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Abstract

The main goal of this work is to study two-sided matching markets where
money is not involved.

Matching theory is a branch of discrete mathematics that belongs to game
theory. This theory considers markets with two disjoint sets, such as men and
women, firms and workers or colleges and students. Each agent in a side has
preferences over the agents on the opposite side. Then, a matching is a set of
pairs formed by agents of different side.

The first chapter of this project introduces the college admission problem,
which is the model for a many-to-one two-sided market, where agents on one
side (students) can only be matched to one partner while the agents on the op-
posite side (colleges) may have several partners. Chapter 2 is divided into two
parts. The first one provides the theoretical basis to develop two-sided matching
theory, since the notions of stability and optimality for matchings are studied in
depth for the simplest case, that is, one-to-one matchings. The existence of stable
matchings, their properties and the structure of the set of stable matchings is an-
alyzed. The second part is focused on many-to-one matching problems, say the
college admission problem, to analyse which results of the one-to-one matching
carry over to the many-to-one matching. For many-to-one matching problems,
Chapter 3 shows us a different notion of stability and the way it is related to
the pairwise stability studied in Chapter 2. Chapter 4 is a real-life application of
the theory of matchings: students who graduate from medical schools in US are
typically employed as residents (interns) at hospitals, where they comprise a sig-
nificant part of the labor force. Here we are going to present the first algorithm
established by NIMP (National Intern Matching Program), which was the first
centralized clearinghouse introduced.

To finish, Chapter 5 introduces a new complication to the labor markets: the
presence of couples. Here the model is introduced and for the first time we we
are going to see that couples can cause the hospital-intern market not to have
any stable matching. We are going to see also that under some restrictions in the
preferences we can solve that problem.

2010 Mathematics Subject Classification. 91A40, 91B68



Introduction iii

Introduction

Matching theory is a branch of discrete mathematics that belongs to game
theory. We can situate its origin in the article of Gale and Shapley [1] followed
by Knuth’s book [5]. We will be concentrating on "two-sided matching markets"
without money. We consider markets with two disjoint sets, such as men and
women, firms and workers or colleges and students. Each agent in a side has
preferences over the agents on the opposite side. Then, a matching is a set of
pairs formed by agents of different side. This contrasts with commodity mar-
kets, in which the market price may determine whether an agent is a buyer or a
seller. Thus whereas the market for gold has both sellers and buyers, any partic-
ular agent might be a buyer at one price and a seller at another, so the market
is not two-sided in the sense we will speak of. As we will see later, stability is
an essential requirement for a matching, that is, no pair of agents prefer to break
their respective partnerships in order to be matched together.

Two mathematicians, D.Gale and L.Shapley [1] provide and algorithm, the de-
ferred acceptance algorithm, to obtain a stable matching for any such two-sided
market. Moreover, this matching is proved to be optimal for agents on one of
the sides of the market, while it is the worst stable matching for all agents of the
other side. Although they formalize the problem in terms of a one-to-one market
the real economic motivation is to face the college admission problem, in which
each student is assigned to only one college, but each college can receive several
students. This is a first example of market design, since they prove that the same
deferred acceptance algorithm provides a stable matching in this many-to-one
market. Knuth [5], who is also a mathematician, works on the lattice structure of
the set of stable matchings.

The labor market for medical interns

The internship was first introduced around the turn of the century as an op-
tional form of postgraduate medical education so that students comprised a sig-
nificant part of the labor force The number of positions offered for interns was,
from the beginning, greater than the number of graduating medical students
applying for such positions, and there was considerable competition among hos-
pitals for interns. During the 1940s, competition for medical students forced
hospitals to offer internships increasingly early, sometimes several years before
a student would graduate. In general, hospitals benefited from filling their po-
sitions as early as possible, and applicants benefited from delaying acceptance
of positions. Because of that, matches were made before students could produce
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evidence of how qualified they might become, and even before they knew what
kind of medicine they would like to practice. The market also suffered from
congestion: when an offer was rejected, it was often too late to make other of-
fers. In response to the failure of the US market for new doctors, a centralized
clearinghouse was introduced in the early 1950s. This institution is now called
the National Resident Matching Program (NRMP). On its website, this institution
has a very illustrative video about the matching algorithm it currently uses. To
see the video go to the next url: www.nrmp.org.

In the 80’s of the past century, Alvin Roth was asked to redesign the mechanism
to allocate medical students to hospitals. He discovered that, despite of being
different algorithms, the Deferred Acceptance Algorithm with hospitals propos-
ing outcome and the NIMP’s algorithm outcome are equivalent. In 1984, Roth [8]
proposes to change to the deferred acceptance algorithm with students propos-
ing, in order to obtain the best matching for students. Later, this mechanism
was slightly modified to consider other facts, such as the presence of couples of
doctors willing to be allocated to near hospitals.

The organization of this degree project

This project is organized into two major parts. Part I deals with the presenta-
tion of the model and the main results. The first chapter introduces the many-to-
one matching, that is known as the college admission and also the simpler one-
to-one markets known as marriage problem. Chapter 2 is divided into two parts.
The first one provides the theoretical basis to develop two-sided matching theory,
since the notions of pairwise stability and optimality for matchings are studied
in depth for the one-to-one matchings, analyzing the existence of pairwise stable
matchings, their properties and the structure of the set of stable matchings. The
second part is focused on many-to-one matching problems, say the college ad-
mission problem, to analyse which results of the one-to-one matching carry over
to the many-to-one matching. Chapter 3 shows a different notion of stability for
the college admission problem (or for many-to-one matching problems) and the
way it is related to the pairwise stability studied in Chapter 2.

Part II consists of two chapters. Chapter 4 is a real-life application of the theory of
matchings: students who graduate from medical schools in US are typically em-
ployed as residents (interns) at hospitals, where they comprise a significant part
of the labor force. Here we are going to present the first algorithm established
by NIMP (National Intern Matching Program), which was the first centralized
clearinghouse introduced. Chapter 5 introduces a new complication to the labor

www.nrmp.org
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markets: the presence of couples of doctors willing to be hired by near hospi-
tals. This fact is an externality that influences the market. Here the model is
introduced and for the first time we are going to see that couples can cause the
hospital-intern market to not have any stable matching. We are going to see also
that under some restrictions in the preferences we can solve that problem.

Finally, we include the Deferred Acceptance Algorithm code for the college ad-
mission problem in an appendix.

David Gale, who was one of the authors of the algorithm, died in 2008. The
Sveriges Riksbank Prize in Economic Sciences in Memory of Alfred Nobel 2012
was awarded jointly to Alvin E. Roth and Lloyd S. Shapley for their contributions
to the theory of stable allocations and the practice of market design.





Chapter 1

Two sided matching: the formal
model

To introduce the topic in a more gradual way let us first talk about the sim-
plest case: The marriage problem. The marriage problem is a particular case of a
two-sided matching market. In a two-sided market the agents are partitioned in
two disjoint sets. The data of these markets are just the preferences of each agent
over the agents of the other side. The output of this market is a matching, that is,
a partition of the agents in singletons and pairs formed by agents of different sets.

In this chapter we are going to focus on those markets where matchings are many
to one, specially the case of the two-sided market between hospitals and medical
interns. The main idea of this problem is that each medical student would like
to attend a hospital and has preferences over hospitals and the option of being
unmatched. Each hospital would like to recruit a maximum number of medical
students and has also individual preferences over them and the option to let a
position empty. In addition, they have preferences over groups of students.

The rules of the market are:

• Any student and hospital may sign an employment contract with each other
if they both agree.

• Any hospital may choose to keep one or more of its positions unfilled.

• Any student may remain unmatched if he or she prefers it.

There are an amount of variety of examples of these markets like those be-
tween students and colleges, medical interns and hospitals or workers and firms,

1



2 Two sided matching: the formal model

but for the presentation of the theory we will adopt the classical "college admis-
sions" terminology and refer to one side of agents as colleges and the other side
as students.

Let C = {C1, C2, ..., Cn} and S = {s1, s2, ...., sn} be two finite and disjoint sets
of colleges and students, respectively. Each student s ∈ S has preferences over
the colleges, and each college C ∈ C has preferences over the students.

We will assume these preferences are complete and transitive binary relations,
so they may be represented by ordered lists. For example

P(C) = s1, s2, C, s3, ...

denotes that s1 and s2 are acceptable students, that college C prefers to enroll s1

rather than s2 and that it prefers to leave a position unfilled rather than filling
it with any other student, making the other students unacceptable. Similarly we
can do the same with the students’ preferences.

We will write Ci >s Cj to indicate that student s prefers college Ci to Cj, and
Ci ≥s Cj to indicate that s likes Ci at least as well as Cj. Similarly si >C sj

compare the preferences of college C according its preference list.

Definition 1.1. College C is acceptable to student s if C >s s, and student s is
acceptable to college C if s >C c.

We will abbreviate preference lists just including the acceptable alternatives.

Definition 1.2. For each college there is a positive integer qC ∈ N which indicates
the number of positions the college offers, in other words, the maximum number
of positions it may fill. We call qC the quota of college C. When we denote a
particular college by Ci, we denote its quota by qi.

An outcome of the college admissions model is a matching between students
and colleges, such that each student is matched to at most one college, and each
college is matched to at most its quota of students. A student who is not enrolled
in any college will be self-matched, and a college that has some number of un-
filled positions will be matched to itself in each of those positions.
Before giving the formal definition of an outcome, we first define what is an
unordered family of a set.

Definition 1.3. For any set X, an unordered family of elements of X is a collection
of elements, not necessarily distinct, in which the order doesn’t matter.
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Definition 1.4. A matching µ is a function from the set C ∪ S into the set of
unordered families of elements of C ∪ S such that:

• |µ(s)| = 1 for every student s and µ(s) = s if µ(s) /∈ C.

• |µ(C)| = qC for every college C and if the number of students in µ(C), say
r, is less than qC, then µ(C) contains qC − r copies of C.

• µ(s) = C if and only if s is in µ(C).

Example 1.5. We will represent matchings as follows:

µ =

(
C1 C2 (s4)

s1, s3, C1 s2 s4

)

This matrix represents a matching at which college C1, which has a quota q1 = 3, is
matched with the students s1 and s3 leaving an unfilled position. College C2 with a quota
of one is matched with s2. The student s4 remains unmatched.

Since we have described the students’ preferences over colleges, we always
can compare two matchings from the students’ point of view. But, even though
we have described colleges’ preferences over students, each college with a quota
greater than one must be able to compare groups of students in order to com-
pare alternative matchings. To be able to compare groups of students we have to
introduce another concept.

Let P#(C) denote the preference relation of college C over all assignments µ(C)
it could receive at some matching µ. A college C’s preferences P#(C) will be
called responsive to its preferences P(C) over individual students if, for any two
assignments that differ in only one student, it prefers the assignment containing
the more preferred one.

Preferences of a college over groups of students are responsive when they simply
rely on the ranking this college has over the individual students. Below is shown
the formal definition.

Definition 1.6. The preference relation P#(C) over the set of students is respon-
sive (to the preferences P(C) over individual students) if, whenever µ′(C) =

µ(C) ∪ {sk}\{σ} for σ ∈ µ(C) and sk /∈ µ(C), then C prefers µ′(C) over µ(C)
(under P#(C)) if and only if C prefers sk to σ (under P(C)).

We will denote µ′(C) >C µ(C) to indicate that college C prefers µ′(C) over
µ(C) under its preferences P#(C). We will write µ′(C) ≥C µ(C) to indicate that
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C likes µ′(C) as least as well as µ(C). Note that C may be indifferent between
distinct assignments even if C has strict preferences over individual students.

By the definition of responsiveness, we can see that not all type of groups can be
compared based on the preferences over individuals P. For example if we sup-
pose a college with a quota of two, responsiveness does not specify if this college
prefers its first and fourth options instead of its second and third choices.

From now on, we will assume that colleges have preferences over groups of
students that are responsive to their preferences over individual students as well
as being complete and transitive, and that each agent’s preferences over alterna-
tive matchings correspond exactly to his or her preferences over his or her own
assignments at the two matchings.



Chapter 2

Pairwise stability

Some of the following results will depend on the assumption that agents have
strict preferences. Surprisingly, we will only need to assume that colleges have
strict preferences over individuals. We will see later that when colleges have
strict preferences over individual students, then they are not indifferent between
any groups of students assigned to them at a stable matching. Before defining
what a stable matching is we have to introduce some concepts.

Definition 2.1. A matching µ is individually irrational if µ(s) = C for some student
s and college C such that the student is unacceptable to the college or the college
is unacceptable to the student. This matching will also be said to be blocked by
the unhappy agent.

Definition 2.2. A college C and student s block a matching µ if they are not
matched to one another at µ, but would both prefer to be matched between
them than to their current assignments.
More formally, µ is blocked by the college-student pair (C, s) if µ(s) 6= C, C >s

µ(s) and s >C σ for some σ in µ(C).

Definition 2.3. A matching µ is (parwise) stable if it is not blocked by any individ-
ual agent or any college-student pair.

2.1 When colleges have quota one: deferred acceptance al-
gorithm (DAA)

In this section we will introduce the DAA for the college admission prob-
lem when all the quotas are one, that is no more than the deferred acceptance
algorithm for a marriage market.

5



6 Pairwise stability

Theorem 2.4. (Gale and Shapley [1])
For any college admissions problem where all the quotas are equal to one there always
exists at least one stable matching.

Proof: We are going to prove by constructing a stable matching with an iter-
ative procedure. We may assume without loss of generality that all preferences
are strict. The modification required in case some college or student is indifferent
between two or more possible mates is to introduce some fixed tie-breaking rule
when this happens. To start, let each college propose to its favourite student,
which is the first student on his preference list of acceptable students (remember
we are now assuming capacities are one). Each student rejects the proposal of
any college who is not acceptable to him or her, and each one who receives more
than one proposal rejects all but his or her most preferred of these. Any college
whose proposal is not rejected at this point is kept engaged. But we have to con-
sider that he could be rejected on other following step if this student receives a
better proposal.

At any step any college who was rejected at the previous step proposes to his
next choice, as long as there is an acceptable student to whom he has not yet pro-
posed. Each student receiving proposals rejects any from unacceptable colleges,
and also rejects all but his or her most preferred among the group consisting of
the new proposers together with any college he or she may have kept engaged
from the previous step.

The algorithm stops after any step in which no college is rejected. Students who
did not receive any acceptable proposal and colleges who were rejected by all
students acceptable to them, will be matched to themselves. The algorithm must
stop since there is only a finite number of agents, and no college proposes more
than once to any student. The outcome is a matching that is individually rational
since any college or student is ever assigned to an unacceptable partner. Now
we must see that this matching is stable. Since by construction of the algorithm
it is not blocked by individuals (colleges only propose to acceptable students ans
students always reject unacceptable colleges), let us see that the matching is not
blocked by a pair. If this happens, we can affirm that it is stable.

Suppose that the matching µ is blocked by a pair (C, s), then C prefers s to
his partner µ(C), s >C µ(C) and s prefers C to µ(s), C >s µ(s). So the college
C has had to propose s before its final matching µ(C) and been rejected. There
are two explanations to say why he or she has not accepted the proposal: C was
unacceptable to s or C was not preferred to his or her current partner. Either of
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them contradict that (C, s) is a blocking pair. Hence, the matching is stable. �

We call this algorithm a "deferred acceptance" procedure, to emphasize the fact
that students are able to keep the most preferred college at any step engaged,
without accepting it outright. The outcome of the DAA with colleges proposing
is denoted by µC and we write µS when students propose.

Let us see an example of the deferred acceptance algorithm, with colleges propos-
ing, to clarify how it works.

Example 2.5. Let C = {C1, C2, C3, C4, C5} and S = {s1, s2, s3, s4} with all quotas
equal to one and preferences

P(C1) = s1, s2, s3, s4 P(s1) = C2, C3, C1, C4, C5

P(C2) = s4, s2, s3, s1 P(s2) = C3, C1, C2, C4, C5

P(C3) = s4, s3, s1, s2 P(s3) = C5, C4, C1, C2, C3

P(C4) = s1, s4, s3, s2 P(s4) = C1, C4, C5, C2, C3

P(C5) = s1, s2, s4

First step: C1, C4, and C5 propose to s1 and C2 and C3 propose to s4; s1 rejects C4 and
C5 and keeps C1 engaged; S4 rejects C3 and keeps C2 engaged. We indicate this in the
following manner:

s1 s2 s3 s4

C1 C2

Second step: C3, C4 and C5 propose to their second choice, that is, to s3, s4 and s2,
respectively; s4 rejects C2 and keeps C4 engaged:

s1 s2 s3 s4

C1 C5 C3 C4

Third step: Since C2 is rejected by s4, it proposes to the second choice, s2, who rejects C5

and keeps C2 engaged:
s1 s2 s3 s4

C1 C2 C3 C4

Fourth step: C5 proposes to its third and last choice, s4, who rejects C5 and continues
with C4 engaged. Since C5 has been rejected by every acceptable student on his list, he
remains single, that is, matched with himself, and the stable matching obtained is:

s1 s2 s3 s4 (C5)

C1 C2 C3 C4 C5
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Now that we have already talked about the existence of stable matchings, let
us see if there is more than one stable matching and, in that case, if there is one
that is optimal from the point of view of the agents.

Definition 2.6. For a given college admission problem where all quotas are equal
to one (C, S, P), a stable matching µ is C-optimal if every college likes it at least
as well as any other stable matching, i.e., if for every other stable matching µ′,
µ ≥C µ′. Similarly, a stable matching ν is S-optimal if every student likes it
at least as well as any other stable matching, that is, if for every other stable
matching ν′, ν ≥S ν′

This notion of optimal stable matching for one side of the market will also
be valid for college admission problems with general quotas, once the notion of
stability is extended to that case.

Definition 2.7. An agent x is achievable for an agent y if µ(x) = y for some
matching µ stable.

Theorem 2.8. (Gale and Shapley [1])
When all college and students have strict preferences, there always exists a C-optimal
stable matching, and a S-optimal stable matching. Furthermore, the matching µC pro-
duced by the deferred acceptance algorithm with colleges proposing is the C-optimal stable
matching. The S-optimal stable matching is the matching µS produced by the algorithm
when the students propose.

Proof: Lets us remember that in this theorem we need strict preferences. Con-
sider the DAA with colleges proposing and let us see that no college is rejected
by an achievable student. Assume that up to a given step in the procedure no
college has yet been rejected by an achievable student. At this step, suppose stu-
dent s rejects college C. If he or she rejects C as unacceptable, then the student
is unachievable for the college, and we are done. If he or she rejects C in favor
of college C′ ,whom he or she keeps engaged, then, since preferences are strict,
C′ >s C. We must show that s is not achievable for C. We know C′ prefers s
to any student except for those who have previously rejected it, and hence are
unachievable for him. Consider a hypothetical matching µ that assigns C to s
and everyone else to an achievable mate. Then, again because of the strict pref-
erences, C′ prefers s to his mate at µ, s >C′ µ(C) . So the matching µ is unstable,
since it is blocked by the pair (C′, s), who each prefer the other to their mate at
µ. Therefore there is no stable matching that matches C and s, and so they are
unachievable for each other, which completes the proof.

We have just shown that, when all agents have strict preferences, in the DAA
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no college is ever rejected by an achievable student. Consequently, the stable
matching µC matches each college to his most preferred achievable student and,
hence, µC is C-optimal. Analogously, we can do the same with the students
proposing and proving that the matching µS is S-optimal. �

Moreover, the best stable matching for one side of the market will be the worst
for the opposite side.

Theorem 2.9. (Knuth)
When all agents have strict preferences, the common preferences of the two sides of the
market are opposed on the set of stable matchings, that is, if µ and µ′ are stable matchings,
then all colleges like µ at least as well as µ′ if and only if all students like µ′ at least as
well as µ, i.e., µ >C µ′ if and only if µ′ >S µ.

Proof: We must prove the two implications:

⇒) Let µ and µ′ be stable matchings such that µ >C µ′. We will prove that µ′ >S

µ. Suppose µ′ >S µ is not true. Then there must be some student s who
strictly prefers µ to µ′, µ >s µ′. This implies student s has a different mate
at µ and µ′. Since all stable matchings are individually rational, the fact that
the student s prefers µ to µ′ implies s is not single at µ, and consequently
there is a college C = µ(s). Since C also has strict preferences, (C, s) is a
blocking pair for the matching µ′. This contradicts the assumption that µ′

is stable. Consequently, µ′ >S µ, as required.

⇐) The proof is analogous by symmetry.

�

The following is a straightforward consequence of the above theorem.

Corollary 2.10. When all agents have strict preferences, the C-optimal stable matching
is the worst stable matching for the students; that is, it matches each student with his
or her least preferred achievable mate. Similarly, the S-optimal stable matching matches
each college with his least preferred achievable mate.

Related to the opposition of interests between the two sides of the market
we have just seen, is the lattice structure of the set of stable matching. In what
follows we are going to continue assuming that all agents have strict preferences.
Let us introduce some new concepts to describe this result. Due to the proper-
ties we have just described above we are going to be able to produce new stable
matchings from two given stable matchings.
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When preferences are strict we can define, for any two matchings µ and µ′, the
following function on the set C ∪ S: Let λ = µ ∨C µ′ be defined as

λ(C) = µ ∨C µ′ =

{
µ(C) i f µ(C) >C µ′(C)
µ′(C) otherwise

and

λ(s) =

{
µ(s) i f µ(s) <s µ′(s)
µ′(s) otherwise

for all C ∈ C and s ∈ S. We can observe that this function assigns each college
its more preferred mate from µ and µ′ and it assigns each student his or her less
preferred mate. Similarly, we can define the function ν = µ ∧C µ′, which gives
each college its less preferred mate and each student his or her more preferred
mate.

The next Theorem is presented by Knuth who attributes it to Conway.

Theorem 2.11. Lattice theorem (Knuth [5])
When all preferences are strict, if µ and µ′ are stable matchings, then the functions
λ = µ ∨C µ′ and ν = µ ∧C µ′ are both matchings. Furthermore, they are both stable.

Proof: First we show λ is a matching and after that we show that is is stable.
Obviously the proof is analogous for ν.

• To prove that λ is a matching suppose that colleges C and C′ are matched
to the same partner s according to λ , this is possible if (C, s) is a pair in µ

and (C′, s) is a pair in µ′. Then µ >C µ′ and µ′ >C′ µ. By Theorem 2.9 we
have that µ >s µ′ and µ′ >s µ, what is a contradiction.

• To prove that λ is stable assume on the contrary that λ is not stable. Then
the matching λ is blocked by a pair (C, s). This is s >C λ(C) and from the
definition of λ it follows that s >C µ(C), s >C µ′(C) and C >s λ(s). Since
either λ(s) = µ(s) or λ(s) = µ′(s), we have the blocking pairs (C, s) or
(C′, s) respectively, giving a contradiction with the fact that both µ and µ′

are stable.

�

Definition 2.12. A lattice is a partially ordered set L any two of whose elements
x and y have a "sup", denoted by x ∨ y and an "inf", denoted by x ∧ y. A lattice L
is complete when each of its subsets X has a "sup" and an "inf" in L.
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We have introduced the notation of lattice to verify what the lattice theorem
demonstrates, that the set of stable matchings is a lattice. That gives our set of
stable matchings an algebraic structure.

Theorem 2.13. When preferences are strict, the set of stable matchings is a lattice under
the common order of the colleges, dual to the common order of the students.

This is a particular example to make it clear.

Example 2.14. The lattice of stable matchings (Knuth)
Let C = {C1, C2, C3, C4} and S = {s1, s2, s3, s4} with preferences given by:

P(C1) = s1, s2, s3, s4 P(s1) = C4, C3, C2, C1

P(C2) = s2, s1, s3, s4 P(s2) = C3, C4, C1, C2

P(C3) = s3, s4, s1, s2 P(s3) = C2, C1, C4, C3

P(C4) = s4, s3, s2, s1 P(s4) = C1, C2, C3, C4

There are ten stable matchings where s1, s2, s3 and s4 are matched respectively to

C1, C2, C3, C4 (2.1)

C2, C1, C3, C4 (2.2)

C1, C2, C4, C3 (2.3)

C2, C1, C4, C3 (2.4)

C3, C1, C4, C2 (2.5)

C2, C4, C1, C3 (2.6)

C3, C4, C1, C2 (2.7)

C4, C3, C1, C2 (2.8)

C3, C4, C2, C1 (2.9)

C4, C3, C2, C1 (2.10)

Denote, for all i = 1,..., 10, µi as the matching described in (2.i). We can see that

µ2 ∨C µ3 = µ1 µ2 ∧C µ3 = µ4

µ5 ∨C µ6 = µ4 µ5 ∧C µ6 = µ7

µ8 ∨C µ9 = µ7 µ8 ∧C µ9 = µ10

We can graphically represent the set of stable matchings as lattices:
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2.1

2.22.3

2.4

2.52.6

2.7

2.82.9

2.10

a

2.10

2.92.8

2.7

2.62.5

2.4

2.32.2

2.1

b

Figure 2.1: Lattice

In the first lattice a matching µ is higher than another matching µ′ if and only if
µ >C µ′. On the other hand, a matching µ is lower than another matching µ′ if and only
if µ′ >C µ. That shows the opposing interests colleges and students have.

The figure illustrates how the common interests of colleges coincide on the set of stable
matchings, and how they conflict with the common interests of students. This coincidence
and conflict of interests is partial rather than total. There are stable matchings, such as
µ5 and µ6 in the example, such that some colleges and students prefer µ5, while the other
prefer µ6. But all colleges agree that µ4 is at least as good as either µ5 or µ6, which are
both at least as good as µ7. All students have the reverse preferences over µ4 and µ7.

Even though the next result is more focused in the hospital-interns market we
will continue with the ”college admissions” terminology in order to not to mix
them. In the theorem we are concerned about the particular group of agents who
remain single. In a next section it will be justified the name given to this theorem.

Until the end of the section, we follow the statements and proofs of Gale and
Sotomayor [3] [2].

Theorem 2.15. The rural hospital theorem (McVitie and Wilson [6])
In a college admission problem, in which all quotas are equal to one, with strict prefer-
ences, the set of agents who are single is the same in all stable matchings.

Proof: Let µC be the college optimal stable matching and µ another arbitrary
stable matching. Since µC is C-optimal, and because the preferences are strict,
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all colleges that are matched in µ are matched in µC, µ(C) ⊆ µC(C). Since µC is
the worst stable matching for students, all students that are matched in µC are
matched in µ, µC(S) ⊆ µ(S). But |µ(C)| = |µ(S)| and |µC(C)| = |µC(S)|. Hence,
the same set of colleges and students are matched in µC and µ. �

The next theorem, and the last one in this section, takes another look at the sense
in which the C-optimal stable matching is optimal for the colleges. We have al-
ready studied the sense in which it is as good a stable matching as the colleges
can achieve, but now we want to ask whether there might not be some other
unstable matching they would prefer. We will show there is no other matching,
stable or not, that all colleges prefer to µC. We will say that µC is weakly Pareto
optimal for the colleges. By symmetry, of course, the parallel result holds for µS

and the students.

Theorem 2.16. (Roth [7]) There is no individually rational matching µ (stable or not)
such that µ >C µC for all C ∈ C. [7]

Proof: For this proof we are using the deferred acceptance algorithm. If µ were
such that µ >C µC for all C ∈ C, it would match every college C to some student s
who had rejected it in the algorithm in favor of some other college C′. Hence all of
these students, µ(C), would have been matched under µC. That is µC(µ(C)) = C.
Hence all of C would have been matched under µC and µC(C) = µ(C). But since
all of C ∈ C are matched under µC any student who gets a proposal in the last
step of the algorithm at which proposals were issued has not rejected any accept-
able college, i.e. the algorithm stops as soon as every student s ∈ µC(C) has an
acceptable proposal. So such a student must be single at µ (since every college is
matched in µ to a student that rejected it in µC), which contradicts the fact that
µC(C) = µ(C). �

However, we are going to give an example to show that it can exist a match-
ing µ, unstable, such that µ ≥C µC for all C ∈ C with a student C′ ∈ C such that
µ >C′ µC. We will say that µC is not strongly Pareto optimal.

Example 2.17. (Roth [7]) Let C = {C1, C2, C3} and S = {s1, s2, s3} with preferences
given by:

P(C1) = s2, s1, s3 P(s1) = C1, C2, C3

P(C2) = s1, s2, s3 P(s2) = C3, C1, C2

P(C3) = s1, s2, s3 P(s3) = C1, C2, C3

Then, the C-optimal stable matching is

µC =
s1 s2 s3

C1 C3 C2
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Nevertheless, the matching

µ =
s1 s2 s3

C3 C1 C2

leaves C2 no worse than under µC, but benefits C1 and C3. We can see too that µ is not
stable since the pair (C2, s1) is a blocking pair.

When the preferences are not strict

Before moving on to the next section, let us take a look to what happens when
the preferences are not strict. We are giving some examples to see a couple of
properties that are lost.

Example 2.18. The C-optimal and the S-optimal matchings may not exist.
Let C = {C1, C2, C3} and S = {s1, s2, s3} with preferences:

P(C1) = [s2, s3], s1 P(s1) = C1, C2, C3

P(C2) = s2, s1 P(s2) = C1, C2

P(C3) = s3, s1 P(s3) = C1, C3

The only stable matchings are

µ1 =

(
s1 s2 s3

C2 C1 C3

)
and

µ2 =

(
s1 s2 s3

C3 C2 C1

)
but there are no optimal stable matchings since

µ1 >C3 µ2 but µ2 >C2 µ1

µ1 >s2 µ2 but µ2 >s3 µ1

Example 2.19. An agent may be single at one stable matching and not at another.
Let C = {C1, C2} and S = {s1} with preferences:

P(C1) = s1, C1 P(s1) = C1, C2, s1

P(C2) = s1, C2

There are two stable matchings:

µ1 =

(
C1 C2

s1 (C2)

)
and

µ2 =

(
C1 C2

(C1) s1

)
and in the first one C2 is single, while in the second one C1 is single.
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2.2 College admission with general quota

The deferred acceptance algorithm we presented previously for the marriage
problem can be modified for the college admission problem. This fact allows us
to carry over some results of the marriage market that are directly consequences
of the deferred acceptance algorithm. We are going to present these results giv-
ing the two versions and proving them when it is required.

However, it is not necessary to always go to the related marriage problem since
we can describe the deferred acceptance algorithm directly for the college admis-
sion problem. We give both versions of the deferred acceptance algorithm.

The algorithm with students proposing works as follows:

• Step 1: Each student s applies to her first choice college and each college
C ∈ C keeps the most preferred applicants up to its quota (if they are
acceptable) and rejects all other.

• Step k: Each student rejected in step k-1 proposes to her next highest choice.
Each college considers both new applicants and the students (if any) held
at the previous step, keeps the most preferred acceptable students up to its
quota and rejects all others.

• The algorithm stops when there are no new applications.

Let us see how it works with colleges proposing:

• Step 1: Each college C proposes to its most preferred students up to its
quota and each student s keeps the most preferred college among the ap-
plicants and rejects all other.

• Step k: Each college C such that its quota is not full in step k-1, that is,
C was rejected in step k-1 by at least one student, proposes to its next
most preferred students up to its quota. Each student considers both new
colleges and the college(if any) held at he previous step, keeps the most
preferred college and rejects all others.

• The algorithm stops when there are no new applications.

2.2.1 The related marriage problem

In this section we will see how to simplify the college admission problem and
the way this helps us to contrast which results of the one-to-one matching carry
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over to the many-to-one matching. Recall the marriage market is no more than
the special case of college admissions problems in which all colleges have a quota
of one.

Given a particular college admissions problem where C = {C1, C2, ..., Cn} with
quotas q1, q2, ..., qn respectively and S = {s1, s2, ..., sm}, we can construct a related
marriage problem (M, W, P):

• Divide each college Ci into qi different seats. Each sit has unit capacity and
ranks students according to Ci’s preferences over individuals. Hence, in our
new market there will be students and college positions, each of them of
quota one, that is, we replace Ci by qi positions of Ci denoted by ci,1, ..., ci,qi

• We assume that a student s for whom college Ci is acceptable strictly prefers
ci,1 over all the other positions of Ci, and so forth.

Doing this we solve the problem of the colleges’ preferences over groups of stu-
dents.

Let us see an example to make it clear.

Example 2.20. Consider the college admissions problem defined by C = {C1, C2} whose
quotas are q1 = 2 and q2 = 1 and S = {s1, s2}. The preferences are P(C1) = {s2, s1},
P(C2) = {s1, s2}, P(s1) = {C1, C2} and P(s2) = {C2, C1}. The stable matching given
by DAA when colleges propose is

µ =

(
C1 C2

s1 s2

)

We can also transform into the marriage problem with M = {c1,1, c1,2, C2} and W = S.
The respective preferences are P(c1,1) = P(c1,2) = {s2, s1}, P(C2) = {s1, s2}, P(s1) =

{c1,1, c1,2, C2} and P(s2) = {C2, c1,1, c1,2}. Therefore the stable matching when colleges
propose is

µ′ =

(
c1,1 c1,2 C2

s1 c1,2 s2

)
We can see that in the two cases the outcome is the same. College C1 enrolls student s1

and leaves a position unfilled and C2 enrolls s2.

If the preferences over individuals are strict, we have done a one-to-one cor-
respondence between matchings in the original college admissions problem and
matchings in the marriage problem. If the colleges’ preferences over students are
not strict , there can be more than one matching in the related marriage market
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corresponding to a given matching of the college admissions problem.

Assume the preferences are strict, with the above definition it is straightforward
to see that:

Lemma 2.21. A matching of the college admissions problem is stable if and only if the
corresponding matching of the related marriage market is stable.

This lemma together with the construction we did before allows us to affirm
some results of the college admissions problem without proving them, simply
considering them as equivalent to a marriage problem.

2.2.2 Some results of the marriage problem extend to college admis-
sion problem

In the previous section we saw the results for the college admission model
where all quotas are one, i.e., the marriage problem. We saw that there always
exist at least one stable matching. If this matching is produced by the deferred ac-
ceptance algorithm with college proposing then it is the C-optimal stable match-
ing. And, if students propose, it is the S-optimal stable matching. We finished
the section mentioning that the C-optimal matching is the worst matching for
students. Next, we are going to see this results for the college admissions model
with general quotas.

Existence and optimality

The first results we can extend from the marriage problem to the college ad-
mission due to Lemma 2.21 are the theorems of existence and optimality of stable
matchings.

Theorem 2.22. Existence (Gale and Shapley [1])

• Marriage model: A stable matching exists for every marriage market.

• College admissions model: For any college admissions problem there always exists
at least one stable matching.

Theorem 2.23. Optimality (Gale and Shapley [1])

• Marriage model: When all men and women have strict preferences, there always
exists an M-optimal stable matching, and a W-optimal stable matching. Further-
more, the matching µM produced by the deferred acceptance algorithm with men
proposing is the M-optimal stable matching. The W- optimal stable matching is the
matching µW produced by the algorithm when women propose.
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• College admissions model: When all college and students have strict preferences,
there always exists a C-optimal stable matching, and a S-optimal stable matching.
Furthermore, the matching µC produced by the deferred acceptance algorithm with
colleges proposing is the C-optimal stable matching. The S- optimal stable matching
is the matching µS produced by the algorithm when the students propose.

The rural hospital theorem

We enunciate both versions and will see too that there is a stronger version
that holds for the college admission problem. The name of the next theorem is
due to the fact that positions in rural hospitals are difficult to occupy and one
might think this is because the DAA is not good enough and we could find
another matching more favorable to those rural hospitals. The theorem shows
this intuition is not correct: any stable matching will leave the same positions
unassigned.

Theorem 2.24. The rural hospital theorem (Roth [8])

• Marriage model: In a market (M, W, P) with strict preferences, the set of people
who are single is the same for all stable matchings.

• College admission model: When all preferences over individuals are strict, the set
of students engaged and positions filled is the same at every stable matching.

The next result shows such a college that does not fill its quota will not only
fill the same number of positions, but also it will fill them with the same group
of students at any other stable matching. This also discourages those unassigned
students or doctors expecting a better stable matching. We will prove it since it
is specific to the college admission problem.

Theorem 2.25. (Roth [10])
When preferences over individuals are strict, any college that does not fill its quota at some
stable matching is assigned precisely the same set of students at every stable matching.

To prove this theorem, we first enunciate a lemma and its proof since that
way is easier.

Lemma 2.26. (Roth and Sotomayor [12])
Suppose colleges and students have strict individual preferences, and let µ and µ′ be stable
matchings for (C, S, P), such that µ(C) 6= µ′(C) for some C. Let µ̄ and µ̄′ be the stable
matchings corresponding to µ and µ′ in the related marriage market. If µ̄(ci) >C µ̄′(ci)

for some position ci of C then µ̄(cj) ≥C µ̄′(cj) for all positions cj of C.
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Proof: It is enough to show that µ̄(cj) >C µ̄′(cj) for all j > i. So sup-
pose this is false. Then there exists an index j such that µ̄(cj) >C µ̄′(cj), but
µ̄′(cj+1) ≥C µ̄(cj+1). Theorem 2.15 implies µ̄′(cj) ∈ S. Let s′ ≡ µ̄′(cj). By
the decomposition lemma cj ≡ µ̄′(s′) >s′ µ̄(s′). Furthermore, µ̄(s′) 6= cj+1,
since s′ >C µ̄′(cj+1) ≥C µ̄(cj+1) (where the first of these preferences follows
from the fact that for any stable matching µ′ in the related marriage market,
µ̄′(cj) >C µ̄′(cj+1) for all j). Therefore cj+1 >s′ µ̄(s′), since cj+1 comes right after
cj in the preferences of s′ (or any s) in the related marriage problem. So µ̄′ is
blocked via s′ and cj+1 contradicting (via Lemma 2.21) the stability of µ. �

We have used the decomposition lemma for proving the previous lemma, but
we have not enunciated it yet. A simple case of the decomposition lemma is
shown below. The original lemma considers some extensions of the preferences
lists, but we do not need the complete form of the lemma and can restrict to this
simplified form. Consider all colleges have quota one.

Lemma 2.27. (Decomposition lemma) (Knuth [5])
Let µ and µ′ be stable matchings in (C, S, P), where all preferences are strict and all
quotas are one. Let C(µ) be the set of colleges that prefer µ to µ′ and S(µ) the set of
students who prefer µ to µ′. Analogously define C(µ′) and S(µ′). Then µ and µ′ map
C(µ′) onto S(µ) and C(µ) onto S(µ′).

Now we can prove the Theorem 2.25:

Proof of the theorem: Recall that if a college C has any unfilled positions, these
will be the highest numbered cj at any stable matching of the corresponding
marriage problem. By the previous Theorem 2.15 these positions will be unfilled
at any stable matching, that is, µ̄(cj) = µ̄′(cj) for all such j , and hence for all j ,
since the Lemma 2.26 shows that if µ̄(ci) >C µ̄′(ci) for some position ci of C, then
µ̄(cj) ≥C µ̄′(cj) for all j > i. �

Opposing interests, lattice structure

Now we will talk about the opposing interests the two types of agents have
as we have seen in Theorem 2.9 (section 2.1) and the lattice structure of the set
of stable matching. It can be appreciated that these properties hold in the college
admissions problem. In what follows we are going to assume that all agents have
strict preferences.

Theorem 2.28. (Roth ans Sotomayor [12])
If µ and µ′ are stable matchings for (C, S, P) then µ >C µ′ if and only if µ′ >S µ.
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Proof: Suppose that µ(C) ≥C µ′(C) for all C ∈ C and µ(C) >C µ′(C) for
some C ∈ C . Using Lemma 2.26 in one direction and the responsiveness of the
colleges’ preferences in the other direction, we can see that this is equivalent to
µ̄(ci) ≥ci µ̄′(ci) for all ci in C′ and µ̄(cj) >cj µ̄′(cj) for some cj in C′, when µ̄ and
µ̄′ are the stable matchings corresponding to µ and µ′ for the related marriage
market (C′, S, P′). By theorem 2.9, this is satisfied if and only if µ̄ >C′ µ̄′ and
hence, if and only if µ̄′ >S µ̄ , which implies µ′ >S µ. �

Corollary 2.29. The optimal stable matching on one side of the market (C, S, P) is the
worst stable matching for the other side.

Since we have already seen the lattice theorem for the marriage model and
how can it be graphically represented, we are going to extend it to the college
admission problem. If µ and µ′ are matchings we can define

λ(C) = µ ∨C µ′ =

{
µ(C) i f µ(C) >C µ′(C)
µ′(C) otherwise

and

λ(s) =

{
µ(s) i f µ′(s) >s µ′(s)
µ′(s) otherwise

for all C ∈ C and s ∈ S. We can observe that the function assigns each college
to his more preferred mate from µ and µ′ and it assigns each woman her less
preferred mate from both matchings. Similarly, we can define the function ν,
which gives each college its less preferred mate and each student his or her more
preferred mate. We can observe that the function is obtained by assigning to each
college C whichever it prefers of µ(C) and µ′(C), and assigning to each student
s his or her less preferred assignment from both matchings. Note that λ is a
matching only if it has the property that λ(s) = C if and only if s is contained in
λ(C), which will not be the case if s is assigned by λ to more than one college.
Similarly, we define

ν(s) =

{
µ(s) i f µ(s) >s µ′(s)
µ′(s) otherwise

and

ν(C) =

{
µ(C) i f µ′(C) >C µ(C)
µ′(C) otherwise

for all s ∈ S and C ∈ C.

If λ is a matching then, clearly, λ is the least upper bound for {µ, µ′} under
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P(C) and the greatest lower bound for {µ, µ′} under P(s). As in the marriage
market we will denote λ = µ ∨C µ′ and λ = µ ∧S µ′. Symmetrically, if ν is a
matching we will denote ν = µ ∨S µ′ and ν = µ ∧C µ′. We are going to show
that if µ and µ′ are stable matchings, then λ and ν are both matchings and also
stable. This fact will imply that the set of stable matchings is a lattice under >C

and under >s.

Theorem 2.30. (Roth ans Sotomayor [12])
Let µ and µ′ be stable matchings for the college admission problem (S,C,P). Then λ and
υ are stable matchings.

Proof: Consider the marriage market (C′, S, P′) related to (C, S, P) and the
stable matchings µ̄ and µ̄′ corresponding to µ and µ′ respectively. We know, by
Theorem 2.11 that λ̄ = µ̄ ∨C′ µ̄′ is a stable matching for (C′, S, P′). Note that
if λ(C) = µ(C), then, by lemma 2.26, µ̄(c) ≥c µ̄′(c) for all positions c in C, so
λ̄(c) = µ̄(c) for all positions c of C. Consequently, if s is in µ(C), there is some
position c of C such that

s = λ̄(c) (2.1)

First we show λ is a matching and after that we show that it is stable. Obviously
the proof is symmetric for ν.

• To see that λ is a matching, suppose by way of contradiction that there are
some s ∈ S and C, C′ ∈ C with C 6= C′ and such that s is contained in both
λ(C) and λ(C′). Then, by (2.1) there exists some position c of C, and some
position c’ of C’, such that s = λ̄(c) = λ̄(c′), which contradicts the fact that
λ̄ is a matching

• To prove that λ is stable suppose s >C s′ ∈ λ(C). By (2.1) there is some
position c of C such that s′ = λ̄(c) and s >c λ̄(c). Since λ̄ is stable, λ̄(s) >s c,
which implies that λ(s) >s C so there is no blockig pair (C, s) to λ.

�
By the previous theorem and the Theorem 2.25 about opposing interests we have
the following corollary.

Corollary 2.31. The set of stable matchings of the college admission problem forms a
lattice under the partial orders >C or >S with the lattice under the first partial order
being the dual to the lattice under the second partial order.

2.2.3 Some results do no extend

We have previously seen the results that could be extended from the one-to-
one matching problem to the many-to-one, but there are also results that do not
hold in the last version (Roth [9]). We are going to emphasize one of them.
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• The college-optimal stable matching may not be Weak Pareto-optimal (there
may exist a (non-stable) matching that each college strictly prefers to µC).

We are going to see this in the following example.

Example 2.32. Let C = {C1, C2, C3} and S = {s1, s2, s3, s4} with quotas and prefer-
ences given by:

qC1 = 2 P(C1) = s1, s2, s3, s4 P(s1) = C3, C1, C2

qC2 = 1 P(C2) = s1, s2, s3, s4 P(s2) = C2, C1, C3

qC3 = 1 P(C3) = s3, s1, s2, s4 P(s3) = C1, C3, C2

P(s4) = C1, C3, C2

Then, the C-optimal stable matching is

µC =

(
C1 C2 C3

s3, s4 s2 s1

)

But all colleges would strictly prefer the matching

µ =

(
C1 C2 C3

s2, s4 s1 s3

)

We have just seen that, even when colleges have responsive preferences, the
college-optimal stable matching is not weak Pareto optimal: there may exist some
µ non-stable that µ >C µC.



Chapter 3

Group stability

In this section we study another notion of stability. Instead of assuming
that only college-student pairs may block a matching, we shall consider block-
ing coalitions consisting of several college and students now. However, we see
that when preferences are responsive, nothing is lost by concentrating on simple
college-student pairs.

We will call a matching µ group unstable, or say it is blocked by a coalition A, if
there exists another matching µ′ and a coalition A, which consist of multiple
students and/or colleges, such that for all students s ∈ A, and for all colleges
C ∈ A:

• µ′(s) ∈ A, i.e, every student in A who is matched by µ′ is matched to a
college in A.

• µ′(s) >s µ(s), i.e., every student in A prefers his or her new match to his or
her old one

• σ ∈ µ′(C) implies σ ∈ A ∪ µ(C), i.e., every college in A is matched at µ′ to
new students only from A, although it may continue to be matched with
some of its "old" students from µ(C).

• µ′(C) >C µ(C), i.e., every college in A prefers its new set of students to its
old one.

Note the preferences µ′(C) >C µ(C) refers to the group preferences P# of the col-
leges. This means that the matching µ is blocked by some coalition A of colleges
and students if, by matching among themselves, the students and colleges in A
could all get a better assignment than µ.

Definition 3.1. A group stable matching is one that is not blocked by any coalition.

23
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We are going to prove that, when preferences are responsive, this definition
of group stability is equivalent to the given definition of pairwise stability in the
previous chapter.

Proposition 3.2. (Roth [9])
Under responsive preferences a matching is group stable if and only if it is pairwise stable.

Proof: We will prove both implications:

⇒) Suppose µ is not pairwise stable, so it is blocked by and individual agent, or
by a student-college pair. Then it is clearly group unstable via the coalition
consisting of that singleton or pair.

⇐) Suppose µ is group unstable, so it is blocked via a coalition A and an out-
come µ′. Let C ∈ A, by definition µ′(C) >C µ(C).Then, by responsiveness,
there exists a student s ∈ µ′(C) \ µ(C) and a student σ ∈ µ(C) \ µ′(C) such
that s >C σ. Assume on the contrary that for all s ∈ µ′(C) \ µ(C) and all
σ ∈ µ(C) \ µ′(C) it holds σ >C s. Take µ′(C) = {s1, s2, ..., st, σt+1, ..., σr} and
µ(C) = {σ1, σ2, ..., σt, σt+1, ..., σr}. By responsiveness

{s1, s2, ..., st−1, σt, σt+1, ..., σr} >C {s1, s2, ..., st, σt+1, ..., σr}

and

{s1, s2, ..., st−2, σt−1, σt, ..., σr} >C {s1, s2, ..., st−1, σt, σt+1, ..., σr}.

By iteration we get µ(C) >C µ′(C) which is a contradiction. So s ∈ A and
C >s µ(s), so µ is unstable via s and C.

�
It is clear that, under responsive preferences, there always exist a group stable
matching since there always exist at least a pairwise stable matching, as we have
seen in the Theorem 2.22. We are going to give an example showing that, when
the preferences are not responsive, they may not be group stable matchings.

Example 3.3. Let (C, S, P) be the college admissions problem with C = {C1, C2} and
S = {s1, s2, s3} with quotas and preferences given by:

qC1 = 2 P(C1) = {s1, s3}, {s1, s2}, {s2, s3}, {s1}, {s2}
qC2 = 2 P(C2) = {s1, s3}, {s2, s3}, {s1, s2}, {s3}, {s1}, {s2}

P(s1) = C2, C1

P(s2) = C2, C1

P(s3) = C1, C2
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We can see that the preferences are not responsive since C1 prefers being unmatched to
being assigned to s3 while the singletons {s1} and {s2} are acceptable to it, but C1 prefers
the subset of students {s1, s3} to the subset {s1, s2}. The only individually rational
matchings without students being single are:

• µ1 =

(
C1 C2

s1, s3 s2

)
, which is blocked by (C2, s1) ∈ µ′ through coalition A =

{C2, s1}

• µ2 =

(
C1 C2

s1, s2 s3

)
, which is blocked by (C2, {s1, s3}) ∈ µ′ through coalition

A = {C2, s1}

• µ3 =

(
C1 C2

s2, s3 s1

)
, which is blocked by (C2, {s1, s2}) ∈ µ′ through coalition

A = {C2, s2}

• µ4 =

(
C1 C2

s2 s1, s3

)
, which is blocked by (C1, {s2, s3}) ∈ µ′ through coalition

A = {C1, s3}

• µ5 =

(
C1 C2

s1 s2, s3

)
, which is blocked by (C2, {s1, s3}) ∈ µ′ through coalition

A = {C2, s1}

Now observe that any matching that leaves s1 unmatched is blocked either by (C1, s1)

or by (C2, s1). Any matching that leaves s1 unmatched is blocked either by (C1, s2),
(C2, s2) , or (C2, {s2, s3}). Finally, any matching that leaves s3 unmatched is blocked by
(C2, {s1, s3}).

The difference between pairwise stability and group stability is not only that
larger blocking coalitions are considered, it is also that colleges do not only com-
pare the new assigned student with every single old assigned ones but also com-
pare the complete new group of students with the previous one.



Chapter 4

The labor market for medical
interns

In this section, we are going to present a real-life application of the college ad-
mission model. Students who graduate from medical schools in US are typically
employed as residents (interns) at hospitals, where they comprise a significant
part of the labor force.

In the early twentieth century, the market for new doctors was largely decentral-
ized. During the 1940s, competition for medical students forced hospitals to offer
internships increasingly early, sometimes several years before a student would
graduate. In general, hospitals benefited from filling their positions as early as
possible, and applicants benefited from delaying acceptance of positions. Because
of that, matches were made before students could produce evidence of how qual-
ified they might become, and even before they knew what kind of medicine they
would like to practice. The market also suffered from congestion: when an offer
was rejected, it was often too late to make other offers. In response to the failure
of the US market for new doctors, a centralized clearinghouse was introduced in
the early 1950s. This institution is now called the National Resident Matching
Program (NRMP).

Our main object is to study the first version of the assignment algorithm es-
tablished by NIMP (National Intern Matching Program), that was the first name
the centralized clearing house had.

The following description of the NIMP algorithm is given in Roth [8]:
Each hospital program rank orders the students who have applied to it (mark-

ing "X" any students who are unacceptable) and each student rank orders the
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hospital programs to which he has applied (similarly indicating any which are
unacceptable). These lists are mailed to the central clearinghouse, where they
are edited by removing from each hospital program’s rank-order list any student
who has marked that program as unacceptable, and by removing from each stu-
dent’s list any hospital which has indicated he or she is unacceptable. The edited
lists are thus rank orderings of acceptable alternatives.

These lists are entered into what may be thought of as a list-processing algo-
rithm consisting of a matching phase and a tentative-assignment-and-update phase.
The first step of the matching phase (the 1:1 step) checks to see if there are any
students and hospital programs which are top-ranked in one another’s rank-
ing. (If a hospital Hi has a quota of qi then the qi highest students in its ranking
are top-ranked.) If no such matches are found, the matching phase proceeds
to the 2:1 step, at which the second ranked hospital program on each student’s
ranking is compared with the top-ranked students on that hospital’s ranking. At
any step when no matches are found, the algorithm proceeds to the next step,
so the generic k:1 step of the matching phase seeks to find student-hospital pairs
such that the student is top-ranked on the hospital’s ranking and the hospital
is kth ranked by the student. At any step where such matches are found, the
algorithm proceeds to the tentative-assignment-and-update phase.

When the algorithm enters the tentative-assignment-and-update phase from
the k:1 step of the matching phase, the k:1 matches are tentatively made; i.e.,
each student who is a top-ranked choice of his kth choice hospital is tentatively
assigned to that hospital. The rankings of the students and hospitals are then
updated in the following way. Any hospital which a student sj ranks lower than
his tentative assignment is deleted from his ranking (so the updated ranking of a
student sj tentatively assigned to his kth choice now lists only his first k choices)
and student sj is deleted from the ranking of any hospital which was deleted
from sj’s ranking (so the updated rankings of each hospital now include only
those applicants who haven’t yet been tentatively assigned to a hospital they pre-
fer).

Note that, if one of a hospital’s top-ranked candidates is deleted from its rank-
ing, then a lower-ranked choice moves into the top-ranked category, since the
hospital’s updated ranking has fewer students, but the same quota, as its origi-
nal ranking. When the rankings have been updated in this way, the algorithm
returns to the start of the matching phase, which examines the updated rank-
ings for new matches. Any new tentative matches found in the matching phase
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replace prior tentative matches involving the same student. (Note that new ten-
tative matches can only improve a student’s tentative assignment, since all lower
ranked hospitals have been deleted from his ranking.)

The algorithm terminates when no new tentative matches are found, at which
point tentative matches become final. That is, the algorithm matches students
with the hospitals to which they are tentatively matched when the algorithm ter-
minates. Any student or hospital position which was not tentatively matched
during the algorithm is left unassigned, and must make subsequent arrange-
ments by directly negotiating with other unmatched students or hospitals.

Theorem 4.1. (Roth [8])
The NIMP algorithm is a stable matching mechanism, that is, it produces a stable match-
ing with respect to any stated preferences.

Proof: When the algorithm ends, each hospital Hi is matched with the top qi

choices on its final updated rank-order list. This assignment is stable, since any
student sj who some hospital Hi originally ranked higher than one of its final
mates was deleted from Hi’s ranking when sj was given a tentative assignment
higher in his or her ranking than Hi. Hence, the final assignment gives sj a posi-
tion he or she ranked higher than Hi. So the final matching is not unstable with
respect to any such pair (Hi, sj). �

This theorem explains why the NIMP algorithm was able to achieve such high
rates of voluntary participation. Let us see and example to make it clear.

Example 4.2. Consider the problem consisting of H = {H1, H2}, each with a quota of
one, and S = {s1, s2, s3}. The preferences are given by:

P(H1) = s1, s2, s3 P(s1) = H1, H2

P(H2) = s1, s2, s3 P(s2) = H1

P(s3) = H1, H2

The edited lists are:
P(H1) = s1, s2, s3 P(s1) = H1, H2

P(H2) = s1,��ZZs2, s3 P(s2) = H1

P(s3) = H1, H2

In 1:1 step, on tentative match (H1, s1) is found. Then the algorithm proceeds to tentative
assignment and update phase. The updated lists are:

P(H1) = s1, s2, s3 P(s1) = H1,��ZZH2

P(H2) =��ZZs1,��ZZs2, s3 P(s2) = H1

P(s3) = H1, H2
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The algorithm returns to the matching phase. In 1:1 step, there is no new tentative match.
In 2:1 step, one tentative match (H2, s3) is found. The the algorithm proceeds to tentative
assignment and update phase, but there is no new update for rankings. The outcome is:

µ =

(
H1 H2 (s2)

s1 s3 s2

)

Let us introduce some notation for the next theorem. For each Hi with quota
qi, let ai be the number of achievable students, and define ki = min{qi, ai}.

Theorem 4.3. (Roth [8])
For any submitted lists of (strict) preferences over individuals, the NIMP algorithm pro-
duces a matching that gives each hospital Hi its ki highest ranked achievable students.

Proof: It will be sufficient to show that no achievable student is ever deleted
from a hospital’s rank-order list. Suppose that, up to the rth iteration of the al-
gorithm, no student has been deleted from the ranking of a hospital for whom
he or she is achievable, and that on the (r+1)st iteration student sj is tentatively
matched with hospital Hi and deleted from the ranking of hospital Hk. Then any
assignment that matches sj with Hk, and assigns achievable matches to Hi, is un-
stable since sj ranked Hi higher than Hk and Hi ranked sj higher than one of its
mates. (This follows since sj was top-ranked by Hi at the end of the rth iteration,
when no achievable students had yet been deleted from Hi’s rank-order list.) So
sj is not achievable for Hk. �

This theorem shows that the algorithm implemented by NIMP is optimal for the
hospitals but if hospitals act as students and vice versa the algorithm is optimal
for the students. There was controversy since NIMP decided to do the algorithm
in terms of optimality for hospitals and students completely disagree. In the
80’s of the past century, Alvin Roth was asked to redesign the mechanism to al-
locate medical students to hospitals, what was known as the National Resident
Matching Program. He discovered that, despite of being different algorithms,
the Deferred Acceptance Algorithm with hospitals proposing outcome and the
NIMP’s algorithm outcome are equivalent. In 1984, Roth [8] proposes to change
to the deferred acceptance algorithm with students proposing, in order to ob-
tain the best matching for students. Later, this mechanism was slightly modified
to consider other facts, such as the presence of couples of doctors willing to be
allocated to near hospitals. We will go in depth in this topic in the next section.



Chapter 5

Matching with couples

As we have seen in the previous section, the labor markets are in a continuous
process of change. One of the main things that are changing is the number of
couples seeking positions in near hospitals, complicating what we have done so
far since, in addition to finding a mutually agreeable solution for both sides of
the market, the students’ side has also to deal with group decisions.

From the mid eighties of the 20th century the program was modified, so that
couples could report their preferences over pairs of positions.

5.1 The model

First of all, we are going to describe the model, which is similar to the pre-
vious one. A market with couples consists of a finite set of hospitals H, a finite
set of students S and a finite set of couples C ⊆ S× S. To simplify the explana-
tion, without loss of generality, we are going to describe a simple couples market
where the labor market consists of a side of four hospitals and the other side of
two couples of medical students. So the sets of hospitals, students and couples
are H = {H1, H2, H3, H4}, S = {s1, s2, s3, s4} and C = {(s1, s2), (s3, s4)}, respec-
tively. Each hospital has only one position to fill. All the results can be adapted
to more general situations that include other couples as well as single agents and
hospitals with multiple positions.

Hospitals’ preferences over the set of students and students’ preferences over
the set of hospitals are exactly the same we have described in the first chapter. So
we only have to describe couples’ preferences.

We will assume that the preferences of each couple are complete and transitive
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over all possible combination of ordered pairs of different hospitals and the op-
tion of being unemployed. So they may be represented by ordered lists, for exam-
ple, P(c) = (H4, H2), (H3, H4), (H4, s2), etc., indicates that the couple c = (s1, s2)

prefers s1 and s2 being matched to H4 and H2, respectively, rather than being
matched to H3 and H4, respectively, and so on. As we did in the singles model,
we only describe the acceptable partners in both preference lists.

Now we are making some definitions on couples’ preferences.

Definition 5.1. A couple c = (s1, s2) is strongly unemployment averse if it prefers
full employment to the employment of only one partner and the employment of
only one partner to the unemployment of both partners. More formally, for all
Hi, Hj, Hk, (Hi, Hj) >c (Hk, s2) >c (s1, s2) and (Hi, Hj) >c (s1, Hk) >c (s1, s2).

Definition 5.2. A couple c = (s1, s2) is strictly unemployment averse if it is worse off
if one of its partners looses his or her position, that is, for all Hi, Hj, (Hi, Hj) >c

(Hi, s2) >c (s1, s2) and (Hi, Hj) >c (s1, Hj) >c (s1, s2).

Note that strong unemployment aversion implies strict unemployment aver-
sion.

We say the couples’ preferences are responsive when the unilateral improvement
of one partner’s job is considered beneficial for the couple as well.

Definition 5.3. Couple c = (s1, s2) has responsive preferences if there exist prefer-
ences ≥s1 and ≥s2 such that for all Hi, Hj, Hk ∈ H ∪ S (note that we are giving
the possibility to some H to be a students’ self-match) Hi >s1 Hk implies that
(Hi, Hj) >c (Hk, Hj) and Hi >s2 Hk implies that (Hj, Hi) >c (Hj, Hk).

If these associated individual preferences ≥s1 and ≥s2 exist, then they are
unique. Note that these associated individual preferences need not coincide with the
students’ individual preferences. However, in order to keep notation as simple
as possible, we denote this preferences the same way as we denote students’
individual preferences.

Definition 5.4. A couple c = (s1, s2) has leader-follower responsive preferences if
it has responsive preferences and gives precedence to one of its member first.
Without losing generality we can assume that s1 is the leader of the couple
c. More formally, for all Hi, Hj, Hx, Hy ∈ H ∪ S, (Hi, Hx) >c (Hj, Hy) implies
(Hi, Hx′) >c (Hj, Hy′) for all Hx′ , Hy′ ∈ H ∪ S.

Remember we are describing a simplified model assuming that the sets of
hospitals, students and couples are H = {H1, H2, H3, H4}, S = {s1, s2, s3, s4} and
C = {(s1, s2), (s3, s4)} respectively.
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Definition 5.5. A matching µ is a function from the set H ∪ S into the set of
unordered families of elements of H ∪ S such that:

• |µ(s)| = 1 for every student s and µ(s) = s if µ(s) /∈ H.

• |µ(H)| ≤ 1 for every hospital C.

• µ(s) = H if and only if µ(H) = s.

Now we are going to introduce stability and we will see that stable matchings
may not exist in the presence of couples. First of all, to have stability, it should al-
ways be better for students to accept the position offered by the matching instead
of choosing unemployment and for hospitals it should always be better to accept
the student assigned by the matching instead of leaving the position unfilled.

Definition 5.6. A matching µ is individually rational if

• For all c = (si, sj) ∈ C, (µ(si), µ(sj)) ≥c (si, µ(sj)), (µ(si), µ(sj)) ≥c (µ(si), sj)

and (µ(si), µ(sj)) ≥c (si, sj).

• For all H ∈ H, µ(H) ≥H H

Second, if one partner in a couple can improve the given matching for the
couple by changing his or her match such that this hospital is better off as well,
then we would expect this mutually beneficial trade to happen, leaving the given
matching unstable. In the same way if both partners of the couple can improve.

Definition 5.7. For a given matching µ, (c = (s1, s2), (H1, H2)) is a blocking coali-
tion if

• (H1, H2) >c (µ(s1), µ(s2))

• H1 ∈ H implies s1 ≥H1 µ(H1) and H2 ∈ H implies s2 ≥H2 µ(H2)

Definition 5.8. A matching µ is stable if it is individually rational and it is not
blocked by any coalition.

Now we are going to give an example that shows that stable matchings may
not exist in the presence of couples.

Theorem 5.9. (Roth [8])
In the hospital-intern market with couples the set of stable matchings may be empty.

Proof: Consider the market with set of hospitals H = {H1, H2, H3, H4} that
offer one position each and strict preferences given by the Table 5.1.
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P(H) P(c)

H1 H2 H3 H4 (s1, s2) (s3, s4)

s4 s4 s2 s2 (H1, H2) (H4, H2)

s2 s3 s3 s4 (H4, H1) (H4, H3)

s1 s2 s1 s1 (H4, H3) (H4, H1)

s3 s1 s4 s3 (H4, H2) (H3, H1)

(H1, H4) (H3, H2)

(H1, H3) (H3, H4)

(H3, H4) (H2, H4)

(H3, H1) (H2, H1)

(H3, H2) (H2, H3)

(H2, H3) (H1, H2)

(H2, H4) (H1, H4)

(H2, H1) (H1, H3)

Table 5.1: Preferences of hospitals and couples

Roth shows that no stable matching exists by giving a blocking coalition for
each of the 24 individually rational full employment matchings. We can see that
in the Table 5.2.
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Outcome H1 H2 H3 H4 Unstable with respect to:

1 s1 s2 s3 s4 (s4, H2)

2 s1 s2 s4 s3 (s4, H2)

3 s1 s3 s2 s4 (s2, H4)

4 s1 s3 s4 s2 (s4, H1)

5 s1 s4 s2 s3 (s2, H4)

6 s1 s4 s3 s2 (s4, H1)

7 s2 s1 s3 s4 (s4, H1)

8 s2 s1 s4 s3 (s4, H2)

9 s2 s3 s1 s4 (s2, H1)

10 s2 s3 s4 s1 (s4, H1)

11 s2 s4 s1 s3 (s2, H4)

12 s2 s4 s3 s1 (s4, H1)

13 s3 s1 s2 s4 (s4, H2)

14 s3 s1 s4 s2 (s2, H3)

15 s3 s2 s1 s4 (s2, H4)

16 s3 s2 s4 s1 (s2, H3)

17 s3 s4 s1 s2 (s1, H1)

18 s3 s4 s2 s1 (s2, H1)

19 s4 s1 s2 s3 (s4, H2)

20 s4 s1 s3 s2 (s2, H3)

21 s4 s2 s1 s3 (s2, H4)

22 s4 s2 s3 s1 (s2, H3)

23 s4 s3 s1 s2 (s3, H3)

24 s4 s3 s2 s1 (s4, H4)

Table 5.2: Every outcome is unstable

Let us analyze the outcome 1, which assigns every student si to hospital
Hi, i = 1, ..., 4. It is unstable because both hospital H2 and couple (s3, s4) would
prefer that student s4 be matched with H2. This follows since H2 prefers s4 to s2

and the couple (s3, s4) prefers (H3, H2) to (H3, H4).

Note that neither couple’s preferences are responsive. For example, for couple
c1 = (s1, s2), (H1, H4) >c1 (H1, H3) but (H2, H3) >c1 (H2, H4). �
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5.2 Existence of stable matchings when preferences are weakly
responsive

Now we are going to see that under some condition on the individual pref-
erences there is always a stable matching. It is quite intuitive to see that if there
exist no negative external effects from one partner’s job for the other partner or
for the couple, then we can treat the market as a market. For example, this is the
case where couples only apply for jobs in one city so that different regional pref-
erences or travel distance are no longer part of couples’ preferences and therefore
the preferences are responsive.

Definition 5.10. Couple c = (s1, s2) has weakly responsive preferences if there exist
preferences ≥s1 and ≥s2 such that

(i) for all H ∈ H

– (s1, H) >c (s1, s2) if and only if H >s2 s2

– (H, s2) >c (s1, s2) if and only if H >s1 s1

(ii) for all Hi, Hj, Hk ∈ H ∪ S

– Hi ≥s1 s1, Hj ≥s2 s2 and Hi >s1 Hk implies that (Hi, Hj) >c (Hk, Hj)

– Hi ≥s2 s2, Hj ≥s1 s1 and Hi >s2 Hk implies that (Hj, Hi) >c (Hj, Hk)

Note that responsive preferences are always weakly responsive but it does
not work in the other way. In the next example we show that not all weakly
responsive preferences are responsive.

Example 5.11. Consider the set of hospitals H = {H1, H2, H3, H4} and the couple
c = (s1, s2). Couples c’s preferences are given by

P(c) = (H1, H2), (H1, s2), (s1, H2), (H2, s2), (s1, s2), (H3, s2), ....

Suppose now that couple c’s preferences are responsive. Then the associated preferences
are P(s1) = H1, H2, s1, H3, H4 and P(s2) = H2, s2, .... By responsiveness we have that
(H3, H2) >c (H3, s2), what is a contradiction.
Let us now see that couple c’s preferences are weakly responsive. For any preferences ≥s1

and ≥s2 with P(s1) = H1, H2, s1, ... and P(s2) = H2, s2, ... the two conditions of weakly
responsiveness are satisfied, independently of the couple’s preferences after s1, s2.

Let (H, C, P) be a couples market and assume that couples’ preferences are
weakly responsive. Then, from that preferences we can determine the associated
individual preferences for all the students that are part of a couple. We denote
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this associated singles market by (H, S(C), P). By assuming preferences are weakly
responsive we can guarantee the existence of stable matching in a market with
couples.

Theorem 5.12. Stability for weakly responsive preferences (Klaus and Klijn [4])
Let (H, C, P) be a couples market where couples have weakly responsive preferences.
Then, any matching that is stable for an associated singles market (H, S(C), P) is also
stable for (H, C, P). In particular, there exists a stable matching for (H, C, P).

Proof: Let µ be a stable matching for (H, S(C), P) and consider any couple c =
(s1, s2). Stability of µ in (H, S(C), P) implies that µ(s1) ≥s1 s1 and µ(s2) ≥s2 s2.
First, we are going to see that µ is individually rational for (H, C, P):

• If (µ(s1), µ(s2)) = (s1, s2), then the condition of being individually rational
is trivially satisfied.

• If µ(s1) >s1 s1 and µ(s2) = s2, then by weak responsiveness (i),

(µ(s1), s2) >c (s1, s2),

which implies the condition of being individually rational. Similarly with
µ(s1) = s1 and µ(s2) >s2 s2.

• If µ(s1) >s1 s1 and µ(s2) >s2 s2, by weak responsiveness (ii),

(µ(s1), µ(s2)) >c (µ(s1), s2) >c (s1, s2).

Similarly
(µ(s1), µ(s2)) >c (s1, µ(s2)) >c (s1, s2).

Suppose now that the matching µ is not stable for (H, C, P). Hence, there exists
a blocking coalition, for example ((s1, s2), (H1, H2)). Then

(a) (H1, H2) >c (µ(s1), µ(s2))

(b) H1 ∈ H implies s1 ≥H1 µ(H1) and H2 ∈ H implies s2 ≥H2 µ(H2)

Assume H1 <s1 s1 and H2 <s2 s2. Then by weak responsiveness (ii), (s1, s2) >c

(s1, H2) >c (H1, H2). Using (a) it follows that (s1, s2) >c (µ(s1), µ(s2)), contra-
dicting that µ is individually rational in (H, C, P). Hence, H1 ≥s1 s1 or H2 ≥s2 s2.

Assume that H1 ≥s1 s1 and H2 <s2 s2. Then by weak responsiveness (ii),
(H1, s2) >c (H1, H2). Hence, ((s1, s2), (H1, s2)) is a blocking coalition for µ. Simi-
larly, if H1 <s1 s1 and H2 ≥s2 s2, then (s1, H2) >c (H1, H2) and ((s1, s2), (s1, H2)) is
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a blocking coalition for µ. Hence, without loss of generality, we can assume that,
for coalition ((s1, s2), (H1, H2)) to be a blocking coalition, H1 ≥s1 s1 and H2 ≥s2 s2.

Now suppose that H1 >s1 µ(s1) or H2 >s2 µ(s2). Then, due to (b), the pairs
(s1, H1) or (s2, H2) can block µ in (H, S(C), P). Hence, µ(s1) ≥s1 H1 and µ(s2) ≥s2

H2. But then, weak responsiveness (ii) implies (µ(s1), µ(s2)) ≥c (H1, µ(s2)) ≥c

(H1, H2), which contradicts (a). Hence, the matching µ is also stable for (H, C, P).
Finally by Gale and Shapley [1], a stable matching always exist for the market
(H, S(C), P). �

Hence, we have seen that if preferences are weakly responsive, we recover the
result of existence of stable matching. Although the example presented before
shows that for arbitrary preferences stable matching may not exist if there are
couples in the market, computational experiments seem to indicate that, the in-
cidence of markets with no stable matching may be rare.



Conclusions

I consider that the main objectives of this study have been achieved since I
have been able to deepen in a rigorous way on the matching theory. However,
I would like to have delved deeper into the last topic discussed: how couples
affect the labor market for medical interns, but the project would take more time
and take a lot more work. Nowadays, there is no algorithm that can produce a
stable matching in a market with couples yet.

What I would highlight the most is the importance of stability since there are
empirical evidences suggesting that producing a stable matching is an important
criterion for a successful clearinghouse (see Roth [11]). Stable mechanisms have
mostly (but not always) succeeded, that is, they are still in use, and unstable
mechanisms have mostly failed. In Roth [11] there is an experimental evidence
comparing different algorithms used in UK. The successful algorithms adopted
first in Edinburgh (in 1969) and then in Cardiff are essentially firm-proposing
deferred acceptance algorithms. An alternative algorithm was tried in Birming-
ham, Newcastle, and Sheffield, but always soon abandoned. The outcome of this
second algorithm can be unstable. Basically the result of this experiment tells us,
even though at first there seem to be no substantial differences, in the long term
, in the case of the stable mechanism, most people would enter in a centralized
clearinghouse. While with the unstable mechanism most people would prefer to
do an arrangement on his own.

Finally, with this project I have been able to work in a topic that interested me
since I took the game theory subject but where mathematics form a very impor-
tant basis.
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College admission problem C
code

In Chapter 2 we have studied the college admissions problem when all quo-
tas are one, where we have introduced the deferred acceptance algorithm and we
have seen how it gives a C-optimal stable matching, if colleges are proposing, or
an S-optimal stable matching, if are students who are proposing.

In this appendix we write a code, in language programming C, applying the de-
ferred acceptance algorithm in a many-to-one market. It will return to C-optimal
stable matching if there are as many students as the positions offered by colleges
and all agents in one side of the market are acceptable for the agents on the other
side of the market. Note that this program works also for a square marriage
market, that is, if there are as many men as women.

/ * C o l l e g e a d m i s s i o n prob l em with c o l l e g e s p r o p o s i n g * /
# include < s t d i o . h>
# include < s t d l i b . h>

i n t main ( void ) {
i n t n , m=0 , * *C, * * s , * aux , * q1 , * q2 , * Cpref , i , j ,

k , cont , C1 , C2 ;

/ * Dinamic memory f o r m at r i x and v e c t o r s * /
p r i n t f ( " College admission problem\n" ) ;
p r i n t f ( "Number of c o l l e g e s ?\n" ) ;
scanf ( "%d" , &n ) ;
C = ( i n t * * ) malloc ( n* s i ze of ( i n t * ) ) ;
i f (C==NULL) {

p r i n t f ( " Error saving memory\n" ) ;
e x i t ( 1 ) ;

}
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for ( i =0 ; i <n ; i ++){
C[ i ] = ( i n t * ) malloc ( n* s i ze of ( i n t ) ) ;
i f (C[ i ]==NULL) {

p r i n t f ( " Error saving memory\n" ) ;
e x i t ( 1 ) ;

}
}

q1 = ( i n t * ) malloc ( n* s i ze of ( i n t ) ) ;
i f ( q1==NULL) {

p r i n t f ( " Error saving memory\n" ) ;
e x i t ( 1 ) ;

}

p r i n t f ( " Quota of each c o l l e g e ?\n" ) ;
for ( i =0 ; i <n ; i ++){

scanf ( "%d" , &q1 [ i ] ) ;
}
for ( i =0 ; i <n ; i ++){

m = m+q1 [ i ] ;
}
p r i n t f ( " There are %d students\n" , m) ;

s = ( i n t * * ) malloc (m* s i ze of ( i n t * ) ) ;
i f ( s==NULL) {

p r i n t f ( " Error saving memory\n" ) ;
e x i t ( 1 ) ;

}
for ( i =0 ; i <m; i ++){

s [ i ] = ( i n t * ) malloc ( n* s i ze of ( i n t ) ) ;
i f ( s [ i ]==NULL) {

p r i n t f ( " Error saving memory\n" ) ;
e x i t ( 1 ) ;

}
}

for ( i =0 ; i <n ; i ++){
for ( j =0 ; j <m; j ++){

C[ i ] [ j ] = 0 ;
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s [ j ] [ i ] = 0 ;
}

}

aux = ( i n t * ) malloc (m* s i ze of ( i n t ) ) ;
i f ( aux==NULL) {

p r i n t f ( " Error saving memory\n" ) ;
e x i t ( 1 ) ;

}

q2 = ( i n t * ) malloc ( n* s i ze of ( i n t ) ) ;
i f ( q2==NULL) {

p r i n t f ( " Error saving memory\n" ) ;
e x i t ( 1 ) ;

}

Cpref = ( i n t * ) malloc ( n* s i ze of ( i n t ) ) ;
i f ( Cpref==NULL) {

p r i n t f ( " Error saving memory\n" ) ;
e x i t ( 1 ) ;

}

for ( i =0 ; i <n ; i ++){
q2 [ i ] = 0 ;
Cpref [ i ] = 0 ;

}
for ( i =0 ; i <m; i ++){

aux [ i ]= −1;
}

/ * Reading p r e f e r e n c e s l i s t s * /
p r i n t f ( " Col leges ’ s p r e f e r e n c es l i s t \n" ) ;
for ( i =0 ; i <n ; i ++){

for ( j =0 ; j <m; j ++){
scanf ( "%d" , &C[ i ] [ j ] ) ;

}
}
p r i n t f ( " Student ’ s p r e fe r e n c es l i s t \n" ) ;

for ( i =0 ; i <m; i ++){
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for ( j =0 ; j <n ; j ++){
scanf ( "%d" , &s [ i ] [ j ] ) ;

}
}

/ * D e f e r r e d a c c e p t a n c e a l g o r i t h m * /
cont=n ;
while ( cont ! = 0 ) {

for ( i =0 ; i <n ; i ++){
i f ( q2 [ i ] <q1 [ i ] ) {

k=C[ i ] [ Cpref [ i ] ] ;
/ * Match c o l l e g e i wi th s t u d e n t k * /
i f ( aux [ k]== −1){

aux [ k]= i ;
q2 [ i ]++ ;

} e lse {
C1= −1;
C2= −1;
for ( j =0 ; j <n ; j ++){

i f ( s [ k ] [ j ]==aux [ k ] ) {
C1= j ;

}
i f ( s [ k ] [ j ]== i ) {

C2= j ;
}

}
i f ( C2<C1 ) {

q2 [ aux [ k ]] − −;
Cpref [ aux [ k ] ] + + ;
aux [ k]= i ;
q2 [ i ]++ ;

} e lse {
Cpref [ i ]++ ;

}
}

}
}
cont =0;
for ( i =0 ; i <n ; i ++){
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i f ( q2 [ i ] <q1 [ i ] ) {
cont ++;

}
}

}

/ * S o l u t i o n * /
for ( i =0 ; i <m; i ++){

p r i n t f ( " (C%d , s%d)\n" , aux [ i ] , i ) ;
}
f r e e ( aux ) ;
f r e e ( q1 ) ;
f r e e ( q2 ) ;
f r e e ( Cpref ) ;
for ( i =0 ; i <n ; i ++){

f r e e (C[ i ] ) ;
}
for ( i =0 ; i <m; i ++){

f r e e ( s [ i ] ) ;
}
f r e e (C ) ;
f r e e ( s ) ;

}
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