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Abstract

We prove new boundary Harnack inequalities in Lipschitz domains for equations with a right hand side.
Our main result applies to non-divergence form operators with bounded measurable coefficients and to
divergence form operators with continuous coefficients, whereas the right hand side is in LY with ¢ > n. Our
approach is based on the scaling and comparison arguments of [13], and we show that all our assumptions
are sharp.

As a consequence of our results, we deduce the C Lo regularity of the free boundary in the fully nonlinear
obstacle problem and the fully nonlinear thin obstacle problem.
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1. Introduction
1.1. Background

The boundary Harnack inequality states that all positive harmonic functions with zero bound-
ary condition are locally comparable as they approach the boundary, under appropriate assump-
tions on the domain. More precisely, if # and v are positive harmonic functions in €2 that vanish
on 052, then

c'<-<c,

[SEIEN

with C depending on the dimension and u(p)/v(p) for a fixed interior point p.

Notice that such a result is most relevant in domains that are less regular than C LDini pacauge
otherwise the Hopf lemma combined with the C!(€2) regularity of the solutions yields the same
conclusion, see for example [29].

The boundary Harnack inequality is known to be true for a broad class of domains and for
solutions of more general elliptic equations. The classical case for harmonic functions was first
proved by Kemper in Lipschitz domains in [22]. Operators in divergence form were first con-
sidered by Caffarelli, Fabes, Mortola and Salsa in [9] in Lipschitz domains, while the case of
operators in non-divergence form was treated in [14] by Fabes, Garofalo, Marin-Malave and
Salsa. Jerison and Kenig extended the same result to NTA domains in the case of divergence form
operators in [21]. On the other hand, the case of non-divergence operators in Holder domains with
o > 1/2 was treated with probabilistic techniques in [3] by Bass and Burdzy. Recently, De Silva
and Savin found a simple and unified proof of all these previous results in [13].

Besides, Allen and Shahgholian recently proved the boundary Harnack for divergence form
equations with right hand side in Lipschitz domains [1], under appropriate assumptions on the
operator, the right hand side and the domain. In particular, in the case of the Laplacian, their result
implies that if the L° norm of the right hand side and the Lipschitz constant of the domain are
small enough, then the boundary Harnack inequality still holds. This enables using the classical
proof in [6] due to Caffarelli (see also [32, Section 6.2] or [17, Section 5.4]) of the regularity of
the free boundary in the obstacle problem Au = x(,~0j in the more general case Au = f x{,>0},
with f Lipschitz; see [1, Section 1.4.2].

Here, we extend such boundary Harnack inequality to non-divergence equations with pos-
sibly unbounded right hand side in L9, with ¢ > n. (This was only known in C""! domains
[35,36].) This allows us to use the classical proof of the free boundary regularity in the obstacle
problem Au = f x>0y to the case f € W4, and can also be applied to fully nonlinear free
boundary problems of the form

F(D%v)
F(D*u) = fxu=0; or { F(D?v)
v

in {v > ¢}

(1.1

| © O

IVIA I

Moreover, we also establish a boundary Harnack for equations with a right hand side in slit
domains, and use it to establish the C* regularity of the free boundary in the fully nonlinear
thin obstacle problem, a question left open in [33].
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1.2. Setting

In the following, £ will denote either a non-divergence form elliptic operator with bounded
measurable coefficients,

Lu=Tr(A(x)D?u), with Al <A(x)<Al, (1.2)
with 0 < A < A, or a divergence form elliptic operator with continuous coefficients,
Lu=Div(A(x)Vu), with Al <A(x)<AI and Ae(C’, (1.3)

where A has modulus of continuity o, and 0 < A < A.
We will consider Lipschitz domains of the following form, where Bj is the unit ball of R L

Definition 1.1. We say 2 is a Lipschitz domain with Lipschitz constant L if €2 is the epigraph of
a Lipschitz function g : B] — R, with g(0) =0:

Q={(',x,) € B xR suchthat x,>g(x")}, lgllcos =L.
1.3. Main results

We present here our new boundary Harnack inequality.

We emphasize that the following result applies to both non-divergence and divergence form
operators, and that the only regularity assumption on the coefficients is the continuity of A(x)
in case of divergence-form operators. Throughout the paper, when we say L"-viscosity or weak
solutions, we refer to L"-viscosity solutions in the case of non-divergence form operators (1.2),
and to weak solutions in the case of divergence form operators (1.3).

Theorem 1.2. Let g > nand L asin (1.2) or (1.3). There exist small constants cy > 0 and Lo > 0
such that the following holds.

Let Q2 be a Lipschitz domain as in Definition 1.1, with Lipschitz constant L < L. Let u and
v > 0 be solutions of

Lu = f inQ2N B d Lyv=g inQNB
u=0 ondQ2N B v=0 ondQ2N By,

in the L™ -viscosity or the weak sense, with
I fllLay <co, lIgllLaca;) < co- (1.4)
Additionally, assume that v(e,/2) > 1 and either u > 0 and u(e, /2) <1, or |ullLrp,) <1

for some p > 0.
Then,

u<Cv in By,
and
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u
_ <C.
CO%(QNB12)

v
The constants C, co, Lo and o > 0 depend only on the dimension, q, X, A, as well as p and o,
when applicable.

When the two functions are positive, we recover the standard symmetric formulation of the
boundary Harnack.

Corollary 1.3. Let ¢ > n and L as in (1.2) or (1.3). There exist small constants co > 0 and
Lo > 0 such that the following holds. Let Q2 be a Lipschitz domain as in Definition 1.1, with
Lipschitz constant L < Lg. Let u, v be positive solutions of

Lu=f inQNB; d Lv =g inQNB;
u=0 ondQnB ° v=0 ondQNB,

in the L™ -viscosity or the weak sense, with f and g satisfying (1.4).
Assume u, v are normalized in the sense that u(e,/2) = v(e,/2) = 1. Then,

u
Cl'<-<C in B2,
v
and
u
e =€
v CO‘“(QﬂBl/z)

The positive constants C, co, Ly and a depend only on the dimension, q, A, A, as well as o,
when applicable.

Remark 1.4. All the hypotheses of the theorem are optimal in the following sense:

o If the Lipschitz constant Ly of the domain is not small, the theorem fails, even for g = oo
and for £ = A.

e If g = n, the theorem fails for any ¢ > 0 and any Lo > 0, even for £ = A.

e The result fails in general for operators in divergence form with bounded measurable coeffi-
cients.

We provide counterexamples to plausible extensions in this sense in Section 6.
1.4. Applications to obstacle problems

The boundary Harnack inequality is the technical tool that allows us to prove C'* regularity
of the free boundary once we know it is Lipschitz in the classical obstacle problem with constant
right hand side [17, Section 5.6] and in the thin obstacle problem with zero obstacle [ 16, Section
51

The functions to which we apply the boundary Harnack are derivatives of the solution to the
free boundary problem. Hence, if the original free boundary problem is the classical obstacle
problem,
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Au = fX{u>0}
{ w0 (1.5)

the derivatives of u are solutions of

A@yu) = 0, f in {u > 0}
du =0 on d{u > 0},

and we can apply the boundary Harnack of Allen and Shahgholian if f € W' (Lipschitz), or
our new Theorem 1.2 if f € W4 with g > n.

In the fully nonlinear setting (1.1), the derivatives of the solution satisfy a linear equation in
non-divergence form,

LOywu)=¢g in {u> 0},

with bounded measurable coefficients A(x), and then having our new boundary Harnack for
non-divergence operators proves useful to deduce results on the regularity of the free boundary.

It is well known that the free boundary may exhibit singularities. Hence, we need to introduce
the notion of a regular point.

Definition 1.5. Let x( be a free boundary point for the classical obstacle problem, i.e. xg € 9{u >
0} for a solution of (1.5). We say that x¢ is a regular free boundary point if there exists ry | O
such that

u(rrx)

2
Tk

N g(x )} inCL (R

for some y >0 and e € S" 1.

Our next application was already known by using perturbative arguments with slightly weaker
assumptions [4]. We include this result to illustrate the arguments that we will use in the fully
nonlinear problems in a more easily readable setting.

Corollary 1.6. Let u be a solution of (1.5) with f > ¢o > 0 in WY4(By), with ¢ > n, and assume
the origin is a regular free boundary point in the sense of Definition 1.5.
Then, the free boundary T’ = 3{u > 0} is locally a C** graph at 0.

The fully nonlinear obstacle problem can be presented in at least two different formulations.
The following one was studied by Lee in [26].

F(D?v)
V> (1.6)
F(D*v) =0 in {v> g}

(=)

IV 1A

Here, we impose the following conditions:

e F is uniformly elliptic.
e F(D?*p) < —79<0.
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° (pGCOO.

Then, under these hypotheses, v € C!'! and the free boundary is C'** at regular points. For our
purposes, we will say a free boundary point is regular in the sense of Definition 1.5, as in the
classical obstacle problem.

More generally, one can study problems of the form

F(Dzu, x) = fX{u>0} (1.7)
u=>0. '

This is a generalization of problem (1.6). Indeed, if we define u = v — ¢, then
F(D%u,x) = F(D*u+ D*¢) — F(D*¢p) = —F(D%*¢) =: f(x) in {u>0}.

This fully nonlinear obstacle problem (and more general ones without the sign condition on
u) has been further studied by Lee, Shahgholian, Figalli, and more recently by Indrei and Minne
in [18,20,27]. They proved that if F is convex, f is Lipschitz and f > 79 > 0, the free boundary
dQ is C! at regular points.

As a consequence of our new boundary Harnack inequality, we extend their result for (1.7) in
two ways. We lower the Lipschitz regularity required for f to W4 with ¢ > n, and we prove
C1¢ regularity of the free boundary instead of C'.

Corollary 1.7. Let u be a solution of (1.7). Assume as well:
(HI) F is uniformly elliptic and F (0, x) =0 for all x € Q.
(H2) F is convex and C' in the first variable, and W4 in the second variable for some q > n.

(H3) f e WY for some g > n, and f > 19 > 0.

Then, if the origin is a regular free boundary point in the sense of Definition 1.5, the free
boundary is a C*% graph in B, for some small r > 0 and o > 0.

1.5. Thin obstacle problems
The thin obstacle problem, also known as the Signorini problem, is a classical free boundary

problem that admits several formulations, see [16] for a nice introduction to the topic. One can
write the problem as the following, given an obstacle ¢ defined on {x, = 0}:

Av < 0 in B
v > ¢ onB;N{x, =0} (1.8)
Av =0 in B\ {(x,0):v(x",0)=¢x"}.

The first results on regularity of the solution v were established in the seventies, in particular
it was proved in [5] that v € C'* for a small & > 0. Free boundary regularity remained open
for quite some time, until the first free boundary regularity result, [2], establishing that the free
boundary is C La ot regular points when ¢ = 0. Further results have been obtained in [12,23]
among others, proving that the free boundary is real analytic at regular points provided that ¢ is
analytic.
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Consider now the fully nonlinear thin obstacle problem.

F(D?*v) <0 inB;
v > ¢ onB;N{x, =0} (1.9)
F(D%*v) =0 in By \{(x",0):v(x’,0) = p(x")},

where F is uniformly elliptic, convex and F'(0) =0.

Milakis and Silvestre proved in [30] that solutions u are C® in the symmetric case (even
functions with respect to x,). More recently, Ferndndez-Real extended the result to the non-
symmetric case in [15]. The first result on free boundary regularity is due to the first author and
Serra [33], where they proved the C' regularity of the free boundary near regular points. Here,
we will prove for the first time that the free boundary is actually C!¢.

To do this, we need to adapt Theorem 1.2 to the case of slit domains. We present here a
simplified version, see Section 4 for a more general result.

Theorem 1.8. Let g > n and let L be as in (1.2). There exists small co > 0 such that the following

holds.
Let Q = By \ K with K a closed subset of {x,, = 0}. Let

QT =QN{x, >0} and QL =QN{x, <0}.
Let u and v > 0 be L"-viscosity solutions of

Lu=f inB \K d Lv=g inB\K
u=0 onk an v=0 onk,

with f and g satisfying (1.4). Assume in addition that v(e,/2) > 1, v(—e,/2) > 1, and either
u>0in By \ K and max{u(e,/2),u(—e,/2)} <1, or |ullLrp,) <1 for some p > 0. Then,

us<Cv in Bip\K,

and

Hu
v

_ <C.
CO(Q*NB)2)

The positive constants C, co, and a depend only on the dimension, q, A, A, as well as p, when
applicable.

Using this new boundary Harnack, we can prove the following.
Corollary 1.9. Assume that 0 is a regular free boundary point for (1.9) in the sense of [33], with
F e€C' and ¢ € W34 for some q > n. Then, there exists p > 0 such that the free boundary is a

Ch% graph in B, N {x, =0}.

This is new, even when ¢ € C*. The higher regularity of the free boundary remains a chal-
lenging open question.
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1.6. Plan of the paper

The paper is organized as follows.

In Section 2, we recall some classical results and tools, such as the ABP estimate and the
weak Harnack inequality. Then, in Section 3 we prove our new boundary Harnack inequality for
elliptic equations with right hand side, Theorem 1.2, by scaling and barrier arguments. Section 4
is devoted to adapting the result to slit domains. In Section 5, we prove the C** regularity of the
free boundary in the fully nonlinear obstacle problem, Corollary 1.7, and in the fully nonlinear
thin obstacle problem, Corollary 1.9. Finally, in Section 6, we present two counterexamples that
show the sharpness of our new boundary Harnack and in Section 7 we introduce a Hopf lemma
for equations with right hand side.

2. Preliminaries

In this section we recall some classical tools and results that will be used throughout the paper.
We will denote

M~ (D*u):= inf Tr(AD*w), M*(D?u):= sup Tr(AD%u)
AM=<A=<AI M<A<AI

the Pucci extremal operators, see [7] or [17] for their properties.
2.1. L"-viscosity and weak solutions

In this work we are considering linear elliptic equations of the form Lu = f, with f € L9,
with ¢ > n. The most appropriate notion of solutions for a divergence form equation are the
well-known weak solutions.

For the non-divergence form case, one could consider strong (WI%’C", solving the PDE in the
a.e. sense) solutions, but all the arguments of the proof are equally viable for L"-viscosity solu-
tions, which are more general. We present the minimal definition for the linear case.

Definition 2.1 (/8]). Let u € C(R2), f € L}, .(2) and £ in non-divergence form. We say u is a

L"-viscosity subsolution (resp. supersolution) if, for all ¢ € Wli’c” (£2) such that u — ¢ has a local

maximum (resp. minimum) at x,

essliminfLy — f <0

X—Xq

(resp. esslimsup Lo — f > 0).

xX—XxQ

We will say equivalently that u is a solution of Lu < (>) f. When u is both a subsolution and
a supersolution, we say u is a solution and write Lu = f.

L"-viscosity solutions coincide with strong, viscosity or even classical solutions when they
have the required regularity, and satisfy the maximum and comparison principles, but are more
flexible, for example, allowing to compute limits under some reasonable hypotheses, and are thus
preferred in some contexts.
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Throughout this paper, the Dirichlet boundary conditions must be understood in the pointwise
sense when we are dealing with L”-viscosity solutions, and in the trace sense when we are
dealing with weak solutions.

2.2. Interior estimates

The Alexandroff-Bakelmann-Pucci estimate is one of the main tools in regularity theory for
non-divergence form elliptic equations. We refer to [7, Theorem 3.2] and [8, Proposition 3.3] for
the full details and a proof.

Theorem 2.2 (ABP estimate). Assume that Q C R" is a bounded domain. Let L be a non-
divergence form operator as in (1.2) and let u € C(Q2) satisfy Lu > f in the L"-viscosity sense,
with f € L"(R2). Assume that u is bounded on 0X2.

Then,

supu < supu + C diam(Q2) || £l . (@)
Q Q

with C only depending on the dimension, X and A.

In the case of divergence form equations, the global boundedness of weak solutions is known
in more generality. For our purposes, it is sufficient to consider the case p =n.

Theorem 2.3 ([19, Theorem 8.16]). Assume that & C R" is a bounded domain. Let L be a
divergence form operator as in (1.3) and let u € C(2) be a weak solution of Lu > f, with

feLP(Q), p>n/2. Assume that u is bounded on 9S2.
Then,

supu < supu + C| fllLr(@)
Q 2

with C only depending on the dimension, |2|, p, A and A.
We will need the two estimates that are classically combined to obtain the Krylov-Safonov
Harnack inequality. The first one is the following weak Harnack inequality, valid for L"-viscosity

solutions of non-divergence form equations. We refer to [37, Theorem 2] and [24, Theorem 4.5].

Theorem 2.4 (Weak Harnack inequality). Let L be a non-divergence form operator as in (1.2).
Let u satisfy Lu <0 in Q in the L"-viscosity sense and let Bgr(y) C Q2. Then, forall o < 1,

lullLr(B,p) < C infu,
Bor

where p and C are positive and depend only on the dimension, o and A /A.

Now, combining this theorem with the ABP estimate, applied to the function 1 — u, we obtain
the following result. This is also valid for divergence form equations, and sometimes known as
De Giorgi oscillation lemma in that setting. The case with f = 0 is found in [10, Theorem 11.2],
and we can extend it easily to the general case using Theorem 2.3.
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Corollary 2.5. Let L be as in (1.2) or (1.3). Let r € (0,1], u <1, Lu > f in B,, in the
L"-viscosity or the weak sense, with f € L"(B,). Assume |{u < 0}| > n|B,| > 0, and that
I flln B,y < 8(n). Then,

supu <1 —y(m),
B2

where 8(n) > 0 and y (n) € (0, 1) depend only on the dimension, A, A and 1.

The second estimate is the upper bound in Harnack inequality, also valid for L”-viscosity
solutions of non-divergence form equations [37, Theorem 1], [25] and weak solutions of diver-
gence form equations [11,28]. In the divergence form case, we can add the right hand side using
Theorem 2.3.

Theorem 2.6 (L°>° bound for subsolutions). Let p > 0 and let L be as in (1.2) or (1.3). Let
Lu > f in By, in the L"-viscosity or the weak sense. Then,

supu < Cp(llullLrs) + 1 fllLnBy))s
B2

where C), > 0 depends only on the dimension, p, A and A.
3. Proof of Theorem 1.2
3.1. Nondegeneracy

To study solutions of Lu = f in a Lipschitz domain it is useful to know their behavior in a
cone. In this first part of the proof we show that, much like solutions of elliptic equations with
zero Dirichlet boundary conditions separate linearly from the boundary of the domain in do-
mains with the interior ball condition (Hopf lemma), the solutions of elliptic equations with zero
Dirichlet boundary conditions separate as a power of the distance at corners, and the exponent
approaches 1 as the corners become wider.

Lemma 3.1. Let L be in non-divergence form as in (1.2). Let B > 1. There exist sufficiently small
c(B) > 0,n > 0, only depending on the dimension, B, A and A, such that the following holds.
Let u be any solution of

Lu < c(B) inGCy
u>1 on{xnzl}ﬁC_,,
u>0 in 9Cy,

where Cy is the cone defined as
Cpi={xeR":nlx'| <x, <1}.
Then,
u(tey) > 1P, vie(0,1).
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Proof. Assume without loss of generality that 8 € (1,2), because if the inequality holds for
B > 1, it holds also for all 8/ > B. We will use the comparison principle with a subsolution that
has the desired behavior. Let ¢ € (0, 1/20) to be chosen later. Notice that «/1 + & — /¢ > 4/5.
Define the subsolution ¢ as:

=xB nlx/l) _VIte-Virte
@(x) ans( —) fe(®) N

We can readily check that ¢ (x) =0 for x € 9C,,. Itis also clear that ¢(x) < 1 in {x, =1}NC,,
and that ¢ > 0 in C;,. Now, we need some estimates on f; and its derivatives. For ¢ € [0, 1),

f(t)—\/1+8_\/t2+8>\/1+8_t_‘/§—1—7t 1o
T THe—e T JIte—e  JIte—. e 4
[l =— t > .22
N2 re(ST+e—e)  Jl+e— /e 4
1 ! S 12
|t fg(f)|§ﬁ(m_\/g)<4s
fl) < - < 2
(t+ Vo) T+e—Je) " 1+e¢ 21
L) = —° < ! S
’ P+ 2WTHe—Vo |~ Je(WT+e— e 4
) £2/3,4/3 3/2 1
2 £l ()] = < ( )
(124 )32(J1+¢e—/¢) > +e V1+e— /e

2/3,.1/37 3/2
(R 2 Lae
3 4 2

In the last inequality we used that

2 2 2/3.1/3
21343 _92/3,1/3 3/802/2)02/2)522/381/38‘“ /i‘i‘f /2_2 38 @ +e).

Then, we will make ¢ small and then 1 small in such a way that L¢ > c¢(8). To make the
computations easier, we will use the Pucci operator M ™, and we will denote ¢ = n|x’|/x,. On
the one hand, we can check that

82
axwz =3B = B) fe () + Q= 2B)fL (D) + 17 £ (1))
5 40 1
ey 5 TG I IR V)
> xf ((5 B) <1 41) +(B 1)21z 5¢ )
- 58 40 1
p—2 _ _ P T2y 212
> xh <(,3 1)(/3 4t+21t> 2° )
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Now, we compute the discriminant of the second order polynomial that we found:

16 21

5,3 40 ) 258% 1608 (25,3 160)
=8 < 0.
16 21

Discriminant <ﬁ — T + ﬁ

Hence, the second order polynomial is always positive and attains a minimum mg > 0. Choose
e such that !/2 < (8 — )mg. Then,

Bgo 1 (B—Dm _
o > <(,3 1)mﬂ—§gl/2> P =g > 0
n
Considernowi=1,...,n—1.
920 /|2 — x2

— B2
— | =x
8xi2

<P Lo+t )

5 5 5=V
2.2 1/2 1/2 2.2
<xﬂ r]( 24 e /)<x,’LS nT

2
2.1 oy X Xi 2 prrey i
n-t fa(t)W+n fe (l‘)W

Now we need to compute the crossed derivatives. We begin with

9%
0x;0xy,

:_Xf

2 nB - l)mfs(t)—n mf (t)

<xP2B - DIFLOI+ 12 L 0

581 5 5¢71/2
N (77 (ﬁ4 )+0218—1/2)<xﬁ 2(’)+772)

A

And finally, taking i # j in {1, ...,n — 1},

9%
ax,-axj

— (2

—%n

2 _lfg(l‘)| /|2 +7 fg”() Xi |J
<xF2@He Lo+ 0?1 o)

5 5 5¢=1/
2.2 1/2 172 2.2
<x’3 n( 24> /><x,’? U

Define H(x) = D?@(x), and also Hy(x) to be the matrix with 82<p/8xn2 at the lower right
corner and zeros in all other entries. On the one hand, by the definition of M™:

M (Hp) > axf2cp.
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Moreover, using that || H — Hy|| is bounded by the sum of the coefficients,
n
M™(H) = M™(Ho) — A Y |(H — Ho)ij| = xE2F ().
i,j=1
where

5A(n — 1)?
(n ) ,728—1/2.

F(n) =xcg —S5A(m — D)(n+n?)e /? — 5

Since ¢ > 0 is fixed, we choose n small enough such that F'(7) > Acg/2. To end the proof,

_aAcg _ Acg

M™(D*¢) =M™ (H) > xF -z

=:c(B),

where we use that x, <1 and g —2 < 0.
By the comparison principle, we conclude that u(te;,) > ¢(te,) = . o

Remark 3.2. The constant Lo in Theorem 1.2 is limited, in fact, by the value of 1 from this
lemma, because the domain must contain wide enough cones, so the Lipschitz constant of the
boundary must be small enough.

To prove the nondegeneracy property for solutions of divergence form equations, we pro-
ceed by approximation. The continuity assumption on the coefficients in (1.3) is necessary, see
Proposition 6.3.

The following lemma is a natural approximation property of divergence form equations.
Lemma 3.3. Let Q2 be a bounded Lipschitz domain and K C Q a compact subset. Let L1, L be

divergence form operators, and let uy,uy € H'(Q) be the solutions of the following Dirichlet
problems

Liuy =0 inQ and Loup =0 inQ
Uy =g onads2, up = g onos,

with g € H'(Q) and
Liuy =Div(A;(x)Vuy), Lour =Div(Ar(x)Vur).
Then,
lur — uallLoe k) < C{lI AL = Azll=@), A1 — A2l oo}

where C > 0 and t € (0, 1) depend only on K, 2, g and the ellipticity constants.
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Proof. Since u; = uj on 92, we can use v = u| — uy as a test function in HO1 (€2), to obtain

/wfmw:/w}mw:o,
Q Q

SO

0= /(VulTAl — Vu, Ay)Vv = / Vol A1Vv + Vu, (A — A2)Vu
Q Q

and thus

)»HVU”iz(Q) S/VUTAIsz—/VuzT(Al — A))Vu
Q Q

< IA1 — Azl L@ I Vurll 2 VUl L2 () -

Hence, using that the H' norm of u; can be bounded by a constant depending on the domain,
the ellipticity constants and the boundary data,

Vvl 12y < CillA1 — Azl Lo (@)

This, combined with the Poincaré inequality, yields [|v]|;2(q) < C2l|A1 — A2[lL>(@)-

On the other hand, let § = d(K, 92) and define the enlarged compact set K’ = {x € Q :
d(x, K) < 3/2}. By the De Giorgi-Nash-Moser theorem, we have |u;||co.« g < C3, where «
and C3 depend only on the domain, the dimension and the ellipticity constants, thus [|v{|coe gy <
2Cs.

Let p € K such that |v| reaches its maximum, and assume without loss of generality that
v(p) > 0. Then, for all x € Bs/2, v(p +x) > v(p) — 2C3|x|%, and we can estimate [|v]l;2(q).
The first observation is that v(p + x) > v(p)/2 when x is small enough, quantitatively,

v(p+x)=u(p)/2 = 2C3x|*<v(p)/2 < |x| < Csv(p)V/e,

so now we can use v(p +x) > v(p)xe/2, E = BC4v(p)1/a to obtain

1/2 1/2
vl 2) = / vlo= fv<p+x)2
Bs/2(p) Bs/2
1/2
> / v(p)?xe/4 | =min{|Bspl, |EI}*u(p)/2.

\4’35/2

This presents us with two cases. When Bss C E, v(p) < Cs||v]l12(q)- On the other hand, if
E C Bs)2, v(p)'T1/* < Cg|lvll 12(q- In either case,
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v(p) = Crmax{|vll 2 (). Ivlj3 o)} < € max{llA; — Azl A1 — A2l {5 o)),

and the result follows. 0O
As a consequence, we can prove the analogue of Lemma 3.1 for divergence form equations.

Lemma 3.4. Let L be in divergence form with continuous coefficients, with modulus of continuity
o asin(1.3). Let B’ > 1. There exists sufficiently small n’ > 0 such that the following holds.
Let u be a solution of

Lu <0 inCyy
u>1 in{x,>1}NCyy
u>0 ondCy,y.

Then,
ute,) > 1%, Ve (0,1,),
where
Cry i =f{xeR":9|Ix'| <x, <2}.
The constants ty and ' are positive and depend only on the dimension, B/, o, A and A.
Proof. We will assume without loss of generality that 8’ € (1,2) and that Lu =0 in C; . Let
B,y suchthat 8’ >y > B > 1. Let 5 > 0 be the one provided by Lemma 3.1 with exponent 8. Let
n' <n/8 and kg € Z7, to be chosen later. We will prove by induction that u (2 %e,) > 277 for
all integer k > ko and some ¢ > 0. Notice that this implies that u(re,) > ¢’t¥ for some smaller
¢’ > 0 by a direct application of interior Harnack. To end the proof, notice that if ¢ is small
enough, since 8’ > v,
u(te,) > c't¥ >t#.

We proceed now with the induction. First, we define the following auxiliary functions.

1 t<B,

Xn = |x/| ~
b(x)=2_kb — ), b(t)=14-3t/B B<t<4B/3,
n

0 otherwise,

with B =3/(2n). We also write b1 (x, x,) = b(|x'|/x,) for convenience of the notation.

We claim that there exists ¢ > 0 such that, for all integer k > ko, u > ¢27%” by in the (n — 1)-
dimensional ball B}, , I X {27k,

For the first ko, first observe that u > 0 everywhere by the maximum principle. Then, apply the
interior Harnack inequality to the cylinder Béz,k < [27%,3/2], which is compactly contained
in Cy ,y. Since supu = 1 in the cylinder, we have u > m > 0, and using that by < 1, u > mb; in
BéH n X {27%} and we can choose ¢ accordingly.
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Now, for the inductive step, let K = B x {2751}, which is compactly contained in

21—k
Cy-+ ,y, and let v and v the solutions of the following Dirichlet problems

Lv =0 in C2—k n LOUO =0 in C2—k n
—k ’ and —k ’
v =2""ch(x) ondCyx vo = 27"7chb(x) ondCyx ,y,

with Lovg := Div(AgVvg), Ag = A(0).
Observe that v = vg = 0 on the lateral boundary of the cone C2—k’,]/. Then, it is clear that
u > v from the boundary conditions. Furthermore, by a rescaling of Lemma 3.3,

lv—wvollLeo(k) < 27K eCmax{||A — AollLe(c,4 ) A — A0||Zoo(c27k O
i 51
For each p € K, consider the cone C’ with vertex in (p’, n’|p’|) € dC5,,y and slope 7,
C={(,xp) eR" :nlx’ = p/1+1'|p'| < xn <275}

Since n" > n, C' C Cy,,y. Hence, u > 0 in 3C’. Moreover, by construction, the top part,
{x, =27%y N’ is contained in Béz‘k/n x {27%}. Hence, we can apply a rescaled Lemma 3.1
to the normalized 2%7 vo, because L has constant coefficients and is also a non-divergence form
operator to obtain

Sk . g—k=1 _ 7P| B . g—k=1 _ 227](77//77 B _ n— 81 B
UO(p)—C 2=k _ p/|p’ zc 2=k _ 22—k =c on — 8n’ :
n'lp'| n'/n n—8n

Then, passing the information on vg to v,

n_gn/ ﬂ
-] — llv—vollLe(k)

ze(5 5

B
e n—8n
>2""¢ ((W) — Cmax{[|A — Aollz=c, ), 1A = AOHEM(Cz—kV,}/)})
>27e(1/2)",

where for the last inequality we first choose a small 1’ such that

— 87 \* 1\
=8N
2n —8n’ 2
with § > 0, and then take k large and use that A is continuous. Hence, if 1’ is small enough and
ko is large enough in the first place, the inductive step holds. 0O

Now we are ready to prove Theorem 1.2. We divide the proof into three parts: an upper bound,
a lower bound, and the proof of the C** regularity of the quotient.
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3.2. Upper bound

We follow the arguments of [13]; see also [34]. The first lemma is a geometric fact that will
make subsequent computations easier.

Lemma 3.5. Ler Q2 be a Lipschitz domain as in Definition 1.1, with Lipschitz constant L < 1/16.
Let

A={xeQNBi_5:dx,0Q2)>8}={x e QN By :d(x,9(2N By)) > 45},
where § € (0, 1/3). Then A is star-shaped with respect to the point e, /2.

Proof. It is easy to check that d(A,d(2 N By)) = 4, and that ¢,/2 € A (since L < 1/16,
d(e,/2,0) > 1/~ L2+ 1) > 1/3).

We distinguish the upper and the lower boundaries of A as:
0yA={xe€dA:d(x,0Q)>68}, 0A={xe€dA:d(x,dR) =745}

The first step is proving that 9; A is a Lipschitz graph with the same or lower Lipschitz con-
stant. For this, consider the set Qs = {x € Bi_ s X R:d(x,d8) > 8§}, which contains the points
above 9, A. For every vertical line / passing through (x’, 0), with x" € B]_, the set / N Q; is not
empty, so we can define 1 : B]_; — R as

h(x") =infl{x, : d((x', x,), 0Q) > §}.

Then, for a given x" € B|_;, (x",y) € Q5 for all y > h(x’). Indeed, for every point z =
(z/,zy) in 9L, either |7/ — x| > 8, and hence d((x',y),z) > 8, or |/ — x| < 6. In this
case, 7, = g(7) < g(x)+ L|z/ — x'| < g(x") +68/16 < h(x’) — 8 + 8/16 < h(x'), and then,
d((x',y),z) >d((x', xy),z) =6, because y > h(x') > z,.

In any case, we have proven that Qs = {(x, x,,) € Biﬂs x R : x, > h(x’)}. Moreover, this
shows that 9; A is a subset of the graph of &. Now we want to see that / is Lipschitz. Notice that
we can also define & with the complement set,

h(x") = sup{xy : d((x, xp), 3Q) < 8} = supfxn : d((x', xn), Q) = 8}.

This can be seen as the superior envolvent of a union of spheres of radius § centered at every

point of 92, hence
h(x")y =sup{g(x" +1)+,/8% — |t|>, 1 € Bg}.

Since this is a supremum of equi-Lipschitz functions, & is also Lipschitz with the same
or lower constant, L’ < L < 1/16. From g(0) = 0 we can also derive #(0) > §, and h(0) <
VL2 +1<1.026.

Now we will see that A is star-shaped with center at e, /2, constructing a segment from e, /2
to every point in A that lies entirely inside A. Let p # ¢, /2 be a point in A, and let ¢ = (¢’, g»)
be the intersection of the line through p and e, /2 and 9 A, that lies on the side of p and is furthest
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from e, /2. We will see later that there is only one intersection at each side, but considering the
furthest is enough for now.

If g lies in 9;A, g, = h(q’). If g lies in 3, A, the point is above 9;A and g, > h(q’). In any
case, we have always g, > h(q’). It is clear that the segment (e, /2)q, that can be parametrized
by {(tq’, (1 — t)/2 + tq,),t € [0, 1]} is contained in Bj_s. We will prove that it lies entirely
above 9; A (except maybe in the point g), so it has not other intersections with d A besides g. We
distinguish two cases:

If g, > 7/16, for any point ¢’ inside the segment joining 0 and ¢’ in Bj_g (this means
t € (0, 1)), using that % is Lipschitz,

h(tq') <h(0) + L|tq’| < 1.028 +1/16 < 0.34 +t/16.

Moreover, the height of the segment (e, /2)g above the point 7q’ is

(1—1)/2+1tq, > 0.5+ (g, —0.5)t > 0.5+ (h(g’) — 0.5)t > 0.5 —1/16,
and 0.5 — /16 > 0.34 + ¢ /16 because /8 < 1/8 < 0.5 — 0.34 = 0.16. Combining the two in-

equalities, h(tq") < (1 —1)/2 + tq, as required.
On the other hand, if ¢, < 7/16, h(q’) < 7/16 as well. Since & is Lipschitz,

h(tq") <h(q)+Llqg"—tq'| <gn+ (1 —1)/16 = (g, + 1/16) — (1/16)1.

The height of the segment (e, /2)g above the point 7g’ is

A=0/2+19,=1/2—=(1/2—qn)t,
and 1/2 — (1/2 — gy)t > (g, + 1/16) — (1/16)¢ for ¢ € (0, 1) by a simple calculation.
Hence, in any case the segment joining e, /2 and g crosses d A at g for the first time, implying
A is star-shaped. O
Now, we derive an interior Harnack inequality for domains with the shape we want to consider.
Lemma 3.6. Ler 2 be a Lipschitz domain as in Definition 1.1, with Lipschitz constant L < 1/16.

Let 6 € (0,1/3). Let L be as in (1.2) or (1.3). Let u be a positive solution, in the L"-viscosity or
the weak sense, of

Lu = f inQNB
u=0 ondQ2N By,

with f € L"(By). Let A={x e QN By_s : d(x,02) > §}. Then,
supu < C(i%fu + 1 fliLnsy)),
A

with C depending on the dimension, §, A and A, but not on the particular shape of 2.

221



X. Ros-Oton and D. Torres-Latorre Journal of Differential Equations 288 (2021) 204-249

Proof. Let x € A, and we will denote y = ¢, /2 to simplify the notation. Since A C Bi_s, |x —
y| < 2. We define
H
m:=|=|.
8

Take xo = x, ..., x,, = y a uniform partition on the segment xy. It is clear that |x; ] — x;| <
8/4. Then, consider the balls Bgs(x;). We apply the interior Harnack inequality to obtain that

sup u<C ( inf u +5||f”L"(BS(Xi))> .
B2 (xi) Bs/a(xi)

In particular, u(x;) < C(u(xj41)+8| fllr(s,)) < Cu(xit1)+8| fllL(B,)), and iterating this,
u(y) < C"*lu(x) + C'|| £ | Ln(8,)- Taking the points in reverse order yields u(x) < C"lu(y) +

C'll fllLn(By)-
Now take x, z € A, and apply the inequalities between u(x) and u(y) to u(y) and u(z). We
can put them together finally to get

(@) < C*" Vu@) + "\ fllensy, @ < C"Vu) + "\ fllns)-
Finally, notice that C, m and C” do not depend on the shape of Q. O

The next step is the following lemma, that shows that the condition # > 0 and u(e,/2) <1
implies [lullz»(,) < cp in Theorem 1.2.

Lemma 3.7. Let 2 a Lipschitz domain as in Definition 1.1, with Lipschitz constant L < 1/16.
Let L be asin (1.2) or (1.3). Let u be a positive solution, in the L"-viscosity or the weak sense,

of

Lu=f inQNB;
u=0 ondQNBKB,

such that u(e,/2) < 1, with f € L"(By). Then, there exist p, C,, > 0 such that

lullLr g < Cp,
with p and C,, only depending on the dimension, A, A and || f || (B,)-

Proof. We will prove that there exist a sequence {a;} and some positive ¢ and b such that supu <
ag < cb® in the sets Ay = (xeQNB|_y—«:d(x,09) > 2_"} for all k > 3. This means roughly
that supu grows at most like d~X for some big K, and then u” will be integrable if p > 0 is
small enough.
First, by Lemma 3.6 applied with § = 1/8, together with the fact that # <1 in at least a point
of A3, sup < C(1+ || fllL»(s))) =: as.
3

A;
Now, we will show that ai+1 < c1ax + ¢2, with ¢; > 0. This easily implies by induction that
ap < cb* for some b, ¢ > 0.
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Take x € Ay, 1. We will prove that there exists a close y € Ay such that d(x, y) < 27%+3,

In fact, let z = (Z/, z,) be the intersection of d Ay with the segment (e, /2)x. Proving d(x, z) <
27k+3 will suffice, because there are points in A arbitrarily close to z.

We can parametrize the segment as ¥ (t) = t(e,/2) + (1 — t)x, with ¢t € (0, 1). Then, z =
Y (), where we define

ty :=inf Iy = inf{t € (0, 1) : ¥ (1) € Ag).

Since Ay is star-shaped with rays coming from e, /2 by Lemma 3.5, and it contains an open
ball around e, /2, I} is an open interval. Looking closely at the definition of Ax, we can write I
as the intersection of two conditions:

L=, )N, 1) ={te©,1):y@)e B _,+«}N{te0,1):d(),02) > 27Ky,

First, the condition ¥ (t) € B_,—« means |te, /2+ (1 —t)x| <1— 27k, which is automatically
fulfilled when ¢ > 2%t because then

[ten/2+ (1 —t)x|<t/2+ (A —=0)|x|<t/24+ A —-t)=1—1/2.

Hence 1 < 27%+!. To finish this argument we need an upper bound on #, as well. Take an
arbitrary ¢ € [2_k+2, 1], and we will see that (v (¢), 02) > 2% To do so, we will prove that
Y () > g’ (1)) + 27512 + 1, with ¥ () = (Y’ (), ¥, (¢)) as usual. Since g is Lipschitz with
constant L < 1/16, |g(x")| < 1/16, and

gW'() g+ Lix" —y' (1) < g(x') +1/16,
we deduce

Un() =1/2+ (1 =D)xy > 1/2+ (1 —)g(x) =g(x") +1(1/2 — g(x))
> g(x") +7t/16,

and

W) +27KL2+1 < gx) +1/16 + 275/ L2 + 1 < g(x') +1/16 + 3 - 2% 1,

Finally, since 61/16 >3- 2751 . (1) > g(¥/'(1)) + 27%V/L2 + 1 as desired and 1, < 27%+2,
Now, ., = max{ry, 12} <2752, and this implies d (x, z) = tsd (x, €, /2) < 21, <2753,

Now, for a given x € Ay4+1, we have y € A such that d(x, y) < 2~—k+3 Consider a uniform
partition in 32 pieces of the segment Xy, po =, ..., p31 = x. Since A4 is star-shaped, xy C
A1, so the balls B; = By—«—1(p;) are completely contained in N By. Now, d(p;, pi+1) <
27%=2_and applying the interior Harnack inequality we get u(pi+1) < Cu(p:) + || fllzn(s)) <
C(u(pi) + I fllLr¢s,))- Tterating this inequality, u(y) < cju(x) + ¢z, for some constants ¢y, ¢z
only depending on the dimension and || f || .7 (B,).
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Now we know that supu < cb* in Ay. Let p = log,, V2, and compute the L” norm of u:

o0 o0
/|u|f’=/|u|f’+2 / ul? < |Asleb® + ) |A; \ Aj-1le(d?)!
B A3 j=3

TTAjH1\A; j=4
o0 o0
<c|2V214351+ ) 1A\ 41207 | <c [ 2v21B11+ ) 27 V(m)2i?
j=3 j=3

=c (2f2|31| F V@) + ﬁ)/z) =:C?,
where we have used that [A; 11\ A;| < 277V (n). We will prove it now.

Aj1\A; C(B1\ Bj_,-))U{x e B :d(x,dQ) <27/}.

On the one hand, |B1 \ Bj_,-j| < 277|3B;|, where |3 B;| is the (n — 1)-dimensional measure
of the boundary of the ball By. On the ‘other hand, the second set is a subset of the thickening of
0% in the e, direction, with height 27/ +/ L? + 1 at each side:

[(x/,x,,) €B xR:|x, —g(x)| <277V L2+ 1} .
The measure of this second set is 27/ H1/L2 + 1|B}| (again using the measure of R 1,
Hence, defining V (n) = |0 B1| + 2,/1/16% + 1| B}| serves our purpose. O

The previous Lemma 3.7 implies that u € L?(B1). Then, we can use Theorem 2.6 to obtain
the following L bound on u:

Proposition 3.8. Let 2 be a Lipschitz domain as in Definition 1.1, L as in (1.2) or (1.3) and
r € (0, 1). Let u be a L"-viscosity or weak solution of

Lu = f inQNB
u=0 ondQ2N By,

with f € L"(S2).
Then, for all p > 0, ifu € L? (2N By), u is bounded in B, i.e.

supu < K(|lullLry) + | fllLr)),
B,

with K = K(n, p,, A, r).

Proof. Denote v=u™, extending v by zero in By \ 2, and extend f by zero in By \ 2. Then, it
is easy to check that Lv > f in Bj. Now use Theorem 2.6 and a covering argument to get

supv < Cp(r)(lullrsy) + 11 f lLnsy))-

B;

The conclusion trivially follows. O
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3.3. Lower bound

The next step is to construct an iteration to see that solutions of Lu = f that are sufficiently
positive away from the boundary, and not very negative near it, are actually positive everywhere.
As we have a right hand side f € L9, we need to be careful with the scaling, so we cannot
use directly interior Harnack estimates to prove positivity, and we will need the nondegeneracy
estimates in Lemmas 3.1 and 3.4.

Lemma 39.Let q > n, k > 1, and let L be as in (1.2) or (1.3). There exists L, =
L.(q,n, Kk, A, \) such that the following holds.

Let Q2 be a Lipschitz domain as in Definition 1.1 with constant L < L. Let f be such that
| fllLaB,) < co. Let u be a L"-viscosity or weak solution of

1 inQN{xeBy:dx,0R) > 5}

Lu=f inQ2NB
—& in Q2N By.

. u
W=0 ondS. with {u 3.1

(AR

Then,

u > p* inQN{xeB,:dx,0R) > pd}
u>—p‘e inQNB,

for some sufficiently small p, ¢, 8, co € (0, 1), with p > 28, only depending on the dimension, «k,
q, », A\, as well as o, when applicable.

Proof. Let § € (1,«). Apply Lemma 3.1 in the non-divergence case (respectively, Lemma 3.4
in the divergence case) to obtain 1 > 0 (resp. n’).
Let & > 0 to be chosen later. For xg = (x(’), Xon) In {x € By :d(x,9R) > pd}, define the cone

C = (xp, g(x()) +hCy={x e R" 1 p|x" — x| < xn — g(x() < h}.
Here, we distinguish the upper and the lateral boundaries, respectively,
0uC =1{x e R" :nlx" — x{| < xp, = g(x() + h}
3C={x e R" : nlx" — xyl =x,, < h}

and the upper half cone
Ct=Cn{xy > gxp) +h/2).

Now, take L, = min{n/2, 1/16}. Hence, the slope of 92 will be at most half of the slope
of C, so the cone separates from the boundary. By some geometric computations, we find

d(9,C,0R) > h//4+n2.

Let now p < 1/2. The distance of the furthest points of C to (x(, g(x0)") is hy/1+1/n%.
Hence, taking 7 < 1/(2+/1+ 1/n2) suffices to have C C N By. Furthermore, making h =
48./4 4+ n2, we will have 9,C C {x € By :d(x,3R) > 8},and also C* C {x € By : d(x, Q) > §}.
Note that this forces § to be small, but we will choose it at the end, so this is not a problem.
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Define it (x) = u(x{, g(x() + hx) +¢. Let ii = v + w, where

Lv =0 inC, d Lw = f inCy,
v=1u ondCy an w=0 ondCy,

By the ABP estimate, Theorem 2.2, in the non-divergence form case, or by Theorem 2.3 in the
divergence form case, [|w||L>(c,) < C/”f”Ln(Cn) < C’cp. On the other hand, v > 0 on 9C,;, and
v>1ond,C,and C,JIr (defining the upper boundary and the upper half analogously). Hence, we
can apply Lemma 3.1 or a rescaled Lemma 3.4 to v to conclude that v(te,) > t#, possibly only
for small r < ¢,.

Putting all together, iu(te;) > tP — C’'c(, which means

u((xp, 8(xp)) + htey) = 1t — C'eg — &,

only when t < ¢, for divergence form operators. Therefore,

A\ B B B
— 1)
u(x@z(Lg(xo)) —Clcg—e> <p_) —(C'cog+¢) = I —C'co—ce.
h h 24+ n?

Finally, since B < k, we can choose p > 0 small enough such that p#~* > 6,/4 + 2 (and
t < t, if needed), and then, choosing ¢, cp > 0 small enough,

u(xp) =3p* — C'co—e > p~.

Now, for the second inequality, let xo € B1—_35, d(xp,92) < 4. Let v = u~ /¢ in the ball
B3s(xy)» extending u by 0 below 092. By elementary properties of L"-viscosity and weak so-
lutions, since Lu < f, Lv > — fT /e. Now, v > 0 in the whole ball, v < 1 because u > —¢, and
v =0 below 0€2. Let z € 9$2 be the closest point of the boundary to xo. Let C; be the downwards
cone with slope L, and vertex in z. Then, C, lies entirely below 92, and v =0 in C, N B35(xp).
Since d(xg, z) <36, |C; N Bzs(xg)| = c(Ly)|B3s(xo)|, where c¢(L) is a geometric constant that
only depending on the dimension and L.

Applying Theorem 2.5, v <1 — y in B3s/2(x0), and in particular v(xp) <1 — y. In order to
do it, we need f/e to be small enough, to have ||f+/8||Ln(Bl) < &(cr) in the notation of the
theorem.

We will iterate this reasoning with the functions v; = v/(1 — )/ defined in B3gs(xg), with
X0 € B1-3j5, d(xp, 02) < §. The conclusion of each iteration is v; <1 — y in Bj_ 3(j+1)8> ie.
vj+1 < 1in Bj_3(j+1)s. This implies v < (1 — y)/ in Bj_ —3j5, and then u > —(1 — y) e in
Bi_3js5. '

To end the proof we only need to choose j such that (1 — y)/ < p*, and then make § small
until 1 — 3§ > p. Finally, notice that we need || f+/((1 — y)is)||Ln(Bl) <d(cp)fori=1,...,j
to be able to apply successively Theorem 2.5. This is possible choosing cg accordingly once we
know j. O

Now, we iterate the lemma to obtain the desired result.

226



X. Ros-Oton and D. Torres-Latorre Journal of Differential Equations 288 (2021) 204-249

Proposition 3.10. Let ¢ > n, k > 1, and let L be as in (1.2) or (1.3). There exist L, =
L.(g,n,k, A, A)>0ande,3d,co < (0,1), such that the following holds.

Let Q2 be a Lipschitz domain as in Definition 1.1 with constant L < L. Let u be a solution of
(3.1) with f such that || f LB, < co. Then,

u>0 inQN Bys.

Moreover, forallt € (0, 1),

u(tey) >t“.

The constants Ly, €, § and co depend only on the dimension, k, q, A, A, as well as o, when
applicable.

Proof. We will iterate the previous Lemma 3.9. Assume without loss of generality that ¥ <
2—n/q.Letug=u, fo = f, and define the scalings:

wjp1 ()= p " uj(px),  fip1(x) =p>~ fi(ox).

Define €2; to be the rescaled domains of the u ;. Observe that the Lipschitz constant of the
domains is the same or smaller, and that Lu j = fj- Now we will see that the right hand side is
bounded as we need. Indeed, since pz_" < p”/ q,

1/q l/q

1 fn o < / P Lo x| = / 0y | = 1f 0,
B/)

Bi

and then || f;|lLe(B;) < co for all j.

We will prove by induction that u ; satisfies (3.1) for all j as well. Start supposing u ; does.
Then, by Lemma 3.9, u; > o in Q; N{x € B, :d(x, 92;) > pd}, which is equivalent to u ;| >
lin Q1 N{x € B, :d(x,02;41) > pd}. Also by the lemma, u; > —p“e in B, which is the
same as i1 > —¢& in By.

All iterates u; satisfy (3.1), thus in particular u ;(te,) > 1 for t € (25, 1), taking into account
that, since L, < +/3, d (28ey,, 02) > 8. Rescaling back, this translates easily into u(te,) > t*.

Now, observe that, after a change of variables, choosing smaller ¢, § and cq if needed, the
function i (x) = u(xo + x/3) is also a solution of (3.1) for any xo € 92 N By/3. Analogously, we
have ii(te,) > t*, thus u(xo + te,/3) > 0, and since § < 1/3 this implies u > 0in QN By;3. O

As a consequence, we find:

Corollary 3.11.Let g > n, k > 1, and let L be as in (1.2) or (1.3). There exists Ly =
L.(q,n, Kk, A, A) such that the following holds.

Let Q2 be a Lipschitz domain as in Definition 1.1 with constant L < L. Let f such that
| fllza(B,) < co. Let v be a positive L"-viscosity or weak solution of Lv = f, with v(e,/2) > 1.
Then, for all x € By,
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v(x) = crd(x, 982)",

for some sufficiently small cy, c| > 0, only depending on the dimension, k, q, A, A, as well as o,
when applicable.

Remark 3.12. We can also write x, — g(x’) instead of d(x, 32), since the two quantities are
comparable.

Proof. Assume, after dividing by a constant if necessary, that v(e,/2) = 1. Let v'(x) = v(2x)
and Q' the corresponding scaled domain. By a version of Lemma 3.6, we have that if ¢ is
small enough, v' > ¢z > 0in {x € Q' N B3/ : d(x,9’) > 8}, for any § > 0, some small c; > 0
that depends only on &, the dimension, ¢ and the ellipticity constants. Now, apply the previous
Proposition 3.10 to v’/c; in the balls Bj(xg) for any xo € B; (we may need to ask that cq is
smaller to do so). Hence, v'(xg + te,)/cz > t¥, and this implies v(xg + (£/2)e,) > c2(t/2)*. To
end the proof, notice that d (xo + (t/2)e,, 9R) € [t/2, t+/L% 4+ 1/2], so we can absorb the factor
needed to change ¢ for d(x, d2) in the constant ¢;. O

3.4. Proof of the main result

Now we have all that we need to prove Theorem 1.2. Observe that Corollary 1.3 is a direct
consequence. We divide the proof in two parts: in the first one we prove the inequality, and in the
second we deduce the C%¢ regularity of u/v.

Proof of Theorem 1.2. We prove the inequality first. Let

1 n
=14+-(1-- 1,
“ +2( q>>

and choose Lo(g,n,A,A) = Li(g,n,x, A, A) with the definition of L, given by Proposi-
tion 3.10. We will still keep « explicit to simplify some calculations. If we are in the case u > 0,
apply Lemma 3.7. In either case, by Proposition 3.8, u < K in B3/4.

Then, consider v in the set A = {x € B34 : d(x, 3Q) > 3§/4}. A is a subset of {x € Bj_35/4 :
d(x,d2) > 35/4}. Hence, by Lemma 3.6, and from v(e,/2) > 1, it follows that v > ct—
I fllLncsy = C~! — ¢g in the whole set A. Furthermore, choosing m = C~!/2 and ¢ < m yields
v>m>0in A.

Define now

1+e¢ &

v— —u,
m K

w:

with & > 0 to be determined later. We will show that w > 0 in By, and therefore, taking C =
K(1+¢)/(me),Cv—u>0.

By construction, w > v/m > 1in A, and w > —¢ in B3,4. To apply Proposition 3.10 (rescaled
to the ball B3,4), we need to estimate Lw:

1+¢ & 1+¢ e
ILwllLa(Bsg) < 7|l£vllm(3.) + Ellﬁullm(tz.) < (7 + f) co.
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Let w(x) = w(Bx/4). Then, w > 1in QN {x € By :d(x,0R) >} and w > —e in QN By.
Choosing sufficiently small &, co > 0 to apply Proposition 3.10, we get w > 0 in B33, thus w > 0
in By)s.

Now, for the boundary C%¢ regularity of the quotient u /v, we will first prove the regularity for
the boundary points, and then we will extend it to the whole closed domain 2 N By 2, where u /v
is extended by continuity on d2. These arguments are the standard ones found in the literature,
but we have to be careful with some calculations to take into account the right hand side of the
equations. Additionally, let ¢ be the value for co found in the first part of the proof. We will
adjust the final value of ¢ in terms of this c{j.

By a covering argument, the inequality u < C’v is valid in € N B34 with an appropriate
constant C’. Since either u > 0 or we can interchange u by —u and the hypotheses still hold, we
have u > —C’v as well. Let xo € 9Q N By /2.

First, we will show by induction that there exist sequences {a;}, {b;} such that, for every
integer j > 2,

ajv<u=<bjvin QN By,-;(xg), (bjt1—ajr1)=10—-0)b;—a;), (0,1 —21_"].

For j =2 wetake a; = —C’, b; = C’, with the constant from the covering argument. Now, to
perform the inductive step, we define two new functions:

U—ajv biv—u
=—1  wy=L

wi . = .
bj—clj

- ’
bj—aj

These functions are positive solutions of Lw; = f; in @ N B,-j (xp), vanish continuously at
0%, and wq + wy = v. Therefore, for one of them (the biggest in the point), 2w; (xg + e,/ 21y >
v(xg + e, /2j +1). To apply the boundary Harnack, we define the following rescaled functions,
with ¢; > 0 from Corollary 3.11 in order to have v(e,/2) > 1. Let

D) =y 2 vl + 277 %), Wi (x) = ¢y 27w (xo + 277 ),

2J(k=2) fxo+277x) —ajgxo+277x)

filx) = b —ay) ,
- o nbig(xo+277x) — fxo+277x)

:2j(K 2)7J )
f2(x) b —ay)

Now we must check || ﬁ e (B;) < cg- Indeed, choosing ¢ appropriately,

12742 f (xo + 277 %) La(py) + ;1127 € g(x0 + 277 x) || LacBy)

I fillLacay) <
(B1) Cl(bj —Cl.,')
Jj(n/q+k=2) . j(n/q+x—=2) _ 02
<C02 (I +lajl) - 2 0 _ co(l —0) <.
- ci(bj —aj) Ta(l-6)72 7 ¢ -

The same works for f>.
Applying a rescaled version of the boundary Harnack inequality to the functions 2w;, v, we
get that w; > 5 in N B,-(+1) (x0). This presents two options: either
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u_a‘/U>L = U= a-—l—bj_aj V=:d;41V bivi=b;
bj_aj =20 = J 20 =-4dj+1?, j+1 =20j,

or

bjv—u v bj—aj - y
b:—a: EZC/ = u=< b]— 20 v::bj+]U, aj""]:aj'
J 4

Either a; | > a;j or l;j+1 < bj. We cannot choose them yet as a1, b1, because we need
to ensure 1 — @ > 2!7%_ This is done by choosing

aji1 =min{dj1,a; + (1 =2"")b; —aj),
bjr1=max{bj1,b; — (1 =2"")(bj —a)).

After this, a; <u/v < b; in N B)-;(xo), and then

sup u/v— inf w/v<bj—a;=QCH1—-0) 2 (3.2)

By—jxpne 271 (xp)nQ
We can extend u/v by continuity at xo as the limit of the a; (or the b;), and for any point

p € QN By_j(x0), |(u/v)(x0) — (u/v)(p)| <2C"(1 —6)/72, hence u/v is C>% at xo with a =
—log, (1 — 8). Then, for every point xp on the boundary we have

u u o
—(x0) = —(p)| = Clxo — pI”,
v v

for some uniform constant C > 0, for any p € By/2 N Q.

Now, for the interior points, let x1,x2 € By, d = |x1 — x2| and §; = d(x;, 9S2). There are
three different cases:

Case 1. 1f d > 1/16, we just use the fact that —C'v < u < C’v in N B34, hence, for any
ae(0,1),

L — L] <20 <320 | — xl”.
v v
Case 2. If the points are far compared with the distance to the boundary, in the sense that
d > §; /4 for at least one of them, let y be a point in the boundary such that d(x;, y) < 84 for

both of them (for example, in the case §; < 4d, let y be the closest point in the boundary to x,
so that d(x3, y) <81 +d < 5d). Then,

u u u u u u
S - 2] =[50 - 20| 20 - 20
v v v v v v
< C(lx1 = yI" +1y = xf*) < 2CEd)* <2'7Clay —xp*.

Case 3. When the points are close, i.e. d < 1/16 and d < min(81, §2)/4, suppose without loss
of generality 0 < §; < §5. Let

r=d(x2,0(B3/4 N )) =min{3/4 — |xz], 82} > min{1/4, 62}.
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Now, we introduce an auxiliary function w = u — pv, with u to be determined later.

vxp|w(xr) —wx2)| + w2 [[v(x) — v(x2)]
v(xpv(xz) '

u u

S - S| =

v v
Hence, since Lw = f — ug, Lv = g, by interior regularity estimates,

2—n/q—a’

wie) = w()l = Ciler =52l (17 Nl g0 +7 12wl 08,2000 )

< Cilx1 —x2|* (Vﬁa lwllzoo(8, 202y + (1 + [Dcor? "4~ ) ,

2—n/q—a’

lv(x1) —v(x2)| < Cilxy — x2|* (r_“ vl Lo (B, 2 (x2)) + 7 ||g||Lq(B,/2(x2))>

P 2—nla—a'
< Cilx; —x2|* (V o]l Loo(B, jpxa) + cor* )

We may assume without loss of generality that o’ € (0, 2 — «).
Now, by the interior Harnack inequality and Corollary 3.11, tweaking the constants, v(x;) <
lvllzoo(B, 2 (x)) < Cv(x;). Then, combining our estimates,

1 |u u _a,
— =) — =G| Ix1 —x2| 7% <

Cilv v

Ml + (A pheor? ™7 Tw ) (vl s, a0 +cor® ™)

v()r® vV )re

_Clwllie>s ey | €O+ luheor®™/4 Cllwlizoes, p0n)

—_ ’ ’ !
relMvllLoe B, nea)y O lIVILeB 00y T IVILeB,2(x0)

C2||lwllLoo(B, o (x) cOr* ™4

’ 2
r NIz oo B, 5 0x))

Now we distinguish two cases: when » = 1/4 we just use the global estimates, and when
r < 1/4 we do some finer computations.

Case 3.1. When r = 1/4, let 4 = 0. Hence w = u. Since —C'v <u < C'v in B34 N,
||w||L°°(B,/2(x2)) < C/||U||L°°(B,</2(x2)), and ||U||L°°(B,/2(x2)) > ¢1r® by Corollary 3.11, then the
right hand side of the previous inequality is bounded by some constant C that only depends
onn,q,A, A. Hence,

u u o
;(xl) - ;(xz) <CiClxp — x|

Case 3.2. If r < 1/4, r = 6. Choose u = u(x2)/v(x2), so that w(xz) = 0. Let ko be the
maximum positive integer such that §; < 2% (hence 8, > 2~%0—1), Then, ko > 2, d < 82/4,
and x1, x2 belong to 2 N B,—k+1(y), with y € d€2, for instance, the closest point in 92 to x3
d(y,x1) <br+d <26 < 2~ kot1 by the triangle inequality). For the same reason, B, (x3) C
QN B2—l<0+1 (y)

By the estimate (3.2), |w|| 1008, (r)) < RC)(1 —8)02||v|| 20(B, (x,)), and combining it with
the previous result and the fact that 1 — 6 = 1/2¢,
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1 ju

Cilv

u . 2C(C + C?)(1 — g)ko—2
(x1) — ;(m) lx; —x2| 7% < +

re

L (Ca+ub+ C22C' (1 — O)ko=2y)cor2—nla—«

lv ||L°°(Br/2(xz))

We put all the constants (everything that does not depend on r, k) together, and notice that
|l < C" and 27 %01 < < 27k Additionally, we dismiss the term (1 —0)%0~2 < 1/(1 —0)? as
a constant in the second fraction. Simplifying, we get

2k() (n/q+a’—2) C4
||v||L°°(Br/2(X2)) .

u u / /
() =~ ()| < v = xol” (2"°<°‘ 0y +

Since ”U”LOO(B,/z(xz)) >crf = 0155 > C12_K(k0+1),

2ko(n/q+a'=2) ¢ ,
Lt ook/gte Dt o e <20y ey
vl o (B, /2 (x2))

Ifa > o, |x) — xp|¥ 200@ =) < | x| — x,|¢ If & < o/, take into account that r = |x] — xa| <
2% and then

o o
! r_ X1 — X2 _ X1 — X2 _
lxp — xp|* 200 ) = <|2_7kol) ko < (|2_7kol> 27R0% = |y — x|

In either case,
o Aky(ae' —a min{o, o’
X1 — xp|¥ 2K0@ =) < | — xp mintere)
Hence,

u u . ’
—(x1) — —(x2)| < Cs|xy — xp|minlere),
v v

Observe that we have proved that |(u/v)(x1) — (u/v)(x2)| < Clx; — x2|* for various values of
C, a > 0. For the expression to be always valid, take the maximum multiplicative constant and
the minimum exponent. O

4. The boundary Harnack in slit domains

We also consider our problem in slit domains, as introduced in [12,13]. We define them in the
unit ball B to keep the notation uncluttered.

Definition 4.1. We say 2 is a slit domain with Lipschitz constant L if Q@ = By \ K, with K a
closed subset of the graph of a Lipschitz function g : B — R, with g(0) = 0:

Q=B \K, KcI:={(x" x)eB xR:x,=gx")}, lglco=L.
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Additionally, we define the upper and lower halves of €2,
Qt=an {(x/s Xp) € By ixp = g(x/)h Q=N {(-x/s Xp) € By ixp < g(x/)}-
We will write Q% to refer to Q1 or Q™ indistinctly.

An analogous reasoning to the proof of Theorem 1.2 for slit domains yields the following
result.

Theorem 4.2. Let g > n and let L be as in (1.2) or (1.3). There exist small constants co > 0 and
Lo > 0 such that the following holds.

Let Q2 = By \ K be a slit domain as in Definition 4.1, with Lipschitz constant L < Lq. Let u
and v > 0 be L"-viscosity or weak solutions of

Lu = f inB\K d Lv=g inB\K
u=0 onk an v=0 onk,

with f and g satisfying (1.4).
Additionally, assume that v(e,/2) > 1, v(—e,/2) > 1, and either u > 0 in B} \ K and
max{u(e,/2), u(—e,/2)} <1, or llullLrp,) <1 for some p > 0. Then,

us<Cv in Bip\K,
and

<C.

I3
COw(QENBy )

v

The positive constants C, cy, Lo and o depend only on the dimension, q, A, A, as well as p
and o, when applicable.

When both functions are positive, we recover the symmetric version of the boundary Harnack.

Corollary 4.3. Let ¢ > n and L as in (1.2) or (1.3). There exist small constants co > 0 and
Lo=Lo(q,n, A, A) > 0 such that the following holds.

Let Q = By \ K be a slit domain as in Definition 4.1, with Lipschitz constant L < L. Let u, v
be positive L"-viscosity or weak solutions of

Lu=f inB\K d Lv=g inB\K
u=0 onk an v=0 onk,

with f and g satisfying (1.4).
Assume min{v(e;, /2), v(—e,/2)} > 1 and min{u(e, /2), u(—e, /2)} > 1. Then,

max{u(e,/2), u(—e,/2)}
min{v(e,/2), v(—e,/2)}

_ymin{u(e, /2), u(—e,/2)} -
max{v(e,/2), v(—en/2)} ~

C

IA

u .
- in Bip\K,
v

and
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u
_ <C.
CO(Q*NB)2)

v
The positive constants C, co, Lo and o depend only on the dimension, q, A, A, as well as o,
when applicable.

Most of the proofs are identical to the one-sided theorem, because we can prove the results
for each side of I" and then put them together. There are two exceptions: Proposition 3.8 and
Lemma 3.9. The proof of the proposition is even easier, taking v = ™ and extending it by 0 on
K, we are ready to apply Theorem 2.6 and see that v is universally bounded.

As for the lemma, we write here an adapted version and the step of the proof that needs to be
changed.

Lemma 44.Let q > n, k > 1, and let L be as in (1.2) or (1.3). There exists Ly, =
L.(q,n,k, A, A) such that the following holds.

Let Q = By \ K, with K C T, be a slit domain as in Definition 4.1 with constant L < L. Let
f such that || fllLa(B,) < c. Let u be a L"-viscosity or weak solution of

1 inQN{xeB;:dx,T) > 6}

Lu=f inB\K
{ —& in 2N By. @.1)

with 1
u=0 onk, u

IV 1V

Then,

u > p* inQN{xeB,:dx,T) > pd}

u>—p<e inB,
for some sufficiently small p, €,6,c € (0, 1), with p > 28, only depending on the dimension, «,
q, , A\, as well as o, when applicable.

IV IV

Proof. The proof of the first inequality is completely analogous to the proof of Lemma 3.9.

For the second inequality, we do the same reasoning as in the one-sided case, but now, instead
of picking a downwards cone C, with vertex at 92, for each xo such that d(xp, ') < 4§, we
take z = xo — 58/2e,,. Since I' is a Lipschitz graph with Lipschitz constant L < 1/16, d(z, ") >
58/(2+/L2 4+ 1) —§ > §, so again z and the analogous downwards cone C, lie in the region where
u > p“. Moreover, |C; N B3s(xg)| = cp|B3s|. The rest of the proof continues analogously. O

5. Applications to free boundary problems
5.1. CY¥ regularity of the free boundary in the obstacle problem

Consider the classical obstacle problem (1.5) in By, with f > 19 >0, f € W4 and assume
that 0 is a free boundary point. We will show that we can extend the proof of the C!** regularity
of the free boundary due to Caffarelli [6] to the case f € W4 thanks to our new result. We
generalize the steps of the proof in [17, Section 5.4].

Our starting point will be the existence of a regular blow-up. We will also take for granted the
following nondegeneracy condition: if xg € {u# > 0},

sup u > cr2,
By (x0)

234



X. Ros-Oton and D. Torres-Latorre Journal of Differential Equations 288 (2021) 204-249

which follows easily from the fact f > 1o > 0; see [17, Proposition 5.9].

Proposition 5.1. Let u be a solution of (1.5), with f € W' and f > 19 > 0. Assume that 0 is a
regular free boundary point as in Definition 1.5.

Then, for every Lo > O there exists r > 0 such that the free boundary is the graph of a Lipschitz
function in B, with Lipschitz constant L < Ly.

We will denote

Observe that the blow-up hypothesis implies that for all ¢ > 0, there exists ry such that

uro—%(x-e)i‘<e in Bj,
and
|8vur0—y(x~e)+(x-v)|<s in B

forall v e "I,

To prove that the free boundary is Lipschitz, we will use the interior and exterior cone condi-
tions, and to do this we will prove that d,u, > 0, with v a unit vector, when v - e > c¢(L), where
c(L) is the positive constant that ensures that the cone {x € R" : x - ¢ = |x|c(L)} has Lipschitz
constant L. We need a positivity lemma.

Lemma 5.2. Let u be a solution of (1.5) with f € W'"(By), r > 0 and Q = {u, > 0}. Let w =
oyuy. Then, w is a solution of

Aw =g inQNB;
w=0 onoiQ,

with g(x) =rd, f (rx). Assume that, denoting Ns = {x € By : d(x, Q) < 8}, we have

w>—¢& in Ns and w>M in Q\ Ny, 5.1
with positive € and M. Then, w > 0 in Q N By, provided that ¢, r and § > 0 are small enough.
Proof. First, it is clear that w > 0 in €\ Ns. Suppose there exists xg € Bj/2 N Ns such that

w(xg) < 0. We will arrive at a contradiction using the maximum principle, combined with the
ABP estimate, with the function

v(x) = w(x) — 7 (ur(x) - f;ff) I — XO|2) .

Consider the set 2 N By/4(xp). On 9€2, u, =0, hence v > 0. On 0 By,4(xp) N N5,

7

>—&—nb .
v(x) > —e—n ||ur||c1+32n
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On 0By 4(xg) N (2\ Ns),
v(x) =M —nllurlcr
Notice that [|u,||¢1 is uniformly bounded as r — 0. Hence, choosing 1 small enough, the
second inequality implies v > M /2. For the first inequality, choosing now small enough ¢ and 4§,

we obtain v > n/(64n).
This function satisfies Av(x) = g(x) — n(f(x) — f(xp)), hence, by the ABP estimate,

v(x0) = min{M/2,n/(64n)} — Clig(x) — n(f(rx) — f(rxo)llLr (B acxo))-
We estimate g and f — f(xo) separately. Using the scaling of the L" norm and taking r — 0,
gl (B ax0)) = 110w f L7 (B,/a(rx0)) — O.
On the other hand, by the Poincaré inequality,

I f = fxo)llLr(B,/a(rx0))
r

Il f (rx) = frxo) LB a(x0)) = < CIIV fllLnB,/atx0)) = 0.
Hence, choosing r small enough, we can have v(xg) > min{M /2, n/(64n)}/2, which contra-
dicts v(xg) <0. O

Using the lemma, we prove that there is an arbitrarily wide cone of directions where 9, u, > 0,
for small r > 0.

Proof of Proposition 5.1. We only need to check that, for any v € S"=! such that v - e > c(L),
the hypotheses of the lemma hold. By construction, we only need to check that (5.1) holds for a
small enough r > 0.

Letd =¢l/8, By the blow-up, there exists 7 > 0 such that

Uy — %(x ~e)i‘ <e,
and
|8Uu, —yx-e)p(x- v)| <eé.
Hence, if ¢ > 0 is small enough,

Y2 _¢20 in fx-e>82).

14 2 V 4
u,>5(x~e)+—e>§8 —¢
Moreover,

u, =0 in {x-e<—82},

as we prove by contradiction from the nondegeneracy. Suppose u,(y) > 0 for some y such that
y-e < —3§. Then,
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sup u, > c8t = csl/z,

B (y)

but since By (y) C {x -e <0}, u, < ¢, which cannot happen if ¢ is small enough. Hence, the free
boundary is contained in the strip {|x - e| < 8?}.

Now, let a unit v such that v - e > ¢(L). The lower bound for d,u, in Ns only takes into
account the convergence of the blow-up,

ur >yc(L)(x -e); —e > —¢.

On the other hand, if z € Q2 \ Nj, since the free boundary is at a distance lower than 82 from the
hyperplane {x - e =0}, z- ¢ > § — 8. Hence,

iy (2) > ye(L)(z-e)g —e>yc(L)S —8%) —e =yc(L) (/¥ — /%y —e = M,

where M > 0 provided that ¢ is small enough.

Notice that r and ¢ (thus §) are uniform in v. Now, applying the previous Lemma 5.2, for all
unit v such that v - e > ¢(L), d,u, > 0, which is equivalent to d,u > 0 in B,. Now, if xg € B, is a
free boundary point, u(xg) = 0, hence u(xg — tv) < 0 whenever xog — tv € B,. Since u > 0, there
is a cone behind xy where u =0, i.e.

u=0 in B,N{(x—xg) - -e<—c(L)|x]|}.

In the interior of the cone, there are no free boundary points because u is 0 in a neighborhood of
all points. This is the interior cone. To check the exterior cone condition, suppose there is another
free boundary point x; in the set B, N {xo +tv:v-e > c(L),t € RT}. Then, by applying the
interior cone condition to x1, we get that xo cannot be a free boundary point, a contradiction. This
proves that, in B,, the free boundary is a Lipschitz graph with constant L in the direction e. O

Now we can use our new boundary Harnack inequality to prove the C* regularity of the free
boundary at regular points a la Caffarelli. To do this, we must ask the right hand side to belong
to W14 with ¢ > n, which is slightly more restrictive and implies that f is Holder continuous.

Proof of Corollary 1.6. As it is customary in this kind of proof, we will use the boundary Har-
nack with the derivatives of u,. Let L = Lo(q, n, 1, 1)/2 with the L defined in Corollary 1.3.
From Proposition 5.1, there exists r > 0 such that the free boundary is a Lipschitz graph with
constant L in B,. Assume without loss of generality that the direction of the graph is e = ¢,,, and
that L < 1.

Fori=1,...,n — 1, consider the functions

w) = 0iu, and wy = d,u,.
They are both solutions of Aw; = g;, with g1 (x) =r9; f(rx), g2(x) =rd, f (rx). Moreover,

wo is positive. To be able to use the boundary Harnack, we need to see that the right hand is
small. Indeed, taking » — 0,

ligjllzey < IFV Fox) ey =279V fllLa(B,) — O.
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Finally, by the blow-up convergence,

wile,/2) >y/2—e>y/4, wjle,/2) <y/2+e<y.

Thus, we can normalize w; dividing by w;(e,/2) and the right hand side still converges to 0 in
norm.
Let ©, = {u, > 0}. By the boundary Harnack with right hand side, Theorem 1.2,

w iUy
w—; eC™%BipNQ) = 8’— eCO%(BinN Q).

nUy

The unit normal vector to any level set {u, =t}, t > 0, is, by components,

~j Ojur N ity /Oty

|Vu,| \/1+Z$;%(3jur/3nur)2

S Co’a(Bl/z N ,).

As this expression is C%* up to the boundary, this proves the normal vector to the free bound-
ary is C%%, and by a simple calculation it follows that the free boundary is C'*. O

5.2. CY¥ regularity of the free boundary in the fully nonlinear obstacle problem

Consider the fully nonlinear obstacle problem in the general version (1.7), under the assump-
tions in Corollary 1.7.

Our starting point will be the existence of a regular blow-up in the sense of Definition 1.5,
i.e., there exists r¢ | 0 such that

”(”;x) Y02 incl.@®"
ri 2

for some y > 0 and e € S"~'. We also need the classical nondegeneracy condition: if xy €
{u > 0},

sup u > cr?.

By (x0)
From here, we will extend the proof of [20] to the case where f € W4 (and not necessarily
Lipschitz), and we will also prove C'* regularity of the free boundary.
Our first step is an analogue to [20, Lemma 3.7] for the case f € W',

Lemma 5.3. Let u be a solution of

F(Dzu(x), rx) = f(rx)xw>0y a.e in By
u>0 a.e. in Bj.

Assume that the conditions (HI1), (H2) and (H3) from Corollary 1.7 hold. If
Codyu —u>—¢ in B,
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for any Cy > 0, then
Coopu —u>0 in B2,
provided that r, ¢ > 0 are sufficiently small.

The proof is the same as in our source, except for the final step. We provide it here for the
convenience of the reader.

Remark 5.4. For this lemma, the case g = n, i.e., when f € Wl and F € W with respect to
the second variable, is also true.

Proof. Let x € {# > 0} and 9; F (M, x) denote the subdifferential of F at the point (M, x) with
respect to the first variable. Since F is convex in M, then 91 F (M, x) # @. Consider a mea-
surable function PY with PM(x) € 3; F(M, x). Since f € C%, by interior regularity estimates

ue Clzof ({u > 0}), and thus we can define the measurable coefficients

a;; (x) == (PP (rx));; € 3 F(D2u(x), rx).

Since F is convex in the first variable and F (0, x) =0, then for any unit vector v,

" diju(x +hv) — dju(x) _ F(D*u(x + hv),rx) — F(D*u(x), rx)
Z a;jj(x) < ,

~ h - h
i,j=1

Z a;j(x)0;ju(x) = F(0,rx) +a;jo;ju(x) > F(Dzu(x), rx) = f(rx),
ij=1

provided that x 4+ hv € {u > 0} N By. Now, since uniform limits of L"-viscosity solutions are
L"-viscosity solutions ([8, Theorem 3.8]),

F(D%u(x + hv), rx) — F(D*u(x), rx)

n
Z a;j(x)d;;dyu(x) < limsup
h—0

- h
i,j=1
, F(D?*u(x + hv),rx) — f(rx)
= limsup
h—0 h
_ F(D?u(x + hv), rx) — F(D*u(x 4+ hv), rx +rhv)
= limsup +
h—0 h
. f@rx+rhv)— f(rx)

h
=@ )(rx) = 1 (@2, F)(D*u(x), rx)
in the L"-viscosity sense.
Suppose there exists yo € £ N By such that Codyu(yo) — u(yo) < 0. Then, we consider the

auxiliary function
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2
|x — yol

wx) = Codyulx) —u(x) + o= -5

Then,

a;jdijw(x) <rCo@y f)(rx) — rCo(dr,y F)(D*u(x),rx) — f(rx) + 19/2
<rCo(dy, f(rx) =,y F(D*u(x),rx)) — f(rx) + 10/2
<rCop(dy f(rx) — Bzng(Dzu(x), rx)) =:rR(rx).

Hence, by the ABP estimate, since R € L"(By),

0> w_C||rR(rx)||L”(QﬂB|/4(yo))'

inf  w> inf
QNB1/4(yo) 3(Q2NB14(y0))
By the scaling of the L" norm, the second term in the sum is bounded by

ClIRIL (B, s(ryo)) = O

as r — 0. On the other hand, w =0 on 92, and

w>—&+ on 2MN3JBy4.

70
64nA

Therefore, choosing & and r small enough we reach w > 0 in £ N By4(yo), a contradic-
tion. O

Now, as we show next, by the C! convergence of the blow-up we can fulfill the sufficient
conditions in Lemma 5.3, and prove that the free boundary is Lipschitz at regular points, analo-
gously to Proposition 5.1. Then, applying the boundary Harnack inequality, we can improve the
regularity up to C1¢,

We denote u, (x) :=r~2u(rx) as in Proposition 5.1.

Proof of Corollary 1.7. Let
nox) = 2 e}

be the blow-up at 0. Let s € (0, 1). Then,

>0

d,ug ((x oplern)  (x- e>2+>
_uozy —
) s 2

for any direction v € S"~! such that v - ¢ > s /2. From the C' convergence of the blow-up, there
exists 7 such that
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By Lemma 5.3, this implies

8vuZp

—u, >0 in By,

for some sufficiently small p > 0.
In particular, this shows that the free boundary fulfills the interior and exterior cone conditions
in B, and therefore it is Lipschitz, with Lipschitz constant L(s), that satisfies L(s) — 0 as s — 0.
Now, assume without loss of generality e = e,. Fori =1, ...,n — 1, consider the functions

wi) =0iup, and wy = dpup.

Notice that w, > 0. Since F is C! with respect to D%y and F(D*u,x) € Whd  then u € W34
and we can commute the third derivatives as follows,

n n
0 F (D%up(x). px) = ) Fijdudijup + pionF = ) Fijdij@iy) + poou F = pdy f.
i,j=1 i,j=1

£(avup) =00 f — 82,VF)~

Here, Lw = Tr(A(x)w), with A(x) = (F,-j(Dzup, px));j. Hence, w1 and wy are both solu-
tions of

Lw;=g1:=p@ f —02,;F)(px) and Lwy=gr:=p@,;f — 02,F)(px).

To be able to use the boundary Harnack, we need to show that the right hand is small. Indeed,
taking p — 0,

Igillzacsy < 1oV f(px) + V2 F (px)lzacsy) = p' 4NV f + V2F || Lacs,) — 0.

Finally, by the blow-up convergence,

wjen/2)>y/2—e>y/4, wjle,/2)<y/2+e<y.

Thus, we can normalize w; dividing by w;(e,/2) and the right hand side still converges to 0 in
norm.
Let 2, = {u, > 0}. By the boundary Harnack with right hand side, Theorem 1.2,

w 0
= ECO’U(QIOOB]/Q) = Jilp. GCO’Q(QpﬂBl/z).
wy anup

The unit normal vector to any level set {u, =t}, t > 0, is, by components,

ity _ Oiup /Oty

Al

[V, \/1+Zl};%(3j'4p/anup)2

IS Co’a(Qp N By)2).

As this expression is C%* up to the boundary, this proves the normal vector to the free bound-
ary is C%, and it follows that the free boundary is C1%. O

241



X. Ros-Oton and D. Torres-Latorre Journal of Differential Equations 288 (2021) 204-249

5.3. CY regularity of the free boundary in the fully nonlinear thin obstacle problem

Recall the fully nonlinear thin obstacle problem (1.9), under the assumptions in Corollary 1.9.
We will denote u = v — ¢. In this case, we know the following.

Proposition 5.5 ([33]). Assume that O is a regular free boundary point for (1.9), where F is
uniformly elliptic, convex and F(0) =0, and ¢ € C"'. Then, there exists e € S*~' N {x,, = 0}
such that for any L > O there exists r > 0 for which

L
ou>0 in B, foral v-e>—x—, veS"™ 'nx, =0}
L2+ 1

In particular, the free boundary is Lipschitz in By, with Lipschitz constant L.

Now, using our new boundary Harnack in slit domains, Theorem 4.2, on top of this proposi-
tion, we derive the C1:¢ regularity of the free boundary at regular points.

Proof of Corollary 1.9. Let Q = By \ {(x’,0) : u(x’, 0) = 0}. The free boundary is a Lipschitz
graph inside B, N {x,, = 0}. Suppose without loss of generality that the direction of the graph is
e = e,—1. Choosing L and r small enough, for all v € S" N {x, =0} such that v - ¢, > 1/2,
dyu > 01in B,.

Fori=1,...,n — 2, consider the functions

wy; =0ju, wWy=0y_1U.

Since F € C! and F(D?v) =0, then v € W3 for all p < co and we can commute the third
derivatives as follows,

3,(F(D*v))=0 in €,

n n
3y (F(D*v)) =Y Fijd,(dijv) = Y Fijd;j(@,v) =Tr(AD*(3,v)).
i,j=1 i,j=1

Moreover, wy is positive. Then, using that v =u + ¢,

Lwy —L(9;p) inQ and Lwy = —L(0y—1¢) in 2
w; =0 on Bj \ €, wy =0 on By \ €,

where Lw = Tr(AD*w), A = (Fijo Dzu)ij. Now, we will check that, after a scaling, wy (e, /2) >
1 and the right hand side becomes arbitrarily small. Define

w2s1) ¢(x)=¢(:2x).

wa(x) =
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Now, we check that the right hand side is as small as required. Indeed, letting s; — 0,

IL@u—1P)l9(8)) < AID Gl a8y = Allsie(skx)llwsas,)

1—
= As;, "4 ||§0||W3~q(35k) — 0.

The right hand side becomes arbitrarily small in the equation for w; analogously. Then, since
0 is a regular free boundary point, by the convergence of the blow-up,

wa(ep—1/2) — 00

for a sequence of values {s;} — 0. Now, by the interior Harnack inequality combined with the
ABP estimate, since w; > 0 in 2 and the distance between the segment joining e,_1/2 and
e, /2 and the contact set is positive and larger than some constant ¢(L, n) only depending on
the Lipschitz constant of the free boundary and the dimension,

wa(Fe,/2) > crwr(en—1/2) — c2llL@0n—19)|ILn(B)) = c1walen—1/2) — coAll@lly3an,

for some positive ¢; and ¢, only depending on the dimension, L, A and A.

Therefore, letting sy — 0, wa(Fe,/2) > 1. If ||w1]|;1 > 1, we normalize it (notice that this
step can only make the right hand side smaller). Thus, by the boundary Harnack inequality with
ri(g)ght hand side for slit domains, Theorem 4.2, w/wj € co%in QN By /o. Thus, d;u/0,—1u €
cYe.

Now, the unit normal vector to any level set in the thin space {x, =0} N {u =t} with t > O is,
by components,

i aiu _ 3iu/an_1u
n—11q. 12 n—2,q. 2
S ol 1 S u a1

A

e 0

Then, letting t — 01, we recover that the normal vector to the free boundary is Cc% and
hence the free boundary is a C1"% graph. O

6. Sharpness of the results
We construct two examples that show that:

e Without the smallness assumption on the Lipschitz constant of the domain, Theorem 1.2
fails.

e For g =n, Theorem 1.2 fails.

e For divergence form operators, if the coefficients are only bounded and measurable, Theo-
rem 1.2 fails.

As a first observation, see [1], take for instance Q = {x,, > 0} C R", and let u(x) = x,, v(x) =
x,%. These functions are normalized in the sense that u(e,) = v(e,;) = 1, and vanish continuously
on 9L2. Even in a flat domain, a function with a too large Laplacian, |Av| = 2, will never be
comparable to a harmonic function near the boundary. Hence, the right hand side of the equation
must be small, otherwise the result fails.
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The following example in two dimensions shows that if we ask Av to be small in L? norm,
for any ¢ > n there is a cone narrow enough such that we can find harmonic functions that are
not comparable with v. Moreover, if we consider a fixed cone, there exists g > n such that the
L7 boundedness of the right hand side is not enough to have a boundary Harnack. If ¢ = n, such
counterexamples are valid for any cone.

Proposition 6.1. Let L > 0, g > 0, and assume

b4 2
—+—>2 6.1)
2arctan(1/L) ¢

Then, for every 8 > 0, there exists a cone Q C R? with Lipschitz constant L, and positive
functions u, v that vanish continuously on 02 such that

w@©,)=v0, =1, Au=0 and |Av|Liq) <.

but

u
sup — = Q.
Qv

In particular, Theorem 1.2 fails for g = n.

Proof. Consider the cone Q = {(x, y) € R?:y > L|x|} and let

2

-t — _ B
ﬂ_Zarctan(l/L) and u(x,y)—Re(( ix+y) )

Then, u is harmonic, positive in €2, and vanishes continuously on d€2. Let ¥ be a positive
smooth function such that

0<y <u, Suppy CBi30,1) and ¥ (0, 1) =u(0,1)=1.

Define the scalings v (x, y) = efy (x/e, y/¢). Since u is homogeneous of degree B, 0 <
Ve < u. Moreover,

AYe(x,y) =P 2(AY) (x /e, /).

Now, we construct v as the following infinite sum, that converges uniformly.

vi=u— 2(1 — 278k

k=ko

Since the supports of 1,—« are disjoint, v > 0. On the other hand,

o0 o0
1AVl < Y 1AVl = D 27K E2HD | Ay L@ — 0
k=ko k=ko
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as ko — oo, since B + 2/q > 2 by hypothesis. Hence, we can choose kg big enough so that
lAv][La() <.
To end, for k > ko,

—k
v 0 =2k & o,
v(2*. 0)

as wanted. O

Remark 6.2. Since arctan(1/L) € (0, /2), the first term in the condition (6.1) is always greater
than 1, hence, if g < 2 there are always counterexamples to the boundary Harnack with right
hand side bounded in L9.

On the other hand, if L > 1, arctan(1/L) < m /4, and the condition is fulfilled for all g > 0
and g = oco.

The limiting case L =0, ¢ =2 (or g = n in higher dimensions) corresponds to domains that
are locally a half-space. We have not considered this particular case in our setting.

The existence of such example shows that, to have a boundary Harnack inequality for equa-
tions with a right hand side, we need the Lipschitz constant of the boundary to be sufficiently
small, and also the right hand side to be small compared to the values of the function. It also
shows a trade-off between the maximum possible slope of the boundary and the exponent of the
L7 boundedness of the right hand side.

On the other hand, it is impossible to have a boundary Harnack for equations with right hand
side in Lipschitz domains with narrow corners, even less in Holder domains or more general
domains, under the reasonable hypothesis Au = f € L, with || f|| Lo small.

However, the boundary Harnack holds for divergence form operators in Lipschitz domains
with big Lipschitz constants when the right hand side vanishes as a big enough power of the
distance [1]. It is likely that we could prove the same for non-divergence form operators, but we
will not pursue this because it cannot be used in the context of free boundary problems.

The following example is based in a counterexample to the Hopf lemma for divergence op-
erators with discontinuous coefficients [31], and shows that the boundary Harnack for equations
with a right hand side fails in this setting.

Proposition 6.3. There exists L in divergence form with discontinuous coefficients and positive
functions u, v in {y > 0} C R? that vanish continuously at {y = 0} such that

w(l,)=v(1,)=1, Lu=0in{y>0} and ||£U||L°0(Bl+) <34,
for any given § > 0, but

u
sup — = 00.
+ VU
Bl/z

In particular, Theorem 1.2 fails if the divergence form operator has discontinuous coefficients.
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Proof. Let Lu = Div(A(x, y)Vu), with

_ 1 —6sgn(x)
A, y) = <—6sgn(x) 43 )

It is easy to check that £ is uniformly elliptic and that

_ y3 +18|x|y? + 72x2y
B 91

u(x, y)
is a solution of Lu = 0. Now we will define v as a perturbation of u, in a similar way as in

Proposition 6.1. We will use that the coefficients A(x, y) are constant in the positive quadrant.
Let ¢ be a positive smooth function such that

0<¢ <u, Suppy CBis(l,1) and y(I,1)=u(l, 1)=1.

Define the scalings ¥, (x, y) = 3y (x /¢, y/¢). Since u is homogeneous of degree 3, 0 < ¥, <
u. Moreover,

Xy
Loex, ) =eLy) (5, 2).
e €
Now, we construct v as the following infinite sum, that converges uniformly.
o
vi=u— Z (1 =27y,
k=ko
Since the supports of v,—« are disjoint, v > 0. On the other hand,
o o0
_ —k
10l o gt < ka: 1CYs-+ll o gt = ka: 27 LY N gy = O
=Ko =K0

as kg — oo. Hence, we can choose kg big enough so that ||£v||Loc(Bl+) < 4.
To end, for k > ko,

2k 2k
u( ’ ) — 2k N OO,
v(2k, 2-k)
as wanted. O

7. Hopf lemma for non-divergence equations with right hand side

We now recall the classical Hopf lemma in a very general version for non-divergence elliptic
equations [29].
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Theorem 7.1. Suppose that Q satisfies the interior C1"P™ condition at 0 € 9Q and u € C(R2N By)
satisfies

M~ (D*u)<0 in QNB

in the L"-viscosity sense with u(0) =0 and u >0 in QN By.
Then foranyl = (I, ...,1;) e R" with |l| =1 and I, > 0,

u(rl) > clyu(e,/2)r, re(0,96),

where ¢ > 0 and § depend only on the dimension, A, A and the modulus of continuity of the
domain.

We can use this result to prove a generalized Hopf lemma for the solutions of non-divergence
equations with small right hand side.

Corollary 7.2. Let g > n and L in non-divergence form as in (1.2). There exist small ¢y > 0 and
Lo > 0 such that the following holds.

Let 2 be a Lipschitz domain as in Definition 1.1, with Lipschitz constant L < Lo. Suppose
further that 32 is a C'"P™ graph. Let v be a solution of

Lv=f inQNB
v=0 onoR2N B;

in the L"-viscosity, with v > 0 in Q N By and

I fllLeasy) < cov(en/2).

Then, foranyl = (ly,...,1,) e R" with |l| =1 and I, > 0,

v(rl) = clyv(en/2)r, r€(0,96),

where ¢, co and § are positive and depend only on the dimension, X, A and the modulus of
continuity of the domain.

Proof. Assume v(e;,/2) = 1 without loss of generality. Let u be a positive solution of the Dirich-
let problem

Lu =0 in QN B
u=0 ondR2N By.

After dividing by a constant, u(e,/2) < 1.
Now, by Theorem 1.2, we have u < Cv in By, hence the estimate of Theorem 7.1 for u is

also valid for Cv, and the result follows. O
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