequests or profits. This suggests that similar results could be obtained in different settings. For
instance, we conjecture that our results could be obtained in models in which individuals decide in the first
period between being workers and entrepreneurs. Individuals that decide to be entrepreneurs when young
would also be entrepreneurs when adult. Since more productive entrepreneurs obtain larger income (profits)
when young, these more productive entrepreneurs would benefit more when adult of the liquidities provided
by the bubble. As a result, the bubble would further increase investment of more productive entrepreneurs.

This would provide an alternative explanation of the positive effects of bubbles on TFP.
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A Individual’s decisions on consumption and investment

Individuals decide on consumption and investment to maximize the utility (9) subject to the budget con-
straints (5), (6) and (7), the borrowing constraint (8) and x5 ,,, > 0. Given that the start-up cost does not
depend on ﬁg’t 11, there is a discontinuity in the Lagrangian function. As a consequence, we solve this max-
imization problem following a two step procedure. First, we obtain the demands of consumption and assets
of both savers and entrepreneurs from the first order conditions of the Lagrangian associated to the individ-
uals’ maximization problem. Second, we compare the indirect utility function of savers and entrepreneurs
to determine the number of entrepreneurs.

Let )‘i,t’ é,t 15 )\;t 425 Wiy and 7, be, respectively, the Lagrangian multipliers of individual i associated
to (5), (6), (7), (8) and kb, > 0. Then, from the first order conditions with respect to ¢f ,, ¢b,,,, and
¢4 110, we obtain that \| , = a/ct ,, Ay oy = B/ (chq — fiy1) . and Aj o = 7/ch ,4o. Next, from the first
order conditions with respect to di,, bi,, db,, , and bs, ,,, we obtain that R4 41 = Ri441 = Rouq1 = Riga

and

)‘i,t = )‘é,tJrlRt-‘rlv (38)

é,t+1 = (/\g,t+2 + Mi+1) Rito. (39)

Finally, the first order condition with respect to investment implies

)‘é,t-q-l = q§+2/\§,t+z + 9qg+2ﬂi+1 + 77i+1~ (40)

Given that entrepreneurs pay a cost, (40) solves the individuals’ maximization problem only when ngyt 11 > 0.
The solution of the individuals’ maximization problem is characterized by the first order conditions (38),

(39) and (40) together with the Kuhn-Tucker conditions

Ni+1 [9q§+2’€§,t+l + Rito (b§t+1 + d§t+1)] =0, (41)

77i+1’fé,t+1 =0. (42)

We distinguish among four possible solutions. First, if ni,; > 0 and p{,; > 0 then (41) and (42) imply
Kh o1 =0 and bhy +dy, ;= 0. The budget constraint (7) implies that ¢4, = 0, which is not a solution
of the individuals’ maximization problem.

Second, if 7}, = 0 and pf,, = 0 then x5, > 0 and (39) and (40) imply that ¢f,, = Ry, ie. all
assets are perfect substitutes. Because of the start-up cost, the utility obtained when an individual invests in
capital will be strictly lower than the level of utility if she does not invest in productive capital. Therefore,

/iétﬂ > 0 cannot be a solution of the individual’s maximization problem in this second case.
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Third, if n{,, > 0 and pf,, = 0 then (41) and (42) imply that x%,,, = 0 and (38) and (39) imply that

’i’t = Aé,t+1Rt+1 and )\é’tﬂ = )\Q’HQRHQ. This case characterizes the savers that do not invest in productive
capital and are not credit constrained. From the last two equations, we obtain that ¢}, = (8/a) ¢} Ry
and ¢k ;5 = (7/fB) ¢4, Rev2. Combining these two equations with the budget constraints (5)-(7), we obtain

(12), (13) in the main text and the optimal consumptions are given by:

¢ty = (/Resr) (Repaw), , +wh i) (43)
Chipr =B (Repawy, +wy 1), (44)
o = YRiyo (Repawy  + W) 4y1) - (45)

Fourth, if nj,; = 0 and p{,; > 0 then (41) and (42) imply that xb,, , > 0 and Oqf ok5, ; +
Ryyo (b q +db, 1) = 0. Therefore, this case characterizes the entrepreneurs that are credit constrained.
We combine (38), (39) and (40) to obtain A}, = Ay, Riq1 and Aj, = ¥}, 5qi0M\s 10, Where 1), =
(1—0)/(1—0gj o/Ris2) . From these two equations and taking into account that entrepreneurs pay the
start-up cost, we obtain that b,y — fi,, = (8/a)ci Rip1 and ¢, 5 = (7/8) Vi 2G40 (Chipr — fivr). We
note that 1/)2 12 > 0 requires Ry 4o > 0q; 2. Combining these last two equations, the binding credit constraint

and the budget constraints (5)-(7), we obtain equations (16)-(18) in the main text and consumptions are

given by
&y = (/Rig) (Rgawy,  +wlpoq — fii1) s (46)
CZQ’,tH =0 (Rt+1wy,t T Wy g — ft+1) + fiv1s (47)
C3t42 = ’Y¢;+2qz+2 (Rt+1w;/,t + w;,tﬂ - ftz+1) ) (48)

From the previous analysis, we distinguish between two groups of individuals. First, individuals that do
not invest in productive capital and that are not credit constrained. We denote them savers and correspond
to the third case. Second, individuals that invest in productive capital and that are credit constrained. We
denote them entrepreneurs and correspond to the last case. In what follows, we determine the fraction of
each group of individuals in the population. Since the start-up cost introduces a discontinuity, this analysis
cannot follow from the first order condition with respect to capital. Instead, we compare the level of utility
that an individual that is adult in period ¢ attains as an entrepreneur and as a saver. To this end, we
obtain the indirect utility functions of both agents by substituting in the utility function, (9), the optimal
consumption demands of savers, (43)-(45), and of entrepreneurs, (46)-(48). We obtain that the indirect

utility function when the individual is a saver is

u;’i =In (wé + Rtwifl) —alnRi+vInRyyq1 + v,
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where

v=In(x)*+In(8)" +In(7).
The indirect utility of the same individual when she is an entrepreneur is
up®y = 1n (wi + Rewi_y — fi) —aln Ry +yIn (¥i,1ql,) +v

This individual decides to be an entrepreneur if uz_El > ui’_sl, which happens when ¢}, ; > R;41/w}, where
w} is defined in (19) in the main text. Remember that g, , < Ryy1/0. This inequality is compatible with
¢iy1 > Rip1/wi because wi € (6,1) but implies an upper bound for g;, ;. This upper bound is introduced in

Assumption B.

B Total factor productivity

In this appendix, we show how TFP depends on d; and on z;. To this end, we rewrite (37) as

JE 5 6gt (8) do + (1 — €) ¢ f5™ 8g° (8) d&

P e 0 (-6 [ R )
where
¢’ (8) = % for all j = 1,2.
We first obtain
o _ A
03 ( 2[5 gl (8)dd + (1—€) 6 f5m g2 ( d5)2
(209" (8¢) + (1 =€) #3g* (8:)] x
. x [z J5m gt (0)ds + 6 (1= €) [ g° (5) do |
= [29" (01) + (1 = &) 69 (61)]
x [ J5m 091 (0)ds + 61— €) 57 8g° (5) do
which can be rewritten as
o Alzg" () + (1 - €) 62 (3,)]

Ot (= fowe gt (5)dd + (L - €) 6 2 g2 (5) o)
y {Zfsé 319 (8)dS + & (1 — f6 " 5,9° (0) d(s] -
- [Z f§ Sg' (6)dé + ¢ (1 — f5 " 592 (0) d@}

Indeed, the last term into the brackets is negative because the values of § considered are larger or equal to

0.
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‘We next obtain
Jir 89" (0)d8 f57" g7 (8)d5 — 5 g (8) db f5™ b4 (8)
2
(z Jm gl (8)do + (1= €) & 5 g2 (6) d5)

e

5o = A1-0)0

which is positive if

6IIlax (sxnax (Slnax 6IIlax
/7 5 (5) ds ﬁ 7 (5)d6 — ﬁ g' (5)ds /f 542 (5)ds > 0.
o Ot

t t

After some manipulation, we can rewrite the former inequality as
6]])&){ 6!"()3){ . . . . . .
[ / g' (57) g (6°) (& — &%) ds'ds? >0,
5 5
which is equivalent to
Omax Omax . . . . . .
/ / g (57) ¢ (6°) (89 — 57) ds'do +
i 6t
‘ (Smax . . . . . .
ﬁ / g' (67) g% () (57 — &%) ds'ds? > 0, (49)
0 SOy

In (49), we split the inequality in two parts. In the first one, 6/ > 6" and in the second ¢’ < §’. Using

this same separation, we deduce that
: 6]]]?},){ . . . . . .
[ [ a6 e o) 0 - ) asiar (50)
5. Js,
Omax Omax . . . . . .
- / / ¢ (57) g (6°) (5 — &) ds'ds?
7 5t
We use (50) to rewrite (49) as the following inequality in which §7 > §":
Omax  [Omax ) . ) ) o
[ [ e @) e ) @ - 5) asas
7 6t
5]]]%1)( 61]]?),)( . . . . . .
- / / o* (87) g* (67) (57 — &) do'ds? > 0.
i 6t

Using the expression of g7 (§), we rewrite the former inequality as

/ / () @) —e) (2] () |asias > o.
i St 1-— 98A(5 /Rt+1 (52 (52

Since 6/ > %, we deduce that the inequality holds if and only if v; > v,. This proves that dp; /0z > 0 if

and only if v; > vs.

Supplementary material
An online appendix with supplementary material associated with this article is available at https://sites.google.com/view /x

raurich.
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