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2Departament de Matemàtiques, Universitat Autònoma de Barcelona, Cerdanyola del Vallès 08193, Barcelona, Spain
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Complex systems such as ecosystems, electronic circuits, lasers, or chemical reactions can be modelled by
dynamical systems which typically experience bifurcations. It is known that transients become extremely long
close to bifurcations, also following well-defined scaling laws as the bifurcation parameter gets closer the bifur-
cation value. For saddle-node bifurcations, the dynamical mechanism responsible for these delays, tangible at
the real numbers phase space (so-called ghosts), occurs at the complex phase space. To study this phenomenon
we have complexified an ecological map with a saddle-node bifurcation. We have investigated the complex
(as opposed to real) dynamics after this bifurcation, identifying the fundamental mechanism causing such long
delays, given by the presence of two repellers in the complex space. Such repellers appear to be extremely close
to the real line, thus forming a narrow channel close to the two new fixed points and responsible for the slow
passage of the orbits. We analytically provide the relation between the well-known inverse square-root scaling
law of transient times and the multipliers of these repellers. We finally prove that the same phenomenon occurs
for more general i.e. non-necessarily polynomial, models.

Keywords: Complexification; Discrete dynamics; Ghosts; Holomorphic dynamics; Saddle-node bifurcation; Scaling laws;
Tansients.

I. INTRODUCTION

Bifurcations are responsible for qualitative changes in dy-
namical systems due to parameter changes [1, 2]. Local bifur-
cations typically involve stability shifts or collisions between
fixed points. Classical examples are transcritical, saddle-node
(hereafter labeled as s-n, also named fold or tangent), pitch-
fork, or Hopf-Andronov bifurcations [2]. Bifurcations oc-
cur in most physical systems and have been mathematically
described in elastic-plastic materials [3], electronic circuits
[4, 5], or open quantum systems [6], among many others. Bi-
furcations have been also largely investigated in population
dynamics [7–11] since they often involve important changes
such as the separation between species’ persistence and ex-
tinctions. Further theoretical research in socioecological sys-
tems [12, 13], in autocatalytic systems [14–16], in the fixa-
tion of alleles in population genetics and biological or com-
puter virus propagation [17–20], has revealed bifurcation phe-
nomena, often governed by abrupt changes (typically due to
s-n bifurcations). Additionally, bifurcations have been iden-
tified experimentally in many physical [5, 21–23], chemi-
cal [24, 25], and biological systems [26, 27].

One of the most remarkable properties of systems ap-
proaching a local bifurcation is that transients’ lengths slow
down drastically. The length of these transients typically
scales with the distance to the bifurcation value [2, 28]. Such
scaling properties are found both in continuous-time (flows)
and discrete-time (maps) dynamical systems. For instance, the
length of transients, τ , in transcritical bifurcations diverges as
a power law τ ∼ |µ − µc|−1 [28, 29], with µ and µc being,
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respectively, the control parameter and the value at which it
bifurcates. The same scaling exponent is found in the super-
critical Pitchfork bifurcation in flows [28], and in the Pitch-
fork and the period-doubling bifurcation in maps [29]. For
the s-n, transients scale as τ ∼ |µ − µc|−1/2 for flows and
maps [2, 14, 30] (see Fig. 1 and Fig.7a). Remarkably, this
scaling law was found experimentally in an electronic circuit
modelling Duffing’s oscillator [5]. The same scaling exponent
has been recently found in a delayed differential equation suf-
fering a s-n bifurcation [15].

In short, the s-n bifurcation involves the collision and con-
sequent annihilation of fixed points. This annihilation actually
involves the jump of these two equilibria from the real num-
bers phase space to the complex one [2, 14–16, 31]. An in-
teresting phenomenon tied to this fact is that, despite no fixed
points are present in the real numbers phase space after the bi-
furcation takes place, the dynamics are still influenced by such
points which now lie in the complex plane (for one-variable
dynamical systems). This is why the orbits’ delays right after
the bifurcation are said to be governed by a ghost [2].

S-n bifurcations are also behind chaotic transients in type-
I intermittency i.e. Manneville-Pomeau scenario [32], which
occurs in multitude of chaotic systems, including the Lorenz
system [32, 37] and the onset of chaos in the period-three win-
dow of the logistic map [38]. This phenomenon has been iden-
tified experimentally in the celebrated Belouzov-Zhabotinsky
reaction [33] and in the Rayleigh-Bénard convection [36],
among other systems [34, 35]. Here, close to the bifurca-
tion value the system behaves with regular periodic oscilla-
tions (’laminar phase’) during long time intervals but display-
ing bursts of finite-time chaotic windows. The switch from
regular dynamics to chaos involves an instability because the
modulus of at least one Floquet multiplier becomes larger than
one. For type-I intermittency, a real Floquet multiplier crosses
the unit circle at (+1) [32]. As the bifurcation value fur-
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ther increases, the chaotic windows enlarge until the dynam-
ics becomes fully chaotic (’turbulent phase’). Manneville and
Pomeau showed scaling laws for the Lyapunov number and
the number of cycles of a laminar period with respect to the
distance to the bifurcation value [32] (see Section III below).

Non-chaotic ghost transients tied to s-n bifurcations have
been identified in mathematical models for charge density
waves [39], hypercycles [31, 40], and ecological systems with
facilitation including semi-arid ecosystems [41] and metapop-
ulations with habitat destruction [16]. Notwithstanding, the
interest in grasping the fundamental mechanism behind the
ghost effect has provided few works deriving the inverse
square-root scaling law using complex variable [14, 42]. De-
spite these investigations, the dynamical mechanism taking
place at the complex phase space and responsible for such de-
lays still remains unknown.

It is well known that complex variables and complex anal-
ysis techniques are useful in areas of physics. For instance,
in thermodynamics [43], hydrodynamics [44, 45] and quan-
tum mechanics [46]. By extension, the use of complex anal-
ysis also has applications in engineering fields such as nu-
clear [47], aerospace [48], or electrical [49] engineering,
among many others; or in many branches of mathematics.
Particularly, in dynamical systems, one can view not only the
real phase space but also the parameter space of analytic maps
as restrictions of their complex analogues. This complexi-
fication has proven to be fruitful towards the understanding
of phenomena often hidden from the real phase space. For
instance, complex techniques are needed to obtain an upper
bound on the number of stable equilibria in an analytic real
map, in terms of the number of zeros of its derivative. A
paradigmatic example is given by the quadratic family x2 + c
[or equivalently the logistic one λx(1− x)] which, via renor-
malization, models the local dynamics of every analytic map
near a simple critical point. Complexifying both the variable
x and the parameter c, we are led to the well known Mandel-
brot set, which allows a complete understanding of the cas-
cade of period doubling bifurcations observed in the real pa-
rameter space. In this same family, the density of hyperbolic
parameters in the real parameter line is also a recent fun-
damental result which required sophisticated complex tech-
niques [50, 51].

In this paper we investigate the complex (as opposed to
real) dynamics after a s-n bifurcation in a map describing
the dynamics of species facilitation under habitat destruc-
tion considering non-overlapping generations (see Ref. [16]
for a continuous-time approach). Models with positive feed-
backs such as facilitation typically have saddle-node bifurca-
tions [16, 40]. Facilitation, which becomes a crucial ecologi-
cal process in drylands, involves positive pairwise interactions
between individuals leading to the benefit of at least one of
the interacting partners [52]. For instance, facilitation can oc-
cur when a given species makes the local environment more
favourable (shading mechanisms reducing water or nutrient
stress) to other individuals of the same species or to another
species. It is important to notice that facilitation has been
poorly investigated in models with non-overlapping genera-
tions, especially considering habitat destruction as well.

The main goal of our research is to reveal the dynamical
mechanism taking place at the complex space causing the de-
lays in the real numbers phase space (illustrated in Fig. 1 by
means of the scaling law and time series). We have found
that these delays after the s-n bifurcation, achieved by in-
creasing habitat destruction, are due to two repellers sym-
metrically located in the complex plane above and below the
real line. Short after the bifurcation value, these fixed points
are extremely close to the real line, leaving a narrow channel
by which real orbits must go through, with extremely slow
speed. We derive the scaling law using complex techniques,
obtaining a simple relation between the multipliers of the re-
pellers and the inverse square-root scaling law. Finally, we
extend these results to more general (non-necessarily polyno-
mial) families which exhibit s-n bifurcations.

II. MATHEMATICAL MODEL AND RESULTS

The model we analyse in this paper describes the popula-
tion dynamics of a single-species where the individuals coop-
erate through facilitation processes, in the context of metapop-
ulations with facilitation and habitat destruction. Specifically,
given xn ≥ 0 the population at stage n ≥ 0, the map is given
by

F (xn) = xn+1 = xn + µx2n(1−D − xn)− γxn. (1)

This is a discrete-time version of the model ẋ =
µx2 (1−D − x) − γx studied in [16], obtained using an
Euler step i.e. assuming xn+1 − xn ≈ dx/dt. The con-
stant µ > 0 is the intrinsic growth rate while γ denotes the
density-independent death rate of individuals. Note that the
population includes a logistic-like growth constrain introduc-
ing intra-specific competition with a normalised carrying ca-
pacity. This logistic function also includes a fraction of habitat
destroyed, D ∈ [0, 1]. For the purposes of our work we will
limit the range to γ ∈ (0, 1], mainly focusing on the impact of
parameterD in the delaying effects right after the saddle-node
(hereafter s-n) bifurcation.

Most of the previous research on ghost transients has fo-
cused on time-continuous systems. These mainly include au-
tocatalytic replicators [14, 31, 40] and metapopulations [53].
In order to study such delays in populations with non-
overlapping generations such as insects or annual plants, it
is better to use a discrete-time approach, as the one given
by Eq. (1), although this is rarely found in the literature.
Nevertheless, some works explored s-n bifurcations in maps
within the framework of the so-called Allee effects [54] and
single-species ecological models with harvesting [42]. Spa-
tial computational simulations for hypercycles (two-species
cross-catalytic systems) have also revealed the presence of
ghost transients [55] as well.
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A. Dynamics on the reals

The fixed points of Map (1) are computed from F (x) = x,
obtaining x∗0 = 0, and the pair

x∗± =
1

2

(
1−D ±

√
(1−D)2 − 4γ

µ

)
.

The system undergoes a s-n bifurcation when the discriminant
of x∗± equals zero. This gives bifurcation values for every one
of the parameters involved:

µc =
4γ

(1−D)2
, γc =

µ(1−D)2

4
, Dc = 1− 2

√
γ/µ,

although we will use mostly D ∈ [0, 1] (fraction of habitat
destroyed) as the control parameter.

We now focus on the properties of map (1) for parameter
values close to the s-n bifurcation (see Fig. 1 for some dy-
namical properties right after the bifurcation). Let us start
with the linear stability of the fixed points. Given a fixed
point x0 of a differentiable map F (x), its multiplier is given
by λ(x0) = F ′(x0). The fixed point is called attracting if
|λ(x0)| < 1, repelling if |λ(x0)| > 1, and indifferent if
|λ(x0)| = 1, where | · | denotes the absolute value (or the
complex modulus). If the multiplier equals one we say that the
fixed point is parabolic and, if the map is analytic, it can be
written locally as F (x) = x+c(x−x0)ν+O

(
(x− x0)ν+1

)
,

where c ∈ R \ {0} and ν ≥ 2. In this case x0 is said to be a
fixed point of multiplicity ν since it is a solution of multiplic-
ity ν of the equation F (x) = x.

The stability of the fixed points of Map (1) can be obtained
from the multiplier, which is computed as

λ(x) = F ′(x) =
dF (x)

dx
= 1− γ + 2µx

(
1−D − 3x

2

)
.

The stability of x∗0 is computed from |λ(0)| = |1 − γ|. Note
that the modulus of the multiplier is always less than 1 for
the considered range of 0 < γ ≤ 1. Hence, this fixed point
is locally stable (it is attracting), being a super-attractor for
γ = 1 since the multiplier equals 0.

To point out the dependence of x∗± on ε, we denote the fixed
points by x∗±(ε). A direct study of the stability of x∗±(ε) in
terms of ε yields complicated expressions. To sort out this
problem we consider the map Gε(y) = Fε(y + xc) − xc,
obtained by conjugating Fε with the translation x → x − xc.
Thus the dynamics of Gε coincides with the dynamics of Fε
shifted by translation. In particular, y = −xc is the attracting
fixed point of Gε which corresponds to the attracting fixed
point x = 0 of Fε, while bifurcation occurs at the double
fixed point y = 0. For ε 6= 0, the map Gε(y) has two fixed
points around 0, given by y±(ε) = x∗±(ε)−xc. Moreover, the
multipliers of y±(ε), λ(y±(ε)) = G′(y±(ε)), coincide with
the multipliers of x∗±(ε), λ(x

∗
±(ε)) = F ′(x∗±(ε)). Therefore,

in order to study the stability of x∗±(ε) it is enough to study
the stability of y±(ε), task which occupies the remaining part
of this section. In Fig. 2 we show a summary of the stability
of x∗±(ε) for |ε| small.
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Ghosts from the complex: study of a cooperative single-species ecological map
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Transients are extremely important in ecological dynamics. Several transient generator mechanisms have
been proposed in the last decades. Among them, the so-called delayed transition or ghost has been recently
explored in models incorporating strong feedbacks. Some of these models des cribe dynamics of ecosystems
including processes of cooperation or facilitation. In this article we take a novel approach by identifying the
mechanism for delayed tgransitions in a discrete time model which considers a single-species with facilitation
processes and habitat destruction. By using a complexification of the dynamics we identify the so-called jets,
which live in the complex plane and influence this transient slowing.

� 1
2

Keywords: hypercycles, spatial replicator dynamics, metapopulations, bifurcations, phase transitions.

I. INTRODUCTION

Attractors and transients in ecology
Continuous-time vs discrete time systems in ecology
Facilitation and habitat destruction
Ghosts
Complexification

II. SINGLE-SPECIES DYNAMICS WITH FACILITATION
AND HABITAT DESTRUCTION

The model investigated described the population dynam-
ics of a single-species considers the growth of a population
where the individuals cooperate, and cooperation involves an
increase in reproduction, which gives place to a nonlinear
growth term of the form kx2

t . The population includes a
logistic-like growth constrain introducing also intra-specific
competition, as well as density-independent death rates.

f(x) =
dx

dt
= µx2

✓
1 � D + x

K

◆
� "x. (1)

Constant µ > 0 is the intrinsic growth rate. The logistic-like
function includes a fraction of habitat destroyed, D 2 [0, 1],
and intra-specific competition, K > 0 being the carrying ca-
pacity (for simplicity we will hereafter set K = 1, other val-
ues of K do not change the dynamics qualitatively). Finally, "
denotes the density-independent death rate of individuals. For
the purposes of our work we will limit the range to " 2 (0, 1].
The process of facilitation is introduced by the growth term
µx2. This growth term obeys the hyperbolic growth associ-
ated to systems with autocatalytic feedbacks [].

The dynamics and bifurcations of this model have been re-
cently determined in Ref. [1]. Equation (1) has three equilib-
rium points:

P ⇤
0 = 0, P ⇤

± =
1

2

✓
1 � D ±

r
(D � 1)2 � 4"

µ

◆
.

The points P± suffer a saddle-node bifurcation when their dis-
criminant equals zero. From this condition we can obtain the
bifurcation value, which depends upon all the parameters and
we compute for the critical fraction of destroyed habitat. This
bifurcation value arises from a quadratic equation for D of the
discriminant, but since D 2 [0, 1] we take:

Dc = 1 � 2
p
"/µ. (2)

For further details on the stability and the dynamics of this
system we refer the reader to Ref. [1]. As we will see below,
the fixed points and the stability of Map (3) are in agreement
with the continuous time model.

A discrete time version of Eq. (1) using an Euler step reads:

F (xn) = xn+1 = xn + µx2
n(1 � D � xn) � "xn, (3)

expressed in a more compact form, setting "0 = 1 � " and
D0 = 1 � D, we obtain

xn+1 = xn("0 + µxn(D0 � xn)), (4)

Notice that the map above is equivalent to the differential
equation Model (1) since

xn+1 � xn ⇡ dx

dt
= f(x).

The fixed points of Map (3) are computed from F (xn) = xn,
also giving x⇤

0 = 0, and the pair x⇤
± = P ⇤

± previously com-
puted. Here the bifurcation values are listed for all parameters,
having:

µc =
4(1 � "0)

D2
0

, "c =
µD2

0

4
,

and the one previously computed for the continuous system
Dc = 1 � 2

p
(1 � "0)/µ.

We will now focus on the properties of Map (3) for param-
eter values close to the saddle-node bifurcation. Let us start
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Unveilingtransientghostsbycomplexificationofasingle-speciesecologicalmap

JordiCanelaandJosepSardanyés
(Dated:January10,2020)

Transientsareextremelyimportantinecologicaldynamics.Severaltransientgeneratormechanismshave
beenproposedinthelastdecades.Amongthem,theso-calleddelayedtransitionorghosthasbeenrecently
exploredinmodelsincorporatingstrongfeedbacks.Someofthesemodelsdescribedynamicsofecosystems
includingprocessesofcooperationorfacilitation.Inthisarticlewetakeanovelapproachbyidentifyingthe
mechanismfordelayedtgransitionsinadiscretetimemodelwhichconsidersasingle-specieswithfacilitation
processesandhabitatdestruction.Byusingacomplexificationofthedynamicsweidentifytheso-calledjets,
whichliveinthecomplexplaneandinfluencethistransientslowing.

Im(µ)Re(µ)Im(D)Re(D)

Keywords:hypercycles,spatialreplicatordynamics,metapopulations,bifurcations,phasetransitions.

I.INTRODUCTION

Attractorsandtransientsinecology
Continuous-timevsdiscretetimesystemsinecology
Facilitationandhabitatdestruction
Ghosts
Complexification

II.SINGLE-SPECIESDYNAMICSWITHFACILITATION
ANDHABITATDESTRUCTION

Themodelinvestigateddescribedthepopulationdynam-
icsofasingle-speciesconsidersthegrowthofapopulation
wheretheindividualscooperate,andcooperationinvolvesan
increaseinreproduction,whichgivesplacetoanonlinear
growthtermoftheformkx2

t.Thepopulationincludesa
logistic-likegrowthconstrainintroducingalsointra-specific
competition,aswellasdensity-independentdeathrates.

f(x)=
dx

dt
=µx2

✓
1�D+x

K

◆
�"x.(1)

Constantµ>0istheintrinsicgrowthrate.Thelogistic-like
functionincludesafractionofhabitatdestroyed,D2[0,1],
andintra-specificcompetition,K>0beingthecarryingca-
pacity(forsimplicitywewillhereaftersetK=1,otherval-
uesofKdonotchangethedynamicsqualitatively).Finally,"
denotesthedensity-independentdeathrateofindividuals.For
thepurposesofourworkwewilllimittherangeto"2(0,1].
Theprocessoffacilitationisintroducedbythegrowthterm
µx2.Thisgrowthtermobeysthehyperbolicgrowthassoci-
atedtosystemswithautocatalyticfeedbacks[].Thedynamics
andbifurcationsofthismodelhavebeenrecentlydetermined
inRef.[1].Equation(1)hasthreeequilibriumpoints:

P⇤
0=0,P⇤

±=
1

2

✓
1�D±

r
(D�1)2�4"

µ

◆
.

ThepointsP±sufferasaddle-nodebifurcationwhentheirdis-
criminantequalszero.Fromthisconditionwecanobtainthe
bifurcationvalue,whichdependsuponalltheparametersand
wecomputeforthecriticalfractionofdestroyedhabitat.This

bifurcationvaluearisesfromaquadraticequationforDofthe
discriminant,butsinceD2[0,1]wetake:

Dc=1�2
p

"/µ.(2)

Forfurtherdetailsonthestabilityandthedynamicsofthis
systemwereferthereadertoRef.[1].Aswewillseebelow,
thefixedpointsandthestabilityofMap(3)areinagreement
withthecontinuoustimemodel.

AdiscretetimeversionofEq.(1)usinganEulerstepreads:

F(xn)=xn+1=xn+µx2
n(1�D�xn)�"xn,(3)

expressedinamorecompactform,setting"0=1�"and
D0=1�D,weobtain

xn+1=xn("0+µxn(D0�xn)),(4)

Noticethatthemapaboveisequivalenttothedifferential
equationModel(1)since

xn+1�xn⇡dx

dt
=f(x).

ThefixedpointsofMap(3)arecomputedfromF(xn)=xn,
alsogivingx⇤

0=0,andthepairx⇤
±=P⇤

±previouslycom-
puted.Herethebifurcationvaluesarelistedforallparameters,
having:

µc=
4"

(D�1)2
,"c=

µ(D�1)2

4
,

andtheonepreviouslycomputedforthecontinuoussystem
Dc=1�2

p
"/µ.

WewillnowfocusonthepropertiesofMap(3)forparam-
etervaluesclosetothesaddle-nodebifurcation.Letusstart
withthelinearstabilityofthefixedpoints,thatcanbeob-
tainedfromthemultipliercomputedas

�(xn)=
dF(xn)

dxn
="0+2µx

✓
D0�

3x

2

◆
.

Thestabilityofx⇤
0iscomputedfrom|�(0)|=|"0|.Note

thatthemodulusofthemultiplierisalwayslessthan1forthe
consideredrangeof0<"1.Hence,thisfixedpointis
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Unveilingtransientghostsbycomplexificationofasingle-speciesecologicalmap

JordiCanelaandJosepSardanyés
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Transientsareextremelyimportantinecologicaldynamics.Severaltransientgeneratormechanismshave
beenproposedinthelastdecades.Amongthem,theso-calleddelayedtransitionorghosthasbeenrecently
exploredinmodelsincorporatingstrongfeedbacks.Someofthesemodelsdescribedynamicsofecosystems
includingprocessesofcooperationorfacilitation.Inthisarticlewetakeanovelapproachbyidentifyingthe
mechanismfordelayedtgransitionsinadiscretetimemodelwhichconsidersasingle-specieswithfacilitation
processesandhabitatdestruction.Byusingacomplexificationofthedynamicsweidentifytheso-calledjets,
whichliveinthecomplexplaneandinfluencethistransientslowing.

Im(µ)Re(µ)Im(D)Re(D)

Keywords:hypercycles,spatialreplicatordynamics,metapopulations,bifurcations,phasetransitions.

I.INTRODUCTION

Attractorsandtransientsinecology
Continuous-timevsdiscretetimesystemsinecology
Facilitationandhabitatdestruction
Ghosts
Complexification

II.SINGLE-SPECIESDYNAMICSWITHFACILITATION
ANDHABITATDESTRUCTION

Themodelinvestigateddescribedthepopulationdynam-
icsofasingle-speciesconsidersthegrowthofapopulation
wheretheindividualscooperate,andcooperationinvolvesan
increaseinreproduction,whichgivesplacetoanonlinear
growthtermoftheformkx2

t.Thepopulationincludesa
logistic-likegrowthconstrainintroducingalsointra-specific
competition,aswellasdensity-independentdeathrates.

f(x)=
dx

dt
=µx2

✓
1�D+x

K

◆
�"x.(1)

Constantµ>0istheintrinsicgrowthrate.Thelogistic-like
functionincludesafractionofhabitatdestroyed,D2[0,1],
andintra-specificcompetition,K>0beingthecarryingca-
pacity(forsimplicitywewillhereaftersetK=1,otherval-
uesofKdonotchangethedynamicsqualitatively).Finally,"
denotesthedensity-independentdeathrateofindividuals.For
thepurposesofourworkwewilllimittherangeto"2(0,1].
Theprocessoffacilitationisintroducedbythegrowthterm
µx2.Thisgrowthtermobeysthehyperbolicgrowthassoci-
atedtosystemswithautocatalyticfeedbacks[].Thedynamics
andbifurcationsofthismodelhavebeenrecentlydetermined
inRef.[1].Equation(1)hasthreeequilibriumpoints:

P⇤
0=0,P⇤

±=
1

2

✓
1�D±

r
(D�1)2�4"

µ

◆
.

ThepointsP±sufferasaddle-nodebifurcationwhentheirdis-
criminantequalszero.Fromthisconditionwecanobtainthe
bifurcationvalue,whichdependsuponalltheparametersand
wecomputeforthecriticalfractionofdestroyedhabitat.This

bifurcationvaluearisesfromaquadraticequationforDofthe
discriminant,butsinceD2[0,1]wetake:

Dc=1�2
p

"/µ.(2)

Forfurtherdetailsonthestabilityandthedynamicsofthis
systemwereferthereadertoRef.[1].Aswewillseebelow,
thefixedpointsandthestabilityofMap(3)areinagreement
withthecontinuoustimemodel.

AdiscretetimeversionofEq.(1)usinganEulerstepreads:

F(xn)=xn+1=xn+µx2
n(1�D�xn)�"xn,(3)

expressedinamorecompactform,setting"0=1�"and
D0=1�D,weobtain

xn+1=xn("0+µxn(D0�xn)),(4)

Noticethatthemapaboveisequivalenttothedifferential
equationModel(1)since

xn+1�xn⇡dx

dt
=f(x).

ThefixedpointsofMap(3)arecomputedfromF(xn)=xn,
alsogivingx⇤

0=0,andthepairx⇤
±=P⇤

±previouslycom-
puted.Herethebifurcationvaluesarelistedforallparameters,
having:

µc=
4"

(D�1)2
,"c=

µ(D�1)2

4
,

andtheonepreviouslycomputedforthecontinuoussystem
Dc=1�2

p
"/µ.

WewillnowfocusonthepropertiesofMap(3)forparam-
etervaluesclosetothesaddle-nodebifurcation.Letusstart
withthelinearstabilityofthefixedpoints,thatcanbeob-
tainedfromthemultipliercomputedas

�(xn)=
dF(xn)

dxn
="0+2µx

✓
D0�

3x

2

◆
.

Thestabilityofx⇤
0iscomputedfrom|�(0)|=|"0|.Note

thatthemodulusofthemultiplierisalwayslessthan1forthe
consideredrangeof0<"1.Hence,thisfixedpointis

FIG.3.Bifurcationdiagrams:(a)D=0.2,�=0.075,for0µ6.Hereµc=0.46875;(b)µ=4,�=0.2,for0D0.75.
HereDc=0.5527864045···.Theupperfiguresshowthebifurcationfromacomplexpointofview(compare§IIB).Thelowerfiguresshow
thebifurcationsfromarealpointofview.Forthelatercase,wehavenumericallybuiltthebifurcationdiagramsusingtwodifferentinitial
conditionsx0=10�4andx0=0.5.Thebluelinescorrespondtothestable(solid)andunstable(dashed)fixedpoints,beingthelowerbranch
thefixedpointP⇤

�andtheupperonethepointP⇤
+.Notethattheoriginislocallystable.

purpleandgreythepointswhichconvergeunderiterationof
F"toz=0.Weobservehowmostofthepoints(inparticular
alltherealones)whichconvergedtotheparabolicpointxc

beforeperturbationnowconvergetoz=0.However,wecan
seewhiteorbits(i.e.orbitswhichconvergetoinfinity)form-
inginfinitespiralsaroundx⇤

±("),sincenowthesetwofixed
pointsmustbelongtotheboundaryofthebasinofinfinity.

Allcolouredorbitsaroundx⇤
±(")convergetoz=0,but

theyneedanincreasingamountofiteratestodoso,which
isreflectedinthecolour.Thetwoblackdisks,whichcorre-
spondtoinitialconditionswhichhaveneitherconvergedto
z=0norescapedtoz=1in105iterates,arenumerical
artifacts,andtheywoulddisappearifweincreasedthenum-
berofiteratesadinfinitum.Thesetwospiralsare,somehow,
thecomplexdynamicalobstructionwhichleadstotheslow
iterationoftherealpointsthroughtheformerparabolicpoint
xc.Indeed,sincethepointsx⇤

±(")areveryclose,thechannel
betweenthemisverynarrow(seeFig.5),whichleadstoa

derivativeveryclosetooneandhencetoextremelyslowdy-
namics(seeFig.7).Numericalexperimentsindicatethatthe
channelwidthdependslinearlyin"for|"|small.Forinstance,
forµ=4and�=0.2thechannelwidthisapproximately
5.9476·".

Inthenextsectionweanalysetherelationbetweenthemul-
tipliersofthefixedpointsx⇤

±(")andthetimerequiredtopass
throughthechannel.

C.Analyticalderivationofthescaling-lawusingthemultiplier

ForD=Dc(i.e."=0)theparabolicfixedpointxc

ofF0isrepellingfromtheleftandattractingfromtheright
(seeFig.2(b),compareFig.4(b)).Thisfollowsfromthe
factthatthesecondderivativeofF0atxcisnegative.More-
over,allpointsinthesegment(0,xc)convergeunderitera-
tionofF0tox=0.Asdiscussedintheprevioussection,
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FIG. 5. (a) Zooms of Fig. 4 (d). The ranges of the initial conditions are Re(z) 2 [xc � 10�4, xc + 10�4] and Im(z) 2 [�10�4/2, 10�4/2]
(upper panel, labeled specular Dark Side Of The Moon) and Re(z) 2 [xc�2 ·10�5, xc +2 ·10�5] and Im(z) 2 [�10�5, 10�5] (lower panel).
(b) Dependence of the channel width on " .

pictures are done as follows. We take a grid of 1200 ⇥ 600
points and iterate the corresponding initial conditions up to
105 times. If the orbit reaches a given small neighbourhood
of the attracting fixed point z = 0 we plot the point using an
scaling from red (fast convergence) to green, blue, purple and
to grey (slow convergence). If the orbit escapes to z = 1 we
plot the point in white and, if after 105 iterates the orbit has
neither converged to z = 0 nor to z = 1 we plot the point in
black.

In Fig. 4 (a) we plot the dynamical plane of F" for " =
�0.1. Since " . 0, the point x⇤

+(") is attracting, and its basin
of attraction can be seen in black. In red we see the basin of
attraction of z = 0. The repelling fixed point x⇤

�(") is the in-
tersection point between the closure of the big red component,
which contains z = 0, and the closure of the big black compo-
nent. In Fig. 4 (b) we plot the dynamical plane of F" for " = 0,
the bifurcation parameter, for which x⇤

�(") and x⇤
+(") collide

at the parabolic fixed point xc, which is now the intersection
point between the closure of the two basins. As before, red
orbits converge to z = 0 while black orbits now converge to
to the parabolic point xc. Notice that, since xc 2 J (F0), the
dynamics around xc is not stable. Finally, in Fig. 4 (c), we plot
the dynamical plane of F" for " = 106, for which we see how
x⇤
�(") and x⇤

+(") exited the real line and became repelling -
they are the center of the two spirals which appear near the
former parabolic point in Fig. 4 (d), a zoom of (c). For this
parameter we see with the scaling from red to green, blue,
purple and grey the points which converge under iteration of
F" to z = 0. We observe how most of the points (in particular
all the real ones) which converged to the parabolic point xc

before perturbation now converge to z = 0. However, we can
see white orbits (i.e. orbits which converge to infinity) form-
ing infinite spirals around x⇤

±("), since now these two fixed
points must belong to the boundary of the basin of infinity.

All coloured orbits around x⇤
±(") converge to z = 0, but

they need an increasing amount of iterates to do so, which

is reflected in the colour. The two black disks, which corre-
spond to initial conditions which have neither converged to
z = 0 nor escaped to z = 1 in 105 iterates, are numerical
artifacts, and they would disappear if we increased the num-
ber of iterates ad infinitum. These two spirals are, somehow,
the complex dynamical obstruction which leads to the slow
iteration of the real points through the former parabolic point
xc. Indeed, since the points x⇤

±(") are very close, the channel
between them is very narrow (see Fig. 5), which leads to a
derivative very close to one and hence to extremely slow dy-
namics (see Fig. 7). Numerical experiments indicate that the
channel width depends linearly in " for |"| small. For instance,
for µ = 4 and � = 0.2 the channel width is approximately
5.9476 · ".

In the next section we analyse the relation between the mul-
tipliers of the fixed points x⇤

±(") and the time required to pass
through the channel.

C. Analytical derivation of the scaling-law using the multiplier

For D = Dc (i.e. " = 0) the parabolic fixed point xc of
F0 is repelling from the left and attracting from the right (see
Fig. 2 (b), compare with Fig. 4 (b)). This follows from the
fact that the second derivative of F0 at xc is negative. More-
over, all points in the segment (0, xc) converge under itera-
tion of F0 to x = 0. As discussed in the previous section,
for " & 0, the fixed points x⇤

±(") become repelling complex
fixed points. Moreover, the real points which converge to the
parabolic point xc before perturbation, converge to x = 0 af-
ter perturbation if " is small enough (see Fig. 4 (c), compare
Fig. 2 (c)).

Let xini > xc be a point in the in the immediate basin of
attraction of xc under F0 (all points in the segment (xc, xini]
converge under iteration of F0 to xc). The goal of this section
is to determine the ‘asymptotic’ number of iterates required by
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FIG. 1. (Upper panel) Inverse square-root scaling law for transient
times to extinction right after a saddle-node bifurcation obtained
from map (1), obtained by increasing ε := D −Dc. (Lower panels)
Time series showing the long delays caused by the ghost using: (a)
ε = 10−10, (b) ε = 10−8, (c) ε = 10−6, and (d) ε = 10−4, using
as initial condition x0 = 0.5. Here we use µ = 4, γ = 0.2, thus
having Dc = 0.55278640446 · · · . The main goal of this manuscript
is to characterise the dynamics occurring at the complex phase space
responsible for these delays and their associated scaling law.

The map Gε is given by

Gε(y) = −µx2cε+ (1− 2µxcε)y− µ(xc+ ε)y2− µy3. (2)

The fixed points y±(ε) = x∗±(ε)− xc are given by

y±(ε) = −
ε

2
±
√
−xcε+

ε2

4
. (3)

If ε < 0, |ε| small, the fixed points y±(ε) can be written as

y±(ε) = ±x1/2c

√
−ε+O(ε).

Notice that since Dc ∈ [0, 1] (by assumption D ∈ [0, 1]), the
number xc = (1 − Dc)/2 is positive. Therefore, the points
y±(ε) are real. Their multipliers, λ(y±(ε)) = G′ε(y±(ε)), are
given by

λ(y±(ε)) = 1∓ 2µx3/2c

√
−ε+O(ε) = λ(x∗±(ε)).

Hence, y−(ε) is repelling and y+(ε) is attracting. We con-
clude that for ε . 0, the fixed points x∗±(ε) of the original
system Fε satisfy 0 < x∗−(ε) < x∗+(ε), x

∗
−(ε) is repelling,

and x∗+(ε) is attracting (see Fig. 2 (a)).
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x∗
−(ǫ)0 x∗

+(ǫ)

(a) Case ε < 0.

xc0

(b) Case ε = 0.

x∗
−(ǫ)

0

x∗
+(ǫ)

(c) Case ε > 0.

FIG. 2. Scheme of the saddle-node bifurcation which takes place
around xc for |ε| small. (a) Before bifurcation three fixed points are
found in the real line. (b) At bifurcation both fixed points x∗−(ε)
and x∗+(ε) collide at xc. (c) After the bifurcation, ε > 0, both fixed
points are placed in the complex plane.

On the other hand, if ε > 0, ε small, then the fixed points
are complex numbers given by

y±(ε) = ± i x1/2c ε1/2 +O(ε),
where i =

√
−1. Their multipliers, λ(y±(ε)) = G′ε(y±(ε)),

are given by

λ(y±(ε)) = 1∓ 2 i · µx3/2c ε1/2 +O(ε) = λ(x∗±(ε)). (4)

In particular, if ε is small then |λ(y±(ε))| > 1. Therefore, the
fixed points y±(ε) are repelling, and so are the fixed points
x∗±(ε) of Fε (see Fig. 2 (c)).

Next, we study the stability of the fixed points x∗± near the
parameter Dc. To do so, we fix 0 < γ ≤ 1 and µ > 0 and
denote ε := D −Dc (equivalently, D = Dc + ε). We denote
by Fε the map F with parameters γ, µ, and Dc + ε. We also
denote by xc = (1−Dc)/2 the parabolic fixed point at which
the fixed points x∗± collide when ε = 0. Using this notation,
Fε is expressed as

Fε(x) = (1− γ)x+ µ(2xc − ε)x2 − µx3. (5)

B. The saddle-node bifurcation from the complex

As discussed in the previous section, for ε & 0, the fixed
points x∗±(ε) become complex numbers, thus a dynamical

study of Fε from a complex point of view can help us to un-
derstand its dynamics. Let us briefly recall a few concepts
of the theory of dynamics in one complex variable for poly-
nomials (see [56] for a detailed introduction). As for real
maps, a fixed point z0 of a polynomial f : C → C is attract-
ing, repelling or indifferent depending on whether its multi-
plier λ(z0) := f ′(z0) is respectively smaller, larger or equal
to one in modulus. Indifferent fixed points with multiplier
λ(z0) = e2πip/q with p/q ∈ Q are also called parabolic.
Likewise, we can classify periodic points substituting f by
fp where p is the period of the orbit.

The basin of attraction A(z0) of an attracting or parabolic
fixed point z0 is an open set of the complex plane consisiting,
as usual, on the points whose orbits converge to z0, which be-
longs to the interior ofA(z0) in the attracting case, and which
lies on the boundary if it is parabolic. An important feature of
the dynamics of complex polynomials is that z =∞ is always
a superattracting fixed point, i.e. λ(∞) = 0 (computed with
the appropriate chart). Therefore, in the dynamical plane of
a polynomial we can always find an open set of initial condi-
tions, A(∞), whose orbits converge to z = ∞. This basin of
attraction is always connected, since ∞ has no preimages in
the complex plane.

The dynamics of the complex polynomial f induces a par-
tition of C into two completely invariant sets: The Fatou set
F(f) of points for which the family {fn}n of iterates of f is
equicontinuous in some neighbourhood of z; and its comple-
ment J (f) = C \ F(f), the Julia set. The Fatou set is open
and consists of the points around which the dynamics is sta-
ble, while the Julia set is closed, often fractal, and corresponds
to the set of points whose orbits are chaotic. Note that basins
of attraction of attracting and parabolic periodic points belong
to F(f) while parabolic points themselves belong to J (f).

Critical points, i.e. points c such that f ′(c) = 0, play an
important role in holomorphic dynamics, since every basin of
attraction must contain at least one critical point. This prop-
erty bounds the number of possible stable equilibria that may
coexist, and allows us to draw the bifrurcation set in the pa-
rameter space by colouring each parameter value according
to the asymptotic behaviour of the critical orbits (i.e. the or-
bits of the critical points) for that given parameter. In Fig. 3
(b) we show the complex D−plane of our model, the family
F = FD in Eq. (1), for different fixed real values of µ and γ.
The polynomials F have two critical points. Since z = 0 is
an attracting fixed point, the orbit of at least one of the critical
points converges to z = 0. Hence we colour the parameter in
black if both critical orbits converge to z = 0; we use a scal-
ing from yellow (slow convergence) to red (fast convergence)
if one of the critical orbits converges to z = ∞, and we plot
the parameter in green if one of the critical orbits converges
neither to z = 0 nor to z = ∞. Using this procedure, we can
see how the open segments of real parameters D for which
F has a real attracting periodic point other than z = 0 (see
the bifurcation diagrams in Fig. 3) become open domains of
complex parameters D for which F has an attracting periodic
point in C. Different connected components of the interior of
the green set correspond to different periods of the attracting
periodic orbit, being the largest one for period 1.
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Unveiling transient ghosts by complexification of a single-species ecological map

Jordi Canela and Josep Sardanyés
(Dated: January 10, 2020)

Transients are extremely important in ecological dynamics. Several transient generator mechanisms have
been proposed in the last decades. Among them, the so-called delayed transition or ghost has been recently
explored in models incorporating strong feedbacks. Some of these models des cribe dynamics of ecosystems
including processes of cooperation or facilitation. In this article we take a novel approach by identifying the
mechanism for delayed tgransitions in a discrete time model which considers a single-species with facilitation
processes and habitat destruction. By using a complexification of the dynamics we identify the so-called jets,
which live in the complex plane and influence this transient slowing.

Im(µ) Re(µ) Im(D) Re (D)

Keywords: hypercycles, spatial replicator dynamics, metapopulations, bifurcations, phase transitions.

I. INTRODUCTION

Attractors and transients in ecology
Continuous-time vs discrete time systems in ecology
Facilitation and habitat destruction
Ghosts
Complexification

II. SINGLE-SPECIES DYNAMICS WITH FACILITATION
AND HABITAT DESTRUCTION

The model investigated described the population dynam-
ics of a single-species considers the growth of a population
where the individuals cooperate, and cooperation involves an
increase in reproduction, which gives place to a nonlinear
growth term of the form kx2

t . The population includes a
logistic-like growth constrain introducing also intra-specific
competition, as well as density-independent death rates.

f(x) =
dx

dt
= µ x2

✓
1 � D + x

K

◆
� "x. (1)

Constant µ > 0 is the intrinsic growth rate. The logistic-like
function includes a fraction of habitat destroyed, D 2 [0, 1],
and intra-specific competition, K > 0 being the carrying ca-
pacity (for simplicity we will hereafter set K = 1, other val-
ues of K do not change the dynamics qualitatively). Finally, "
denotes the density-independent death rate of individuals. For
the purposes of our work we will limit the range to " 2 (0, 1].
The process of facilitation is introduced by the growth term
µ x2. This growth term obeys the hyperbolic growth associ-
ated to systems with autocatalytic feedbacks []. The dynamics
and bifurcations of this model have been recently determined
in Ref. [1]. Equation (1) has three equilibrium points:

P ⇤
0 = 0, P ⇤

± =
1

2

✓
1 � D ±

r
(D � 1)2 � 4"

µ

◆
.

The points P± suffer a saddle-node bifurcation when their dis-
criminant equals zero. From this condition we can obtain the
bifurcation value, which depends upon all the parameters and
we compute for the critical fraction of destroyed habitat. This

bifurcation value arises from a quadratic equation for D of the
discriminant, but since D 2 [0, 1] we take:

Dc = 1 � 2
p
" /µ. (2)

For further details on the stability and the dynamics of this
system we refer the reader to Ref. [1]. As we will see below,
the fixed points and the stability of Map (3) are in agreement
with the continuous time model.

A discrete time version of Eq. (1) using an Euler step reads:

F (xn) = xn+1 = xn + µ x2
n(1 � D � xn) � "xn, (3)

expressed in a more compact form, setting " 0 = 1 � " and
D0 = 1 � D, we obtain

xn+1 = xn(" 0 + µ xn(D0 � xn)), (4)

Notice that the map above is equivalent to the differential
equation Model (1) since

xn+1 � xn ⇡ dx

dt
= f(x).

The fixed points of Map (3) are computed from F (xn) = xn,
also giving x⇤

0 = 0, and the pair x⇤
± = P ⇤

± previously com-
puted. Here the bifurcation values are listed for all parameters,
having:

µc =
4"

(D � 1)2
, "c =

µ(D � 1)2

4
,

and the one previously computed for the continuous system
Dc = 1 � 2

p
" /µ.

We will now focus on the properties of Map (3) for param-
eter values close to the saddle-node bifurcation. Let us start
with the linear stability of the fixed points, that can be ob-
tained from the multiplier computed as

�(xn) =
dF (xn)

dxn
= " 0 + 2µ x

✓
D0 �

3x

2

◆
.

The stability of x⇤
0 is computed from |�(0)| = |" 0|. Note

that the modulus of the multiplier is always less than 1 for the
considered range of 0 < "  1. Hence, this fixed point is
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Unveiling transient ghosts by complexification of a single-species ecological map

Jordi Canela and Josep Sardanyés
(Dated: January 10, 2020)

Transients are extremely important in ecological dynamics. Several transient generator mechanisms have
been proposed in the last decades. Among them, the so-called delayed transition or ghost has been recently
explored in models incorporating strong feedbacks. Some of these models des cribe dynamics of ecosystems
including processes of cooperation or facilitation. In this article we take a novel approach by identifying the
mechanism for delayed tgransitions in a discrete time model which considers a single-species with facilitation
processes and habitat destruction. By using a complexification of the dynamics we identify the so-called jets,
which live in the complex plane and influence this transient slowing.

Im(µ) Re(µ) Im(D) Re (D)

Keywords: hypercycles, spatial replicator dynamics, metapopulations, bifurcations, phase transitions.

I. INTRODUCTION

Attractors and transients in ecology
Continuous-time vs discrete time systems in ecology
Facilitation and habitat destruction
Ghosts
Complexification

II. SINGLE-SPECIES DYNAMICS WITH FACILITATION
AND HABITAT DESTRUCTION

The model investigated described the population dynam-
ics of a single-species considers the growth of a population
where the individuals cooperate, and cooperation involves an
increase in reproduction, which gives place to a nonlinear
growth term of the form kx2

t . The population includes a
logistic-like growth constrain introducing also intra-specific
competition, as well as density-independent death rates.

f(x) =
dx

dt
= µ x2

✓
1 � D + x

K

◆
� "x. (1)

Constant µ > 0 is the intrinsic growth rate. The logistic-like
function includes a fraction of habitat destroyed, D 2 [0, 1],
and intra-specific competition, K > 0 being the carrying ca-
pacity (for simplicity we will hereafter set K = 1, other val-
ues of K do not change the dynamics qualitatively). Finally, "
denotes the density-independent death rate of individuals. For
the purposes of our work we will limit the range to " 2 (0, 1].
The process of facilitation is introduced by the growth term
µ x2. This growth term obeys the hyperbolic growth associ-
ated to systems with autocatalytic feedbacks []. The dynamics
and bifurcations of this model have been recently determined
in Ref. [1]. Equation (1) has three equilibrium points:

P ⇤
0 = 0, P ⇤

± =
1

2

✓
1 � D ±

r
(D � 1)2 � 4"

µ

◆
.

The points P± suffer a saddle-node bifurcation when their dis-
criminant equals zero. From this condition we can obtain the
bifurcation value, which depends upon all the parameters and
we compute for the critical fraction of destroyed habitat. This

bifurcation value arises from a quadratic equation for D of the
discriminant, but since D 2 [0, 1] we take:

Dc = 1 � 2
p
" /µ. (2)

For further details on the stability and the dynamics of this
system we refer the reader to Ref. [1]. As we will see below,
the fixed points and the stability of Map (3) are in agreement
with the continuous time model.

A discrete time version of Eq. (1) using an Euler step reads:

F (xn) = xn+1 = xn + µ x2
n(1 � D � xn) � "xn, (3)

expressed in a more compact form, setting " 0 = 1 � " and
D0 = 1 � D, we obtain

xn+1 = xn(" 0 + µ xn(D0 � xn)), (4)

Notice that the map above is equivalent to the differential
equation Model (1) since

xn+1 � xn ⇡ dx

dt
= f(x).

The fixed points of Map (3) are computed from F (xn) = xn,
also giving x⇤

0 = 0, and the pair x⇤
± = P ⇤

± previously com-
puted. Here the bifurcation values are listed for all parameters,
having:

µc =
4"

(D � 1)2
, "c =

µ(D � 1)2

4
,

and the one previously computed for the continuous system
Dc = 1 � 2

p
" /µ.

We will now focus on the properties of Map (3) for param-
eter values close to the saddle-node bifurcation. Let us start
with the linear stability of the fixed points, that can be ob-
tained from the multiplier computed as

�(xn) =
dF (xn)

dxn
= " 0 + 2µ x

✓
D0 �

3x

2

◆
.

The stability of x⇤
0 is computed from |�(0)| = |" 0|. Note

that the modulus of the multiplier is always less than 1 for the
considered range of 0 < "  1. Hence, this fixed point is

FIG. 3. Bifurcation diagrams: (a) D = 0.2, γ = 0.075, for 0 ≤ µ ≤ 6. Here µc = 0.46875; (b) µ = 4, γ = 0.2, for 0 ≤ D ≤ 0.75. Here
Dc = 0.55278640446 · · · . The upper figures show the bifurcation from a complex point of view (compare with §II B). The lower figures
show the bifurcations from a real point of view. For the later case, we have numerically built the bifurcation diagrams using two different
initial conditions x0 = 10−4 and x0 = 0.5. The blue lines correspond to the stable (solid) and unstable (dashed) fixed points, being the lower
branch the fixed point P ∗− and the upper one the point P ∗+. Note that the origin is locally stable.

We can now describe the s-n bifurcation from the complex
plane. To that end we fix the parameters µ = 4 and γ =
0.2 and draw the dynamical plane of Fε(z), where z ∈ C,
for values of ε before and after bifurcation (see Fig. 4). The
pictures are done as follows. We take a grid of 1200 × 600
points and iterate the corresponding initial conditions up to
105 times. If the orbit reaches a given small neighbourhood
of the attracting fixed point z = 0 we plot the point using an
scaling from red (fast convergence) to green, blue, purple and
to grey (slow convergence). If the orbit escapes to z =∞ we
plot the point in white and, if after 105 iterates the orbit has
neither converged to z = 0 nor to z =∞ we plot the point in
black.

In Fig. 4 (a) we plot the dynamical plane of Fε for ε =
−0.1. Since ε . 0, the point x∗+(ε) is attracting, and its basin
of attraction can be seen in black. In red we see the basin of
attraction of z = 0. The repelling fixed point x∗−(ε) is the in-
tersection point between the closure of the big red component,

which contains z = 0, and the closure of the big black compo-
nent. In Fig. 4 (b) we plot the dynamical plane of Fε for ε = 0,
the bifurcation parameter, for which x∗−(ε) and x∗+(ε) collide
at the parabolic fixed point xc, which is now the intersection
point between the closure of the two basins. As before, red
orbits converge to z = 0 while black orbits now converge to
to the parabolic point xc. Notice that, since xc ∈ J (F0), the
dynamics around xc is not stable. Finally, in Fig. 4 (c), we plot
the dynamical plane of Fε for ε = 106, for which we see how
x∗−(ε) and x∗+(ε) exited the real line and became repelling -
they are the center of the two spirals which appear near the
former parabolic point in Fig. 4 (d), a zoom of (c). For this
parameter we see with the scaling from red to green, blue,
purple and grey the points which converge under iteration of
Fε to z = 0. We observe how most of the points (in particular
all the real ones) which converged to the parabolic point xc
before perturbation now converge to z = 0. However, we can
see white orbits (i.e. orbits which converge to infinity) form-
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FIG. 4. Dynamical planes of F for µ = 4, γ = 0.2, and different values of D. White colour indicates that points converge to z = ∞, the
scaling from purple (slow convergence) to red (fast convergence) indicates that the point converges to z = 0, and black indicates that the
point has not converged to a given neighbourhood of z = 0 or z = ∞ after 105 iterates. In figure (a) there is an attracting fixed point other
than z = 0. In figure (b) the former attracting fixed point becomes parabolic, attracting from the right and repelling from the left in the reals.
In figures (c) and (d) the bifurcation occured and there are now two repelling fixed points in C \ R. The real points which converged to the
parabolic point at bifurcation value, now converge slowly to x = 0.

ing infinite spirals around x∗±(ε), since now these two fixed
points must belong to the boundary of the basin of infinity.

All coloured orbits around x∗±(ε) converge to z = 0, but
they need an increasing amount of iterates to do so, which
is reflected in the colour. The two black disks, which corre-
spond to initial conditions which have neither converged to
z = 0 nor escaped to z = ∞ in 105 iterates, are numerical
artifacts, and they would disappear if we increased the num-
ber of iterates ad infinitum. These two spirals are, somehow,
the complex dynamical obstruction which leads to the slow
iteration of the real points through the former parabolic point
xc. Indeed, since the points x∗±(ε) are very close, the channel
between them is very narrow (see Fig. 5), which leads to a
derivative very close to one and hence to extremely slow dy-
namics (see Fig. 7). Numerical experiments indicate that the
channel width depends linearly in ε for |ε| small. For instance,
for µ = 4 and γ = 0.2 the channel width is approximately
5.9476 · ε.

In the next section we analyse the relation between the mul-
tipliers of the fixed points x∗±(ε) and the time required to pass
through the channel.

C. Analytical derivation of the scaling law using the multiplier

For D = Dc (i.e. ε = 0) the parabolic fixed point xc of
F0 is repelling from the left and attracting from the right (see
Fig. 2 (b), compare with Fig. 4 (b)). This follows from the
fact that the second derivative of F0 at xc is negative. More-
over, all points in the segment (0, xc) converge under itera-
tion of F0 to x = 0. As discussed in the previous section,
for ε & 0, the fixed points x∗±(ε) become repelling complex
fixed points. Moreover, the real points which converge to the
parabolic point xc before perturbation, converge to x = 0 af-
ter perturbation if ε is small enough (see Fig. 4 (c), compare
Fig. 2 (c)).

Let xini > xc be a point in the in the immediate basin of
attraction of xc under F0 (all points in the segment (xc, xini]
converge under iteration of F0 to xc). The goal of this section
is to determine the ‘asymptotic’ number of iterates required by
xini to be mapped onto a given neighbourhood of the attract-
ing fixed point x = 0 under Fε. The next theorem estimates
this quantity in terms of the multiplier λ(x∗−(ε)) and recovers
from it the scaling law in terms of ε.

Theorem II.1. Let xini > xc be a point in the in the imme-
diate basin of attraction of xc under F0. Let ε > 0. Then,
the number of iterates Nε required to go from xini to a given
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FIG. 5. (a) Zooms of Fig. 4 (d). The ranges of the initial conditions are Re(z) ∈ [xc − 10−4, xc + 10−4] and Im(z) ∈ [−10−4/2, 10−4/2]
(upper panel, labeled specular Dark Side Of The Moon) and Re(z) ∈ [xc−2 ·10−5, xc+2 ·10−5] and Im(z) ∈ [−10−5, 10−5] (lower panel).
(b) Dependence of the channel width on ε .

(fixed) neighbourhood of x0 under Fε is given by

Nε ≈
2π

Im(λ(x∗−(ε))
+K1 =

π

µ x
3/2
c ε1/2

+K2,

where K1,K2 ∈ R and K2 = K1 +O(1).
Proof. Let δ > 0 fixed. For the unperturbed map F0, the point
xini is mapped to the left of xc+δ in a finite number of iterates
of F0. Analogously, the point xc − δ is mapped onto a given
neighbourhood of x = 0 in a finite numbers of iterates. It
follows that, for ε small, we can bound the number of iterates
employed to go from xini to the left of xc+δ and from xc−δ
to a given neighbourhood of x = 0 under Fε by a constantK0.
Therefore, in order to estimate the number of iterates used to
go from xini onto a neighbourhood of x = 0 it is enough to
estimate the number of iterates required to go from xc + δ to
xc − δ under Fε.

If ε and δ are small enough, since both Fε(z) − z and
F ′ε(z) − 1 are very small in modulus, the discrete model can
be approximated by the vector field z′ = Fε(z), and hence the
number of iterates Nε,δ required to go from xc + δ to xc − δ
can be approximated by the integral

∫ xc−δ

xc+δ

dx

Fε(x)− x
,

(see [42] and [57, page 4]). As shown in [14] (see also [42])
this integral can be computed using complex analysis tech-
niques. Their idea is to consider a simple closed curve η, ori-
ented counter-clockwise, which intersects the real line exactly
in the segment [xc + δ, xc − δ] and surrounds the fixed point
x∗−(ε) (see Fig. 6). Using the Residue Theorem, the integral
over the whole curve η is given by

∮

η

dz

Fε(z)− z
= 2πi Res

(
1

Fε(z)− z
, x∗−(ε)

)
.

x∗−(ε)

0

x∗+(ε)

xc − δ xc + δ

η

xini

FIG. 6. Scheme of the curve η used to estimate the number of iterates
between xc + δ and xc − δ.

Let η′ := η \ [xc+ δ, xc− δ] and let Iδε :=
∫
η′

dz
Fε(z)−z . Since

for ε & 0 the fixed points ofFε(z)−z stay bounded away from
the curve η′, there exists Kδ > 0 independent from ε such
that

∣∣Iδε
∣∣ < Kδ . In fact, it is easy to see that Iδε = Iδ0 +O(ε).

Hence, the number of iterates Nε,δ required to go from xc+ δ
to xc − δ can be approximated by

Nε,δ ≈
∫ xc−δ

xc+δ

dx

Fε(x)− x

= 2πi Res
(

1

Fε(z)− z
, x∗−(ε)

)
− Iδε .

Therefore, to understand the asymptotic behaviour of Nε,δ as

ε tends to 0 it is enough to study 2πi Res
(

1

Fε(z)− z

)
.

In this paper we replace the use of 2πi Res
(

1

Fε(z)− z

)

by the use of the holomorphic index of Fε at x∗−(ε). For a de-
tailed introduction to holomorphic index we refer to [56, §12].
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FIG. 7. After the bifurcation the two fixed points that collided move to the complex phase space becoming repulsors with complex derivative
and hence spiriling nearby orbits. The horizontal axis displays the value of ε while the vertical axis records the number of iterates to cross the
bottleneck (panel (a), see also Fig. 1) and the imaginary part of λ(x∗−(ε)) [panel (b)], right after the bifurcation with µ = 4 and γ = 2. The
inset displays an enlarged view of the cobweb map with the bottleneck region generated once the map crosses the diagonal (right after the s-n
bifurcation). Note the a lot of iterates are needed to cross the bottleneck (here we have also used µ = 4 and γ = 0.2 and ε = 10−6).

Given a fixed point z∗ of a holomorphic map g, its holomor-
phic index is given by

ι(g, z∗) =
1

2πi

∮
dz

z − g(z) ,

where the circular integral is done over any simple closed
which does not contain any fixed point of g and only surrounds
the fixed point z∗. An important property of the holomorphic
index is that if the multiplier λ(z∗) of z∗ is different from 1,
then

ι(g, z∗) =
1

1− λ(z∗) .

In particular,

ι(Fε, x
∗
−(ε)) =

1

2πi

∮

η

dz

z − Fε(z)
=

1

1− λ(x∗−(ε))
.

Notice that both the Res
(

1

Fε(z)− z
, x∗−(ε)

)
and

ι(Fε, x
∗
−(ε)) provide the same information. Indeed,

∮

η

dz

Fε(z)− z
= 2πi Res

(
1

Fε(z)− z
, x∗−(ε)

)

= −2πi ι(Fε, x∗−(ε)) =
2πi

λ(x∗−(ε))− 1
. (6)

Computing
∮

η

dz

Fε(z)− z

using the holomorphic index instead of the explicit expression
of the residue has two main advantages: It leads to simpler

expressions and it brings up the multiplier of the bifurcated
fixed points. In particular, it allows us to relate the sought
number of iterations with the complex dynamics which appear
after the s-n bifurcation (see §II B).

For the family Fε, the fixed point x∗−(ε) has multiplier
λ(x∗−(ε)) = λ(y−(ε)) (compare (4)). It follows that

Nε,δ ≈
∫ xc−δ

xc+δ

dx

Fε(x)− x
=

2πi

λ(x∗−(ε))− 1
− Iδε

=
2π

Im(λ(x∗−(ε))
+O(1)− Iδε .

We want to remark that the numbers
2πi

λ(x∗−(ε))− 1
and Iδ

are in general complex. However, since
∫ xc−δ

xc+δ

dx

Fε(x)− x
is

real, their difference is real. Therefore, the quantity O(1) −
Iδε is a real number. We also want to remark that from the
previous computation we can recover the scaling law in terms
of ε. Indeed,

2π

Im(λ(x∗−(ε))
=

π

µ x
3/2
c ε1/2

+O(1).

We can conclude that the number of iteratesNε required by
the point xini to be mapped onto a given neighbourhood of
x = 0 under Fε grows like

Nε ≈
2π

Im(λ(x∗−(ε))
+K1 =

π

µ x
3/2
c ε1/2

+K2,

where K1,K2 ∈ R.

In Fig. 7 we provide numerical experiments showing how
this scaling law of the number of iterates is satisfied for the
family Fε.
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D. The general case

Computing the integral in terms of the multiplier of the
fixed points right after bifurcation, allows us to study the scal-
ing law for more general families of maps with a saddle node
bifurcation. In the general case, we consider a family of maps
Hε(x) = Hε(x, ε) which is real analytic in x and ε (and hence
extendable to a complex analytic one), defined in a neighbour-
hood of x = 0, and given by

Hε(x) = a·εn+O(εn+1)+(1+O(εm))x+(c+O(ε))x2+O(x3),
(7)

where a, c 6= 0, n < 2m, n is odd and the higher order terms
O(x3) may also depend on ε. We assume that all coefficients
are real so thatHε(x) sends the real line to the real line. Since
Hε is real analytic, there exists r > 0 such that the Taylor
series of Hε(x) with respect to x has a radius of convergence
at least r if |ε| is small enough. For ε = 0, the map H0 has
x = 0 as parabolic fixed point. For simplicity and without
loss of generality, we assume that c < 0 so that x = 0 is
attracting from the right and repelling from the left as was
the case for the map F0 (compare with Fig. 2). Likewise, we
assume that a < 0 so that the configuration of the fixed points
for ε 6= 0 is the same than for Fε. The other cases are derived
analogously. As it was the case for the family Fε, there is a
saddle–node bifurcation which takes place for ε = 0.

Proposition II.2. If |ε| is small, ε 6= 0, then the maps Hε

have exactly two fixed points near x = 0 given by

xH± (ε) = ±
√
−a
c
εn +O(εn

2 +t),

where t ∈ R+. Moreover, t ≥ 1/2 if n = 1.
In particular, if a, c < 0 and ε < 0, then there are two real

fixed given by

xH± (ε) = ±
√
a

c
|ε|n2 +O(εn

2 +t)

such that xH− (ε) is repelling and xH+ (ε) is attracting. On the
other hand, if a, c < 0 and ε > 0, the two fixed points lie in
C \ R and are given by

xH± (ε) = ±i
√
a

c
ε

n
2 +O(εn

2 +t).

Proof. If ε = 0 we have

H0(x) = x+ cx2 +O(x3),

so x = 0 is a double fixed point of H0(x) (it is a double so-
lution of H0(x) = x). Since Hε(x) is analytic in x and ε and
non-constant, it follows from Rouche’s Theorem (see, e.g.,
[58]) that for ε small enough there are exactly two fixed points
of Hε(x) in a small (complex) neighborhood of 0, which con-
verge to x = 0 as ε → 0. We look for candidates of the form
yε = κεs + O(εs+t), where t, s ∈ R+, i.e. we want to find
s > 0 and κ ∈ C such that yε is a fixed point of Hε(x) as ε

tends to 0. Fixed points of Hε(x) are solutions of Hε(x) = x,
which can be written as

0 = a · εn +O(εn+1) +O(εm)x+ (c+O(ε))x2 +O(x3).

Replacing x by yε we obtain

0 = a · εn +O(εn+1) +O(εm)(κεs +O(εs+t))
+ (c+O(ε))(κεs +O(εs+t))2 +O(ε3s)
= a · εn +O(εn+1) +O(εm+s) +O(εm+s+t)

+ c · κ2 · ε2s +O(εq) +O(ε3s),

where q = min(2s+1, 2s+t). If yε is a fixed point, there must
be two terms with equal rate of decrease to zero, the slowest
of all, and which cancel out. These two terms must be among
O(εn), O(εm+s) or O(ε2s). On a closer look however, we
see that they need to be O(εn) and O(ε2s). Indeed, since
n < 2m, if we had n = m+s thenm > s and the termO(ε2s)
would stand alone as the one with slowest decrease. Likewise,
ifm+s = 2s we would getm = s and the termO(εn) would
have no pair. Hence, the terms a · εn and c · κ2 · ε2s have to
cancel out, which implies that s = n/2 and κ = ±

√
−a/c.

The constant t > 0 can be found using similar arguments. In
particular, it is easy to check that t ≥ 1/2 if n = 1. As a result
we obtain

xH± (ε) = ±
√
−a
c
εn +O(εn

2 +t).

To finish the proof we show that both xH+ (ε) and xH− (ε) are
fixed points of Hε. We assume that a, c < 0, but similar
arguments can be done for the other cases. Since c < 0, for
ε = 0 the point x = 0 is attracting from the right and repelling
from the left: there are z− < 0 and z+ > 0 such thatH0(x) <
x for all x ∈ [z−, 0) ∪ (0, z+] (compare with Figure 4 (b)). It
follows that if ε < 0, |ε| small enough, then Hε(z−) < z−,
Hε(0) > 0 and Hε(z+) < z+ (here we are using that a <
0 and n is odd). Therefore, there is a fixed point xH− (ε) ∈
(z−, 0) which is repelling in R and a fixed point xH+ (ε) ∈
(0, z+) which is attracting in R (compare with Figure 4 (a)).
It can be shown that their multipliers satisfy λ(xH− (ε)) > 1

and λ(xH+ (ε)) < 1.
If ε & 0, we know that all candidates to fixed points have

the form

xH± (ε) = ±i
√
a

c
ε

n
2 +O(εn

2 +t).

In particular, the fixed points ofHε(x) near x = 0 lie in C\R.
We will now use the Schwartz Reflection Principle, which es-
tablishes that if an analytic H map leaves the real line invari-
ant then H(z) = H(z) for all z ∈ dom(H), where z denotes
the complex conjugate. Since xH± (ε) = xH∓ (ε), it follows that
if xH+ (ε) is a fixed point of Hε(x), then so is xH− (ε). Hence,
we cannot have two fixed points of the form xH+ (ε) or the form
xH− (ε). This finishes the proof.
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If a, c < 0 and ε > 0, the two complex fixed points xH± (ε)
are repelling. Indeed, the derivative ∂Hε(x)/∂x = H ′ε(x) of
the map Hε is given by

H ′ε(x) = 1 +O(εm) + (−2|c|+O(ε))x+O(x2).

We obtain that the multipliers λ(xH± (ε)) = H ′ε(x
H
± (ε)) for

ε > 0 are given by

λ(xH± (ε)) = 1∓ i 2√a c εn
2 +O(εn

2 +α),

where α = min{t,m − n/2, n/2, 1}. It follows easily that
|λ(xH± (ε))| > 1, so xH± (ε) are repelling.

Similarly to what we did in Theorem II.1, we now com-
pute the number of iterates required to pass near the former
parabolic fixed point x = 0 for ε > 0.

Theorem II.3. Let δ > 0 small and let ε > 0. The number of
iterates NH

ε required to go from x = δ to x = −δ under Hε

is given by

NH
ε ≈

2π

Im(λ(xH−(ε))
+K1 +O(εα−n/2)

=
π√
a c ε

n
2
+K2 +O(εα−n/2),

where K1,K2 ∈ R and α > 0. In particular, if n = 1, then
α ≥ n/2 and hence

NH
ε ≈

π
√
a c ε

1
2

+O(1).

Proof. Let η be a simple closed curve which intersects the
real line exactly in the segment [−δ, δ], surrounds the fixed
point xH− (ε) (compare with Fig. 6), and does not surround any
other fixed point of Hε. Let η′ := η \ [−δ, δ] and let IH,δε :=∫

η′

dz

Hε(z)− z
. Using the same arguments as in Theorem II.1,

we conclude that the number of iterates NH
ε required to go

from x = δ to x = −δ, where δ > 0 is small enough, grows
like

NH
ε ≈

2π i

λ(xH− (ε))− 1
− IH,δε =

2π

Im(λ(xH−(ε))

+ K +O(εα−n/2) = π√
a c ε1/2

+K +O(εα−n/2),

where K ∈ R. Notice that IH,δε = IH,δ0 + O(ε). Finally
observe that if n = 1 we have that m ≥ 1 and t ≥ 1/2 (see

Prop.II.2), hence α− 1

2
≥ 0.

Remark II.4. Theorem II.3 can be stated analogously if a >
0 or c > 0 (or both). We only state it for a < 0 and c < 0
for the sake of simplicity. However, there are two aspects to
consider when dealing with a > 0 or c > 0. First, depending
of the signs of a and c, the fixed points xH± (ε) exit the real
line either for positive or negative ε. This has to be taken into
account when dealing which each configuration. Second, if

c > 0 there is a small difference in the arguments. In that
case, the parabolic point x = 0 is attracting from the left and
repelling from the right under H0. As a consequence, after
perturbation we want to estimate the number of iterates re-
quired to go from go from x = −δ to x = δ. Since the
integral of the holomorphic index is done counter-clockwise
over the curve η, in that case it is convenient to consider the
holomorphic index at xH+ (ε) instead of the one at xH− (ε) so

that
∮

η

dz

Hε(z)− z
contains the path integral

∫ δ

−δ

dx

Hε(x)− x
.

As a result, the formula in Theorem II.3 depends on λ(xH+ (ε))

instead of λ(xH− (ε)).

Remark II.5. Notice that after centering the family Fε at the
bifurcation point xc, we obtain the familyGε in Eq.(2), which
is a particular case of Hε in Eq. (7). Indeed, Gε corresponds
to a family Hε with a = −µx2c , c = −µxc, and n = m =
1. Using these parameters, Theorem II.1 for Fε follows from
Theorem II.3.

We would like to point out that the condition that n < 2m
is essential to guarantee that a non-degenerate s-n bifurcation
takes place. Also, the condition n odd is required to guarantee
that the two fixed points change their behaviour before and
after perturbation. To finish this section we provide examples
of families for which these conditions are not satisfied and
there is no non-degenerate s-n bifurcation. The first family is

H1,ε(x) = ε2 + (1 + 2ε)x+ x2.

This family does not have a s-n bifurcation since x = −ε is
a permanent parabolic fixed point of multiplier 1. The second
family is

H2,ε(x) = ε2 + x+ x2.

If ε = 0, x = 0 is a parabolic fixed point of multiplier 1.
However, if ε 6= 0 then the map H2,ε has two different fixed
points in C \ R which are given by

x± = ±iε.

Their multipliers are

H ′2,ε(x±) = 1± i 2 ε.

Therefore, for ε 6= 0 small both the fixed points are repelling.
The last family we consider is

H3,ε(x) = ε3 + (1 + ε)x+ x2.

If ε = 0, x = 0 is a parabolic fixed point of multiplier 1. If
ε 6= 0, |ε| small, then there are two real fixed points given by

x± =
−ε± ε

√
1− 4ε

2
=
−ε± (ε− 2ε2)

2
+O(ε3).

Their multipliers are

H ′3,ε(x−) = 1− ε+ 2ε2 +O(ε3)
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and

H ′3,ε(x+) = 1 + ε− 2ε2 +O(ε3)

Therefore, one of the fixed points is attracting and the other
is repelling, depending on the sign of ε.

III. CONCLUDING REMARKS

In this work we have investigated the dynamical mecha-
nism governing the time delays occurring right after a saddle-
node (s-n) bifurcation. To do so we have complexified a bi-
ological model describing the discrete-time dynamics of fa-
cilitation among individuals of the same species under habitat
destruction (see [16] for the time-continuous version). De-
spite the fact that previous research succeeded in obtaining
the well-known inverse square-root scaling law using com-
plex analysis [14, 42], the fundamental dynamical mechanism
occurring at the complex phase space and responsible for the
extremely long delays tangible in the real phase space was
still unknown. Specifically, Fontich and Sardanyés [14] cal-
culated the passage times and derived the scaling law for a
general one-dimensional, analytical, autonomous dynamical
system undergoing a not necessarily non-degenerate s-n bifur-
cation, in terms of the degree of degeneracy by using complex
variable techniques. However, as a difference from our ap-
proach, these authors did not provide a thorough study of the
stability nature of the complex equilibria. Duarte et al. [42]
followed the same approach but for a one-dimensional map.
Here as well, the structure of the complex phase space in terms
of equilibria type and stability was not provided.

Here, we have addressed this issue by providing a thorough
analysis of the complex (as opposed to real) dynamics oc-
curring right after the s-n bifurcation. The complexification
of the resulting map has allowed us to identify that the two
fixed points undergoing the s-n bifurcation become symmet-
ric unstable spirals in the complex phase space. Right after
the s-n bifurcation, both spirals appear to be extremely close
to the real line (forming a very narrow channel), where delays
take place and the ghost slows down the orbits until the origin
(species’ extinction) is achieved. From an ecological point of
view, it means that the system, despite going to extinction,
experiences a long transient at which the population levels
are still large. This has been suggested to represent a kind
of memory effect [40]. Hence, this slowing down produced
by the narrow channel in the complex plane may provide an
opportunity to make some external intervention to sustain the
population: either by decreasing the fraction of habitat de-
stroyed or by means of the addition of new individuals able to
continuously sustain the population. This latter control strat-
egy has been shown to be possible in both deterministic and
stochastic systems [41, 59].

We have studied how the width of the channel in its imag-
inary dimension affects transients, showing that the inverse
square-root scaling law obeys to a linear widening of this
channel. Moreover, by determining stability properties of the

spirals, we have been able to obtain a simple relation between
the multipliers of these fixed points and the scaling law found
for passage times post-bifurcation, given by the well-known
inverse square-root scaling law [2]. Finally, we have proven
the same phenomenon for a more general model given by
Eq. (7), which includes other mathematical expressions than
polynomials. In this sense, our general model considers the
bifurcation of two fixed points allowing for much more terms
in ε, as a difference from the general model studied in [14],
which only considered a single term in ε but allowed bifurca-
tions of 2n fixed points.

As we mentioned in the Introduction, s-n bifurcations can
induce chaotic transients between laminar (regular oscilla-
tions) and turbulent (chaotic) phases in the type-I intermit-
tency described by Manneville and Pomeau [32]. These
authors studied this phenomenon by means of the one-
dimensional map S1 = [0, 1[

θ → 2 θ + r sin 2πθ + 0.1 sin 4πθ(mod1),

with rT ≈ −0.24706 being the critical value. In the model
above, the possibility of starting a laminar phase after the ap-
pearance of a burst occurs because the map is not a diffeo-
morphism. Here, two scaling laws were identified [32]: (i)
the Lyapunov number was negative for r < rT and varied
as −√rT − r, while for r > rT it was positive growing like√
rT − r; (ii) the largest number of cycles (duration of the

laminar phase [37]), Nl, during a laminar period followed a
scaling law of the form Nl ∼ (r − rT )−1/2 (where Nl was
given within 1 cycle to account for the uncertainty in the def-
inition of the beginning/end of a laminar phase [32]). Hence,
a similar scaling law to the one studied in this article was pro-
vided for type-1 intermittency.

To conclude, as far as we know, our work provides for
the first time a rigorous analysis of the structure of the com-
plex phase space and its holomorphic dynamics behind non-
chaotic ghosts, providing the fundamental dynamical mecha-
nism responsible for these long transients.
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[43] M. Szostakiewicz, M. Urbánski, and A. Zdunik. Stochastics
and thermodynamics for equilibrium measures of holomorphic
endomorphisms on complex projective spaces. Monatsh. Math.,
174: 141-162, 2014.

[44] C. J. Coleman. On the use of complex variables in the analysis
of flows of an elastic fluid J. Non-Newtonian Fluid Mech. 15,
227-238, 1984.

[45] F. Marner, P. H. Gaskell, and M. Scholle. A complex-valued
first integral of Navier-Stokes equations: Unsteady Couette
flow in a corrugated channel system J. Math. Phys. 58, 043102,
2017.

[46] P. A. M. Dirac. Complex variables in quantum mechanics Proc.
R. Soc. Lonf. A 160, 48-59, 1937.

[47] D. G. Cacuci and M. Ionescu-Bujor Ed. Cacuci, Dan Gabriel,
Mathematics for Nuclear Engineering. Handbook of Nuclear
Engineering Springer US, Boston, MA, 2010.

[48] A. Poozesh and M. Mirzaei. Flow Simulation Around Cam-
bered Airfoil by Using Conformal Mapping and Intermediate
Domain in Lattice Boltzmann Method J. Stat. Phys. 166, 354-
367, 2016.

[49] J. Bird. Application of complex numbers to series a.c. circuits
Book Electrical Circuit Theory and Technology. 3rd Edition,
2007
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