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A simple model for a dimer molecular diffusion on a crystalline surface, as a function of temperature, is
presented. The dimer is formed by two particles coupled by a quadratic potential. The dimer diffusion is
modeled by an overdamped Langevin equation in the presence of a two-dimensional periodic potential. Nu-
merical simulation’s results exhibit some dynamical properties observed, for example, in Si2 diffusion on a
silicon f100g surface. They can be used to predict the value of the effective friction parameter. Comparison
between our model and experimental measurements is presented.
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Molecular diffusion is one of the typical examples in
transport phenomena where the crossing of a potential barrier
is the main physical mechanism. The way a dimer is phys-
isorbed or chemisorbed on a surface affects its diffusive mo-
tion. Experimental studies by using scanning tunneling mi-
croscope(STM) of dimer diffusion on a crystalline surface
show a very rich phenomenology[1]. The understanding of
the diversity of diffusion mechanisms is a challenging prob-
lem with important implications in fields such as heteroepi-
taxial crystal growth, chemical etching, chemical vapor
deposition, and chemical surface absorption. A molecule can
explore a surface by jumping potential barriers and partially
governing the absorption. Our aim here is to study the diffu-
sive aspects of this dynamical process by means of a simple
statistical model within experimental scales.

The last few years have witnessed an increasing interest
in molecular diffusion due to the development of more so-
phisticated experimental setups which are able to follow the
molecule path during diffusion[2–4]. For example, in the
area of microelectronic devices there is a particular interest
to understand the elementary processes involved in the ho-
moepitaxial silicon crystal growth[5–11]. A particular case
of this growth is the diffusion of small Si2 molecules on a Si
surface. The Sif100g surface reconstructs in dimer rows with
different characteristic lengths. Due to this surface aniso-
tropy, dimer diffusion can adopt many different configura-
tions. STM variable temperature experiments[8] indicate a
preferential direction. The activation barrier for different
dimer orientations can be estimated from experimental mea-
surements[1,7] and it has been theoretically determined by
ab initio calculations[9,11]. Basically, there are two more
favorable configurations which are parallel or perpendicular
to the dimer surface reconstruction(crystal f110g orienta-
tion). At finite temperatures the deposited dimers are able to
diffuse and interchange between these two principal orienta-
tions as observed by STM[1,7].

Due to the importance of the silicon diffusion, we have
applied our model to this physical system. However, there
are many other examples where molecule diffusion is also
important, like in large molecules on metallic surfaces

[12,13], nonrigid molecules on surfaces[14], in the growth
of Si-Ge alloys[16], gold dimer diffusion on metallic sur-
faces[13], iridium dimers on iridium surfaces[15], etc. We
think that these cases can also be rationalized using the same
procedure we discuss below.

In order to understand the behavior of molecular diffusion
many different approaches have been followed in the litera-
ture, ranging fromab initio molecular dynamics, semiempir-
ical calculations(tight binding) to parametrized potentials, as
in classical molecular dynamics. Most of them have tried to
explain the details of the diffusion, starting from surface re-
construction up to molecular mobility on the reconstructed
surface. Even though many results can be obtained from
such calculations, it is difficult to extrapolate them to experi-
mental time scales, which usually are of seconds. Here we
propose a phenomenological approach based on the numeri-
cal simulation of the Langevin equation for a set of nonin-
teracting dimers in the presence of a periodic potential,
which mimic the surface underneath. We neglect the precise
surface details and we only take into account the most rel-
evant scales. Within this simple approach we are able to
reproduce results obtained from other, but more demanding,
methods and to make experimentally observable predictions.

All this phenomenology suggests, that even though the
potential energy surface is rather complicated, it can be sim-
plified by keeping only a periodic potential with two differ-
ent spatial scales,lx and ly, along thex and y Cartesian
axes, respectively. In the case of a silicon surface, the char-
acteristic length scales are the dimer-dimer distance on the
same row and the distance between different rows. A dimer
is considered as a diatomic molecule connected by a har-
monic spring, with a characteristic vibrational frequency and
equilibrium distance given by the ad-dimer experimental or
ab initio data(with a mismatch with respect to the crystalline
reconstructed surface). Within this geometrical scheme the
ad-dimer atoms lie close in two neighboring wells. In our
particular example, thex-axis is defined along thef110g di-

rection and they-axis along thef1̄10g direction of the silicon
surface. We denote the two most probable dimer configura-
tions asA and B following the notation introduced in Ref.
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[1]). Any other configuration, such as along the wells diago-
nal, are not very probable.

According to our previous discussion we simulate dimer
diffusion on a crystalline surface by the following set of
Langevin equations, in the overdamped limit:

gxẆk = − =kV − =kU + jWkstd, s1d

where subindexk=1,2 stands for each particle, andg is the
friction parameter andxW is the particle vector position. The
local potentialV has a simple periodic form,

V = V0cospsxk/lx + yk/lydcospsxk/lx − yk/lyd. s2d

This potential has maximum atsnlx,mlyd and minimum at
fsn+1/2dlx,sm+1/2dlyg, with a barrier height ofV0 at the
saddle points connecting two consecutive minimum. A two-
dimensional plot of the periodic potential is shown in Fig. 1,
where the dark color represents the minima and the bright
one the maximal values of the potential. The interaction po-
tential between the dimer atoms is

U = 1
2mv2sd12 − ad2, s3d

whered12 is the instantaneous distance between the two at-
oms,a is the equilibrium distance,m=m/2 is the dimer re-
duced mass, andv is the natural dimer vibrational frequency.
The thermal noise acting on the dimer is a Gaussian and
white noise with zero mean and correlation,kjikstdj jlst8dl
=2gKBTdi jdkldst− t8d.

We can proceed now by defining a new reduced set of
independent parameters, by the appropriate change of vari-
ables,

xWk = arWk, t =
ga2

V0
s, s4d

which makes the time and spatial variables dimensionless.
Accordingly, the length scale is given ina units, and the time
scale controlled by the unknown friction parameterg. The
value of this parameter will be estimated from experimental
time scales.

With these new definitions, the equations of motion(1)
transform into

rẆk = − =kV − =kU + hW kstd, s5d

where

V = cospS a

lx
rxk +

a

ly
rykDcospS a

lx
rxk −

a

ly
rykD , s6d

U = 1
2k8sd128 − 1d2, k8 =

mv2a2

V0
, s7d

with the new distances between atomsd128
=Îsrx1−rx2d2+sry1−ry2d2, and now the noise term has a cor-
relation,

khikssdh jlss8dl = 2«di jdkldss− s8d s8d

with «=KBT/V0.
The parameters of the model arek8, «, a, lx, and ly.

Changing some of these parameters could mean just to
change the nature of the substrate or the dimer.

Returning to the example which motivates this work, we
take the values of the parameters fromab initio or experi-
mental data of Si2 on Si surface. The Si2 is parametrized by
the equilibrium distancea=2.25Å and its normal frequency
v=500 cm−1. Assuming thatV0=0.5 eV, we getk8=30. The
experimental observation that the dimer has different prob-
abilities for each configuration[1,7] can be implemented in
our model with a proper selection of the different spatial
scales,lx=2.35Å andly=3.05Å, which mimics the surface
anisotropy observed by the silicon ad dimer. Again, as we
have pointed out before, the reconstructed silicon surface has
more length scales, but from the dimer diffusion point of
view only two of them are responsible for the most probable
configurations. As shown below, it is sufficient to consider
those length scales to calculate the diffusion properties and
to obtain the dynamics. Another parameter in the simulation
is the time integration stepDs=0.001. We have averaged out
all our observations over a population of 1000 noninteracting
dimers(and sometimes 5000) to decrease statistical errors.

Our objective here is to study the diffusive motion of the
dimer and accordingly to evaluate the diffusion coefficients
defined as

Dri
= lim

s→`

kRi
2ssdl
2s

, s9d

whereRissd is a Cartesian component of the center of mass
of the dimer.

As a preliminary check of our approach we have consid-
ered a single Si atom diffusing on a periodic potential, with
the same model parameters introduced above. Our numerical
results indicate that the diffusion coefficient is sensitive to
the temperature(Kramers’ dependence), but quite indepen-
dent of the asymmetry of the potential, as expected. Only for
high temperatures the diffusion coefficient start to indicate
small directional difference, which constitute corrections to
Kramers’ prediction.

FIG. 1. Plot of the two-dimensional potential and dimer most
probable configurations in dimensionless units.

ROMERO, LACASTA, AND SANCHO PHYSICAL REVIEW E69, 051105(2004)

051105-2



Results are much more appealing when we consider dimer
diffusion. First we see that the dimer is usually in one of the
two configurations of Fig. 1. Its orientation is given by the
angle between the dimer and thex-axis, as lxssd= ux1ssd
−x2ssdu /lx. In Fig. 2, we plot a typical time evolution of
lxssd. This figure clearly shows that only two possible con-
figurations are probable(A and B of Fig. 1). The path fol-
lowed by the dimer from one configuration to the other is
through an intermediate diagonal step, where the atoms are
located in two contiguous diagonal wells. This diagonal in-
termediate configuration has a very short lifetime and is not
observed in our simulations.lx,1 corresponds to configura-
tion B (dimer in horizontal position) and lx,0 to configura-
tion A (vertical position). Our choice of the parameters
slx,ly,ad makes the configurationB more probable than the
A configuration, as observed in experiment[18]. This is due
to the fact that the equilibrium distancea=2.25Å is closer to
the horizontal length scalelx=2.35Å. This observation can
be quantified by evaluating the histogram(averaged out in
time and in realizations) of the instantaneous dimer angle
along with thex-axis as shown in Fig. 2. The time average
has been done taking the orientation every given number of
steps to avoid angular correlations.

The energy associated with these two spatial configura-
tions can be estimated assuming Kramers’ law, and calculat-
ing the average residence time in a given state(sayA andB),
as function of temperature(Fig. 3)

kSli = S0e
Ei/kBT. s10d

We have considered different values ofe, corresponding
to temperatures from 2.5Troom to 7Troom sTroom=300 Kd.
From a numerical fitting of Eq.(10) we get the energy which
is required to transit from one state to the top of the barrier
sE0=0d. We have obtainedEA=−0.58 eV andEB=−0.71 eV.
The obtained differences,0.1 eVd is of the same order as in
experiment[7,18].

Another important quantity is an effective diffusion coef-
ficient obtained for every Cartesian direction, as function of
e. Results are presented in Fig. 4. From our model we have
obtained an asymmetry given byDy.Dx. This difference in
diffusion coefficients can be tested experimentally since
dimer diffusion asymmetries have been measured for similar
configurations[19]. It is clear that a transition between con-
figuration A and B or reversed, requires the same displace-
ment changesuDxu , uDyud=slx/2 ,ly/2d. This indicates that
we should not find any temperature dependent asymmetry
when diffusion occurs. The origin of the asymmetry is a
different one: it is a direct consequence of the larger stability
of the dimer in configurationB relative to configurationA.
As the dimers spend most of the time in configurationB, the
vertical motion(perpendicular to the horizontal dimer orien-
tation) is favored and henceDy.Dx. The ratio between dif-
fusion coefficients in both directions is expected to be pro-

FIG. 2. (Top) Typical evolution of dimer orientation correspond-
ing to e=0.2, lxssd is the normalized dimer length as defined in the
text. (Bottom) Histogram of the instantaneous dimer angle with
respect tox axis for e=0.2.

FIG. 3. Average resident dimensionless time in stateB (dia-
monds) and stateA (circles). kBT in eV.

FIG. 4. Dimensionless diffusion coefficients inx direction
(black dots) andy direction(white dots) for a Si2 dimer.kBT in eV.
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portional to the ratio between the state waiting times inB and
A

Dy

Dx
,

kSBl
kSAl

, expSEA − EB

KBT
D . s11d

The inset of Fig. 4 shows the quantitykBT lnsDy/Dxd as a
function of temperature. This value is of order 0.1 eV, in
agreement with previous estimation from Fig. 3.

Finally, we can determine the unknown friction parameter
g. From Eq.(4) we see that this parameter controls the time
scale transformation between an experiment(t variable) and
our simulation (s variable). A characteristic experimental
time scale is obtained from Ref.[17], asTexp=no

−1,10−11 s.
From our simulation results we can also get an equivalent
quantity from a numerical fitting of Eq.(10), which yields
S0,0.17. Using the time scale transformation in Eq.(4) we
can estimate the value of the effective friction parameter

g =
TexpV0

S0a
2 , 10−10 kg/s. s12d

This dimensionless friction coefficient can be used to obtain
an estimation of value of the unknown effective friction co-
efficient.

Summarizing, we have proposed a simple and general
model for particle/molecular diffusion of dimers on a crys-
talline surface. Our model oversimplifies the real situation by
only taking the relevant scales and by using experimental
information as input parameters. It consists of a Langevin

equation, with noise and friction terms, in the overdamped
limit. The surface is described by a lattice of periodic poten-
tial wells and the dimer by particles coupled through a clas-
sical spring. We have taken, as an example, the diffusion of a
Si2 dimer on a reconstructed siliconf100g surface. The dif-
ferent relative population in each of the two most probable
configuration states observed in experiments has been incor-
porated in our model by considering two different spatial
lengths in thesx,yd directions. We analyzed the waiting time
in each configuration and the diffusion coefficients as a func-
tion of temperature. We have found an anisotropy in the dif-
fusion coefficient with respect to the directional movement.
This is related to the dimer resting time in any of theA or B
configurations. This observation is in qualitative agreement
with the theoretical predictions of Ref.[9]. Our model has
one free parameter to relate with the experimental time scale;
by setting up this parameter we are able to estimate the ef-
fective surface friction. We contrasted the diffusion proper-
ties of the ad dimer with the atom diffusion, finding that the
crystal anisotropy has more influence on the ad dimer.
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