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ABSTRACT

We study the pair interactions between magnetically driven colloidal microrotors with an anisotropic shape. An external precessing magnetic
field induces a torque to these particles spinning them at a fixed angular frequency. When pair of rotors approach each other, the anisotropic
particles interact via dipolar forces and hydrodynamic interactions (HIs) excited by their rotational motion. For applied field spinning close
to the magic angle, #m ¼ 54:7�, dipolar interactions vanish and the dynamic assembly of the pair is driven only by HIs. Further, we provide
a theoretical description based on the balance between dipolar forces and HIs that allow understanding the role of anisotropy on the
collective dynamics. Investigating microscopic colloidal rotors and understanding their collective dynamics are important tasks for both
fundamental reasons, but also to engineer similar fluid stirrers that can be readily used for precise microscale operations or as
microrheological probes.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0076574

Externally controlled rotating micro-objects (rotors) that interact,
assemble, or separate in viscous fluids represent a suitable model sys-
tem for more complex natural phenomena. Examples span from the
organization of rotating vortices of sperm cells,1 to the assembly of
Volvox algae,2 bacterial suspensions,3 or synchronization phenom-
ena.4–6 Magnetic microrotors can also be employed in different tech-
nological applications, for example, they can be used as controllable
fluid mixers in microfluidic devices,7–11 as micromachines,12 or as
“reconfigurable” micromechanical gear systems.13–15

At low Reynolds number (Re), when viscous stresses dominate
over inertial one, the response of the fluid to the spinning of the rotors
is instantaneous. The hydrodynamic interactions (HIs) between
microscale objects can be studied in real space by using liquid disper-
sions of colloidal particles.16 Recent experiments have largely focused
on the interactions between couples17–19 or ensembles20–22 of mono-
disperse spherical particles. However, when externally rotated, two
spherical particles do not exhibit the same complexity of HIs as aniso-
tropic bodies, since they do not require periodic flow into and out of
the region between the rotors. Natural rotors are non-spherical objects,
and hence, it is, important to study the effect of anisotropy on the
interaction between rotors.

At low Re, the path of two rotors immersed in a fluid is solely
determined by the geometry and the orientation of the sequence of
shapes that they assume, and not by the rate at which both reorient
and change shape.23 The HIs between two rotors are non-linear24,25

and can, in principle, cause a periodic attraction and repulsion
between the couple. Thus, two non-chiral rotors cannot change their
separation during one period of rotation since one half of their rota-
tion is the chiral mirror image of the other. Symmetry together with
the independence of the final result dictates the rotors to return to
exactly the separation they started after each period of the motion.26

Thus, interactions other than HIs between the rotors are needed to
prevent such reciprocal motion and induce collapse or separation
between them.

Here, we investigate the dynamics of two interacting magnetic
microrotors made of hematite ferromagnetic ellipsoids. We use an
external precessing magnetic field to induce rotational motion and
tunable dipolar interactions. These interactions can be used to assem-
ble or disassemble the couple by varying the precessing angle. When
the applied field spins above the magic angle #m ¼ 54:7�, it forces
attraction, and when it spins below (# < #m), it forces repulsion
between the rotors. Close to #m, we observe a periodic orbital motion
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of the pair due to HIs and the particles set at a constant separation
distance. By using fast video microscopy and particle tracking routines,
we quantify such interactions and put forward an analytical model
that can describe the relative separation distance as a function of the
shape anisotropy of both rotors.

As magnetic microrotors, we use hematite microellipsoids char-
acterized by a long (short) axis equal to b ¼ 1:86 0:11lm (a ¼ 1:3
6 0:12lm), see Fig. 1(a). More details on the size distribution of these
particles can be found in the supplementary material and, on the syn-
thesis process, in previous works.27,28 The particles are dispersed in
ultra-pure water (milli-Q, Millipore) and functionalized with the
surfactant sodium dodecyl sulfate (SDS), 0.12 g of SDS in 80ml of
high de-ionized water. This concentration of SDS corresponds to
5.2mM, thus lower than the critical micelle concentration in water
(8.2mM29). This avoids the formation of micelles, which would
decrease the adsorption of the surfactant to the particle surface.
Finally, the pH of the resulting solution is adjusted to 8:5–9:5 by add-
ing tetramethylammonium hydroxide (Sigma-Aldrich). As shown in
Fig. 1(a), the particles are characterized by a small, permanent dipole
moment m � 2:3� 10�16Am2 oriented along the direction perpen-
dicular to the particle long axis b.30 The samples are prepared by loading
�10 ml of the particle suspension in a chamber composed of a previ-
ously cleaned coverslip and a microscope slide, which are separated by
two parafilm stripes and sealed with grease.

The external magnetic fields are generated by a set of magnetic
coils arranged on the stage of an optical microscope (Eclipse Ni,

Nikon). The latter is equipped with an oil immersion objective
(100� NA¼ 1.3 or 40�NA¼ 0.75, Nikon) with an additional
0:45� TV lens before the camera to increase the field of view. Four
coils are arranged by pairs perpendicular to each other and connected
to a power amplifier (AMP-1800, Akiyama) driven by an arbitrary
waveform generator (TGA12104, Aim-TTi). An additional fifth coil is
placed below the sample stage connected to an independent power
supply (TTi El 302) to apply a static magnetic field along an axis (ẑ ),
perpendicular to the sample plane ðx̂; ŷÞ. Prior to the experiments, we
use a teslameter (FM 205, Projekt Elektronik GmbH) to calibrate the
field amplitude and its homogeneity at the particle location. Videos of
the particles are recorded with a CMOS camera (AC640-Basler) work-
ing at 100 fps, and the particle positions are extracted using tracking
routines.31 More details on the experimental set-up are given in the
supplementary material.

Once in water, the hematite ellipsoids sediment toward the bottom
of the experimental chamber due to density mismatch. The presence of
the surfactant on the particles surface prevents them to irreversibly stick
to the glass substrate due to attractive Van der Waals interactions.
Above the glass surface, the hematite ellipsoids are quasi two dimen-
sionally confined, showing thermal fluctuations. From the particle posi-
tions, we extract the mean square displacement (MSD) and find a
diffusive motion with a diffusion coefficient, D ¼ 0:073lm2s�1; more
details are given in the supplementary material.

We start to characterize the dynamics of the individual microro-
tors by using an in-plane rotating magnetic field with amplitude
B0 and angular frequency x, B ¼ B0ðcosðx tÞx̂ � sin ðx tÞŷÞ. Single
particles spin with angular velocity xs due to the magnetic torque
sm ¼ jm� Bj ¼ mB sinu, which balances the viscous torque arising
from the rotation in water, sv ¼ �fr _b. Here, u is the phase-lag angle
between B and m, see schematic in Fig. 1(a), b ¼ xt � u, and fr is the
rotational friction of the ellipsoid in water. The torque balance equa-
tion in the overdamped limit leads to the dynamic equation,
_u ¼ x� xc sinu, which predicts two dynamic regimes separated by
a critical frequency xc, as observed in Fig. 1(b). For x < xc, the rota-
tion is phase locked with the driving field, and u is a constant,
xs ¼ ax, being a is a pre-factor. In contrast, when x > xc, the parti-
cle enters the asynchronous regime, where u increases with x, and the
average rotation of the rotor xs decreases as xs ¼ ax½1
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðx=xcÞ2

q
Þ�. As shown in the inset of Fig. 1(b), the critical fre-

quency scales linearly with the applied field, xc ¼ mB0=fr . From the
linear regression, we find that fr ¼ ð1:6160:13Þ � 10�21N sm, simi-
lar to previous values obtained for paramagnetic ellipsoids.32

The complex dynamics of pair of microrotors result from the bal-
ance between magnetic dipolar forces and HIs excited by their rotary
movement. We expect stronger HIs than spherical rotors33 due to the
anisotropic shape, which will create a stronger vortex flow.34 To inves-
tigate such interactions, we choose to apply a precessing magnetic
field, which allows tuning the dipolar forces from attractive to repul-
sive.35,36 Such a field reads as

B ¼ B cos#ẑ þ sin#ðcos ðxtÞx̂ � sin ðxtÞŷÞ½ �; (1)

where # is the precession angle and B0 ¼ B sin# is the in-plane com-
ponent, Fig. 2(a). The time average dipolar forces between two equal
point dipoles with magnetic moments m on the same plane and at dis-
tance r read as

FIG. 1. (a) Left: Schematic showing one hematite particle with the direction of the
permanent magnetic moment m. Right: optical microscope image of one particle
under a rotating field B (scheme on the right), u denotes the phase-lag angle
between m and B. (b) Single particle angular spinning frequency xs vs driving fre-
quency x for three field amplitudes B0. Scattered symbols data are experimental
data, while continuous lines are regressions indicating the synchronous (x < xc)
and asynchronous (x > xc) regimes. The inset shows the linear dependence of
the critical frequency xc on B0. The continuous line is a linear regression following
the relationship xc ¼ mB0=fr , see text.
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hUddðr; #Þi ¼ �
l0m

2

4p
3 cos2 #� 1

r3

� �
¼ �l0m

2

2p
P2ðcos#Þ

r3
; (2)

being l0 is the magnetic permeability of the medium (water) and
P2ðcos#Þ is the Legendre polynomial of the first kind and second
order. Thus, for a field with precession angle # < #m ¼ 54:7�, Udd

> 0 and the rotors magnetically repel, while for # > #m, Udd < 0 and
they attract forming small rotating dimers, as shown in the sequence
of image in Fig. 2(b).

We then perform a series of experiments by keeping fixed the
driving frequency to x=ð2pÞ ¼ 10 Hz, thus when the rotors are in the
synchronous regime, and by varying # 2 ½36; 90��, Fig. 2(c). For
# � 55:3�, all rotors are observed to approach each other and collapse
into a rotating cluster, while for # 2 ½49; 55��, thus near #m, the couple
separates and keeps rotating at a constant separation distance of
Dr � 6lm. In this situation, magnetic interactions are negligibly
small, and the particles in the pair circulate one around the other as
they are dragged by the flow field generated by the neighboring rotor.
Now the dynamic selfassembly of the rotors is purely dictated by HIs.
Decreasing further # < 49� raises the strength of the repulsive dipolar
forces, and the particles separate further, Dr > 8lm.

If we consider a pair of passive, spherical point rotors, the couple
will form stable hydrodynamic bound state with constant separation
distance and rotating around their center of mass with a collective
angular velocity xp ¼ sm=ð4pgDr3Þẑ , being sm is the applied mag-
netic torque and g is the viscosity of the dispersing medium.37,38

Effectively, we find that once formed at # ¼ 55:26, the mean angular
velocity of the pair decreases algebraically with the distance as
xp � Dr�3, Fig. 3. From the analysis of different trajectories, we can

extract the magnetic torque applied to each particle as sm
¼ ð1:260:3Þ � 10�19NmT�1, which is in good agreement with that
calculated directly using the magnetic torque equation.

The interaction between the rotating hematite particles is a com-
plex interplay between magnetic dipolar forces and the shape anisot-
ropy, which induces HIs along the separation of the particle centers,
Dr. The mechanism of HIs between the anisotropic rotors can be
explained by considering the periodic part of the dipolar interactions
and the periodic flux in the region between the ellipsoids. Fluid is
expelled from such region when the long axis rotates toward the line
of separation, while it reenters the region when the long axis rotates
toward a transversal orientation. Both situations repeat twice during a
full field cycle, and the flux causes periodic (frequency 2x) oscillations
of the pressure. The mobility matrix that relates force and torque to
speed and angular velocity for our system can be written as

_Dr
_u
_u1
_u2

0
BBB@

1
CCCA ¼ �M

F12
s
s1
s2

0
BB@

1
CCA; (3)

where F12 ¼ l0m
2½P2ðcos#ÞþP22ðcos#Þ cos ð2ðu1�uÞÞ�

12pr4 denotes the dipolar
interaction force between the rotors, s, s1, and s2 are the total and indi-
vidual magnetic torques, and u, u1, and u2 are the corresponding
phase-lag angles, see inset in Fig. 4. Further, �M is the mobility tensor
that depends on the conformations (Dr; u1 � u; u2 � u; #1; #2) of
the rotors. We approximate the leading dependencies of the symmetric
mobility matrix on the conformation by MrF ¼ 1=6pga; Mrs ¼ 0;
Mrsi ¼ a�2 sin2 #i sin ð2½ui � u�Þ=6pgr3, Muisi ¼ 1=8pga3, and Mus

¼ 1=3pgar2, where a is the mean radius of the rotor, � is the eccentric-
ity of the rotor shape, and we assume that the rotor orientation to be
locked to the magnetic field ð#i ¼ #; ui ¼ xtÞ. The two rotors are
circling around their centers of mass with frequency xp, and all other

FIG. 2. (a) Schematic of the precessing magnetic field with in-plane component B0
and precession angle #. (b) Sequence of snapshots showing the collapse of two
rotating hematite particles driven by a precessing field with frequency x=ð2pÞ
¼ 10 Hz, B¼ 3mT, and # ¼ 90�. (c) Interparticle distance Dr between two rotors
vs time t for different precession angle # (x=ð2pÞ ¼ 10 Hz, B¼ 3mT).

FIG. 3. Collective angular velocity xp of a pair of microrotors assembled by a pre-
cessing field with f¼ 10 Hz, B¼ 2.1 mT, and # ¼ 55:3� vs separation distance Dr .
Scattered points are experimental data, while continuous blue line is a fit to the
data with xp ¼ a=Dr3 and a ¼ 7:160:3rev lm2s�1. Top inset shows the log-log
plot of xp vs Dr3. Bottom inset displays a microscope image of a pair of rotors with
superimposed the particle trajectories.
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non-diagonal elements of the mobility matrix are assumed to vanish.
The mobility coefficient,Mrs, arises due to the fact that liquid needs to
flow out or needs to enter the region between the two rotors when the
particle orientation changes from one major axis of the hematite parti-
cle aligned with the separation to the other. Hence, we find the follow-
ing differential equation:

_~r ¼

P2ðcos#Þ
P2
2ðcos#Þ

þ cos ð2~tÞ
� �

~r 4
þ a2

sin 2~t

~r3
; (4)

where we use adimensional units with ~t ¼ ½x� xp�t; ~r ¼ Dr=l with

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
72p2gðx� xpÞa=l0m2P2

2ðcos#Þ
q 5

and a ¼ 2a2� sin#i=
ffiffiffi
3
p

l2.

A numerical solution of Eq. (4) yields an oscillatory behavior of the
separation on short time scales. On longer time scales, the equation
predicts a separation for small precession angle # and an attraction for
larger precession angles. Figure 4 shows a phase diagram of the long
time behavior as a function of the anisotropy parameter a � e and the
precession angle #. The line separating attractive from repulsive inter-
action starts at the magic angle #m ¼ 54:7� and zero anisotropy.
Then, it monotonously increases with the parameter a, thus the shape
anisotropy of the rotors. This implies that increasing the particle
anisotropy raises the strength of HIs producing a shift of the magic
angle toward higher values.

In conclusion, we have investigated the non-equilibrium dynamics
of pair of interacting magnetic microrotors driven by an external pre-
cessing magnetic field. We show that by tuning the precession angle,
one can control the assembly of the pair and reduce the effect of mag-
netic dipolar interactions in favor of hydrodynamic ones. The controlled
stirring of anisotropic, elongated particles in viscous fluids may find
several applications apart from that of fluid mixers. For example, mag-
netic nanorods have been used to measure the rheological properties of
monolayers at the water/air interface.39–42 When compared to the
hematite particles, both type of particles should generate similar vortical

flow when torque by a rotating magnetic field. However, the smaller lat-
eral size of the nanorods will make more difficult their visualization
under optical microscopy. In comparison with macroscopic rheometers,
the small size of these rheological probes increases the sensitivity of the
measurement while reducing the amount of material to be investigated.
In this context, most of the studies so far have investigated the dynamics
of single rotors in viscoelastic fluids. Thus, a potential future direction of
this work could be to test how the dynamics of pair of rotors are altered
by a complex non-Newtonian medium.

See the supplementary material for additional details on the
experimental system, the measurements of the long and short axes of
the hematite ellipsoids, and the diffusive properties of these particles.
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