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Abstract

The system of Peano Arithmetic is a system more than enough for proving almost all
statements of the natural numbers. We will work with a version of this system adapted
to first-order logic, denoted as PA. The aim of this work will be showing that there
is no equivalent finitely axiomatizable system. In order to do this, we will introduce
some concepts about the complexity of formulas and codification of sequences to prove
Ryll-Nardzewski’s theorem, which states that there is no consistent extension of PA finitely
axiomatized.
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Introduction

Whenever I explain that I am studying a degree in Mathematics people tend to ask me
the same question: What do mathematicians study? Their first thought is that we spend
four years in University learning and developing new techniques for proving theorems,
which is not much far from truth. However, what they never expect is that we, mathe-
maticians, do not have the answers to everything, that there are things that can not been
proved.

Ironically, this is a statement that has already been proved. Formally, is what we know
as Gadel’s incompleteness theorem [4], which states that there is no consistent recursively ax-
iomatized theory T capable of proving all truths about the arithmetic of natural numbers.
In other words, that there are some statements about the natural numbers that are true,
but that can not been proved.

Even though, there is a system more than enough for proving statements about the
natural numbers: the system of Peano Arithmetic. It is a hard work the one of finding a
statement that can not been proved in this system, though it exists.

Peano produced his postulates in 1889 and they were first presented in a short work
under the title "Arithmetices principia nova methodo exposita” - "The principles of arithmetic,
presented by a new method” [6], originally writen in latin. He formulated his axioms with
the objective of giving a clear and rigorous presentation of arithmetic and of mathematics
in general. In fact, he believed that an accurate presentation of arithmetic would avoid
errors and ease the mathematics development.

The system of Peano Arithmetic will be one of the topics addressed in this project, but
I will not use it just as it is, I will introduce a version of the system adapted to first-order
logic, which I will denote as PA. This system consists of 16 axioms that are clearly true in
N and an axiom of induction.

As you will see later, Peano Arithmetic is a system constructed with infinitely many
axioms, since the axiom of induction is not given by a single sentence, but by an axiom
scheme. So, the natural question that comes to mind is the following;:

Is there an equivalent finite system?
Obviously, we are not the first to wonder this. In the twentieth century, the polish
mathematician Ryll-Nardzewski asked himself the same question and was even able to

answer it. In 1952, Ryll-Nardzewski published an article in Fundamenta Mathematicae called

iii



iv Introduction

"The role of the axiom of induction in elementary arithmetic” [7] proving the following stronger
statement:

Theorem (Ryll-Nardzewski’s theorem) No consistent extension of PA is finitely axiomatized.

The main objective of this project will be giving an accurate proof of Ryll-Nardzewski’s
theorem including all the previous concepts and theorems required. To do so, I consulted
mainly three books; two basic manuals, to acquire the essential background in logic [3]
and model theory [2], and Richard Kaye’s book [5], which has been the basis of my project.
Additionally, I also looked up the notes of the subject of Mathematical Logic from my tutor
Enrique Casanovas [1].

Memoir structure

This work is more than just a summary of Richard Kaye’s book, however it is true
that most of the information given can be found there. I spent the last 9 months reading,
understanding, reordering and sometimes even correcting his book in order to write this
project as clear and rigorous as possible. To achieve this, I decided to structure the work
as follows:

The first chapter is a brief introduction to logic and model theory. It was written
to give a background, I hope more than enough, for those which are not familiar with
mathematical logic.

Chapter 2 is probably the most important one, since is where the standard model IN and
Peano Arithmetic are presented. Here is where I introduce the theory we will be working
with during the whole project.

In the next chapter, I give one of the most relevant definitions of the project, the defi-
nition of the X, class, used as a measure of the complexity of formulas and sentences. The
X, class will appear constantly in the following chapters. The last section of chapter 3 is
dedicated to study the possible extensions of the language £ 4 and its properties. This
section will play an important role in chapter 4.

The main objective of chapter 4 is showing that PA can handle syntax and semantics
adequately to end up giving a definition of truth provable in PA. To achieve this objective,
I introduced first some concepts about codification of sequences.

Finally, the last chapter is the one dedicated to prove Ryll-Nardzewski’s theorem. But
before doing this, I present the set of definable elements of a model and its properties,
which will be essential in the proof of the theorem.



Chapter 1

Preliminaries

In first-order logic, a language £ is a collection of three kinds of symbols: function
symbols (Fy, Fy, .. .), relation symbols (Rp, Ry, ...) and constant symbols (cp,c1,...). Each
relation and function symbol is related to a natural number n > 1, we call this number
the arity of the symbol. We define then the language £ as 7 UR UC, for F the set of
function symbols, R of relation symbols and C, of constant symbols.

To complement the language we need the following logical symbols: connectives
(=, V, A, =, ), quantifiers (V,d), variables (x,y,z, ...), brackets and a relation symbol =
for equality. We denote the set of variables as V.

A term of £ is a finite sequence of variables, function symbols and constants of £
constructed with the following rules:

e Any constant c € C is a term.

e Any variable x € V is a term.

o If t1,...,t, are terms and F € F is an n-ary function symbol, then F(ty,...,t,) is
also a term.

We write t(%) with ¥ = (xo,...,xy) to say that all the variables that appear in the term
t are in X.

An atomic formula of £ is a finite sequence of terms and relation symbols constructed
with the following rules:

e If t1 and t; are terms of L then t; = f, is an atomic formula.

e Ifty,...,t, are terms and R € R/ is an n-ary relation symbol, then R(ty,...,t,) is an
atomic formula.

Finally, a formula of £ is a finite sequence of atomic formulas, connectives and vari-
ables given by the following rules:

e Any atomic formula is a formula.

o If ¢ and ¢ are formulas and * € {V, A\, —, <}, then (¢ * ¢) is a formula.

o If ¢ is a formula then —¢ is a formula.

o If ¢ is a formula and x € V then Vx¢ and Jx¢ are formulas.



2 Preliminaries

When a quantifier Q = {V, 3} appears in an L-formula ¢ it is always followed by a
variable x € V and a subformula . We denote the subformula Qxi as the scope of the
quantifier Q and we say then that all appearances of the variable x in the subformula Qx
are bounded by this quantifier. If one appearance of a variable in the formula ¢ is not
bounded we say that this variable is free. We write then ¢(%) with ¥ = (xo,..., x,) to say
that all free variables of the formula ¢ are in the list X.

Sometimes we will reduce the set of connectives to (—, A) and the set of quantifiers to
(3) defining the others by the sentences (¢ V ) := =(=@ A —¢), (¢ — ¢) := =(p A ),
(¢ <> ) = (=(e A=) AN=(p A—¢)) and Vxg := —Ix—¢ for ¢ and ¢ L-formulas and
x € V. We will use this notation to reduce the cases in induction proofs.

A universe A for £ is a nonempty set such that each n-ary £-function symbol F cor-
responds to a function FM : A" — A on A, each m-ary L-relation symbol R, to a relation
RM C A™ on A and each constant symbol ¢, to a constant ¢ € A. This correspondences
are given by a function J mapping the symbols of £ to relations, functions and constants
in A. Now we can define a model for £ as a pair M = (A,J). We also denote A as
the domain of M. In the practice we will use the same notation for the model as for the
domain.

Given an L-term t(X) with ¥ = (xo,...,x,) and some @ = (ap, ..., a,) € M for a model
M for L, we define the value of (%) at a by:

o tM[a] = cM for cM the interpretation of c in M, if t = ¢ for ¢ € Cy.

o tM[a] = a;,if t = x; fori € {0,...,n}.

o tM[z] = FM(tM[z], ..., t)![a]) where FM is the interpretation of the symbol F in M, if
t =F(t1,...,tm) for F € F, an m-ary function symbol and #1(%), ..., t;, (%) terms.

We say then that an L-formula ¢(X) with ¥ = (xp,...,x,) is true in M with the
assignation a = (ay,...,a,) € M for M a model for £ and write it as M F ¢(a) if it
satisfies the following rules:

e If ¢ is an atomic formula t; = #, for terms # (%) and #(%), then M F ¢(a) iff
4 [a] = M [a].

e If ¢ is an atomic formula R(#y,...,ty) for R € R, an m-ary relation symbol and
t1(%), ..., tn(%) terms, then M E @(a) iff RM(tM[a], ..., t}[a]) where RM is the interpreta-
tion of R in M.

o If ¢ is ¢; Ay for ¢y and ¢ L-formulas then M F ¢(a) iff M F 1 (a) and M F ¢p(a).

o If ¢ is -y for an L-formula i then M E ¢(a) iff M ¥ ¢(a).

e If ¢ is x;ip for an L-formula ¥ and i € {0,...,n} then M E ¢(a) iff exists some
b € M such that M & ¢(ay,...,a;_1,b,4i11,...,an).

o If ¢ is Jyy for an L-formula ¢ and y & {xq,...,x,} then M F ¢(a) iff exists some
b € M such that M F ¢(ay,...,an,b).

We also say then that M satisfies ¢ with the assignation a. We can extend this definition
to a set of formulas X and say that M satisfies X with the assignation 4 € M, M & X(a), if
M E (a) for each i in X. A set of formulas X is satisfiable if M F X(4) for some model
M and some assignation 4 € M. Respectively, a formula ¢ is satisfiable if M F ¢(a) for
some model M and some assignation @ € M.



Two L-formulas ¢ (%), (%) with ¥ = (xo,...,x,) are equivalent, ¢ = 1, iff for each
model M of £ and each @ = (ay,...,a,) € M we have M F ¢(a) iff M F (a).

We say that two models M and N for the same language £ are elementarily equiva-
lent, and we write it as M = N, iff every sentence that holds in M also holds in N, and
the other way round.

Given two models M and N for the same language £, we say that M is a submodel or
substructure of N, M C N, iff:
(a) The domain of M is a subset of the domain of N.
(b) The domain of M contains the constants of N and is closed under the functions of
N.
(c) Each non-logical symbol of L is interpreted in M according to the restriction of its
interpretation in N.
(c.1) EN [pn=FM for F a n-ary function symbol.
(c.2) RN N M" = RM fo R a n-ary relation symbol.
(c3) N =M,
We say then that N is an extension of M.

M is an elementary submodel of N, M < N, iff M C N and for each formula ¢(%)
and each a € M,
ME ¢(a) & NE ¢(a).

If M < N then M and N satisfy the same sentences; the converse may not be true, even if
M C N.

Theorem 1.1. (Tarski-Vaught test) Let M C N be models for the same language L. Then the
following are equivalent:

(a) M < N.

(b) For each L-formula ¢(X,y) and for each a € M

N E 3ye(a,y) = there exists b € M s.t. N F ¢(a,b).

Proof. The proof of Tarski-Vaught test is similar to the one of proposition 3.1.2. of [2]. O

Given a set of £L-formulas X and an £-formula ¢, we say that ¢ is a consequence of %,
Y F ¢, if for each model M of £ and each 4 € M such that M F %(a) we have M F ¢(a).

We write 2 = ¢ to denote that there is a proof of ¢ from ¥, A and some rules of
inference. The rules of inference and the set A, formed by some formulas called logical
axioms, will depend on the deductive calculus we are working with. As an example of
deductive calculus you can see section 2.4 of Enderton’s book [3].

Theorem 1.2. (Completeness theorem). Let X be a set of L-formulas and let ¢ be an L-formula.
ThenZ F @ iff 2 E ¢.

Proof. You can find a proof of the Completeness theorem in page 135 of [3]. O
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An L-sentence is a formula with no free variables. We say then that an £-sentence ¢ is
satisfiable if M = ¢ for some model M of L, respectively a set of sentences X is satisfiable
if M E ¢ for each ¢ € X~ and some model M. Moreover, . E ¢ if M E ¢ for each model M
such that M F X.

A theory T of the language L is a collection of L-sentences closed under logical con-
sequence, i.e. if T F o for 0 an L-sentence then ¢ € T. There are many ways of defining a
theory T, but we will mostly use two.

One is by listing its set of axioms. A set of axioms of a theory T is a set of sentences
with the same consequences as T, this consequences are called theorems. In other words,
a set I' of sentences of L is a set of axioms of Tif T = {¢|T F ¢}.

Some theories can be defined by more than one set of axioms, we will see an example
of this in section 2.3. Given a theory T, the intriguing issue will be to find its most simple
set of axioms and, if possible, finite. If the set of axioms of a theory T is finite we say that
T is finitely axiomatizable.

Theorem 1.3. (Completeness theorem for theories). Let T be a theory in the language L with set
of axioms X and let o be an L-sentence. Then o € Tiff L F o iff L E 0.

The other way is defining T as the set of all sentences which hold in M, for M a model
of L. In this case, we denote T = Th(M) as the theory of M and we say that M models T.

Some theories can be defined by more than one model and there are also theories that
can not be defined by any model. If there is some model M for L satisfying all sentences
of T we say that T is satisfiable and write T C Th(M).

We say that a theory T of L is complete if for each sentence o of £, either o € T or
—0 € T. The theory of a model is always complete and satisfiable. Moreover, we can easily
see that a theory is complete if and only if all its models are elementarily equivalent.

A theory T is inconsistent if there is some L-sentence ¢ such that c € T and —o € T.
If a theory T is not inconsistent we say that T is consistent. Every consistent theory is
satisfiable.

Given a complete and consistent theory T and an L-sentence o theno ¢ T < —o € T.

Theorem 1.4. (Compactness) A set ¥ of L-formulas is satisfiable iff every finite subset S C X is
satisfiable.

Proof. You can find a proof of the Compactness theorem in page 142 of [3]. O



Chapter 2

Peano Arithmetic

We will work in the language £ 4 = {0,1,+, -, <} where 0, 1 are constants, +, - binary
function symbols and < a binary relation symbol. Each symbol of £ 4 is meant to repre-
sent its common interpretation, 0 for the natural number zero, 1 for the one, 4 and - for
the addition and the product and < for the linear order.

Notation 2.1. All the £ 4 -formulas will be written in the "natural” way, instead of writing
+(x,y) or -(x,y) we will write x +y and x - .

Notation 2.2. Given an £ 4-term t and an £ 4-formula ¢(%,y), we will use Vy < to(%,y)
as an abbreviation for Vy(y < t — ¢(%,y)) and Jy < t@(%,y) for Iy(y < t A ¢(%,y)), to
say that the quantifier is bounded by ¢ in ¢. Similarly, we will write Yy < t¢(%,y) for

Vy(y <t — @(%,y)) and 3y < te(x,y) for Iy(y < tA@(Fy)).

Notation 2.3. Given an L 4-formula ¢(x,7), we will write 3'x¢(x,7) as an abbreviation
for Ixe(x,7) AVx, z(@(x,7) A ¢(z,7) — x = z), to say that there is a unique x satisfying
the formula ¢ .

2.1 The standard model

To introduce Peano Arithmetic we need to start by presenting the structure N and
some of its characteristics. The structure IN, also denoted as the standard model is an
L g-structure with domain the set of non-negative integers and with the common inter-
pretation for the symbols in £ 4.

Notation 2.4. We will denote the complete £ 4-theory of the standard model as Th(IN).

To give a more precise definition of IN we will focus on those £ 4-structures that are
not isomorphic to IN, called nonstandard structures.

Notation 2.5. For each n € IN we denote the numeral of n, given by the closed term
(. ((A+)+1)+1)+...+1)of Ly, asn.

n
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Let us expand the language £ 4 to a language £ by adding a new constant symbol c
and consider then the L-theory T, given by the axioms of Th(IN) and the axioms

c>n for each n € N.

Proposition 2.6. The theory T, is consistent.

Proof. For each finite subset S of T, exists some k such that k > n for all n € S.

Let us define the L¢-structure (IN, k) with domain IN and 0,1, +, -, < interpreted nat-
urally and c interpreted by k. This structure satisfies S.

We have found then a model for every subset of T.. Hence, by the compactness theo-
rem, the theory T; is consistent. O

As a corollary, T, has a model M,. Since M, F ¢ > n for all n € IN we can say that M,
contains an "infinite" integer. Let us reduce M, to the original language £ 4 and denote
this model by M.

Proposition 2.7. M is not isomorphic to the standard model IN, so M is nonstandard.

Proof. Let us suppose that there is an isomorphism # : N — M. This isomorphism should
send each n € N to an element of M, h(n) = nM.
Since N F Vx,y(x > y — —x = y), then M F Vx,y(x >y — —x = y). Therefore, the

element realizing c in M can not be in the image of /. O

From now on we will identify IN with the image of / in M, so N is a substructure
of every model M E Th(IN). We will denote the elements of M that are not in IN as
nonstandard elements.

We say then that IN is an initial segment of M and M an end-extension of N, N C, M,
since N C M and for all n € N and all b € M such that M F b < n we have b € IN.

2.2 The axioms of PA

To present the system of Peano Arithmetic we first need to define the theory PA™, a
theory defined by 16 axioms given by sentences that are obviously true in IN.

Notation 2.8. We will omit some parentheses in the axioms to ease the reading of the
sentences.

The first four axioms of PA™ state the basic properties of the binary functions - and
+: the commutative and the associative properties. Moreover, the fifth axiom says that +
and - satisfy the distributive law.

Axiom 2.9. Vx,y(x +y =y +x)
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Axiom 2.10. Vx,y(x-y =y-x)

Axiom 2.11. Vx,y,z((x+y) +z=x+ (y + 2))

Axiom 2.12. Vx,y,z((x-y) -z =x-(y-2))

Axiom 2.13. Vx,y,z(x- (y+z) =x-y+x-2)

The next two axioms state that 0 is the identity for + and a zero for -, and that 1 is the
identity for -.

Axiom 2.14. Vx((x +0=x) A (x-0=0))

Axiom 2.15. Vx(x-1=x)

The following axioms make reference to the linear order in IN given by the relation
symbol <. The first three state that < is transitive and irreflexive and that satisfies the
trichotomy law.

Axiom 2.16. Vx,y,z((x <y Ay <z) = x < 2)

Axiom 2.17. Vx—x < x

Axiom 2.18. Vx,y(x <yVx =yVy < x)

From this three axioms we can also deduce the asymmetric property, which says that
Vx,y(x <y — -y < x). We can use x < y to express x < y V x = y and rewrite then axiom
2.18 as Vx,y(x <y Vy < x) and the asymmetric property as Vx,y(x <y <> -y < x).

The next two axioms state that the operations + and - respect the order.

Axiom 2.19. Vx,y,z(x <y = x+z<y+z)

Axiom 2.20. Vx,y,z(0 < zAx <y —>x-z<y-z)
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The thirteenth axiom is similar to the idea of subtraction in IN and says that for x < y,
x can be subtracted from y.

Axiom 2.21. Vx,y(x <y — 3z x+z=y)

The order in N is also a discrete order and we state this with the next axiom.

Axiom 2.22. 0 < 1AVx(0 <x — 1<)

To finish, the last axiom says that 0 is the least natural number.

Axiom 2.23. Vx(0 < x)

Now that the theory PA™ has been described we can define Peano Arithmetic. The
axioms of Peano Arithmetic are those of PA~ together with the second-order induction
axiom,

VX(0e XAVx(x e X =2 x+1€X)— Vy(y € X)).

With the incorporation of this last axiom, Peano Arithmetic characterizes the standard
model IN up to isomorphism. But we are not interested in working with second-order
logic, since there is no Completeness Theorem for second-order logic. Therefore, we will
restrict the induction axiom to subsets X defined by a first-order £ 4-formula, obtaining
so a weaker theory, PA, which no longer characterizes IN. The restricted induction axiom,
Iy ¢, is given by the sentence

Vi(e(0,7) AVx((x,7) = ¢(x +1,7)) = Vxo(x,7))

with ¢(x,7) an £ 4-formula, x the induction variable and 7 the parameters.
So, finally, we define PA as the first-order theory axiomatized by PA™ together with
the induction axioms I, ¢ over all £ 4-formulas ¢.

Remark 2.24. PA is a recursively axiomatized theory (even though non-finite), which
means that there is a recursive procedure (an algorithm) to decide if a given sentence is
an axiom of PA.

2.3 Alternative induction schemes

In this section we will show alternative sets of axioms which can also define PA. In
particular, we will be interested in changing the induction scheme by others that can
be justified in PA. At the same time, we will also develop new techniques for proving
theorems in PA.
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2.3.1 Principle of induction up to z

When working in IN, if we wish to show N F Vx < n¢(x) for n € N and ¢(x) a
formula, is clearly enough to show that N F ¢(0) A Vx < n(¢(x) — ¢(x+ 1)), even if the
stronger statement N F ¢(0) A Vx(¢(x) = ¢(x + 1) might not be true. The idea is to find
an equivalent principle proved by PA.

We can express this principle by the scheme

v7,2(¢(0,7) ANVx < z(9(x,7) = ¢(x +1,7)) = Vx < z¢(x,7))

over all £ 4-formulas ¢(x,7), denoted by Ux¢.

Proposition 2.25. PA proves all instances of Uy .

Proof. Let M be an arbitrary model of PA and let ¢(x,77) be any L 4-formula. By the
completeness theorem, it will be enough to prove that M = Uy ¢.

Let us assume 4,b € M and M F ¢(0,b) AVx < b(¢e(x,a) — ¢(x+1,a)) to show
MEVx <be(x,a).

If we define the £ 4-formula

Y(x7,2) = (x <zA9(x,7) V(x> 2),

clearly M F Vx > by(x,4,b).

From the assumption of M F ¢(0,b) AVx < b(¢(x,a) — ¢(x+1,a)) follows that
ME ¢(0,a,b) ANVx < b(p(x,a,b) — p(x+1,a,Db)).

So M F (0,a,b) AVx(p(x,a,b) — p(x +1,a,b)) and, by induction, M F Vxy(x,a,b).
Hence, by the definition of ¢(x,7,b), M E ¥x < bg(x,a) as required. O

2.3.2 Least number principle

As N is a well-ordered set, it is true that every non-empty set of IN has a least element.
Since we are working with a first-order language £ 4, we need to find an aproximate
principle proved by PA. The scheme

Vi(3xg(x,7) = 3z(¢(2,7) A Vw < z2¢(w, 7))

over all £ 4-formulas ¢(x,7), denoted by L, states this principle.

Proposition 2.26. PA proves all instances of L.

Proof. Let M be an arbitrary model of PA and let ¢(x, ) be any £ 4-formula.

For a,b € M we will assume that M E ¢(b,a) and M ¥ 3z(¢(z,a) ANVw < z-¢(w, d)),
ie. M EVz(p(z,a) — Jw < zp(w,a)), to arrive to a contradiction.

Let us define the £ 4-formula

0(x,7) :=Vz(z < x = —¢(z,7)).
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Notice that M F 6(0,4), since 0 is the smallest element of M. Now suppose ¢ € M and
ME 0(c,a), to show that M E 6(c + 1, a).

Ifd e Mand M F d < c+ 1 we can consider two cases:

1. MEd < c:So ME —¢(d,a) since M E 0(c,a).

2. MEd =c Then M F Vw < c—¢(w,a), i.e. M F =(Jw < ¢)¢(w,d), and by the
assumption of M F Vd(¢(d,a) — Jw < de(w,ad)), M E —¢(d, d).

In both cases M F —¢(d, a), which implies that M F 0(c +1,4). As a result,

ME6(0,a) AVx(0(x,a) — 0(x +1,a))

and, by I;6, M E Vx0(x,a), ie. M E Vz—¢(z,d), contradicting so the existence of some
b € M such that M F ¢(b, a) as required. O

2.3.3 Principle of complete induction

The last induction principle is a formulation of the principle of complete induction for
IN, which states that for proving IN F Vxg(x), for ¢(x) a formula, it is enough to prove
N E Vx(Vz < x¢(z) — ¢(x)). We usually define this principle for all sets of IN, but since
we are working with first-order logic we will enunciate it for those sets that can be defined
with £ 4-formulas.

The principle of complete induction for first-order logic is the one given by the scheme

Vi(vx(vVz < x9(z,§) = ¢(x, 7)) = Yx¢(x, 7))

over all £ 4-formulas ¢(x,7), denoted by Ty¢.

Proposition 2.27. PA proves all instances of Ty .

Proof. Let M be an arbitrary model of PA and ¢(x,7) any £ 4-formula.
Let 2 € M and suppose M F Vx(Vz < x¢(z,d) — ¢(x,d)) and M ¥ Vxg¢(x,a), ie.
M E =¢(b,a) for some b € M, to arrive to a contradiction.
Since M F L-,, there is a least b € M such that M = —¢(b,a), contradicting the
hypothesis of M F Vx(Vz < x¢(z,a) — ¢(x,d)). Hence M  Vx¢(x,a), as required.
O



Chapter 3

Complexity of formulas

3.1 The arithmetic hierarchy

Definition 3.1. An L 4-formula ¢ is Ag iff all its quantifiers are bounded.

We also denote Ay by Xy and I1j. With the initial case defined, we can now define the
classes ¥,; and IT, for all n € IN.

Definition 3.2. An L g-formula ¢ is ¥, iff it is of the form 3xY(X,§) for p a I1, L 4-formula,
which means that ¢ looks like

3%, V% 3%3...Q% (%1, X2, .y Xn, )
where all quantifiers in ¥ are bounded and Q is 3 if n is even or V if n is odd.

Definition 3.3. An L 4-formula ¢ is I, 1 iff it is of the form V% (%, §) for ¢ a X, L 4-formula
which means that ¢ looks like

V%1 3%V E3...Q%n (%1, X2, o) X, )
where all quantifiers in  are bounded and Q is 3 if n is odd or ¥V if n is even.
Notation 3.4. We will write ¢ € X, if there is a X, £ 4-formula ¢ equivalent to ¢ in the
model M or the theory T, and ¢ € II, if there is an equivalent £ 4-formula IT,. When it

is important to remark the model or theory in which this equivalence takes place, we will
write X, (T), I1,(T), ,(M) or I1,,(M).

Definition 3.5. An L y-formula ¢ is Ay, iff it is equivalent to both, a %, and a I, formula.
Notation 3.6. As before, if it is important to remark the model or theory where the equiv-
alence takes place, we will write A, (M) or A, (T).

Definition 3.7. An L 4-formula ¢ is provably A, (T) if there are formulas ¢ € ¥, and x € 11,
such that
Ty and TrHe &)

11
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Remark 3.8. Every L 4-formula is equivalent to a X, or I, £ 4-formula for some n € IN.

Since blocks of quantifiers are allowed to be empty, any I1, formula is both, a £, ;1 and
all, 1 formula. The same happens for £, formulas. We have then the obvious inclusions
Xy C Ay CEyprand 1L, C Ayyg C 1Ly,

Proposition 3.9. The classes X, and 11, are closed under conjunctions and disjunctions.

Proof. Let us assume 01 (%), 60,(%) € X, for n € IN and prove 61 (%) A 0,(%) € Zy.

We can write 61(%) as 371 V72....Q0x@1(X,7) and 6,(X) as 321VZ...QZ,¢2(X, Z), with
yinzj=Qforallije {1,...,n}, 91,92 € Apand Q = Jifniseven or Q = Vif nis odd,
and hence 0 (x) A 62(%) as

152 QUn 1 (X, §) A F21V22....QZn 2 (%, 2)

Notice that this formula is equivalent to 37121 V§225....Q0nZn (¢1(%, 7) A 2(%,2)) if we re-
order the quantifiers, so 61 (%) A 6(X) € Zy.

Following the same arguments we can prove the same for 6;(%),6,(%) € I1, and for
the disjunction. O

Proposition 3.10. If (%) € X, then —0(X) € I1,. Similarly if 0(%) € I1,, —6(%) € Z,.

Remark 3.11. This proposition proves that the class A, is closed under negations, even if
Y., and IT,, are not.

3.2 The collection axiom

The aim of this section will be showing that the classes %, I, and A, are closed under
bounded quantification in PA. To do so, we need to define the collection axiom.
Given an L 4-formula ¢(x, 7, Z), the collection axiom for ¢ is the sentence

Vz,t(Vx < t3ge(x,7,2) — 3sVx < t37 < s@(x,7,2))
denoted by B,,. Since the converse of By, is true for all £ 4-structures, we have
Vz,t(Vx < t3gp(x,77,2) < 3sVx < t37 < s(x,7,2)),

which means that we can sometimes transform a formula I, into a .
If we consider as well the collection axiom for —¢, we obtain

Vz, t(3x < tVGe(x,7,2) < VsIx < V) < s@(x,7,2)),
transforming so a X formula into a ITj.

Notation 3.12. We will denote {B, | ¢ a X, £ g-formula}, with ¢ a X, formula in the strict
sense, which means ¢ in X, form, not equivalent to a £, formula, by BX, and similarly
{Byl¢ all, L g-formula}, with ¢ a IT, formula in the strict sense, by BIT,,.
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We can define now a new theory Coll = PA™ 4 {By|¢ is an L y-formula}, free of
induction, and a subtheory Coll,, given by the axioms of PA~™ + BX,.

Proposition 3.13. Foralln € IN, let ¢(x,7) € Xy and p(x, ) € 11, be L 4-formulas and t(z) an
L g-term with x ¢ z. Then Vx < t(2)¢(x,7) € Xy(Colly) and Ix < t(2)¢(x, ) € I1,(Colly).
Therefore ¥.,(Colly), I1,(Coll,) and A, (Coll,) are closed under bounded quantification for all
n € N.

Proof. We will prove it by induction on n.

Initial case: Xy = Ilp = Ag are clearly closed under bounded quantification.

Let us prove now the induction case. We will assume %,,_1(Coll,,_1), IT,_1(Coll,_1)
and A, _1(Coll,_1) closed under bounded quantification to show that X, (Coll,), IT,(Coll,)
and A, (Coll,) are also closed under bounded quantification.

Let M be such that M F Coll, and let ¢(x, ) be an L 4-formula of the form 3z60(x, 7, z)
for 0(x,7,z) € I1,_1 and n > 1. Applying the collection axiom to 6 we have

MEVy(Vx < te(x,7) <> 3sVx < t32 < s0(x,7,2)). (1)

Notice that, by the induction hypothesis and since 6(x, 7, z) is I1,_1, we can conclude
that 3z < s8(x,7,2)) € I1,,_1(Coll,_1), i.e that exists a IT,,_1 formula x(x,7,s) such that

Colly—1 = Vx,7,5(x(x,9,5) ¢ 32 <s0(x,7,2)).  (2)
Since Coll,  Coll, 1 we have M F Coll,_1, and hence by (1) and (2),
M EVy(Vx < to(x,7) <> 3sVx < tx(x,7,9)).

The formula 3sVx < tx(x,7,s) is clearly %,, since x(x,7,s) is I1,_1, so we have then
that Vx < te(x,7) € £,(Coll,) as we wanted to show.

That IT,(Coll,) is closed under bounded quantification can be proved in a similar
way. O

We have used the collection axioms to prove that the classes X, I1,;, and A, are closed
under bounded quantification. But now we need to show that the collection axioms are,
in fact, provable in PA.

To do so, we will define a new theory called I%;, resulting from the axioms of PA™
and induction for all ¥, formulas. We can define also the theory III,; in a similar way.
Then PA is equivalent to [X; + I¥p + [X3 + ..., which is also equivalent to the theory
Tl 4+ Tl 4+ ITI3 4. . ..

Proposition 3.14. I, - Coll, for all n > 1. Hence PA + Coll.

Proof. We will prove it by induction on n. We will see first the induction case and then the
initial case.

For n > 2 let us suppose I%,,_1 - Coll,_1 and show that I>,; - Coll,. To prove this we
will assume M E %, ¢(x,7,2) € £, and 4,b € M such that

MEVx < b3ye(x,y,a)
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and show then that M F 3cVx < b3y < co(x, 7, a).

Since ¢(x,7,d) € X,, we can write it as 316(x,7,4,i) for 0(x,7,
L g-formula and hence Vx < b3yg(x,7,a) as Vx < b3y, ub(x,7,a,i)
to Vx < b3z60(x,z,a) for 6(x,z,a) € I1,_1 and z = .

Let us consider the formula

a,i) € I, 1 some
which is equivalent

P(u,a) := (3cVx < udz < cb(x,z,a)) Vu >b.

Since 6(x,z,a) € Il,_1, we can use the previous proposition and obtain then that
Vx < uVz < c0(x,z,a) € I1,_1(Coll,_1). By the induction hypothesis, we also have
Vx <uVz < cf(x,z,a) € 11, 1(I%,_1).

Notice that IX, F IX, 4, since X, 1 C %,, therefore (u,a) € X,(IX;). So we can
apply induction on .

Clearly M E (0,a), so there is only left to show that M F Vx(y(x,a) — ¢(x+1,a)).
Let us suppose M E (w,a) for w € M and prove then that M F ¢(w +1,a). We will
consider two cases:

1.Case MEw >b: Then MFw+1>band MF ¢p(w+1,a).

2. Case M F w < b: We shall show that M F JcVx < w+ 13z < cf(x,Z,4). Since
M E ¢(w,a), there is some v; € M such that M F Vx < w3z < v160(x,Z,a). Let us define
vy = max(z) + 1 and v = max(vy,v;). Since M F Vx < b3z0(x,z,4) and M F w < b, we
have found some v € M such that M F Vx < w + 13z < v0(x, z,a) as required.

We have seen that M F Yuy(u,a), so in particular, M F (b, a), which means that
M E 3cVx < b3z < cf(x,z,a) and hence M F 3cVx < b3y < co(x, 7, a).

Let us prove now the initial case, I%1 - Coll;. We will assume M F I, ¢(x,7,2) € X4
and 4,b € M such that M F Vx < b3j¢(x, 7, 4) to show that there is some ¢ € M such that
M E Vx < b3y < c(x,7,a). Since p(w,d) € L1 we can apply induction on ¢ as before
and obtain M F 3cVx < b3y < co(x,7,a). O

Now we will see that, in fact, collection is actually equivalent to PA over the theory
IAg, i.e. that PA is equivalent to the theory IAg + Coll. For showing this we will need two
previous lemmas.

Lemma 3.15. For each n > 0 we have I11,, + Coll, 15 - IX, 1.

Proof. For M such that M F II1, + Coll,,;», we want to show that M F IZ, .

To do so we will assume M F 0(0,4) AVx(6(x,a) — 6(x+1,a)) for some 0(x,7) € X, 41
and some 4 € M and prove that M F (b, a) for all b € M.

Since 6(x,d) € X,+1 we can write it as 3yy(x, 7,a) for (x,7,a) € I1, an L g-formula.
Let us define the formula

x(x,7,a) = ¥(x,7,a) VVi-y(x,z,a),

which can also be written as 3z (x,z,a) — P(x,7,4).

The negation of a formula I1, is X, so —¢p € X,. If we add the quantifier we have,
Vz=y(x,z,a) € I1, 41 and hence x € IT,11 C I, 2. So we can apply collection to yx, since
M E Coll, 5.
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Notice that M F 3iyx(x,7,a), in particular M F Vx < b+ 137x(x, ,4) for any arbitrary
b € M, and by the collection axiom, M F 3cVx < b+ 137 < cx(x,7,a). So thereisac € M
such that
MEVx <b3y < c(3z¢(x,z,a) — (x,7,a)).

Reordering the formula we obtain that there is some ¢ € M such that
MEVYx < b(3yy(x,7,a) — 37 < cp(x,7,d)).

Since the other implication is clearly true, there is some ¢ € M such that
MEVYx < b(3yy(x,7,a) < 37 < cp(x,7,4a)).

Let us define a formula ¢(x,c,a) := 37 < cy(x,7,a). From the hypothesis follows
that M E 0(0,a) AVx(0(x,a) — 0(x+1,4)) and since M F 6(x,a) < Iyy(x,7,a) and
ME ¢(x,c,a) <> 37 < cp(x,7,a) we have

ME ¢(0,c,a) ANVx < b(e(x,c,a) = ¢(x+1,c,a)).

The formula ¢ is clearly I1; and since M F II1,, we can apply induction up to b to ¢,
obtaining so M F Vx < bg(x,c,a). In particular, M F ¢(b,c,a) and hence M F 6(b,a) as
required. O

Lemma 3.16. For all n > 0 we have 1%, & IT1, and IT1,, b I%,,.

Proof. To prove I11, - IX, we will assume M F II1, and show M F IX,. To do so, let
¢(x,77) be a X, formula and @ € M such that

ME ¢(0,a) ANVx(@(x,a) — @(x+1,a))

and prove then that M & ¢(b,a) for each b € M.
We will assume the opposite, i.e that there is some b € M such that M = —¢(b, ), to
arrive to a contradiction. Let us define the formula

P(x,b,a):=x>bV(x<bAVy(y+x=0b— —-¢(y,a)))

which is I, as —¢ € I1,,.

Notice that M F ¢(0,b,a), since M F —¢(b,a), 0 < band M F y+0 = b only
if M F y = b. By the initial assumption of M F Vx(¢(x,a) — ¢(x +1,a)), we have
MEVx(p(x,b,a) - ¢p(x+1,b,a)) and therefore

ME¢(0,b,a) ANVx(p(x,b,a) — p(x+1,b,a))

Since M F II1, and ¢ € IT, we can deduce that M F Vxy(x, b, a) by applying induction
to the formula ¢. In particular, M F (b, b,a) and hence M = —¢(0,a), contradicting so
ME ¢(0,a) AVx(p(x,a) — ¢(x+1,a)).

To prove I%.,; - ITI, we shall follow the same arguments but considering ¢(x, b, a) as
x>bV(x<bA3y(y+x=bA-¢(ya))). O
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Theorem 3.17. PA is equivalent to 1Ay + Coll.

Proof. To show that PA is equivalent to IAg + Coll, we need to prove both directions,
PA F IAg+ Coll and IAy + Coll + PA.

PA + IAg + Coll follows from proposition 3.14. So there is only left showing that
IAg + Coll = PA. Since PA is equivalent to IX + [Xp 4 X3 + ... it will be enough to show
that IAg 4 Coll,, 11 = IX, for all n € IN. We will do it by induction on n.

The initial case is clearly true since I¥; is equivalent to IAg. Let us suppose now
that IAg + Coll, 1 F IX,; and show IAg + Coll,1o F IX, 1. By lemma 3.16 we have
IAg + Coll, 41 F IT1, and by lemma 3.15, IAg + Coll, 11 + Collyyp = IZ)41.

Since Coll, > + Coll, 1 we can omit Coll,,1 and obtain [Ay + Coll,1» F X, as
required. O

Notation 3.18. We denote {L, !¢ a ¥, L 4-formula}, with ¢ a ¥, formula in the strict
sense, which means ¢ in X, form, not equivalent to a ¥, formula, by LY, and similarly
{Lyl @ alIl, L -formula}, with ¢ a IT, formula in the strict sense, by LIT,,.

Proposition 3.19. For all n > 0 we have LY, & 1%, & I11, < LI1,.

Proof. 1%, < II1, is proved by lemma 3.16. We will only prove LY, < II1,, since
the proof of LII, & I%, is similar. We can prove III, = L%, following the proof of
proposition 2.26, since if ¢ € X, then 6 € I1,. So there is only left to show that LY, = IIT,,.

Let M be an arbitrary model of PA such that M F LY, and show then that M F IT1,,.
For @ € M and for an L 4-formula ¢(x,7) € II, we will suppose that M F ¢(0,a) and
ME ¢(x,3) — ¢(x +1,a) and prove then that M F Vx¢(x,a). Let us assume that there is
some b € M such that M £ —¢(b,a) to arrive to a contradiction.

Since ¢(x,7) € I1, we have that —¢(x,7) € X,. By the least number principle there is
some d € M such that M F —¢(d,a) AVz < d¢(z,d), and M F —d = 0 since M F ¢(0,4a).
We can write then d = ¢ + 1 for some ¢ € M. As M F ¢ < d we also have M F ¢(c,a)
and by the hypothesis of M = ¢(x,d) — ¢(x +1,4) we can conclude that M = ¢(c +1,d)
arriving so to a contradiction. O

3.3 Extensions of L 4

In this section we will show how to extend a language and a theory by introducing
new symbols and its applications in the study of the complexity of formulas.

Definition 3.20. We say that an L g-formula ¢(x1,...,xy,y) is functional in PA if

PA - Vxy,...,x,3yp(x1,..., X0, Y).

Proposition 3.21. Foralln € IN, if ¢(x1,...,%Xm, ) € Ly is functional in PA, then ¢ is provably
Ay (PA).
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Proof. Let ¢(x1,...,%m,y) € X, be an L 4-formula and functional in PA, we have then
PAFVxy,...,xu3lye(x1, ..., xm,y) and hence,

PAFVz(mz=y — —@(x1,...,Xm,2)) <> ¢(X1,. .., Xm, Y).

Since the negation of a X, formula is a IT,, =¢(xq,...,Xp,y) € II, and therefore
Vz(—z =y — —@(x1,...,Xm,z)) € I1,. We have shown then that ¢(x1,..., Xy, y) is equiv-
alent to a formula I, so ¢(x1,..., %, y) is equivalent to both, a £, and a I1, formula, as
required. O

Definition 3.22. A function f : N™ — IN is provably recursive if there is a X1 functional
formula @(xq,...,%p,Yy) defining f in IN. In other words, if

f(ay, ..., am) = the unique b satisfying ¢(ay,...,am,b)
such that ¢(xq,...,%m,Yy) is functional in PA.

Let us extend the language £4 to £, = L4 U {F} by introducing a new function
symbol F, given by some provably recursive function f : N — IN defined by a X;
formula @f(x1,...,%m,y). Now we can extend the theory PA to a theory PA™ = PA + 0
where 0 is defined as Vx1, . ..,xmgof(xl, co X, F(x1, .00, xm)).

Our goal will be proving that for each £ 4'-formula x(y1, ..., yn) € E exists some L 4-
formula ¢(yy,...,yn) € XLy equivalent in PA*. The same will happen for I1,, formulas.
To show this we need four previous lemmas.

Lemma 3.23. Let t(yy,...,yn) be an L 4'-term. Then there is some functional ¥, formula of L 4,
Y(Y1,.--,Yn,y), such that PAT =t =y < v(y1, ..., Yn, y).

Proof. We will prove it by induction on t.
Case t = y1: We can define then (y1,y) as y; = y.
Case t = 0: Defining 9 (y) as 0 = y.
Case t = 1: Defining (y) as 1 = y.
Case t = t; + tp: By induction hypothesis there are some ¢y, §, € X1(PA) functional
formulas such that
PATEh =y & i1y, YY)
and
PATF =y Pa(yi, .- YnY)-

Let us define ¢(y1,...,Yn, ) as
3z, z2(P1(Y1, - Y 21) A2y, Yn 22) AY = 21 + 22)

and show then that ¢(y1,...,yn V) is £1(PA) and functional. Since ¢; and ¥, are func-
tional, z; and z, are unique, therefore y = z; + z; is also unique and hence ¥ functional.
The formula 1 is clearly X; because ¢; and ¢, are X;.

Case t = ty - t: We can prove it as before considering ¥(y1,...,yn, ) as

3z1, 22(P1(y1, - Yo z1) A2 (Y1, oo Yn 22) NY =21 - 22).
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Case t = F(t1,...,ty): By induction hypothesis there are ¢,... ¢, € X1(PA) func-
tional formulas such that

PAT =y < iy, yny)  for i=1,...,m.
Let us define ¢(y1,...,Yn, ) as

Fz1, o zm( Wiy, Y 2) A AP (Y1, - Y Zm) A (pf(z1,...,zm,y))

and show then that ¥(y1,...,yn,¥) is £1(PA) and functional. Since ¢,..., ¢, ¢y are
functional, z1, ...,z are unique, therefore y is also unique and hence ¢ functional. The
formula ¢ is clearly X because ¢y, ... m, ¢; are X. O

Lemma 3.24. Given t; = t1(y1,...,yn) and tp = to(y1,...,yn) terms of L4'. There is some
provably Ay L g-formula ¥(y1, ..., Yn) such that PAT =t =ty <> (y1,. .., Yn)-

Proof. By the previous lemma there are ¢1(y1,..., YY), Y2(y1,--.,Yn,y) € X1 functional
formulas of £ 4 such that

PATFy=ti 91y, ¥nY)

and
PATFy =ty < Pa(y2,..., YnY).

Let us define the formula ¢(y1,...,yx) as

Jy(r1(yr, - yn y) Ap2(Y1, -, Yny))

and show then that ¢(y1,...,yx) is A;. We can clearly see that (y1,...,¥n) € Z1. So thee
is only left to show that ¢(y1,...,ys) € I1j, which is true since

PAFY(y1,...,yn) < Vi, 22(01 (Y1, - - Y 21) A2 (Y1, - Yn, 22) — 21 = 2p).

Lemma 3.25. Given t| = t1(y1,...,yn) and ty = to(y1,...,yn) terms of L4'. There is some
provably Ay L g-formula ¥(y1, ..., yn) such that PAT =t <ty <> ¥(y1,...,Yn)-

Proof. Similar to the previous one, defining ¢ (y1,...,y») as
Hzllzz(zl < ZZ /\ lpl(]/lr .. -/]/nrzl) /\ 1,”2(]/11 . -,]/n/ZZ))~

To see that ¢(y1,...,yx) € I1; we will use that

PA + ¢(y1,,yn) > Vzl,ZZ(lle(yl,...,yn,Zl) A#)z(yl,. . .,yn,Zz) — 221 < Zz).
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Lemma 3.26. Given x(y1,...,Yyn) an L 4'-formula Ag. There is some provably Ay (PA) formula
of LAW(y1,--.,Yn) such that PAT =9 (y1,...,yn) < X(Y1, .-, Yn)-

Proof. We will prove it by induction on .

Case x := t; = tp: lemma 3.24.

Case x := t; < tp: lemma 3.25.

Case x(y1,---,yn) :== =X'(y1,--.,yn): By the induction hypothesis there is some prov-
ably A1(PA) formula of £ 4, ¥'(y1,...,yn) such that

PAT 4 (y1,-- - yn) < X (Y1, .-, yn)-

If we define ¥(y1,...,yn) as =¢'(y1,...,yn) we have a A;(PA) formula of £ 4 such that

PAT E (1, ..o yn) < X1, Yn)-
Case x(y1,---,yn) == x1(1,-- -, ¥n) AX2(y1,---,yn): By the induction hypothesis there
are some provably Aq(PA) formulas of L4 ¢1(y1,.-.,¥») and ¢2(y1, ..., Yx) such that

PAT = 1(y1,- - yn) < x1(W1, - Yn)

and

PAT = a(y1, -+, Yn) < X2(Y1, -+, Yn)-
Defining ¥(y1,...,yn) as x1(y1,---,Yn) N x2(¥1,...,yn) we have a Aj(PA) L 4-formula
such that PAY = (y1, ..., yn) < X(Y1, -, Yn)-

Case x(y1,.--,yn) := 3x < t(y1,-- -, Yn)X (V1, .., Yn, x): By the induction hypothesis
there is some provably A;(PA) formula of £ 4, ¥'(y1,...,Yn, x), such that

PA" ¢ (y1, -y X) < X' (Y1, Y X).

By lemma 2.18 exists a X; functional formula of £ 4, ¥¢(y1, ..., Yn, x), such that
PATFy=t< ¥i(yr,. ., ¥ny)-

Let us define ¢(y1,...,yn) as Ix, y(x < y Ay, -, Yn, X) AP (Y1, ..., yn,x)). Clearly
PAT E9(y1, ..o yn) < X1, Yn)-

Asboth, ¥¢(y1,...,yn,x) and ¥'(y1,...,yn, x), are X1 we have ¥(yq,...,yn) € Z1.

For proving that ¢(yy,...,y,) is also IT; it will be enough to show that it is equivalent
to the formula

Yy (r (i, -y y) = I <yd'(y1, ..., Y, X))

Proposition 3.27. Forall k > 1, given x(y1,...,yn) a Ek (or I1y) formula of L 4'. There is some
Ly (or ITy) formula §(y1, ..., Yn) of L 4 such that

PAY = (y1, .- yn) < X1, yn)-
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Proof. We will prove the case of x(y1,...,yn) being Xx. The other case is similar. Since
X1, ---,yn) is a Ly formula we can write it as

w1, Vo . 35X (Y1, - Yn X1, -, x5) if k even

or
31, Vo VaX (Y1, - Yn X1, -, x5) if ko odd

with X' (y1, ..., Yn, X1,--.,Xx) € Ao an L 4'-formula.

By the previous lemma, there is some £ 4-formula ¢'(y1,...,Yn, x1,...,X) and prov-
ably A; equivalent to x'(y1,...,Yn, X1,...,X¢). Since ¥ (y1,...,Yn,X1,..., %) is Ay there
are some equivalent £ 4-formulas X1 and I1;.

For k even we will replace x'(v1,...,Yn, X1, . .., X;) with the equivalent £ 4-formula ¥,
and for k odd, with the A;. Obtaining so, in both cases, an £ 4-formula X;. O

Remark 3.28. All statements will still be true if we extend the language adding more than
one function or a relation.



Chapter 4
Satisfaction

In this chapter we will show that PA can handle syntax and semantics adequately to
give a definition of truth in PA.

We will constantly define new functions, most of them used to code sequences, to
extend the language £ 4 to a language £ 4’ and the theory PA to a theory PA™". Because of
section 3.3, it will be important that all the new functions defined are provably recursive.

Notation 4.1. To introduce less notation we will use the same notation for the function
symbol as for the corresponding operation.

4.1 Coding sequences

We will start the chapter introducing a method for coding sequences of natural num-
bers. To do so, we need to define some previous concepts of arithmetic in PA.

Proposition 4.2. PAF Vx,y(—-x =0 — 3ld,r(y =x-d+rAr < x)).

Proof. Let M be an arbitrary model of PA.
To prove the existence we will define the formula

¢y) =Vx(~x=0— Id,r(y =x-d+rAr<x))

and use induction to show that M F Yy¢(y).

Clearly M F ¢(0), since for eacha € M witha #0, MF0=4a-0+0and M0 < a.

Let us suppose now M E ¢(w) and show that M = ¢(w + 1). Notice that M F ¢(w)
implies that for each b € M, with b # 0, exist some ¢,m € M suchthat MFw =b-c+m
and M F m < b. We want to prove that there are also some elements ¢/, m’ € M such that
MEa+1=0b-c+m and MEm' <b.

We will consider two cases:

1. ME m+1 < b: We can take ¢’ as c and m" as m + 1.

2 MEm+1=b: Wehave MFw+1=b-c+m+1,since MF w = b-c+m, and
then M F w+1 = b-c+b. By axiom 2.18, M F w+1 = b-(c+ 1) and we can choose
hence ¢’ =c+1and m’ =0.

21
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We have found in both cases some values for m’ and ¢’ such that M F m’ < b and
MEw+1=0bcd+m. SoME g(w) — ¢(w+1) and by induction M F Vye(y) as
required.

To prove the uniqueness we will suppose that there are dy,dy, 71,72 € M such that
MEdy-b+r=a, MEr <b MEdyb+ry=aand M FE r, < b for some a,b € M.
Since MEd{-b+ry =aand M F dy-b+ rp, = a we have

MEd|-b+r =dy-b+ry. (*)

Let us suppose M F di < dj to arrive to a contradiction. So there is some n € M
such that M E n > 0 and M F dy = di + n and hence we can follow from (*) that

MEdy-b+r = (d+n)b+ry. By axiom 218, M E di-b+r; =di-b+n-b+rp, so
MEr =nb+r. Since MEn >0, we have M F ry = n-b+rp iff r; > b, contradicting
the hypothesis of M Erq < b.

If we assume M F d; > d; we will arrive to the same contradiction. So necessarily
MhdlidzandMi:rlirQ. ]

Definition 4.3. Let M F PA and x,y € M. We define then the binary function that gives the
remainder on dividing y by x as

zst. Jw<ylxw+z=yANz<x), if x#0
rem(y,x) := ,
0 otherwise
or, which is the same, by the Ay L 4-formula
(v y,z) =[x =0NTFw<ylxw+z=yAz<x))V(x=0Az=0)].
We have then that
PAFrem(y,x) =z [(-x=0ANFw<ylxw+z=yAz<x))V(x=0Az=0)]

so the formula rem(y,x) = z is Ag(PA) and in particular X1 (PA). By proposition 4.2,
PA + Vx,y3'z(rem(y, x) = z). So by section 3.3, the function that gives the remainder is
a provably recursive function and we can add the symbol rem to the extended language
L.

Definition 4.4. Let M = PA and x,y,z € M. We say that x is congruent to y modulo z, and
denote it by x =y mod z, if they satisfy the three-place relation given by

x =y mod z <> (—z =0 Arem(x,z) = rem(y,z)).

Notation 4.5. We write x|y to say that x divides y.

Definition 4.6. Let M F PA and x,y € M. We say that x and y are coprime, and denote it by
coprim(x,y), if they satisfy the binary relation given by

coprim(x,y) <+ (x > 1Ay > 1AVu(u|x Auly = u =1)).
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Definition 4.7. We define the function B of Godel, B : N> — N as

B(a,b,i) := the least z s.t. z=a mod(b- (i+1) + 1).

Theorem 4.8. (Chinese remainder theorem) Given my,...,m,_1 € IN pairwise coprimes and
ag,...,a,_1 € N, there is some k € IN such that

k=a; mod m;  for each 0 <i <mn.

The Chinese reminder theorem is also provable in PA and we will use it to code a finite
sequence X, ..., x,_1 of elements of M, for M E PA. To do so, let us define m = c! for
c=max(n,xg,...,Xp_1)

Proposition 4.9. The sequence of numbers m +1,2-m +1,3-m +1,...,n-m + 1 is pairwise
coprime.

Proof. We want to show that M F coprim(i-m +1,j-m+1) for 0 < i < j < n. Let us
assume M F u|(i-m+1) and M F u|(j-m+ 1) for some u € M and prove then that
MEul. ¥MEu|(i-m+1)and ME u|(j-m+1) we have M E u|((i-m+1) — (j-m+1))
and hence M F u|(i — j)- m.

Sincei—j < n < cand m = c! we have M F (i —j)|m and then M F u|m. So as
MFulimand MF ul|(i-m+1), ME u|(i-m— (i-m+1)) and M F u|l as required. [

By the Chinese remainder theorem, we can find some k € M such that
B(x;,m,i) =k

for each i < n, and say then that the pair (k,m) codes the sequence X, ...,x,_1. Finally,
to reduce this pair to a single number we need to define a pairing function.

Definition 4.10. For M = PA we define the pairing function (,) : M x M — M as

(x, ) = (X+y+21)(X+y) +y

Remark 4.11. Notice that either 2|(x +y +1) or 2|(x +y), so 2|(x + y + 1) (x + y).

For each z € M exists a unique pair (x,y) with x,y € M such that z = (x,y) which
implies that PA F Vz3!x, y(x,y) = z. Moreover the formula (x,y) = z is clearly A, since

PAF(x,y) =z 2z=((x+y+1)(x+y)+2y).

So, the pairing function is provably recursive and we can add then the symbol (, ) to the
language £ 4.
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Lemma 4.12. PA proves the following:
(a) Vz3x,y(x,y) = z.
() Vx,y,u,0({x,y) = (u,0) > x =uAy=0o).

Proof. (a) Let M be an arbitrary model of PA and ¢(z) the formula 3x, y(x,y) = z. We will
show that M F Vz¢(z) by induction.

The initial case is clear, since M F (0,0) = 0.

Let us suppose now that M F ¢(w) for w € M and prove then that M F ¢(w +1). To
do so we will assume that exist some 4,b € M such that M F (a,b) = w and show that
there are also some ¢,d € M such that M F (¢,d) = w + 1. We will consider two cases.

1. Case M F a = 0: We have

(a+b+1)(a+D)

1=
w+ 5

+b+1=

(uznb+b+1:<b+Lm.

Sowecantakec=b+1and d =0.
2. Case M E a > 0: We have

(a+b+1)(a+b)
2

w+1= +b+1=

_(a=D+ )+ D@D+ O+ gy gy
2 b+1).

So we can choosec=a—1andd =b+1.

We have shown that M E ¢(0) A Vz(¢(z) = ¢(z+ 1)) and by induction we can con-
clude M F V¢(z).

(b) Let M be an arbitrary model of PA. We will start by showing that for a,b,c,d € M,
if MF (a,b) = (c,d) then MF a+b = c+d. To do so we will suppose MEFa+b <c+d
to arrive to a contradiction. f MFa+b<c+dwehave MEa+b+1<c+d. Then

<a’b>:(a+b+21)(a+b)+b<(aerJrzl)(aﬂLb)+a+b+1:
:(a+b+1)2(a+b+z)§(c+al)(c2+d+1):<cld>

and hence M F (a,b) < (c,d) contradicting so the hypothesis.

Assuming M F ¢ +d < a + b we would arrive to a similar contradiction. Therefore we
can suppose MEa+b=c+d.

Let us see now that M F b = d. We have

b= (a,b) (a+b+1)(a+Db) _(d) - (c+d+1)(c+4d) _4
2 2
Since MFa+b =c+d, also M F a = c as required. O

Notation 4.13. We will denote as z; the unique x € M such that z = (x,y) and as zg the
unique y € M such that z = (x,y).
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Proposition 4.14. PA proves the following:
(a) Vz(zp < 2)
(b)Vz(zg < z)

Notation 4.15. We will write z = (xo, ..., x,,_1) to say that z codes the sequence x, ..., X1
of elements of M using the function beta and the pairing function.

For any arbitrary model M of PA, given some z € M such that z = (xq,...,x,_1) we
can recover each x; with

x; =rem(zp,zr(i+1) +1).

Definition 4.16. Given z € M such that z = (xy, ..., x,_1) we define the binary function (z);
fori <mnas

(z); :=rem(zp,zr(i+1) +1)

or which is the same, as

(Z),‘ = ﬁ(ZL,ZR, l)

Proposition 4.17. PA proves the following:
(a) Vz,i3x(z); = x
(b) Vz,i(z); <z
(c) Yx3z(z)g = x
(d) Vx,i,z3w(Vj < i((w); = (2);) A (w); = x)

Proof. (a) By lemma 4.12 we have PA F Vz3!z;,zgr(z1,zr) = z and by proposition 4.2,
PA - Vx,y3!z(rem(x,y) = z), so it is clear that PA F Vz,i3!x(z); = x

(b) Notice that PA + Vx,y(rem(y,x) < y) and hence PA F Vz,i(z); < z;. So since
PA + Vz(zp < z) we can conclude that PA + Vz,i(z); < z.

(c) Let M be an arbitrary model of PA. We want to prove that M  3z(z) = a for each
a € M. Let us define z as (a,a), then (z)9 = rem(a,a+ 1) and hence M F (z)g = a as
required. O

The formula, (z); = x is clearly Ag(PA™) and hence, by section 3.3, A1 (PA). Moreover,
since PA F Vz,i3lx(z); = x, the function (z); is provably recursive and we can add its
symbol to the extended language £ 4.

For the rest of the section let M be an arbitrary model of PA.

Definition 4.18. For z € M, we define the length of the sequence coded by z as
len(z) := (2)o.

The formula len(z) = n is clearly Ag(PA") and hence Aj(PA). We also have that
PA E Vx3!n(len(x) = n). Therefore len(z) is a provably recursive function and we can
add the symbol len to the extended language £ 4.
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Definition 4.19. For z,i € M, we define the function
] (2)ip1 if i<len(z)
z];j =
l 0 otherwise
then PA 't [z]; = x <> (i > len(z) Ax =0) V (i < len(z) A (2)i41 = x).
As before, the function [z]; is also provably recursive and we can add its symbol to the

language £ 4.

Definition 4.20. For n € IN and xo, ..., x,—1 € M we define

(X0, ., Xy_1] := the least z s.t. len(z) =n A N ([z]; = x;).
i<n

For all n € N the function [xo,...,x,_1] is provably recursive, since we can write

[x0,..., Xy_1] =z as
len(z) =n A N ([z]i = x AVw < z(=len(w) =nV \/ =[w]; = x;)
i<n i<n

which is clearly Ag(PA™) and Aq(PA).

For the following definitions we will consider x,y € M such that x codes the sequence
[¥Jov -/ [¥liens)1 and. y the sequence [y]o, . [)iony) 1

Definition 4.21. For x,y € M we define the function

x*y:= the least z s.t. len(z) = len(x) + len(y)A

Vi < len(x)([z]i = [x];) AV < len(y)([2lien(x)+j = [¥])-

The idea is that x x y codes the sequence [x]o, - - ., [X] en(x)—1, [V]0, - - -/ [Y]sen
len(x xy) = len(x) + len(y).

Clearly the formula x * y = z is Ag(PA™), since all quantifiers are bounded, and hence
Aq(PA).

y)—1 of length

Notation 4.22. We can omit the parenthesis when using the operation *, since it satisfies
the associative property, i.e. PAF Vx,y,z((x xy) xz = x x (y x 2)).

Definition 4.23. For x,w € M, we define
x [w:= the least z s.t. len(z) = w AVi < len(z)([z]; = [x];).

The idea is that, if w < len(x), then x | w codes the sequence [x]o, ..., [x],_1 and, if
w > len(x), the sequence [x]o, ..., [X]jen(x)—1,0,...,0 of length n.
Once again, the formula x [ w = z is A1 (PA).

Definition 4.24. For x,y,w € M, we define
x[y|w] := the least z s.t. len(z) = max(len(x),w + 1)A

Vi<len(z)[(i=w— [z]; =y) A (=i =w — [z]; = [x]))].
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Intuitively, x[y|w] codes [x]o, ..., [X]w-1,Y, [X]w+1, -+ [X]jen(x)—1 if w < len(x) and the
sequence [x]o, .-, [X]jen(x)=1,0,--.,0,y of length w if w > len(x).
Notice that the formula x[y|w] = z is also A; (PA).

In fact, the last three functions are provably recursive, so we can add its symbols to
L.

4.2 Godel-numbering

Having shown how to code sequences of elements of any model of PA we are ready
to introduce the Godel-numbering and a method for coding strings ¢ = sp...s,_1 of
L 4-symbols.

The first step will be to assign a unique natural number v(s) to each symbol s of the
first order language £ 4. We will use the following table.

s 0 1 + - < = A VvV = F VY () vy
6 7

vis) |0 1 2 3 4 5 8 9 10 11 12 (13,i)

Remark 4.25. Notice that (13,7) > 13 for each i, so the value of v(s) is unique for each
L 4-symbol s.

Definition 4.26. We define #0 as the least x € IN coding the sequence v(sg), ..., v(Sy—1).

Definition 4.27. We define the formula GN(x)
Vi < len(x)([x]; <12V 3j < x[x]; = (13,/))A
Vw < x(=len(w) = len(x) v Ji < len(x)=[x]; = [w];)
to say that x is a Godel-number.

It is easy to check that GN(x) is Aj(PA). Moreover, any string ¢ has a unique Godel-
number #o.

Notation 4.28. We will use "¢ ' to denote the numeral of the Godel-number of a string o,

i.e. the numeral of #0.

Notation 4.29. We will write var(i) to denote [(13,1)].

4.2.1 Syntax

Now we are ready to give some syntactic notions in PA, such as the definition of the
Godel-number of a formula or a term.

To define the Godel-number of a term we need to introduce the previous formula
termseq(x). Given some x coding a sequence [x]o, ..., [X];n(x)—1 the formula termseq(x)
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says that for each i < len(x) the element [x]; is either the Godel-number of a constant
(0,1), of a variable or of the addition or product of two previous elements of the sequence.
In other words, it says that x codes a sequence where each element codes a step of the
construction of a term, following the rules given in chapter 1.

Definition 4.30. termseq(x) denotes the L 4'-formula
Vi <len(x){[x]; =707V [x]; =17V 3Jj < x([x]; = var(j))
V3jk <i([x]; =T [ T T [xgx) )
VI, k <id([x]; =TT [x]jx  [xe xT) )}
The formula termseq(x) is clearly Ag(PA™) and hence A;(PA).

Definition 4.31. We define the formula term(x) := 3y(termseq(y = [x])) to denote that x is the
Godel-number of a term.

The formula term(x) has an existential quantifier. To transform this quantifier into
a bounded one, we will define a provably recursive function g : IN — IN, given by a
Xy-formula ¢¢(x,y) and represented by the symbol bound, such that

PA™ + Vxgg(x, bound(x))

and
PA™ I term(x) <» 3y < bound(x)termseq(y * [x])

and add it to £ 4.

Definition 4.32. Let us define a function f : IN X IN — IN such that
f(m,n) := the least k such that len(k) = n and for all i < n [k]; = m.
Formally we define f as the function given by the formula

@p(m,n,x) = len(x) =nAVi < nlx]; =mAVz < x(=len(z) = nV I < n-z]; = m).

Lemma 4.33. PA - Vm, nﬂ!x(pf(m, n,x).

Proof. The uniqueness is proved by the definition of x as the least number.

To prove the existence we will define the formula (n) = Vm3x¢@y(m,n,x) and show
M E Vnip(n), for an arbitrary model M of PA, by induction.

Initial case: If we take x as 0 we have M F ¢(0).

Let us suppose now that M F (w) and prove that M E ¢(w +1). So assume that there
is some a € M such that M & Vmeg(m,w,a) to show that there is some b € M such that
M E Vmes(m,w +1,b). If we take b as a x [m] we have M F len(b) = len(a) +1 = w +1
and M F Vi < w+1[b]; = m for all m € M, since M E Vi < w[b]; = m by hypothesis and
M E [b]y = m by definition of b. So M F (w +1).

We have shown then that M F ¢(0) AVn(y(n) — ¥(n+ 1)) and by induction we have
M E Vnp(n) as required. O
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Since all quantifiers in ¢ are bounded, we have that ¢ is a Ag(PA™) formula and
hence A1(PA). By lemma 4.33, f is a provably recursive function.

Definition 4.34. Let us define now the function ¢ : N — IN as g(n) := f(len(n), n), given by
the formula gg¢(x, bound(x)) := @g(len(x), x, bound(x)).

This function is clearly provably recursive and therefore we can add the symbol bound
to the language £ 4.

Since PA™  term(x) <> 3y < bound(x)termseq(y  [x]), the formula term(x) is Ag(PA™)
and Aq(PA).

We have already defined the Godel-number of a term, now we will do similar for
formulas. As before, we will need to define a previous formula formseq(x) to define the
Godel-number of an £ 4-formula.

Definition 4.35. formseq(x) denotes the £ 4'-formula
Vi < len(x){3u,v < x[term(u) A term(v)A
(x; ="T(Mxux"="%0+x")TVxl; =" (Txux"<"xvx")7)]
VA < () = 7O [ £ A s s T))
Vaj <i([x]i =27« [x]))
v3j <idk < x([x]; = "3 xvar(k)  [x];) }

The formula formseq(x) has been constructed considering the different ways of build-
ing up a formula and is Ag(PA) since all quantifiers are bounded.

Definition 4.36. We define the formula form(x) := 3y(formseq(y * [x])) to denote that x is the
Gaodel-number of a formula.

We can show with the symbol bound(x) that form(x) € A1(PA), since

PA+ + form(x) <> Jy < bound(x) formseq(y * [x]).

Now we will define the Godel-number of X, and II,-formulas. Once again, we will
need to define the previous functions formsequ,(x), formseqs, (x) and formseqry, (x). Let
us start with the initial case Ay.

Definition 4.37. formsequ,(x) is the formula
Vi <len(x){3Ju,v < x(term(u) A term(v)A
(i ="(*u" =% ")V [x]; =T(Txux"<Txvx")7))
VEj,k < ([ = T [l AT s D)) V< ([ = T [x]))
v3j <idk,u < x(term(u) AVI < len(u)-[u]; = (13,k)A
[x]; =3 s ovar(k) « " (T« " (Txovar(k) « T<Txux ") Tk TAT % [x]j *M)M}
The formula formseqa,(x) is clearly Ag(PA™) and hence A;(PA).
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Definition 4.38. We define then the formula formp,(x) := 3s(formseqn, (s * [x]) to say that x
is the Godel-number of a Ay-formula.

The formula forma,(x) has an existential quantifier, but we can transform it into a
bounded one with the symbol bound, so the formula forma,(x) is also A (PA).

Notation 4.39. We also write formy, as formy, or formyy,.
With the initial case defined we can define now the cases ¥, and 11, by recursion.
Definition 4.40. For each n € N formseqs, , (x) is the formula
Vi < len(x){(formy, ([x];) Ni=0)
V(i >0A 3k < x([x]; = "3 *var(k) * [x];-1))}
and formseqry, , (x) the formula
Vi < len(x){(forms, ([x];) Ni=0)

V(i > 0A 3k < x([x]; ="V xvar(k) x [x];-1))}-
Definition 4.41. For each n € IN, we define the formula

formy, (x) := 3s(formseqy,, (s * [x])

to denote that x is the Gédel-number of a X, -formula and the formula

formyy, (x) := 3s(formseqyy, (s * [x])
to denote that x is the Godel-number of a 11,-formula.

Using the symbol bound we can also see that the formulas formseqs, (x), formseqry, (x),
formy, (x) and formyy, (x) are Aq(PA) for each n € IN.

4.2.2 Semantics

We have almost all the tools we need to give a definition of truth in PA.

The next step will be defining a function that gives the value of a term. To define this
function we will need the previous formula valseq(y, x,r), where y codes the assignation
of the variables, x an £ 4-term and r the values of each [x]; with the assignation y.

Definition 4.42. valseq(y, x,r) denotes the formula

termseq(x) Alen(r) = len(x) AVi < len(x){

([xli =0 A[r]; = 0) v ([x]; = 1A [r]; = 1) v 3j < x([x]; = var(j) Afr]; = [y]})V
Jj ke <i[x]; =T x]j o+ T T [xe kD) T[]y = [r]j 4 [rlr)V
Jj b <i[x]; =T [x]jx T T [xlie D) TA [r]; = [ [rle) 3

The formula valseq(y, x,r) is Ag(PA™) and therefore A1 (PA).
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Definition 4.43. Given x, the Godel-number of a term, and y coding a sequence, we define
val(x,y) = z <> 3s,r(valseq(y,s * [x],r * [z])) V (—term(x) Az = 0).

Intuitively, val(x,y) is the value of a term t(vy, ..., v;) coded by x when each variable
v; is given the value [y];. If i > len(y), we define [y|; = 0, so val(x,y) is a well-defined
function.

Proposition 4.44. The function val(x,y) is a provably recursive function, ie. the formula
val(x,y) = z is 1 (PA) and PA - Vx,y3!zval (x,y) = z.

Proof. It can be proved by complete induction in the variable x. O

Proposition 4.45. For any L 4-term t(vy, ..., vg),
PA + Vo, .. .,vk(f(’(}o, - ,Z)k) = ‘Uﬂl(l—tj, [’U(),. . .,Uk])).

Proof. We can prove it by induction in the construction of f.

Case t(9) = 0: Notice that PA F Voy,...,v(0 = val("07, [0, ..., v])). That is because,
in PA we can prove that exist r, s such that valseq([vy, . .., vg],s * [T07],7 % [0]), since we can
taker =5 =0.

Case t(7) = 1: Similar to the previous case.

Case t(7) = v;: We want to check that PA + Voy,...,0p(v; = val(Tv;7, [vg,...,vk])).
Again, that is because if we choose ¥ = s = 0, we have valseq([vy, ..., v, s [Tv; 7], 7 [v]).

Case t(3) = t1(3) + t2(7): From the induction hypothesis follows that

PA Yoy, ..., vx(ti(vo, ..., on) =0val("t;, [vo,...,v¢])) for i=1,2,
so, working in PA, we can find some values 1, 51,77, 55 such that
valseq([vo, ..., vk),si * [t 7], i [ti(vo, ..., vk)]) for i=1,2.
If we take s = s1 % [Tt | xspx [Tt "] and r = rq * [t1(vg, ..., 0k)] x 12 % [f2(v0, . . ., vk )], then
valseq([vg, ..., o], s* ["t7], 7 *[t(vo,...,v8)]).
Case t(3) = +1(0)- t2(0): Analog to the previous one. O

Now we have all we need to formalize a truth definition for formulas. We will start
with the truth definition for Ag-formulas, denoted by the formula Sata,(x,y).

We will need to define a previous formula satseqa,(x,t). In satseqa,(x,t) x codes the
construction of a Ap-formula and ¢ a sequence of triples (i,z, w) where i is the index for
the sequence x, z the assignation for the variables of the formula and w a truth value.

Notation 4.46. We will use 0 for false and 1 for true.
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Definition 4.47. satsequ,(x,t) is the formula
formseqa, (x) AVI < len(t)3i,z,w < t([t]; = (i,z,w) Ni <len(x) ANw < T)A

VI <len(t)Vi,z,w < t{[t]; = (i,z,w) —

Vu,u’ < x((term(u) ANterm(u') A [x]; =ux"="xu') —

(w =1+ val(u,z) =val(u',z)))A
Vu, u' < x((term(u) Aterm(u') A [x]; =ux"<"xu') —

(w=1< val(u,z) < wval(u',z)))A

Vik <i([x]; =T (M [x]j+"A x [x]p xT) T =
I, b < 1Bwy, wy < ([t = (j,z,w1) A, = (k,z,wa) A
(w=1w =1Awp, =1)))A
Vi <i([x]; ==k [x]; =
dl < 13wy < 1([t]11 = (jzzw) AN(w=1w; =0)))A
Vi < iVk,u < s((term(u) ANVm < len(u)=[u]y = (13,k)A
[x]; = "3 xvar(k) « " (T xvar(k) *T<Txux AT [x]; 7)) —
Vr < wval(u,z)3l < 13wy < 1([t]y, = (j, z[r[k], w1))A

(=16 Fr < val(u,2)3h < ([, = (K, 1))

Since the operation val(x,y) is provably recursive and the formulas formseqa,(x) and
term(x) are A (PA), we can see that the formula satseqa,(x,t) is Aj(PA).

Definition 4.48. Sata,(x,y) is the formula
3s, t[satseqa, (s * [x],t) A 3 < len(t)([t]; = (len(s),y,1))].

The idea is that given some x coding the construction of a Ap-formula and some ¢
coding a sequence of triples (i,y,w) as in satseqp,, the formula Sata,(x,y) denotes that
the formula is true with the assignation y.

The formula Sata,(x,y) is A1 (PA), but to prove it we will need two previous lemmas.
The first lemma states that the value of a bounded formula, in PA, only depends on the
information coded by y, that is, the assignation of the free variables. And the second one,
that all bounded formulas can be evaluated.

Lemma 4.49. PA - Vx,t,x',t',w,w'[satseqa,(x,t) Asatseqa, (x',t') A3l < len(t)31" < len(t')
Ji < len(x)3i’ <len(x")([x]; = [x]x A[t] = Gy, w) At]p = (i, y, ') = w=u].

Proof. It can be proved by complete induction on the variable x. O
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Lemma 4.50. PA = Vx,y[formseqa,(x) — 3s,t,w(satseqp,(s * x,t) A3l < len(t)[t]; =
(len(s), y, w))]

Proof. It can be proved by complete induction on the variable x. O

Theorem 4.51. The formula Sata,(x,y) is A;(PA) and PA proves the following:
(a) Satp,(r+"="xs,y) <> val(r,y) = val(s,y)
(b) Satp,(r*"<Txs,y) <> val(r,y) < val(s,y)
(c) Satpy("(Txux"ATxv ") y) > Satpa,(u,y) A Satp,(v,y)
(d) Satp, ("= xu,y) < ~Sata,(u,y)
(e) Sata, ("3 xvar(i) " (T var(i) * T<Txrx"ATxu")7,y)
< dx < val(r,y)Sat, (u, y[x|i])
forally,i,r,s,u,v.

Proof. We will only prove that Sat (x,y) is A1 (PA), since the other properties are straight-
forward.

From the definition of Saty, is clear that Sat (x,y) is X1 (PA), so we only need to show
that PA = Vx,y(sata,(x,y) <+ ¢(x,y)) for some ITj-formula . Let us define the formula

p(xy) as
formp,(x) AVt sVw < 1[(satseqp, (s * [x],t) AVI < len(t)[t]; = (len(s),y, x)) — w = 1].

We will show both directions separately. The direction PA & Vx,y(sata,(x,y) — ¥(x,v))
follows from lemma 4.49 and from PA - Vx(3s, t(satseqa, (s * [x],t)) — forma,(x)). While
the other direction, PA - Vx,y(y(x,y) — sata,(x,y)), can be proved with lemma 4.50.
We have seen that the formula Sata,(x,y) is equivalent to a ITj-formula in PA, so
Satp,(x,y) is Aq(PA). O

Proposition 4.52. For any Ag-formula 6(vy, ..., vg),

PA Yoy, ..., v[0(vo, ..., vk) <> Sata, (707, [vo, ..., vk])].
Proof. It can be proved by induction in the construction of 6. O
Notation 4.53. We also write Saty, as Saty, or Satyy,.

So we are finally prepared to give a truth definition for 3, and I1, formulas for all
n € N, denoted by the formulas Saty, (x,y) and Satyy, (x,y) respectively.

Definition 4.54. For n € IN, Saty,  (x,y) is the formula
forms, | (x)A

3s, t[len(t) = len(s) /\formseqznﬂ (S) A [s}len(s)fl =xA [t]len(t)fl =yA
Vi <len(s)(i >0 — Jk <s3z < ([s]; = "I xvar(k) = [s];_1 A [t];_1 = [t]i[z]k]))

ASatyr, ([s]o, [t]o)]
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and Satyy,  (x,y) the formula
form, (x)A

Vs, t[len(t) = len(s) A formsequy, ., (8) A [shien(s)—1 = X A [tien(ty—1 = YA
Vi <len(s)(i >0 — Jk <s3z < t([s]; ="V xvar(k) *[s];_1 A [t]i_1 = [t]i[z]K]))

ASats, ([s]o, [t]o)]-

Theorem 4.55. For each n > 1, Saty, (x,y) is £,(PA), Satry, (x,y) is I1,(PA) and PA proves
the following:
(a) Vs[forms, _ (x) — Vy(Sats,(x,y) < Satz, ., (x,y))
Vy(Satr, (x,y) < Sats, ,(x,y))
(b) Vs[formy, ,(x) — Yy(Sats, (x,y) <> Satry, ,(x,y))A
Vy(Satry, (x,y) < Satyy, , (x,y))]
(c) Vx,y,k(Sats, ("3 x var(k) * x,y) <> JzSats, (x,y[z|k]))
(d) Vx,y, k(Satyy, ("V 7 s var(k) * x,y) <> VzSaty, (x, y[z|k]))

A
]

Proof. Sats, (x,y) being ¥, and Satyy, (x,y) being I, can be proved by induction on n € IN.
The initial case follows from theorem 4.51.
The other properties are straightforward. O

Proposition 4.56. For any X,-formula 6(vy, ..., v) and any I1,~formula ¢(vy, ..., vg),
PAFVoy,...,v(0(v0, ..., v) <> Sats, (707, [vg, ..., vk]))

and
PAFVYoy,...,v(P(vo,...,05) <> Satr, ("¢, [vo, ..., v]))-

Proof. It can be proved by induction on n € IN. The initial case is given by proposition 4.52.
O



Chapter 5

Ryll-Nardzewski’s theorem

We are coming closer to our main objective. In this final chapter we will give the last
definitions needed to prove Ryll-Nardzewski’s theorem.

5.1 Definable elements

Let M be an arbitrary model of PA and A a subset of M.

Definition 5.1. An element b € M is definable in M over A iff there is an L 4-formula 0(x, )
and a tuple @ € A such that M 3!x60(x,a) and b is this unique element.

Notation 5.2. We denote the set of all elements of M definable over A as K(M; A). If
A ={ay,...,a,} is finite we can denote K(M; A) by K(M; ay, . ..,a,) and if it is empty, we
will denote it just K(M).

We want to show now that K(M; A) is the universe of a model that satisfies PA. We
will denote this model also as K(M; A). To show this, we will prove that K(M; A) < M.

Theorem 5.3. If M= PAand A C M then A C K(M; A) < M.

Proof. To show that A C K(M; A) it is enough to see that each a € A is definable over A
by the formula x = a.

Let us prove now that K(M;A) < M. To do so we will first show that K(M; A)
is a substructure of M. Clearly all elements of K(M;A) are elements of M and also
0,1 € K(M; A) since they can be defined by the formulas x = 0 and x = 1. Suppose now
some c,d € K(M;A) defined by the formulas 0;(x,a) and 60,(y,b) with a,b € A. Then
c+d and ¢ - d are defined by

Ju,v(01(u,a) AOy(v,b) Nz =u+0)

and
Ju,v(01(u,a) N6 (v,b) Nz =u-v).

Soc+d,c-d € K(M; A) and hence K(M; A) is a substructure of M.

35
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Now we will use Tarski-Vaught test to show that K(M; A) < M. To do so we will prove
that for each £ 4-formula ¢(x, 7) with 7 = (yo,...,yn) and each ¢ = (co,...,cn) € K(M; A)
such that M F Jx¢(x, ), exists some d € K(M; A) such that M F ¢(b,a).

Since ¢ € K(M; A) there is a formula #;(x, @) defining ¢; for each i € {0,...,n} and for
some @ € A. Then

ME 3%, g( A\ 7i(yi, @) A ¢(x,7))-
i=1

By the least number principle,
M EVj[Exg(x,7) — 32(¢(z,9) AVw < 229w, 7))]
and in particular,
ME Ixg(x,¢) = 3z(¢@(z,¢) ANVw < z=¢(w,7)).

Since M F Jx¢(x,¢), we have

n

M E 3z[Fg( N\ 7i(yi, a) A @(z,7)) AVw < 2V5( N\ 1i(yi, @) = —¢(w,7))].
i=1 i=1

Notice that the formula in square brackets defines an element d € K(M; A) such that
M E ¢(d, ), as required. O

Definition 5.4. For each complete consistent theory T extending PA with the language L 4, we
define the prime model for T as Kt = K(M) for M = T an arbitrary model.

With the next theorem we will show that the definition of Kt only depends on T and
not on the choice of M.

Theorem 5.5. Let T be a complete consistent extension of PA with the language £ 4 and N a
model of T. Then there is a unique elementary embedding h : K — N and the image of this
embedding is K(N).

Proof. Let us consider N and M such that NF T, M E T and Ky = K(M). Since Kt E T
and T complete, by Theorem 5.3 we have,

NE 3x0(x) & T+ 3Mx0(x) < K F Ixb(x)

for any £ 4-formula 0(x).

For each a € K7 let 6,(x) be a formula defining 2 in M and h : Kt — N the function
defined by h(a) = the unique element of N satisfying 6, (x).

Let us see now that & is an embedding.

o Injective: Let a,b € K7 such that a # b, then

T+ Vx, y(6a(x) A Oy(y) — —x = v)

and hence h(a) # h(b).
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® Respects addition: Let a,b € Kr and a + b = c in K7, then
THEYx,y,2(0,(x) NOp(y) NOc(z) = x+y =2z)

and hence h(a) + h(b) = h(c) in N.
® Respects product: Let a,b € Ky and a - b = c in K, then

TEVx,y,z(0.(x) NOp(y) NOc(z) = x -y =2z)

and hence h(a) - h(b) = h(c) in N.
® Respects order: Let a,b € Kt such that a < b, then

TEVx,y(0a(x) NOy(y) = x <y)

and hence h(a) < h(b).

Thus h is an embedding & : Kt — N. Let us see now that it is unique.

Let k : Kt — N be an arbitrary elementary embedding. Then for each a € K7, we have
K7 F 6,(x) and since k is an elementary embedding also N F 6,(k(a)). Moreover, since
T F 3!x6,(x) then N E 3!x6,(x). So k(a) = h(a) for all a.

There is only left to show that K(N) is the image of 1. We will prove both inclusions.

D: All elements of the image of & are clearly defined in N by the formula 6,(x).

C: Suppose b € K(N), then b is defined in N by some L 4-formula ¢(x). Hence,
N E 3lx¢p(x), so Kt F 3lxg(x) which means that there is some a € K7 such that Kt E ¢(a).
Since M F 6,(a) we have M F (0,(x) <> ¢(x)) and then N F (8,;(x) <> ¢(x)), so N F 0,(b)
and hence h(a) = b. O

Remark 5.6. Let T be the complete theory of IN, then the model Kr is precisely IN.

5.2 2, - definable elements

Let M be a model such that M E PA~ and A a subset of M.

Definition 5.7. For n > 1, we denote the set K"(M; A) as the elements in M defined by ¥,
formulas and a € A. In other words, the subset of M consisting of all b € M such that

MEO(b,a) AN\Vx(0(x,d) — x =Db)

for some 0(x, ) € X, and a € A.

Notation 5.8. As in the previous section, we denote K"(M; A) by K"(M;ay,...,a,) if
A ={ay,...,a,} is finite and by K" (M) if it is empty.
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Proposition 5.9. K"(M; A) is a substructure of M.

Proof. Clearly all elements of K"(M; A) are elements of M and also 0,1 € K"(M; A) since
they can be defined by the formulas x = 0 and x = 1. So there is only left to show that
b+ceK'(M;A)and b-c € K"(M; A) for each b,c € K"(M; A).

Let ¢(y,a) and ¢(z, ) be the ¥, formulas defining b,c € K"(M; A) respectively. Then
b+ c is defined by the formula 3y, z(¢(y,4) A ¢(z,d) Ax =y +z) and b - ¢, by the formula
Jy,z(e(y,a) AN(z,d) Ax =y -z), both X, formulas. O

Definition 5.10. For I a class of L s-formulas we say that N is a I'-elementary extension of M,
M =r N, iff M C N and for each L g-formula ¢ (%) € T and each a € M,

ME ¢(a) & N E ¢(a).

Lemma 5.11. Given some M = PA™ and an L g-formula ¢(x, ) such that:
(1) ME L.
(2) ¢(x,7) ANVu < x—=¢(u, %) € L.
(3) Forall a,b € K"(M; A), K" (M; A) F ¢(a,b) & M F ¢(a,b).

Then for all b € K"(M; A),

K'(M; A) E 3x¢(x,b) & ME Jx@(x,b).

Proof. We will prove the two directions of the implication separately.

=: This direction is clear from assumption (3) and proposition 5.9.

<: Letb = {by,..., b} € K"(M; A) be arbitrary and suppose M F Jx¢(x,b). Since
M E Ly, there is some ¢ € M such that

ME ¢(c,b) ANVw < c=g(w,b).

The formula ¢

(
ce K"(M; AUD

x,b) = ¢(x,b) A\Vw < x~¢(w,b) € ¥, defines ¢ in M over b, therefore
). Let us define then the formula

m

0(x,a) = N ni(yi, @) Ap(x,7)

i=0

with 7; € X, defining b; in M over A. The formula 6 is also X, and defines ¢ in M
over A. So ¢ € K"(M; A) and by assumption (3), K"(M; A) E ¢(c,b) which implies that
K"(M; A) F Ixg(x, b). O

Lemma 5.12. Letn > k > 1and M F IXy_q such that K"(M; A) =11, , M, then K"(M; A) =5,
M.

Proof. Let us assume M F IX;_q, K"(M; A) =<pj, , M and an L 4-formula ¢(7) € Xj and
show then that for any b € K"(M; A) we have

K" (M; A) E (b) & M E (D).
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Since () € Xy, we can write ¢ as 3¥¢(%,7) for some ¢(%,7) € IT_1. Let us define

then the formula
0(z,7) = 3% < z(X, 7).

This formula is IT;_4, since IX;_1 - Colly_1 and hence by section 3.2 the class IT;_; is
closed under bounded quantification.

Now we will verify that all assumptions of lemma 5.11 hold to show that for any
be K'(M;A), K"(M; A) E 3z0(z,b) & M F 3z60(z,b).

Assumption (1) holds by proposition 3.19 and assumption (3) follows from the hy-
pothesis of K"(M; A) =y, , M. So there is only left to show that

0(z,7) AN\Vu < z-0(u,j) € Xy,

which is true since the negation of a I'ly_; formula is ;_; and X;_1 C X,
We can assume now that K" (M; A) F 3z6(z,b) <& M F 3z0(z,b) for each b € K"(M; A).
Since 3z6(z, ) is the same as IX@(%, ), we get

K'(M; A) E (b)) & M E ¢(b)

for all b € K"(M; A), as required. O

Lemma 5.13. Given some M LAg then K"(M; A) <5, M.

Proof. We will prove it by induction in the construction of an £ 4-formula ¢(%) Ap. To do
so we will show that for all 2 € K"(M; A),

K'"(M; A) E ¢(a) & ME ¢(a).

Let us consider the following cases:

For ¢ an atomic formula it follows from K" (M; A) being a substructure of M.

Case ¢ := —¢ for some ¢ € Ay: We have K"(M; A) E ¢(a) iff K*(M; A) ¥ ¢(a) and
M E ¢(a) iff M ¥ ¢(a) for each a € K"(M; A). By the induction hypothesis, we can
conclude K"(M; A) ¥ ¢(a) & M ¥ ¢(a) and hence K*(M; A) E ¢(a) < M FE ¢(a).

Case ¢ = Ay for some §1,9» € Ap: We have that for each 2 € K"'(M; A),
K"(M; A) E ¢(a) iff K"(M; A) E ¢ (a) and K" (M; A) F ¢p(a) and M F ¢(a) iff M E p1(a)
and M F ¢ (a).

From the induction hypothesis follows then that K" (M; A) E ¢(a) < M E ¢(a).

Case ¢(z,7) := dx < zy(x,z,7): We will use lemma 5.11. Assumption (1) follows
from M F LAy and assumption (3) from the induction hypothesis. We just need to show
that ¢(z,7) AVu < z-¢(u, ) € L,, which is true since it is Ay.

So, by induction we can conclude that K" (M; A) <5, M. O
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Theorem 5.14. Letn > k> 1and A C M F IX;_q, then A C K"(M; A) =5, M.

Proof. To show that A C K"(M; A) it is enough to see that each a € A can be defined by
the formula x = a.

Let us prove now that K" (M; A) <y, M. We will do it by induction on k.

Initial case: M F IZy and hence M F LAg. So by lemma 5.13, K" (M; A) <, M, which
is the same as K" (M; A) =<r1, M. Therefore, from lemma 5.12 follows K" (M; A) =5, M.

Let us do now the induction case. Assume it true for k = r and prove it for k = r + 1.
Forn > r+1and M E IZ, we want to show that K" (M; A) =5, M.

I¥, 1 CI¥,, s0 M F IX,_; and by the induction hypothesis K"(M; A) <5, M. Notice
that K"(M; A) =5, M is the same as K"(M;A) =p, M, so from lemma 5.12 we can
conclude K"(M; A) <5, M as required. O

r+1

Proposition 5.15. Let M be an L g-structure, if N C, M then N =5, M.

Proof. We will prove it by induction in the construction of an £ 4-formula ¢(%) Ag. We
need to show that for any 7 € IN,

NE ¢(a) & MFE ¢(a).

The cases ¢ := t; = tp and ¢ := t; < tp for t1(X) and £(X) L 4-terms are also clear,
since tq [ﬁ], ty [ﬁ] € IN.

Case ¢ := —¢ for some 1 € Ap: By the induction hypothesis N F ¢(a) < M F ¢(a),
so N # ¢(a) & M ¥ ¢(a) and hence N F ¢(a) & M F ¢(a).

Case ¢ := 1 A ¢ for some ¢, 9o € Ag: From the induction hypothesis follows that
N E ¢1(a) App(a) < M E ¢1(a) A ().

Case ¢(z,7) := Ix < zy(y) for some ¢ € Ag: Let us assume that M F Ix < by(a)
for some b, € N, i.e. there is some ¢ € M such that M F ¢ < b and M F ¢(a). By
the hypothesis of N C, M we have ¢ € IN and by induction hypothesis IN F (a), so
IN E ¢(b,a). The other direction follows from N C M and the induction hypothesis. [

Remark 5.16. K"(M; A) may be nonstandard.

For example, let us assume n = 1, A = @ and M F PA + 3xx(x) for some formula
X € Ao such that N F Vx—x(x). Such a formula exists as a consequence of Godel’s
incompleteness theorem. It is clear that K (M) contains the least element ¢ € M such that
M E x(c). Moreover since M F PA, we have N C, M and by proposition 5.15, N <, M.
Therefore, we can not have ¢ € IN, since otherwise N F x(c), contradicting IN F Vx—x/(x).
So ¢ € K!(M) is a nonstandard element.

Lemma 5.17. For M a model of PA, if K"(M; A) is nonstandard, n > 1 and A is finite (i.e
A = {a}), then K"(M; A) ¥ PA.

Proof. Let us define ¢(x,y) := Saty, (v, [a,x]) A Vz(Sats, (y,[d,z]) — z = x) and assume
K*"(M; A) E PA.
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For each ¢ € K"(M; A) there exists a formula 6(%) € X, defining ¢ in M over A. By
proposition 4.56 M F ¢(c,b) for some b € IN coding 0. We can say then that for each
c € K"(M; A) exists some b € IN such that M F ¢(c,b). Since ¢(c,b) is the conjunction
of a formula ¥, and a formula II,, in particular ¢ € X, 1. Notice that M F PA implies
M E I%,, so theorem 5.14 gives us K"(M; A) F ¢(c, b).

Thus for any nonstandard d € K"(M; A), which means d > IN, we have

K"(M; A) EVceab < de(c,b),
and by the least number principle, there is a least dy € K"(M; A) such that
K"(M; A) E Ye3db < dog(c, b).

This dy must be standard, since otherwise we could define w as dy — 1 and have then
w € K"(M; A) nonstandard and K" (M; A) E Ve3b < we(c,b), so dy would not be the least
one. But if dy € IN we will have dj finite, so the possible values for b will also be finite
and we would have a finite number of formulas defining an infinite numbers of elements,
which is impossible. So necessarily K" (M; A) ¥ PA. O

We have acquired now all knowledge required to prove Ryll-Nardzewski’s theorem
and conclude, as a corollary, that there is no finitely axiomatizable system equivalent to
PA.

Theorem 5.18. (Ryll-Nardzewski) No consistent extension of PA is finitely axiomatized.

Proof. Let us assume that there is a finitely axiomatized theory T of £ 4 such that PA C T.
Then all axioms of T are I, for some n € IN. Consider now a nonstandard model
M E T and a nonstandard 2 € M (i.e a > IN). Notice that M F I%,,_4, so by theorem 5.14,
K"(M;a) <5, M. Then, K"(M;a) E T and hence K" (M; a) F PA, contradicting lemma 5.17.

O



Conclusion

In this project we have presented a system enough for proving almost all statements
in IN, the system of Peano Arithmetic. We have learned how to measure the complexity
of a formula and given a definition of truth in PA. All this for proving Ryll-Nardzewski’s
theorem and coming to the conclusion of Peano Arithmetic not being finitely axiomatizable.

But in addition to this conclusion, from this project I also learned the importance of
being rigorous. Personally, I really enjoyed writing chapter 4, since it was a challenge for
me; writing it as plain as possible and choosing a clear notation was a really hard work.

Moreover, while doing this project I discovered the close relation between Model The-
ory and Arithmetic and how beautiful these fields can be. For this reason I have decided
to keep studying them next year.
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