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Universitat de Barcelona, Martí i Franquès 1, E08028, Spain

2Center for Theoretical Physics, Massachusetts Institute of Technology,
Cambridge, Massachusetts 02139, USA

3The NSF AI Institute for Artificial Intelligence and Fundamental Interactions
4Fermi National Accelerator Laboratory, Batavia, IL 60510, USA

5Jefferson Laboratory, 12000 Jefferson Avenue, Newport News, Virginia 23606, USA

(Received 15 February 2021; accepted 6 April 2021; published 29 April 2021)

The axial charge of the triton is investigated using lattice quantum chromodynamics (QCD). Extending
previous work at heavier quark masses, calculations are performed using three ensembles of gauge field
configurations generated with quark masses corresponding to a pion mass of 450 MeVand a single value of
the lattice spacing. Finite-volume energy levels for the triton, as well as for the deuteron and diproton
systems, are extracted from analysis of correlation functions computed on these ensembles, and the
corresponding energies are extrapolated to infinite volume using finite-volume pionless effective field
theory (FVEFT). It is found with high likelihood that there is a compact bound state with the quantum
numbers of the triton at these quark masses. The axial current matrix elements are computed using
background field techniques on one of the ensembles and FVEFT is again used to determine the axial
charge of the proton and triton. A simple quark mass extrapolation of these results and earlier calculations
at heavier quark masses leads to a value of the ratio of the triton to proton axial charges at the physical quark
masses of g

3H
A =gpA ¼ 0.91þ0.07−0.09 . This result is consistent with the ratio determined from experiment and

prefers values less than unity (in which case the triton axial charge would be unmodified from that of the
proton), thereby demonstrating that QCD can explain the modification of the axial charge of the triton.

DOI: 10.1103/PhysRevD.103.074511

I. INTRODUCTION

The triton (3H) is the simplest nucleus that undergoes
weak decay and as such is an important system with which
to investigate the Standard Model (SM) origins of nuclear
physics. While at the quark level the weak decay of the
triton is mediated by the weak interactions, it is the strong
interactions, described by quantum chromodynamics
(QCD), that dictate the embedding of quarks inside nuclei
and thus are key to the nuclear decay rate. A notable feature
of the β decay of the triton and other nuclei is a reduction of
the Gamow-Teller (isovector axial-vector) transition rate as
compared to that of the neutron; this reduction scales

approximately with the atomic number of the system, A, for
medium mass nuclei [1–4] and can be described phenom-
enologically by a reduction of the in-nucleus axial charge
of the proton or by the introduction of two-nucleon
interactions with the weak current [5]. For the triton, this
manifests as a suppression of the isovector axial matrix
element; analysis of precision tritium decay experiments
finds that the ratio of the axial charge of the triton to that of

the proton is g
3H
A =gpA ¼ 0.9511ð13Þ [6]. This deviation from

unity, and, more generally, the difference of the axial
charges of nuclei from that of the nucleon, is important
phenomenologically and is a key aspect of nuclear physics
to understand from the underlying SM. As well as probing
our understanding of nuclear structure, study of tritium β
decay is a very promising avenue through which to improve
constraints on neutrino masses [7–10]. Careful comparison
of decay measurements with theoretical predictions may
also reveal physics beyond that of the SM [11,12].
Moreover, nuclear effects in Gamow-Teller transitions
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are important for understanding neutrinoful and neutrino-
less double-β decay matrix elements and thereby for
sensitive searches for lepton number violation [13].
The half-life of tritium, t1=2, is related to the

Fermi (hFi) and Gamow-Teller (hGTi) reduced matrix
elements through

t1=2 ¼
K=G2

V

ð1þ δRÞfV
1

hFi2 þ fA=fVg2AhGTi2 ; ð1Þ

where the constants K, GV , and δR are known precisely
from theory or experiment [14], fA;V denote known Fermi
functions [14], and gA ≡ gpA is the axial charge of the
nucleon. From the Ademollo-Gatto theorem [15], hFi ∼ 1
and is only modified at second order in isospin breaking
and by electromagnetic corrections. The Gamow-Teller
matrix element is less well determined and depends on the
isovector axial current

Aa
k ¼ q̄γkγ5τaq; ð2Þ

where q ¼ ðu; dÞT denotes a doublet of quark fields, γμ are
Dirac matrices, and τa are Pauli matrices in flavor space. In
particular, the Gamow-Teller matrix element is defined
from the zero-momentum projected current Ãa

k as

h3He; sjÃþ
k j3H; s0i ¼ Ūsγkγ5τ

þUs0gAhGTi; ð3Þ

where g
3H
A ≡ gAhGTi, Us is a relativistic spinor for the

nucleus spin component s ∈ fþ;−g, and τþ ¼ τ1 þ iτ2.
Equation (3) is valid for zero electron mass and vanishing
electron momentum.
Because of the low-energy scale of the β-decay process,

determinations of the axial charges of hadronic and nuclear
systems probe QCD in the nonperturbative regime; theo-
retical determinations must therefore be undertaken using
lattice QCD (LQCD), which is the only known systemati-
cally improvable tool for calculations in this regime. The
axial charge of the proton has been calculated using LQCD
for many years following the first studies in Ref. [16]; see
Ref. [17] for a recent summary of results. A first calculation
of the axial charge of the triton was presented in Ref. [18],
albeit at an SUð3Þ-symmetric point with quark masses

corresponding to a pion mass mπ ¼ 806 MeV. This work
extends Ref. [18] with calculations at quark masses that are
considerably closer to their physical values, corresponding
to mπ ¼ 450 MeV and a kaon mass mK ¼ 595 MeV [19].
At these quark masses, the infinite-volume extrapolated
Gamow-Teller matrix element is determined to be
hGTiL→∞ ¼ 0.938ð41Þ. Combined with the earlier work,
extrapolations of this result to the physical quark masses

leads to hGTi ¼ g
3H
A =gpA ¼ 0.91þ0.07−0.09 . These are the main

results of this work and show that the phenomenological
modification of the axial charge of the triton can be
reproduced directly from QCD.

II. LATTICE QCD DETAILS

The lattice QCD calculations presented in this work
make use of isotropic gluon configurations generated with a
Lüscher-Weisz [20] gauge action and Nf ¼ 2þ 1 flavors
of fermions implemented using a tadpole-improved clover
quark action [21]. All ensembles are generated using a
gauge coupling of β ¼ 6.1 and with degenerate up and
down quark masses corresponding to a pion mass of
mπ ¼ 450 MeV and a strange quark mass that corresponds
to a kaon mass of mK ¼ 595 MeV. Performing scale
setting using upsilon spectroscopy extrapolated to the
physical quark masses results in a lattice spacing of
a ¼ 0.1167ð16Þ fm. These configurations have previously
been used to study two-baryon interactions [19,22] and
further details are presented in Ref. [19]. Three different
lattice volumes are used, as shown in Table I.

III. SPECTROSCOPY AND INFINITE-VOLUME
EXTRAPOLATION AT mπ ∼ 450 MeV

In order to determine the ground-state energy of the
triton and 3He, which are degenerate for the isospin-
symmetric quark masses used in this calculation, two-point
correlation functions projected to zero three-momentum
are constructed using the methodology introduced in
Refs. [23,24]. The correlation functions are

Ch;sðtÞ¼
X
x

ΓðsÞ
βα hχðhÞ0α ðx;tÞχðhÞ†β ð0;0Þi for s∈fþ;−g; ð4Þ

TABLE I. Details of the ensembles of gauge field configurations used in this calculation and of the measurements performed on them.
In all cases, the gauge coupling is β ¼ 6.1, the tadpole-improved Sheikholeslami-Wohlert parameter is cSW ¼ 1.24931 [21], and the

bare light and strange quark masses in lattice units are amðbareÞ
ud ¼ −0.2800 and amðbareÞ

s ¼ −0.2450, respectively. Each ensemble
consists of Ncfg configurations on which a total of Nmeas measurements were made (slightly different numbers of sources were used on
each configuration).

Label L=a T=a L [fm] T [fm] mπL mπT Ncfg Nmeas

E24 24 64 2.80 7.47 6.390 17.04 2124 5.6 × 105

E32 32 96 3.73 11.2 8.514 25.54 2850 2.8 × 105

E48 48 96 5.60 11.2 12.78 25.49 980 4.7 × 104

ASSUMPTA PARREÑO et al. PHYS. REV. D 103, 074511 (2021)

074511-2



where Γð�Þ ¼ 1
4
ð1þ γ4Þð1� iγ1γ2Þ is a projector onto the

given positive energy spin component and χðhÞ0α and χðhÞα are
interpolating operators with the quantum numbers of the
hadron h ∈ fp; 3Hg. For the triton, the interpolating oper-
ator is built from three color-singlet nucleons that are
independently projected to zero three-momentum in
Eq. (4). The quark propagators used to construct the
correlation functions are computed using covariant gaus-
sian (APE) smeared [25] sources and point or APE smeared
sinks; the resulting correlation functions are referred to as
“SP” and “SS,” respectively.1 An advantage of using local
multihadron sources in this manner is that they can be
efficiently computed for light nuclei, such as the triton
using baryon block algorithms whose cost scales linearly
with the spatial volume [23]. A disadvantage of this
approach is that, since source and sink operators are
distinct, it is not possible to build a variational basis of
operators that would explicitly account for excited-state
contamination from unbound multinucleon states that have
small energy separations to the ground state for large
volumes. Similar issues arise in the two-nucleon sector,
and Ref. [22] discusses a number of consistency checks that
have been applied to two-nucleon results using multiple
interpolating operators on the same ensemble as used here.
Given tensions between two-nucleon ground-state energy
results with mπ ∼ 800 MeV obtained using products of
zero-momentum baryon sources [26,27] compared with
results obtained using local or approximately local two-
baryon sources [24,28], it will be important to pursue
variational studies of both the two-nucleon and three-
nucleon sectors, including operators overlapping with
bound and unbound states, in the future. However, multi-
nucleon variational studies require a large set of interpolat-
ing operators whose correlation functions are significantly
more costly to compute than those calculated here and are
deferred to future work. While here the focus is on the triton
and the nucleon, other single-hadron and two-baryon
systems have been studied using the same approach as
applied here, on the same ensembles of gauge field
configurations, as discussed in Refs. [19,22].
The ground-state triton energy and its difference from the

mass of three noninteracting nucleons are extracted in each
volume from analysis of the time dependence of C3H;�ðtÞ
and Cp;�ðtÞ using the same fitting methodology as applied
and detailed in Refs. [22,29]. For completeness, the
approach is summarized here. Provided that the temporal
separation of the source and sink, t, is larger than the extent
of the lattice action and small compared with the temporal
extent of the lattice geometry (t ≪ T), the correlation
functions are given by a sum of exponentials whose
exponents are determined by the energies of the eigenstates
of the given quantum numbers:

CSS0
h;�ðtÞ¼

XNex

n¼0

ZðhÞS
n ZðhÞS0�

n expð−EðhÞ
n tÞ for fS;S0g∈fS;Pg;

ð5Þ

where Nex excited states contribute to the sum, ZðhÞS=P
n

denotes the overlap factor of the corresponding interpolat-
ing operators onto the nth energy eigenstate, and thermal
effects arising from the finite temporal extent of the lattice
geometry have been neglected. Fits of the correlation
functions to Eq. (5) determine the ground-state energies

Mh ¼ EðhÞ
0 among the fit parameters; while correlation

functions for different propagator smearings have different
overlap factors, the energies are common and are thus fit
simultaneously. To quantify the systematic uncertainties
arising from the choice of source-sink separations t,
included in the fit, and of the truncation of the sum in
Eq. (5), 200 fit windows are sampled at random from the set
of all choices of contiguous time ranges longer than
tplat ¼ 6 and with final times less than tmax (defined by
the point at which the noise-to-signal ratio exceeds
tolnoise ¼ 0.25 for the given correlation function). For each
fit range, the Akaike information criterion [30] (AIC) is
used to perform model selection (i.e., fix the number of
exponential terms in the sum above). The truncation is set
as the largest Nex for which the change in AIC is
ΔAIC < −0.5Nd:o:f:, where Nd:o:f: is the number of degrees
of freedom of the fit. In each case, combined correlated fits
are performed to average correlation functions as well as to
Nboot ¼ 200 bootstrap resamplings of the correlation func-
tions using covariance matrices computed using optimal
shrinkage [31–33] and using variable projection (VarPro)
[34,35] to eliminate overlap factors. All fits with a
χ2=Nd:o:f: < tolχ2 ¼ 2 are included in a set of “accepted”
fits [accepted fits must also pass tests that the fit results are
(a) invariant to the choice of the minimizer that is used to
within tolsolver ¼ 10−5, (b) agree within a prescribed
tolerance of tolcorr ¼ 5σ with uncorrelated fits, and
(c) agree within a prescribed tolerance of tolmedian ¼ 2σ
to the median bootstrap result, as in Refs. [22,29]]. The
final value and uncertainties for the energy are then
computed from the results of all Nsuccess accepted fits using
a weighted average. The central value and statistical and
systematic uncertainties are computed as

Ē0 ¼
XNsuccess

f¼1

wfEf
0 ; δstatĒ0 ¼ δEfmax

0 ;

δsysĒ2
0 ¼

XNsuccess

f¼1

wfðEf
0 − Ē0Þ2; ð6Þ

where Ef
0 denotes the fit result from a given fit labeled by

f and wf is the associated weight. For each fit range, the

1For the L ¼ f24; 32; 48g ensembles, smearing parameters of
Nsmear ¼ f80; 35; 50g steps of smearing with Gaussian smearing
parameters ρ ¼ f3.5; 4.7; 3.5g were used.
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statistical uncertainties δEf
0 are computed using 67% con-

fidence intervals determined from the results of the Nboot
resampled correlation function fits described above; the
total statistical uncertainty is defined as the statistical
uncertainty of the fit fmax with maximum weight wfmax

.
The statistical and systematic uncertainties are combined
in quadrature to give a total uncertainty δĒ0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δstatĒ2

0 þ δsysĒ2
0

q
. Since each successful fit provides a

statistically unbiased estimate of the ground-state energy,
the relative weights wf of each fit in the weighted average
can be chosen arbitrarily (in the limit of large statistics)
[33]. Here, as in Refs. [22,29,33], the weights are set as

wf ¼ pfðδEf
0Þ−2PNsuccess

f0¼1
pf0 ðδEf0

0 Þ−2
; ð7Þ

where pf ¼ ΓðNd:o:f:=2; χ2f=2Þ=ΓðNd:o:f:=2Þ is the p value
of fit f assuming χ2-distributed goodness-of-fit parameters.
The resulting fitted masses are summarized for each

volume in Table II and the fits are shown graphically for the
proton in Fig. 1 and for the triton in Fig. 2. In each figure,
the effective mass functions

aMSS0
h ðtÞ ¼ ln

� P
s¼�C

SS0
h;s ðtÞP

s¼�CSS0
h;s ðtþ aÞ

�
ð8Þ

are shown for the SS and SP data along with the functional
form of best fits to the correlation functions and the final
result for EðhÞ

0 . The difference between the triton mass

and three times the proton mass, ΔE3H ¼ Eð3HÞ
0 − 3EðpÞ

0 , is
determined from the correlated differences of the fitted
energies computed under bootstrap. The results for this
quantity are also presented in Table II.
In the limit in which mπL is sufficiently large and the

pion mass is sufficiently small that the volume dependence
of the proton mass is described by p-regime chiral
perturbation theory (χPT), that dependence takes the
form [36,37]

MpðLÞ −M∞
p ¼ −

3g2A
8π2f2π

Kð0; LÞ − g2ΔN
3π2f2π

KðΔ; LÞ; ð9Þ

where fπ is the chiral limit pion decay constant and

KðΔ; LÞ

≡
Z

∞

0

dλβΔ
X
n⃗≠0⃗

½ðLjn⃗jÞ−1K1ðLβΔjn⃗jÞ − βΔK0ðLβΔjn⃗jÞ�:

ð10Þ

Here, L denotes the spatial extent of the lattice geometry,
Kn are modified Bessel functions, β2Δ ≡ λ2 þ 2λΔþm2

π , Δ
denotes the mass splitting between the nucleon and the Δ
baryon, and gΔN is the nucleon-Δ transition axial coupling.
The sum in Eq. (10) is over integer triplets excluding
n⃗ ¼ ð0; 0; 0Þ, and for Δ ¼ 0 the asymptotic behavior of
Eq. (9) is ∼e−mπL=L. While mπ ¼ 450 MeV is not in the
regime where chiral perturbation theory shows rapid con-
vergence for baryon properties, it has been found to
effectively describe the volume dependence of baryon
masses in this mass regime [38]. With the physical
values of gA ¼ 1.26, gΔN ¼ 1.4, fπ ¼ 132 MeV and
Δ ¼ 300 MeV, Eq. (9) is used to fit to the infinite-volume
proton mass from the masses determined on the three
volumes. This fit, displayed in Fig. 3, results in an infinite-
volume mass of M∞

p ¼ 1.2242ð12Þ GeV.2
Figure 3 also shows the difference between the triton

energy and the three-nucleon threshold for each of the three
volumes. Unlike for the proton, the form of the volume
dependence of the triton energy is not known analytically;
however, a numerical description can be found by matching
to finite-volume effective field theory (FVEFT). The
procedure of matching pionless EFT to LQCD results
for the binding energies of light nuclei using the stochastic
variational method has been demonstrated in Ref. [39]
using LQCD results with mπ ¼ 806 MeV. The same
procedure as detailed in that work is followed for the data
presented here, and further details of the FVEFT approach
used here are provided in the Appendix.3 The infinite-
volume extrapolation leads to an energy shift
ΔE∞

3H ¼ −32ð23Þ MeV. The FVEFT formalism is compat-

ible with both scattering states and bound systems and the
extracted energy suggests the state is not consistent with
three scattering nucleons. This leaves the possibility that it
is a compact three-body bound state or either a deuteron-
neutron or dineutron-proton scattering state, as the binding
energies of the deuteron and dineutron are 7.2(3.2) and 11.6
(3.6) MeV from the FVEFT extrapolation, respectively
(illustrated in Fig. 9 in the Appendix; note also that these

TABLE II. Fit results for the proton and triton ground-state
energies, as well as the difference ΔE3H ¼ Eð3HÞ

0 − 3EðpÞ
0 , deter-

mined in lattice units on each ensemble.

Ensemble aEðpÞ
0 aEð3HÞ

0 aΔE3H

E24 0.7258(29) 2.157(40) −0.024ð32Þ
E32 0.7236(8) 2.122(28) −0.054ð24Þ
E48 0.7261(16) 2.168(26) −0.012ð14Þ

2This is in agreement with the value M∞
p ¼ 1.226ð12Þ GeV

found in Refs. [19,22] from the same ensembles. Note that fits
using the values of the axial charges andΔ-nucleon mass splitting
determined at the quark masses used in the calculations give very
similar extrapolated values.

3As well as the EFT approach, recent generalizations of the
quantization conditions derived by Lüscher for two particles
relate finite-volume three-particle energies to the infinite-volume
three-particle scattering amplitude and constrain bound states
when present; see Ref. [40] for a recent review.
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results are consistent, within 1 standard deviation, with
those obtained from this data via Lüscher’s method in
Ref. [19,22]). While the latter cases of 2þ 1-body systems
cannot be ruled out, there is a strong preference (80%
likelihood, using the most conservative two-body binding
energies) that the state is a compact three-body system. In
what follows, this is assumed to be the case and the state is
referred to as the “triton.”
In Fig. 4, the resulting binding energy of the triton is

compared to the results of other calculations, including that
of Ref. [24] using the same action but heavier quark masses
corresponding to mπ ¼ 806 MeV. The extracted binding
energy is compatible with those of other calculations at
nearby quark masses [41,42], although no effort is made to
take into account the differences between the lattice actions

or scale-setting schemes that are used. Naive extrapolations
of the current result and that from Ref. [24] that are linear or
quadratic in mπ are consistent with the experimental value
for the binding energy of the triton, albeit with large
uncertainties. The strong evidence for binding at the other
masses shown in the figure and the assumption of smooth
behavior under variation in the pion mass provides addi-
tional support for the conclusion that the triton is a compact
three-body system at these quark masses.

IV. GAMOW-TELLER MATRIX ELEMENT
FOR TRITIUM β DECAY

To extract the axial charge of the triton, and hence the
Gamow-Teller contribution to tritium β decay, LQCD

FIG. 1. Left column: effective mass functions [Eq. (8)] for the proton correlation function on the E24 (top), E32 (center), and E48
(bottom) ensembles. The orange circles and blue squares show effective masses constructed from SP and SS correlation functions,
respectively, and the corresponding orange and blue curves display the highest-weight fit contributing to the weighted average of Eq. (6);
the light (dark) gray bands show the mass extracted from the weighted average (single highest-weight fit). Right column: masses
extracted from each successful fit to the correlators. The opacity of each point is set by the contribution of the fit to the weighted average.
The horizontal line and gray band in each figure correspond to the final result for the mass and its total uncertainty.
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calculations of matrix elements of the isovector axial
current in the triton and proton are performed using the
E32 ensemble. Only a single ensemble is used due to
computational cost and, for technical simplicity, the
flavor-diagonal matrix element h3HjÃ3

3j3Hi is studied and
is related by isospin symmetry to the tritium β-decay matrix
element. The resulting values are matched to FVEFT
to determine the relevant low-energy constants (LECs),
which are then used to predict the infinite-volume matrix
element.
To compute the finite-volume matrix elements, the

extended propagator technique discussed in detail in
Refs. [18,43–46] is used. This requires extraction of
hadronic and nuclear correlation functions at a range of
values of an applied constant axial field that couples to up
and down quarks separately. Extended quark propagators
are defined as

SðfÞλf
ðx; yÞ ¼ SðfÞðx; yÞ þ λf

Z
d4zSðfÞðx; zÞγ3γ5SðfÞðz; yÞ;

ð11Þ

where SðfÞðx; yÞ is a quark propagator of flavor f ∈ fu; dg
and λf is the strength of the applied field for the given
flavor. These quantities are calculated for five values of the
external field strength λu;d ∈ f0;�0.05;�0.1g in lattice

units. Two-point correlation functions Cðλu;λdÞ
h;s ðtÞ are con-

structed from these extended propagators using the same
contraction methods as for the zero-field correlation func-
tions discussed in the previous section. For clarity, the
smearing labels SS and SP are suppressed in this section.
The two-point correlation functions are polynomials in λf
of order nf, the number of quark propagators of flavor f in
the correlation function. With computations at nf different

FIG. 2. Effective mass functions and fit summaries for the fits of the triton correlation function on the E24 (top), E32 (center), and E48
(bottom) ensembles. All features are as in Fig. 1.
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field strength values, the terms in the polynomial can thus

be extracted uniquely [44] and are labeled as C
ðλf;0Þ
h;s jOðλkfÞ

and C
ð0;λfÞ
h;s jOðλkfÞ

for k ∈ f0;…; nfg. It is straightforward to

show [18,44] through insertions of complete sets of states
that an effective isovector axial charge function, which
asymptotes to the desired bare axial charge in the corre-
sponding hadronic or nuclear state at large temporal
separations, can be defined as

ghAðtÞ ¼ Rhðtþ aÞ − RhðtÞ →
t→∞

ghð0ÞA þOðe−δtÞ; ð12Þ

where the (0) superscript denotes that the charge is not
renormalized, δ is the energy difference between the ground

state and the first excited state with the quantum numbers of
the state h, and

RhðtÞ ¼
X
s¼�

ηs
Cðλu;0Þ
h;s ðtÞjOðλuÞ − Cð0;λdÞ

h;s ðtÞjOðλdÞ
2aCð0;0Þ

h;s ðtÞ
ð13Þ

for η� ¼ ∓1.
The effective charges in Eq. (12) are constructed from

sums of ratios of two-point functions whose time depend-
ence is each of the generic exponential form in Eq. (5). The
axial charges can therefore be isolated by fits to the time
dependence of the effective charge functions. These fits are
performed using an extension of the fit range sampling and
excited-state model selection procedure discussed above to
background field three-point functions (see Ref. [47] for
further details). The spectral representations for the OðλÞ
correlation functions appearing in Eq. (13) can be con-
structed as4

Cðλu;0Þ
h;s ðtÞjOðλuÞ−Cð0;λdÞ

h;s ðtÞjOðλdÞ

¼ aηs
Xt=a
τ=a¼0

X
n;m

ZðhÞ
n ZðhÞ0�

m e−E
ðhÞ
n ðt−τÞe−E

ðhÞ
m τghðm;nÞð0Þ

A ; ð14Þ

(a)

(b)

FIG. 3. (a) Mass of the proton as a function of the spatial extent
of the lattice geometry, along with the fit to this dependence via
Eq. (9). (b) The binding energy of the triton as a function of the
spatial extent of the lattice geometry. Gray squares correspond to
the binding energies determined in the LQCD calculations, while
the blue curve shows the finite-volume dependence in pionless
EFT fitted to the LQCD data. The blue point at the right indicates
the infinite-volume extrapolation of the binding energy. For
comparison, the binding energies of the pp (purple) and deuteron
(green) systems obtained via an analogous FVEFT study are
also shown.

FIG. 4. Binding energy of the triton as a function of the pion
mass. The current result is shown in blue, along with the result
obtained in a previous calculation [24] using the same action at
mπ ¼ 806 MeV. The results of Refs. [41,42] are shown in
orange. The physical value of the binding is shown as a red
star at the physical pion mass, as indicated by the vertical line.
Linear and quadratic fits in mπ to the blue data are shown as the
green and blue bands, respectively.

4The correlation function is defined in Euclidean spacetime,
and the sum over τ extends only over the temporal range
between the source and the sink because of the scalar isoscalar
nature of the vacuum (exponentially small contributions that are
suppressed by the mass of the lightest axial-vector meson are
ignored).
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where the prime on the second Z factor is included to
denote that, although smearings are suppressed in this
section, the overlap factors differ at the source and sink, and

the bare (transition) charge ghðm;nÞð0Þ
A is defined from the

corresponding matrix element as

hh; n; sjÃ3
3jh;m; s0i ¼ Ūn;sγ3γ5τ3Um;s0g

hðm;nÞð0Þ
A ; ð15Þ

where jh; n; si denotes states with the quantum numbers of
h and Um;s denotes the spinor for state m with spin s. This
can be used to derive a spectral representation for ghAðtÞ:

ghAðtÞ ¼
X
n

ZðhÞ
n ZðhÞ0�

n ghðn;nÞð0ÞA

� ðt=aþ 1Þe−EðhÞ
n ðtþaÞ

P
kZ

ðhÞ
k ZðhÞ0�

k e−E
ðhÞ
k ðtþaÞ

−
ðt=aÞe−EðhÞ

n t

P
kZ

ðhÞ
k ZðhÞ0�

k e−E
ðhÞ
k t

�
þOðaÞ; ð16Þ

where the OðaÞ contribution is detailed in Ref. [47] and
depends on excited-state transition matrix elements as well
as combinations of overlap factors not determined from fits
of two-point functions to Eq. (5). Notably, theOðaÞ term is
absent for a single-state correlation function model.
Multistate fits have been performed both with and without
theseOðaÞ terms and the AIC is used to determine whether
the OðaÞ terms should be included in the fit. For both the
triton and proton, this AIC test prefers the fit without OðaÞ
terms for all fit range choices. Combined fits of
1
2

P
s¼� Ch;sðtÞ to Eq. (5) and ghAðtÞ to Eq. (16) without

OðaÞ terms using both SP and SS interpolating operator

combinations are therefore used to determine EðhÞ
n , the

product ZðhÞ
n ZðhÞ0�

n , and ghðn;nÞA . For each fitting interval,

lnðEðhÞ
n Þ and ghð0ÞA ¼ ghðn;nÞð0ÞA are used as nonlinear opti-

mizer parameters with ZðhÞ
n obtained from Ch;sðtÞ using

VarPro as above and ghðn;nÞð0ÞA subsequently obtained from
ghAðtÞ using VarPro. Statistical uncertainties on the ground-
state matrix elements for each fit are obtained using
bootstrap confidence intervals, and a weighted average
performed analogously to the two-point function case
described above is used to determine the final ground-state
matrix element values and statistical plus fitting systematic
uncertainties. Results for the ground-state matrix elements

ghð0ÞA obtained using this fitting procedure for both one- and
three-nucleon systems are shown in Table III.

The quantities gpAðtÞ and g
3H
A ðtÞ constructed on ensemble

E32 for both SS and SP source-sink pairs are shown in
Fig. 5. Also shown are the values of the bare matrix
elements determined from fits to the time dependence of
these functions as discussed above. Table III displays the

extracted bare couplings ghð0ÞA as well as renormalized

couplings ghA ¼ ZAg
hð0Þ
A obtained by multiplying by the

appropriate axial current renormalization constant,
ZA ¼ 0.8623ð01Þð71Þ determined in Ref. [48]. The ratio

g
3H
A ðtÞ=gpAðtÞ, which at large times asymptotes to the GT

reduced matrix element hGTi ¼ g
3H
A =gpA and is independent

of the renormalization of the axial current, is shown in
Fig. 6 along with the value of hGTi that is extracted from
the fits to the individual axial couplings.
The FV three-body matrix element in Table III can be

used to constrain the leading two-nucleon axial current
counterterm of pionless effective field theory in the finite
volume. To do so, the approach developed in Ref. [49] is
followed, whereby EFT wave functions, determined vari-
ationally and matched to the LQCD spectrum computed in
the E32 volume, are used to evaluate the FVEFT matrix
elements of the EFT current:

Ai;a ¼
gA
2
N†τaσiN þ L1;A½ðNTPiNÞ†ðNTP̄aNÞ þ H:c:�

þ � � � ; ð17Þ

where gA is the single-nucleon axial coupling, and the
projectors

Pi ≡ 1ffiffiffi
8

p σ2σiτ2; P̄a ≡ 1ffiffiffi
8

p σ2τ2τa; ð18Þ

form spin-triplet and spin-singlet two-nucleon states,
respectively. The two-body counterterm L1;A is regulator
dependent, and in this work a Gaussian regulator scheme is
used with a scale Λ as discussed in the Appendix.
The ratio of the triton to proton matrix elements in

FVEFT is given by

TABLE III. Fit results for the bare, ghð0ÞA , and renormalized, ghA,
axial charges of the proton and triton as well as the corresponding
ratio to the axial charge of the proton. The statistical uncertainties
and fitting systematic uncertainties are combined in quadrature.
The fitting systematic uncertainties account for variation in the

choice of fit ranges and multistate fit models used to obtain ghð0ÞA
and the resulting correlated ratio of ground-state matrix elements
ghA=g

p
A as described in the main text.

h ghð0ÞA ghA ghA=g
p
A

p 1.399(9) 1.230(19) � � �
3H 1.332(40) 1.171(39) 0.953(30)
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2

gA

hΨ3H; s ¼ þjA3;3jΨ3H; s ¼ þi
hΨ3H; s ¼ þjΨ3H; s ¼ þi ¼

�
1þ L1;A

3gA
h3HðΛ; LÞ

�
;

ð19Þ

where jΨ3H; si is the wave function for the spin-s 3H state
and h3HðΛ; LÞ is the spatial expectation value of a regulated
form of A3;3 in the triton spatial wave function as detailed
in the Appendix. The ratio of LECs L̃1;A ≡ L1;A=gA is
determined by demanding that Eq. (19) for the E32 volume
reproduces the LQCD ratio of axial charges for 3H and for
the proton computed on that volume. This value of L̃1;A is
then used to compute the axial current matrix element in
variationally optimized triton wave functions for different
volumes, including the infinite-volume wave function that
allows the infinite-volume matrix element to be determined
(more details on this procedure are given in the Appendix).
While the counterterm L1;A is scheme and scale dependent,
the triton axial charge for any volume is scale independent.
Figure 7 shows the result of this matching procedure
and the volume dependence of the ratio of triton to proton
axial matrix elements. As expected from the deep binding

FIG. 5. The left panels show the proton and triton bare effective matrix element functions gpAðtÞ and g
3H
A ðtÞ, respectively, calculated on

the E32 ensemble. In each figure, the orange (blue) data correspond to the SP (SS) calculations and the corresponding shaded bands
illustrate the highest-weight fit. The light (dark) shaded gray bands denote the extracted values of the matrix elements arising from the
combined analysis (single highest-weight fit). The right panels show the values obtained for all the successful fits to different time
ranges, with the opacity determined by the contribution of the fit in the final weighted average. The horizontal line and gray band in the
right panels show the final central value and uncertainty.

FIG. 6. The effective ratio function g
3H
A ðtÞ=gpAðtÞ, constructed

through Eq. (12), which asymptotes to g
3H
A =gpA and is independent

of axial current renormalization. The orange (blue) data show the
SP (SS) correlation functions on the E32 ensemble and the
shaded band indicates the extracted value of the matrix element
(not a fit to the displayed data).
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of this system, the volume effects are small. The resulting

infinite-volume GT matrix element is hGTiL¼∞¼g
3H
A =gpA¼

0.938ð41Þ.

V. DISCUSSION

In order to connect to the physical quark masses,
the result for the ratio of triton and proton axial charges
described in the last section can be combined with
the previous determination of g

3H
A =gpA ¼ 0.979ð03Þð10Þ

in Ref. [18] at the SUð3Þ-symmetric point (where
mπ ¼ mK ¼ 806 MeV) using the same action and scale-
setting procedure. Tritium β decay has been investigated in
χPT in Ref. [50] (see Refs. [51,52] for related work in
pionless effective field theory) and so the mass dependence
of the ratio is in principle known. However, the quark
masses in the calculation of Ref. [18], and potentially in the
current work, are beyond the regime of applicability of
χPT. Additionally, for the three-body system of the triton,
the effective field theory results are determined numerically
rather than analytically. At present, the above discussion,
and the paucity of LQCD data, motivates extrapolation of
the axial current matrix element ratio with the phenom-
enological forms of linear and quadratic dependence on the
pion mass. The calculated GT matrix elements and both of
these extrapolations are shown in Fig. 8; the two fits result
in values of 0.90(8) and 0.92(6), respectively. Given the
model dependence of the forms used in this extrapolation,
the envelope of the extrapolated uncertainties is taken as the

extrapolated result, leading to g
3H
A =gpA ¼ 0.91þ0.07−0.09 .

While extrapolated to infinite volume and the physical
quark masses, these results are determined at a single lattice
spacing and QED and isospin-breaking effects are absent
and the uncertainties from these systematic effects can as
yet only be estimated. Lattice spacing effects are expected
to contribute to the matrix elements atOðaΛQCDÞ; however,

it is likely that there will be partial cancellations in these
effects between the proton and triton axial charges and a
full evaluation of this uncertainty will require further
calculations. The leading QED effects cancel in the ratio
of triton to proton axial charges and isospin-breaking
effects in gpA have been estimated as ≲1% [53,54]
and are assumed to be similarly small for the triton.
Exponentially suppressed FV effects due to virtual pions
are neglected in the pionless FVEFT formalism that has
been used. However, for the volumes and masses used in
this work and Ref. [18], e−mπL ∼ 10−4 so these effects are
expected to be negligible.
The axial charge of the triton is thus extracted from

lattice QCD for the first time in this work. The extrapolated
coupling ratio is in agreement with the phenomenological

value g
3H
A =gpA ¼ 0.9511ð13Þ [6] and thus this calculation

(a) (b)

FIG. 7. (a) Determination of the LEC ratio L̃1;A by matching the matrix element defined in Eq. (19), computed in the optimized
FVEFT wave function for the E32 volume, to the LQCD result in the E32 volume, which is depicted as the horizontal band. (b) The
FVEFT extrapolation of the ratio of triton to proton axial charges to infinite volume.

FIG. 8. Ratio of the axial charge of tritium to that of the single
nucleon as a function of the pion mass. The result from this work
and that of Ref. [18] are shown as the blue points while the
physical value [6] is shown in red at the physical pion mass
(indicated by the vertical line).
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demonstrates the QCD origins of nuclear effects in the GT
tritium β-decay matrix element. In the future, the two-body
pionless EFT currents that are determined using these
methods will also allow for calculations of the GT matrix
elements in larger nuclei and a more comprehensive
investigation of the QCD origin of the phenomenological
quenching of the axial charge.
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APPENDIX: FVEFT

Following Ref. [49], the stochastic variational method is
used to connect the finite-volume axial matrix element to its
infinite-volume limit in pionless EFT. The pionless EFT
Lagrangian relevant to the interaction of few-nucleon
systems is

L ¼ L1 þ L2 þ L3; ðA1Þ

where the strong interactions between nucleons arise from

L1 ¼ N†
�
iD0 þ

D2

2MN

�
N þ � � � ; ðA2Þ

L2 ¼ −CSðNTPiNÞ†ðNTPiNÞ − CTðNTP̄aNÞ†ðNTP̄aNÞ
þ � � � ; ðA3Þ

L3 ¼ −
D0

6
ðN†NÞ3 þ � � � ; ðA4Þ

where Pi and P̄a are the projectors defined in Eq. (18),MN
is the nucleon mass, and CS, CT , and D0 are the relevant
two- and three-nucleon LECs. The two-nucleon couplings
can also be expressed in terms of alternative LECs C0;1

through the relations

CT ¼ C0 − 3C1 and CS ¼ C0 þ C1: ðA5Þ

The n-particle nonrelativistic Hamiltonian correspond-
ing to Eq. (A1) is

H¼−
1

2MN

X
i

∇2
i þ

X
i<j

V2ðrijÞþ
X
i<j<k

V3ðrij;rjkÞ; ðA6Þ

where the integers fi; j; kg label the particle, rij ¼ ri − rj
denotes the displacement between particles i and j, and the
two- and three-particle potentials are given, respectively, by
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V2ðrijÞ ¼ ðC0 þ C1σi · σjÞgΛðrij; LÞ;
V3ðrij; rjkÞ ¼ D0

X
cyc

gΛðrij; LÞgΛðrjk; LÞ: ðA7Þ

Here gΛðr; LÞ includes the Gaussian smearing which is
used to regulate the interactions, and periodicity in the
finite spatial volume of extent L has been imposed in the
regulator:

gΛðr; LÞ ¼
Λ3

8π3=2

Y
α¼x;y;z

X∞
qðαÞ¼−∞

exp ð−Λ2ðrα − LqðαÞÞ2=4Þ;

ðA8Þ

where r ¼ ðrx; ry; rzÞ.
As described in Refs. [39,49], the stochastic variational

approach proceeds by the optimization of a two- or
three-body variational wave function defined in terms of
correlated Gaussian basis components to minimize the
expectation value of the Hamiltonian in Eq. (A6) and
converge to a representation of the ground-state wave
function. Since rotational symmetry is broken by the lattice
geometry, shifted correlated Gaussians are used [39].
Defining a trial wave function as a linear combination of
such shifted correlated Gaussians, the linear coefficients of
the terms are optimized by solving the generalized eigen-
value problem of the variational method; the approach
taken to optimization is as detailed in Ref. [49]. Given wave
functions optimized in the same volumes as the LQCD
calculations, the LECs CS, CT , and D0 of the pionless
EFT Lagrangian can be constrained by matching the
finite-volume energies to the LQCD results, with the
allowed range of LECs determined by a fit to the con-
straints from the three volumes. With the LECs fixed,

volume-extrapolated energies are obtained using wave
functions optimized at infinite volume.
Figure 9 shows the determination of the two-body LECs

from the LQCD results for the deuteron and dineutron
energy shifts in the three lattice volumes. The couplings are
regulator-scale dependent but the resulting energy shifts are
not; calculations with cutoff parameter Λ ¼ ffiffiffi

2
p

=r0 with
r0 ∈ f0.3; 0.4g fm result in indistinguishable results
from those with r0 ¼ 0.2 fm which are shown here. The
extrapolation to infinite volume using these couplings is
shown in Fig. 10. Figure 11 shows the same analysis of the
three-body system, determining the three-nucleon coupling
D0 and leading to the infinite-volume extrapolation pre-
sented in Fig. 3.

FIG. 9. Determination of the EFT two-body couplings, CS;T from the deuteron (left) and pp (right) energies. The horizontal bands
correspond to the energy shifts from the LQCD calculations on the E24 (blue), E32 (orange), and E48 (green) ensembles. The curves in
each figure show the FVEFT two-body energy shifts for L ∈ f24; 32; 48g (using the same color scheme) for the EFT cutoff parameter
r0 ¼ 0.2 fm [49]. The LECs are determined by a simultaneous optimization matching the LQCD constraints from all three volumes to
the corresponding curves; the results are shown as the red bands. To guide the eye, the intercept ranges of each band with the
corresponding curve are shown as the colored bars.

FIG. 10. Extrapolation of the deuteron (green) and pp (purple)
energies to the infinite-volume limit. Data points denote lattice
results (from Ref. [19]), displaced slightly horizontally for clarity,
while the shaded bands and infinite-volume points show the
result of the FVEFT extrapolation.
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Using the optimized wave functions, matrix elements of
the isovector axial-vector current can be computed for the
same finite volume as the LQCD calculations to fix the
corresponding LECs, and the extrapolation to infinite
volume can then be undertaken in the same manner as
that used for the binding energies themselves. The isovector
axial-vector current is expressed in pionless EFTas given in
Eq. (17) in the main text. In position space, the two-nucleon
contribution proportional to L1;A is implemented using the
same Gaussian regulator as for the potential, specifically

L1;A½ðNTðriÞPiNðriÞÞ†ðNðrjÞTP̄aNðrjÞÞ þ H:c:�gΛðrijÞ:
ðA9Þ

The optimized triton wave function corresponding to vol-
ume of the E32 ensemble is used to compute the finite-
volume axial matrix element in Eq. (19). Approximating the
triton wave function as a tensor product

jΨ3H; si ¼ jχsi ⊗ jψðr1; r2; r3Þi; ðA10Þ
the computation of the matrix elements separates into the
spin-isospin and spatial parts. The simplest spin-isospin
wave function for the spin-up component is given by

jχs¼þi ¼
1ffiffiffi
6

p ½jn↑p↑n↓i − jn↓p↑n↑i − jp↑n↑n↓i

þ jp↑n↓n↑i − jn↑n↓p↑i þ jn↓n↑p↑i�; ðA11Þ
with an analogous expression for the spin-down wave
function. The spatial part of thematrix element is determined
from the variationally optimized triton wave function and is
given by

h3HðΛ; LÞ ¼
R Q

kd
3rk

P
i<jgΛðrijÞjψðr1; r2; r3Þj2R Q

kd
3rkjψðr1; r2; r3Þj2

; ðA12Þ

where fi; j; kg ∈ f1; 2; 3g and ψðr1; r2; r3Þ is the position-
space representation of the spatial wave function of the
triton.
The LQCD ratio of the triton to proton axial couplings is

reproduced by tuning the LEC ratio L̃1;A ¼ L1;A=gA in
Eq. (19) as shown in Fig. 7. Having fixed this LEC ratio,
the infinite-volume matrix element is evaluated using the
infinite-volume variational wave function, and the volume
dependence is evaluated using wave functions optimized at
a range of intermediate volumes. Note that just as for the
LECs fCS; CT;D0g, the LEC ratio L̃1;A is determined in the
exponential regulator scheme, but the evaluated axial
matrix element itself is independent of the choice of
regulator.
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