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Pulse propagation sustained by noise in arrays of bistable electronic circuits
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One-dimensional arrays of nonlinear electronic circuits are shown to support propagation of pulses when
operating in a locally bistable regime, provided the circuits are under the influence of a global noise. These
external random fluctuations are applied to the parameter that controls the transition between bistable and
monostable dynamics in the individual circuits. As a result, propagating fronts become destabilized in the
presence of noise, and the system self-organizes to allow the transmission of pulses. The phenomenon is also
observed in weakly coupled arrays, when propagation failure arises in the absence of noise.
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I. INTRODUCTION

Information propagation is one of the most relevant p
nomena in nature. Living organisms need to communicat
all levels, ranging from the microscopic scale of cell sign
ling up to the macroscopic one of human telecommunica
technology. In the former case, the mechanism most
quently used for signal transmission is excitability@1#. A
system is said to be excitable when, even possessing a s
steady state, it responds to small perturbations of that sta
a nontrivial way, abruptly departing away from it and eve
tually returning to rest after a certain approximately fix
excursion time. In the presence of spatial coupling, this
citation is able to propagate through the system basic
undisturbed, in what constitutes an excellent mechanism
transmitting signals through a resting medium. In particu
this process allows the propagation of one-dimensio
pulses, two-dimensional spiral waves and three-dimensio
scroll rings@2#, structures that are all routinely observed
biological excitable media@3#.

Soon after the excitable character of electrical signaling
nerve axons was identified@4#, electronic transmission line
were proposed that satisfactorily modeled neural comm
cation@5#. Following that trend, last decades have witnes
the development of many electronic circuits exhibiting no
linear dynamical behavior, among which the so-called Ch
circuit has been specially fruitful@6#. In particular, arrays of
coupled Chua circuits have been shown to exhibit very r
spatiotemporal dynamics, such as Turing patterns, sp
waves, scroll rings@7#, and rotating waves@8#. One of the
characteristic features of this circuit is its ability to operate
different dynamical regimes, including chaotic, oscillato
excitable, and bistable regimes. In this paper, we propo
simplified version of the Chua circuit that exhibits a tran
tion from bistable to excitable dynamics in terms of a sin
control parameter, and analyze the effect on that transitio
random fluctuations affecting this control parameter.
show that such an external noise advances the transitio
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wards excitability, thus enhancing the excitable behavior
the system and allowing the propagation of excitable pul
even under deterministically bistable conditions.

The influence of external noise in the dynamics of sp
tially distributed systems has been profusely studied in
cent years. A great deal of the results obtained point towa
a constructive, rather than destructive, role in the system
havior, leading, for instance, to situations of noise-induc
order @9#. In the particular case of propagation phenome
random fluctuations have been reported to sustain prop
tion of fronts in a chain of bistable diode oscillators@10#.
That situation is nevertheless unsuitable for signal transm
sion purposes, since a propagating front leaves the syste
a state different from the original one, and hence a reset
mechanism is needed if a second signal has to be transm
through the system in the same conditions as its predece
Noise-sustained propagation of harmonic signals in sim
bistable models has also been reported@11,12#, but this kind
of signal contains a minimum amount of information. Henc
it would seem that a bistable medium is not adequate
transmit information-carrying pulses. However, recent th
retical investigations indicate that this is not necessarily
case. By way of example, a one-component bistable med
with a convective term has been shown to exhibit pu
propagation sustained by noise@13#. External random fluc-
tuations have also been seen to destabilize front propaga
~thus providing a resetting mechanism leading to the tra
mission of pulses! in two-component bistable media wit
activator-inhibitor dynamics, by means of both a nois
induced decay from one of the two stable states towards
other@14#, and a noise-induced transition from the bistable
the excitable regime@15#. In this paper, we show experimen
tally that such a noise-enhanced excitability does indeed
ist, by using a one-dimensional chain of nonlinear electro
circuits in which global random fluctuations are added to
parameter controlling the transition from bistability to exc
ability in the individual circuits~recent investigations indi-
cate that effects of local and global noise in this kind
process is very similar@16#!. The experimental implementa
tion of the system is shown schematically in Fi
©2002 The American Physical Society08-1
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1. Twenty nonlinear electronic oscillators are coupled un
rectionally by way of an operational amplifier in series w
a resistor. The first circuit is driven by a periodic train
short pulses, and the output at the last circuit is analy
when all the circuits are affected globally by a controll
source of electronic noise.

The following section describes our implementation
the individual elements forming the array and their isola
behavior in the absence of external noise. In Sec. III,
behavior of the whole circuit array is studied in the prese
of noise, and the resulting noise-induced pulse propagatio
described.

II. A SIMPLE BISTABLE ÕEXCITABLE ELECTRONIC
CIRCUIT

Each unit in Fig. 1 consists of four linear electric eleme
~two capacitors, one resistor, and one inductance!, plus a
nonlinear electronic element whose structure can be ex
ined in detail in Fig. 2. This kind of circuit, containing a
operational amplifier acting as a voltage-controlled volta
source, has been widely studied in last years as a stan
generator of chaotic dynamics, in the form of the so-cal
double scroll attractor@6#. In the implementation and for th
parameters of Fig. 2, the system operates nonchaotical
either a bistable or an excitable regime, as will be shown
what follows.

FIG. 1. Schematic representation of the nonlinear circuit ar
The boxed element in each unit is a nonlinear resistor whose s
ture can be seen in the detailed diagram shown in Fig. 2.

FIG. 2. Implementation of the Chua circuit exhibiting a tran
tion between bistable and excitable regimes. The dashed line
closes the nonlinear resistor represented schematically in Fig
The values of the elements areR5270 V, L510 mH, C1

51 nF, C2510 nF,R85220 V, andV255 V. V1 is used as a
control parameter. The operational amplifier is taken from a TL0
integrated circuit.
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The dynamics of the circuit shown in Fig. 2 is govern
by the equations:

C1

dV1

dt
5

V22V1

R
2g~V1 ,V1!, ~1a!

C2

dV2

dt
5

V12V2

R
1I L , ~1b!

L
dIL

dt
52V22r LI L , ~1c!

where Vi is the voltage drop in the capacitori , I L the
current through the inductance, andr L its internal resistance
(21V in the present setup!. The functiong(V1 ,V1) repre-
sents the characteristic curve of the nonlinear resistor, wh
is piecewise linear and contains a region of negative re
tance.

The nullclines of the system can be drawn in the redu
planeV1-V2 by introducing theI 2L-nullcline obtained from
Eq. ~1c!, I L52V2 /r L , into Eqs.~1a! and~1b!. The result is

V25V11Rg~V1 ,V1!, ~2a!

V25
r L

R1r L
V1 . ~2b!

These curves are shown in Fig. 3 for two different valu
of the positive supply voltageV1 . TheV1 nullcline has been
plotted making use of the experimentally measured cha
teristicg(V1 ,V1) of the nonlinear resistor. As can be seen
the figure, the value ofV1 affects strongly the position of the
breaking point where the second slope discontinuity of t
nullcline occurs. In that way, for large values ofV1 @Fig.
3~a!# two steady states exist, corresponding to the two ou
crossings between the two nullclines, leading to a bista
situation. On the other hand, for small enough voltageV1

@Fig. 3~b!# the steady state atV1.0 disappears. In this
monostable regime, the system behaves in an excitable
going through large excursions in phase space as a resp
to sufficiently strong perturbations from its single stea
state.

y.
c-

n-
1.

2

FIG. 3. Nullclines of the isolated circuit in the reduced pla
V1-V2 for two different values of the positive supply voltageV1 :
~a! V152 V, bistable dynamics;~b! V150 V, excitable dynam-
ics. The solid line corresponds to theV2 nullcline, and the circles to
the V1 nullcline.
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PULSE PROPAGATION SUSTAINED BY NOISE IN . . . PHYSICAL REVIEW E65 061108
The bistable response of the system for largeV1 can be
observed by driving the circuit externally with a period
train of short pulses, such as the one shown in Fig. 4~a!. This
signal drives a solid-state switch through which the capac
C1 discharges for a short time (;5 ms, much shorter than
the characteristic times of the system!. This discharge pro-
duces a jump from one steady state of the system to
other, as shown in Fig. 4~b!. In a biological context, a simila
response to periodic trains of pulses has been recently
served in experiments on thalamocortical neurons of cats
observation that gives evidence of the generic bistable
havior of such cells@17#.

III. NOISE-INDUCED PULSE PROPAGATION

Noise is introduced into the nonlinear elements of all c
cuits through the positive supply voltage of the operatio
amplifier, as shown in Fig. 2. The random signal is genera
by amplifying the shot noise generated by apn junction di-
ode@10#. We now examine the effect of this external noise
the coupled dynamics of the one-dimensional array of
cuits shown in Fig. 1, when only the first element in t
chain is driven externally by a train of pulses, in the w
described in the preceding section. The supply voltageV1 of
all circuits is set to 2 V, corresponding to a determinis
regime of bistable operation@as in Fig. 3~a!#. Under these
conditions and for a small amount of noise, each jump
tween steady states, such as those shown in Fig. 4~b!, propa-
gates through the array in the form of a front~which is ter-
minated by the next jump!. This behavior is shown in Fig
5~a!, which displays the temporal evolution ofV1 for the last
circuit of the chain. The periodic train of jumps exhibited b
this circuit reflects a propagation of corresponding fro
originated in the first circuit by the input pulse train me
tioned above~see Fig. 4!.

In fact, noise acts in this system in a way similar to th
described in the theoretical analysis of Ref.@15#, increasing
the effective value ofV1 . This implies a modification of the
nullcline scenario from the one shown in Fig. 3~a! to another
one like that of Fig. 3~b!. As a consequence, for a larg
enough intensity of the external noise, the steady stat
V1.0 becomes destabilized in such a way that the sys
starts to behave effectively in an excitable regime. The e
lution of the last circuit in the chain is shown in Figs. 5~b!

FIG. 4. Response~b! to a pulsed driving~a! of a single, noise-
free nonlinear circuit in the bistable regime.
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and 5~c! for increasing noise strengths. For not too lar
noise, the positive steady state decays only at certain ti
~and at certain circuits!, leading to a mixed train of spiked
and squared pulses, such as the one shown in Fig. 5~b!. For
sufficiently large noise, on the other hand, the positive ste
state always decays, and a train of fully excitable pul
propagates through the medium and reaches the last ci
@Fig. 5~c!#. Hence the system behaves as an excitable
dium, even though all the circuits have been set in a de
ministically bistable regime.

We have characterized the noise-induced transition fro
completely bistable to a completely excitable behavior
picted in Fig. 5 by computing the percentage of pulses t
reach the last circuit of the chain in the form of a spike,
contrast with the square pulses typical of the bistable regi
Since in the spiked case each circuit is reset after the pas
of a bit, one can consider that information transmission
possible in this situation, and thus that percentage repres
theefficiencyof the system as a communication channel. W
have plotted in Fig. 6 the value of the communication e
ciency for increasing noise strength. The transition from
stability ~0% efficiency! to excitability ~100% efficiency! as
noise increases is clearly observed.

The propagation of the noise-induced excitable pulses
scribed above is reflected in a delay between the time e

FIG. 5. Response of the last circuit in the chain to a perio
train of pulses applied to the first circuit, for increasing values
the noise intensity:~a! Vnoise50.30 V, ~b! Vnoise50.42 V, ~c!
Vnoise50.65 V. This intensity is computed as the root mean squ
of the random time series provided by the noise generator.

FIG. 6. Efficiency of pulse propagation vs noise strength.
8-3



7
ol
an
f t
ui
h
b

se
rin
ui
la
.
o
-
th
of
hi
, t

te

lse
ur

ta
ur

th
in
an
at
ar
n
s

e
g
r

is

n
als

cir-
c-
in.
ion
ble
the
nsi-
e
In
ven
ble
ins

e of
the
lity
tion
rm.
pa-

ed
. Fi-
lses
ndi-

d
nd
ear
ral

his
tion

e
p-

nd
un-

ag
e

the
s a
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lutions of the different circuits, as can be seen in Fig.
which compares simultaneous measures of the time ev
tions ofV1 for the first and last circuits of the chain. One c
first note that the shapes of the pulses at the two ends o
chain are clearly different, with the pulse at the last circ
being more pronounced than the one at the first circuit. T
is a consequence of the wave shaping ability of excita
media@18#. On the other hand, the time spent by the pul
in traveling through the chain can be estimated by measu
the delay between the pulses at the first and the last circ
which in our case is smaller than one-tenth of ms. This de
is naturally related to the propagation speed of the pulse
contrast to results found previously in theoretical models
excitable@15# and bistable@19# media, where the propaga
tion speed was seen to increase with noise intensity, in
case we have observed no clear systematic dependence
pulse delay with the strength of the electronic noise. T
behavior still needs to be understood. On the other hand
propagation delay~and hence the pulse speed! does depend
on the coupling resistence between the circuits. As expec
when the coupling resistance increases~i.e., when the cou-
pling strength decreases!, the delay also increases~and hence
the speed diminishes!. For large enough resistance the pu
speed drops to zero, and propagation can no longer occ
is the so-called regime ofpropagation failure@20#.

Experimental results have shown that noise can sus
propagation of fronts under situations of propagation fail
in chains of bistable electronic circuits@10#. We have
checked whether the same thing occurs in our system. To
end, we have placed a varying resistor in the coupling l
between the last and the next-to-last circuits in the chain,
have measured the threshold resistance at which propag
starts to fail. The results for increasing noise intensity
shown in Fig. 8. One can see that the threshold resista
increases with noise, which means that noise helps the
nals ~either deterministic fronts of noise-induced pulses! to
propagate by decreasing the minimum coupling strength n
essary for transmission. In other words, for large enou
noise signals can be transmitted even when the coupling
sistance is so large that propagation fails under determin
conditions.

IV. CONCLUSIONS

In this paper we have experimentally verified the co
structive role of external noise in the propagation of sign

FIG. 7. Simultaneously measured time evolutions of the volt
drops in capacitorC1 for the first and last circuits of the chain. Th
system operates in the regime corresponding to Fig. 5~c!.
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through one-dimensional chains of nonlinear electronic
cuits. Random fluctuations in the form of amplified ele
tronic noise are added globally to all circuits in the cha
The individual elements of the array are a simplified vers
of the so-called Chua circuit exhibiting bistable and excita
behavior as a certain control parameter is varied. When
external noise is added to that control parameter, the tra
tion from bistability to excitability is clearly advanced, in th
direction of enlarging the region of excitable behavior.
that way, the system behaves as an excitable medium e
though the parameters are set in a deterministically bista
regime. This is reflected in the fact that the system susta
propagation of pulses, instead of fronts, as long as nois
sufficient intensity is added. We have characterized
noise-induced transition between bistability and excitabi
by means of an efficiency parameter measuring the frac
of pulses that reach the end of the chain in excitable fo
We have also analyzed the influence of noise on the pro
gation speed of the structures~either deterministic fronts or
noise-induced pulses! through the system, but have observ
no clear-cut dependence of that speed on noise intensity
nally, we have seen that the noise-induced excitable pu
are able to propagate through the medium even under co
tions of propagation failure~i.e., for small coupling between
the individual elements!. This property constitutes a secon
expression of the constructive role of fluctuations in this ki
of propagating media. Given the standard use of nonlin
electronic circuits as models of signal transmission in neu
media@1#, we expect that findings as those reported in t
paper can shed some light on the mechanisms of informa
propagation on those systems.
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FIG. 8. Threshold value of the coupling resistance between

two last circuits of the chain beyond which propagation fails, a
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