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A recent paper by J. Heinrichs@Phys. Rev. E48, 2397 ~1993!# presents analytic expressions for the first-
passage times and the survival probability for a particle moving in a field of random correlated forces. We
believe that the analysis there is flawed due to an improper use of boundary conditions. We compare that result,
in the white noise limit, with the known exact expression of the mean exit time.@S1063-651X~96!06512-9#

PACS number~s!: 02.50.2r, 05.40.1j

In two recent works@1,2# Heinrichs has studied some sta-
tistical aspects of the motion of a free particle under the
influence of a random acceleration modeled as Gaussian
noise:

Ẍ~ t !5F~ t !, ~1!

whereF(t) is Ornstein-Uhlenbeck noise, that is, a zero-mean
Gaussian process with correlation function

^F~ t !F~ t8!&5
D

2tc
e2ut2t8u/tc, ~2!

whereD is the noise intensity andtc is the correlation time.
The main results achieved in Ref.@1# have been to obtain
approximate expressions for the joint probability density
function,p(x,v,t), of the positionx and the velocityv, and
for the marginal densitiesp(x,t) andp(v,t). These approxi-
mate results, valid for Ornstein-Uhlenbeck driving noise, can
be generalized to obtain theexactexpressions ofp(x,v,t),
p(x,t), and p(v,t) for Gaussian driving noisesF(t) with
arbitrary correlation functions:

^F~ t !F~ t8!&5k~ t,t8!. ~3!

Such a generalization has been carried out in Ref.@3#.
Heinrichs’s second paper on the subject@2# used that ap-

proximate expression for the marginal density of the position
p(x,t) to deal with the important and difficult problem of
obtaining the mean exit time~MET! T(x0) out of an interval
(0,L), for the ~initial! position x0 of the random particle,
regardless of the value of the initial velocity@4#. We first
observe that this approach is, at least, incomplete since the
MET T(x0 ,v0) of an inertial process depends, in a compli-
cated manner, on both the position and the velocity of the

particle. Once we know the complete METT(x0 ,v0), the
MET T(x0) is given by the following average over all initial
velocities@5,6#:

T~x0!5E
2`

`

p~v0!T~x0 ,v0!dv0 , ~4!

where p(v0) is the distribution of initial velocities. Hein-
richs’s derivation ofT(x0) does not involvep(v0) and, in
fact, assumes thatv050. As a consequence, what is evalu-
ated in@2# is the quantityT(x0 ,v050)[T(x0,0).

Moreover, we believe that the evaluation of the mean exit
time at zero velocity,T(x0,0), is flawed due to the use of
improper boundary conditions for the problem. Indeed, in
Heinrichs’s analysis the mean exit timeT(x0) out of the
interval (0,L) is given by

T~x0!5E
0

`

dtE
0

L

p~x,tux0!dx, ~5!

wherep(x,tux0) obeys the Fokker-Planck equation

]p

]t
5
1

2
Dx~ t !

]2p

]x2
, ~6!

with initial condition

p~x,0ux0!5d~x2x0!, ~7!

and absorbing boundary conditions

p~0,tux0!5p~L,tux0!50. ~8!

Equation~6! is the Fokker-Planck equation for the mar-
ginal density of the position ifv050. Whenv0Þ0 the equa-
tion for p(x,vux0 ,v0) reads@3#
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]p

]t
52v0

]p

]x
1
1

2
Dx~ t !

]2p

]x2
, ~9!

and the marginal density of the position clearly depends on
both the initial positionx0 @cf. Eq. ~7!# and the initial veloc-
ity v0. For a general Gaussian driving noise the function
Dx(t) is exactly given by@3#

Dx~ t !52E
0

t

dt8E
0

t8
dt9~2t2t82t9!k~ t8,t9!. ~10!

In the case of Ornstein-Uhlenbeck noise this function reads
@cf. Eq. ~2!#

Dx~ t !5Dt@ t2tc~12e2t/tc!#. ~11!

Finally, for Gaussian white noisetc[0 and

Dx~ t !5Dt2. ~12!

We now show that the boundary conditions~8! are not the
appropriate absorbing boundary conditions for an inertial
process such as~1!. In effect, Eq.~1! represents a two di-
mensional random process (X,Ẋ), and the proper absorbing
boundary conditions for trapping are@7–9#

p~L,v,t !50 if v<0, ~13!

p~0,v,t !50 if v>0. ~14!

These are the correct absorbing boundary conditions for the
exit problem because the particle has never left the interval
and it is impossible to find the particle with positive velocity
at x50 or with negative velocity atx5L @10#.

Since the marginal density of the position is given by

p~x,t !5E
2`

`

p~x,v,t !dv,

we see that

p~L,t !5E
0

`

p~L,v,t !dv.

Note that one does not know whetherp(L,v,t) is zero or not
for all positive values of the velocity. Hence we may not
conclude thatp(L,t)50. Analogously

p~0,t !5E
2`

0

p~0,v,t !dv,

and the assumptionp(0,t)50 is also doubtful. We believe
that Eq.~8! does not embody the correct absorbing boundary
conditions for the random motion of an inertial particle. In
fact, Eq. ~8! represents absorbing boundary conditions of
some first-order diffusion process with a time dependent dif-
fusion coefficient given by Eq.~10!.

One might argue that nonetheless these boundary condi-
tions may lead to a good approximation for the mean exit
time T(x0,0). We can check the goodness of such an ap-
proximation by comparing it with the exact result that we
have for the case of Gaussian white noise. In effect, when

F(t) is Gaussian andd correlated noise we have recently
shown that the exact expression for the mean exit time at
zero velocity out of an interval (0,L) is @5,6#

T~x0,0!5NS 2L2D D 1/3S x0L D 1/6S 12
x0
L D 1/6FFS 1,2 1

3
;
7

6
;
x0
L D

1FS 1,2 1

3
;
7

6
;12

x0
L D G , ~15!

whereN5(4/3)1/6/G(7/3), andF(a,b;c;z) is the Gauss hy-
pergeometric function@11#.

Let us now obtain an approximate expression forT(x,0)
using the method of Ref.@2#. In the case of white driving
noise the Fokker-Planck equation~6! reads

]p

]t
5
1

2
Dt2

]2p

]x2
. ~16!

We will now solve this equation with the initial condition~7!
and boundary conditions~8!. Let us write the solution to Eq.
~16! in the form of the following Fourier series:

p~x,tux0,0!5 (
n51

`

an~ t !sinS npx

L D , ~17!

that immediately satisfies the boundary conditions~8!. Sub-
stituting Eq. ~17! into Eq. ~16! we see that the solution to
~16! with initial condition ~7! is

p~x,tux0,0!5
2

L (
n51

`

e2nn2p2Dt3/6L2sinS npx0
L D sinS npx

L D ,
~18!

and the mean exit time reads@cf. Eq. ~5!#

FIG. 1. T(x0,0) as a function ofx0, for noise intensityD51 and
interval lengthL51. The solid curve corresponds to the approxi-
mation given by Eq.~19!. The dashed curve represents the exact
result ~15!.
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T~x0 ,v050!5M S L2D D 1/3(
n50

`
sin@~2n11!px0 /L#

~2n11!5/3
,

~19!

whereM527/3G(1/3)/32/3p5/3. This expression agrees with
that of @2# in the white noise limittc→0. We note that Eq.
~19! predicts the correct dependence on the length of the
interval, that is,T(x0,0);L2/3 as L→` @cf. Eq. ~15! and
Ref. @5# #. In Fig. 1 we plot the~approximate! result ~19!
along with the exact result given by Eq.~15!. We clearly see

from this figure that the expression~19! is a poor approxi-
mation to the actual mean exit time. We therefore conclude
that boundary conditions~8! are not suitable to deal with the
escape problem for inertial processes.
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