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Static structure and dynamics of the liquid Li-Na and Li-Mg alloys
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We present calculations for the static structure and ordering properties of two lithium-baseds-p bonded
liquid alloys, Li-Na and Li-Mg. Our theoretical approach is based on the neutral pseudoatom method to derive
the interatomic pair potentials, and on the modified-hypernetted-chain theory of liquids to obtain the liquid
static structure, leading to a whole combination that is free of adjustable parameters. The study is comple-
mented by performing molecular dynamics simulations which, besides checking the theoretical static structural
results, also allow a calculation of some dynamical properties. The obtained results are compared with the
available experimental data.@S1063-651X~98!07110-4#

PACS number~s!: 61.25.Mv, 61.20.Ja
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I. INTRODUCTION

The combination of the pseudopotential perturbat
theory and modern accurate liquid state theories and/or c
puter simulation techniques has led to a remarkable prog
in the theoretical description of the static, thermodynam
and dynamic properties of simple (s-p bonded! liquid metals
@1,2#. This success has basically relied on accurate pse
potentials, which can be derived from first principles, and
use of the homogeneous electron gas as the reference
for the perturbative calculation of the energy of the syste

However, when it comes to a study of their liquid alloy
the situation is rather different. Although much work h
been devoted to the study of the structural and thermo
namic properties of liquid binary alloys by using semiemp
ical models@1,3#, their study from a more fundamental lev
has been more infrequent. Some reasons may explain
situation. First, the environement of an ion in an alloy can
very different from that of a free atom, where standa
pseudopotentials are constructed; therefore, the pseudop
tial is likely to change and transferability problems m
arise. Second, the pseudopotential may cease to be weak
consequently perturbation theory will no longer be val
Third, covalent/ionic tendencies may appear in the alloy,
the use of the homogeneous electron gas as a reference
tem will not be appropriate. The second and third proble
may be overcome by resorting to first principles molecu
dynamics, which uses density functional theory~DFT! in-
stead of perturbation theory, although this approach d
usually rely on free-atom computed pseudopotentials. H
ever, even in those cases where the second and third p
lems above do not apply, still the main problem hinges
deriving suitable pseudopotentials from which reliable int
atomic forces between the alloy components can be c
structed.

In this paper we study two Li-based liquid alloys, name
Li xNa12x and LixMg12x , which may be considered a
PRE 581063-651X/98/58~4!/4747~11!/$15.00
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simple liquid alloys where the nearly-free-electron~NFE!
theory holds, and, therefore, the pseudopotential perturba
theory can be applied. In fact, for both alloys the valence a
electronegativity differences are small~0.1 and 0.2, respec
tively, on the Pauling scale!; moreover, there are some ex
perimental measurements which suggest a NFE beha
@1,4#. Specifically, the present work focuses mainly on
study of the static structural features of both liquid alloy
This is mainly motivated by the availability of experiment
results for their static structure, which show a complet
different behavior: Li-Na is a typical phase separating syst
@5#, whereas Li-Mg exhibits weak heterocoordination te
dencies@4#.

Our study comprises two steps:~i! the construction of
pseudopotentials from which, by applying linear respon
theory, the effective interatomic pair potentials in the liqu
alloy are derived; and~ii ! the calculation of the liquid struc
ture from these interatomic interactions, by using both a
uid state theory and molecular dynamics~MD! simulations.

The construction of the effective interatomic pair pote
tials has been carried out within the framework of the neu
pseudoatom~NPA! method @6–8#, which we have already
successfully applied to study the structural and thermo
namic properties of the liquid alkali and alkaline-earth m
als @9,10#, as well as the structural features of the liqu
NaxK12x alloy @11#. The philosophy of the NPA method i
similar to that of the pseudopotential theory, and so is
domain of applicability. In conjunction with DFT, it is en
tirely ab initio, and has the advantage of handling true de
sities rather than pseudodensities. In this way, we obtain
fective interatomic potentials in the alloy which are free
adjustable parameters, and using the atomic numbers o
components as the only input data.

The calculation of the static liquid structure is carried o
by resorting to the modified-hypernetted-chain~MHNC!
theory of liquids; this theory belongs to the new generat
of accurate integral-equation theories of liquids@12#. Its ap-
4747 © 1998 The American Physical Society
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4748 PRE 58CANALES, GONZÁLEZ, GONZÁLEZ, AND PADRÓ
plication to various one-component fluids—ranging fro
simple model potentials to the liquid alkali and alkali-ea
metals—as well as binary mixtures interacting via Lenna
Jones potentials, has yielded excellent results for both
structural and thermodynamic properties. Finally, for bo
alloys at some specific concentrations, their liquid struct
has also been computed by MD simulations which, besi
checking the accuracy of the MHNC theory, also allows o
to study some time dependent properties.

The paper is organized as follows. In Sec. II we brie
describe the NPA method, which is the basis to calculate
effective interatomic pair potentials used in the calculatio
and we also summarize the main features of the liquid s
theory used. Section III gives a brief description for the te
nical details of the MD simulations, whereas in Secs. IV a
V we present and discuss the results obtained for the st
tural and dynamical features of both liquid alloys. Final
we complete the paper in Sec. VI.

II. THEORETICAL FORMALISM

A. Effective interatomic potentials: NPA method

A simple liquid metallic alloyAxB12x can be regarded a
an assembly ofA- andB-type bare ions with chargesZv

A and
Zv

B , respectively, embedded in a conduction electron ga

mean densityn̄5r@xZv
A1(12x)Zv

B#, wherer is the total
ionic number density andx is the concentration of theA-type
component. Moreover, the ions attract the valence elect
which pile up around them, thus screening the ionic pot
tials and leading to effective interactions between the io
Now we briefly describe the method for obtaining the int
atomic pair potentials, and for additional details we refer
Refs.@6,7,10#.

The calculation of the effective interatomic pair potentia
involves two distinct steps. First, the valence electronic d
sities induced by each type of ion when embedded in
homogeneous electron gas with densityn̄ are obtained by the
NPA method; then, in the second step we constructA- and
B-type effective local pseudopotentials which, within line
response theory~LRT!, reproduce the corresponding induc
electronic densities as obtained in the first step. Finally, fr
both pseudopotentials the effective interatomic pair pot
tials are obtained. Here, we briefly discuss both steps.

Within the NPA method, it is assumed that the total ele
tronic densityne(r ) of theAxB12x alloy can be decompose
as a sum of single site, structure independent and local
electronic densitiesn(A)(r ) and n(B)(r ), which follow the
ions in their movement, so that~Hartree atomic units will be
used through the paper!

ne~r !5(
i

n~A!~ ur2Ri
~A!u!1(

j
n~B!~ ur2Rj

~B!u!

5(
i

@nc
~A!~ ur2Ri

~A!u!1nv
~A!~ ur2Ri

~A!u!#

1(
j

@nc
~B!~ ur2Rj

~B!u!1nv
~B!~ ur2Rj

~B!u!#, ~1!

whereRi
(A) andRj

(B) denote the ionic positions,nc
(A)(r ) and

nc
(B)(r ) are the core electronic densities, andnv

(A)(r ) and
-
e

e
s

e

e
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nv
(B)(r ) are the valence electronic densities~screening

clouds! associated with theA- andB-type ions, respectively
The main aim of the NPA method is the computation
nv

(A)(r ) andnv
(B)(r ); it proceeds as follows.

Eachnv
(a)(r ) (a5A,B) is decomposed into two contribu

tions, denotednv8
(a)(r ) and nv9

(a)(r ), that is, nv
(a)(r )

5nv8
(a)(r )1nv9

(a)(r ). The first contribution, namely
nv8

(a)(r ), arises when ana-type metallic ion is introduced
into a jellium in which a cavity has been made, so it rep
sents the valence electronic density induced by an exte
potentialVion8(a)(r ), defined as

Vion8~a!~r !5Vion
~a!~r !2F2

1

r
* n~a!~r !G , ~2!

where * denotes the convolution operation,Vion
(a)(r ) stands

for the bare ionic potential, andn (a)(r ) is a spherical cavity
screening function which integrates to the correspond
ionic valenceZv

a and is chosen in order to makeVion8(a)(r ) as
weak as possible. Now, each ‘‘auxiliary ionic potentia
Vion8(a)(r ), when introduced into the uniform electron gasn̄,
induces screening valence electronic densitiesnv8

(a)(r ).
Moreover, the contribution of the corresponding core el
trons to the auxiliary ionic potential is influenced by th
presence of the valence electrons; consequentlyVion8(a) and
nv8

(a)(r ) must be evaluated self-consistently. This is p
formed by using the DFT, by solving the Kohn-Sham equ
tions @13#, and, where the electronic exchange and corre
tion effects have been included, via the local-dens
approximation ~LDA !. In this way both nv8

(A)(r ) and
nv8

(B)(r ) are obtained.
The second contribution to the induced valence electro

densities, namely,nv9
(a)(r ), comes from the electronic va

lence density which screens, in LRT, the charge distribut
associated with the cavity screening functionn (a)(r ), that is

ñv9
~a!~q!52

4p

q2
x~q!ñ~a!~q!, ~3!

where the tilde denotes the Fourier transform, andx(q) is
the density response function. In order to be consistent w
the previous step, the exchange and correlation effect
x(q) have been included via a LDA local field.

Now, we turn to the calculation of the local pseudopote
tials ṽps

(A)(q) and ṽps
(B)(q), that within LRT reproduce the

nonlinear screening charges determined by the NPA meth
This is achieved by first pseudizing bothnv

(A)(r ) and
nv

(B)(r ), so as to eliminate the core orthogonality oscill
tions, leading to the respective induced valence elect
pseudodensitiesnps

(A)(r ) and nps
(B)(r ), from which the corre-

sponding pseudopotentials are obtained via

ñps
~A!~q!5x~q!ṽps

~A!~q!, ñps
~B!~q!5x~q!ṽps

~B!~q!. ~4!

Finally, application of standard second-order peudopot
tial perturbation theory leads to the effective interatomic p
potentials,wab(r ), given by (a,b5A,B)
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wab~r !5
Zv

aZv
b

r
1

1

~2p!3E dqW x~q!ṽps
~a!~q!ṽps

~b!~q!eiqW •rW.

~5!

This completes the specification of the NPA method as
have applied it to compute the screening valence electr
densities and the interatomic pair potentials of a simple
uid metallic alloyAxB12x .

B. Liquid state theory

Most of the integral-equation theories of liquids ste
from the Ornstein-Zernike equation, which, for a homog
neous isotropic binary system, reads (i , j 51,2)

hi j ~r !5ci j ~r !1(
l 51

2

r lhil ~r !* cl j ~r ! ~6!

which defines the direct correlation functionsci j (r ) in terms
of the total correlation functionshi j (r )5gi j (r )21, where
gi j (r ) denotes the pair distribution functions, andr l denotes
the partial ionic number densities. Now, Eq.~6! is supple-
mented by the exact closure relation

ci j ~r !5hi j ~r !2 ln@gi j ~r !ebw i j ~r !1Bi j ~r !#, ~7!

where b5(kBT)21 is the inverse temperature times th
Boltzmann constant,w i j (r ) are the interatomic pair poten
tials, andBi j (r ) denote the so-called bridge functions, f
which some approximation must be made. In this work
have used the MHNC approximation under the scheme
posed in Refs.@14# and @15# ~called the MHNC-REP ap-
proximation!. According to this scheme, theBi j (r ) appear-
ing in Eq. ~7! are replaced by those obtained by solving t
Percus-Yevick approximation for a reference system wh
is chosen to be the system under study, although interac
through the repulsive part of the interatomic pair potenti
only. The MHNC-REP approximation has been applied
calculate the structural properties of the liquid NaK@15#,
LiNa @16#, and NaCs@17#, leading to results in excellen
agreement with the corresponding MD simulations.

The numerical solution of Eqs.~6! and ~7! gives the par-
tial pair distribution functions,gi j (r ), from which both the
Ashcroft-Langreth~AL ! partial static structure factors@18#
Si j (q) and the total neutron weighted static structure fac
S(q) are readily obtained by

Si j ~q!5d i j 14pr~xixj !
1/2E

0

`

r 2hi j ~r !
sinqr

qr
dr, ~8!

S~q!5
b1

2x1S11~q!1b2
2x2S22~q!12b1b2~x1x2!1/2S12~q!

x1b1
21x2b2

2

~9!

where b1 and b2 denote the neutron scattering lengths
components 1 and 2, respectively@19#. For the discussion
concerning the existence of possible ordering tendencies
liquid binary alloy, the Bathia-Thornton concentratio
concentration partial structure factor@20# is ideally suited;
this is defined as
e
ic
-

-

e
o-

h
ng
s
o

r

f

a

SCC~q!5x1x2@x2S11~q!1x1S22~q!22~x1x2!1/2S12~q!#
~10!

which in the case of the so-called ‘‘zero alloy’’ compositio
i.e., whenx1b11x2b250, leads toSCC(q)5x1x2S(q), and
therefore, it can be directly probed by a single neutron sc
tering experiment. Closely connected to theSCC(q) is an-
other magnitude, the radial concentration correlation fu
tion, rCC(r ), which was introduced by Ruppersberg a
Egger@21# to analyze the ordering tendencies in disorde
binary systems; this is defined as

rCC~r !5
2r

p E
0

`

qFSCC~q!

x1x2
21Gsin~qr !dr, ~11!

and it can also be expressed in terms of the partial pair
tribution functionsgi j (r ) as

rCC~r !54pr 2rx1x2@g11~r !1g22~r !22g12~r !#, ~12!

and becomes negative~positive! for distances with preferred
heterocoordination~homocoordination!.

III. MOLECULAR DYNAMICS SIMULATIONS

The present study has been completed by performing
simulations for both liquid alloys. The simulations have be
carried out by using the NPA-based interatomic pair pot
tials, and for both alloys we have just focused on their
spective zero alloy compositions, i.e., Li0.61Na0.39 and
Li0.7Mg0.3. In this way, we have obtained their correspon
ing static structure as well as some dynamic properties.

In the simulations, we considered a cubic box with 6
particles and periodic boundary conditions. After an equ
bration period of 10 000 time steps, we computed the pr
erties during a run of 20 000 configurations. The time s
was 2 fs, and the leap-frog Verlet algorithm with coupling
a thermal bath as proposed by Berendsenet al. @22# was
used. The partial radial distribution functionsgi j (r ), the ve-
locity autocorrelation functionsCi(t) and the mean squar
displacements were computed during the simulatio
whereas the partial static structure factorsSi j (q) were calcu-
lated by Fourier transforming the obtainedgi j (r )’s @23#. The
finite size of the simulation box, however, imposes a limit
the wavelength of fluctuations, and therefore the results
the structure factors are reliable forq.qmin , whereqmin is in
all cases around 0.24 Å21.

IV. RESULTS: Li-Na SYSTEM

The Li-Na liquid alloy has attracted much attention b
cause it is a typical phase separating system. The phase
gram is dominated by a region of two immiscible liquid
and the phase separation curve, which has been experim
tally determined by means of density and resistivity me
surements@24–26#, shows a consolute point located atT
'577 K and compositionxLi'0.64; this is close to the zero
alloy composition (xLi'0.61) for which the total static struc
ture factorS(q) reduces to the concentration-concentrati
partial structure factor, namely,S(q)5SCC(q)/xLixNa, be-
cause of the negative scattering length of the7Li isotope. For
the zero alloy composition, Ruppersberg and Knoll@5# mea-
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sured the totalS(q) at several temperatures within the ran
590–725 K. The obtained experimentalS(q)’s are domi-
nated by a strong small-angle scattering, which is a typ
characteristic of a phase separating system, and the os
tions of theS(q)’s beyond the small-angle region are e
tremely small, with a characteristic ripple aroundq
'2.2 Å21.

Several theoretical works, using either semiempiri
@27–30# or more fundamental@16,31–34# approaches, have
already been attempted in order to calculate the static st
ture and/or some thermodynamic magnitudes of this al
Among those based on semiempirical models, we men
Refs. @28–30#, which basically focused on the zero allo
composition atT5595 K, and where the interatomic pa
potentials in the alloy were modeled by hard sphere Yuka
potentials. The parameters involved in the model were
tained from a global fitting of the experimentalSCC(q), and
the static structure of the alloy was computed by resorting
the mean spherical approximation theory of liquids. A
though use was made of several fitted parameters, t
works gave some insight into the interatomic interactions

On the other hand, studies based on more fundame
approaches used pseudopotential perturbation theory c
bined with either perturbative or integral equation theories
liquids. For example, Stroud and co-workers@31,32# calcu-
lated the spinoidal line of the LixNa12x alloy, using the
empty-core model~ECM! pseudopotential@35# to derive in-
teratomic pair potentials, and a perturbative approach to
tain the static structure. Although they just obtained a qu
tative agreement with the experimental spinoidal line, it m
be stressed that no parameters were included in the mo

Also, Hoshino and co-workers@33,34# studied the
Li0.61Na0.39 alloy by using either the ECM@33# or the
Hoshino-Young pseudopotential@34# for Li, whereas the
ECM was used for Na. Their results for the static structu
evaluated by the HNC theory@33# and MD simulations@34#,
qualitatively reproduced the diverging behavior ofS(q
→0), but did not show the ripple atq'2.2 Å21. More
recently, Mori, Hoshino, and Watabe@16# studied the static
structure of the LixNa12x alloy by combining a nonloca
pseudopotential@36# for Li with the Hasegawaet al. @37#
pseudopotential for Na, whereas the static structural pro
ties were calculated by both MD simulations and t
MHNC-REP theory of liquids. Although their results repr
duced the ripple atq'2.2 Å21, the diverging behavior of
S(q→0) was now grossly underestimated by around a fac
of 50.

Therefore, it may be concluded that an accurate struct
description must start from a derivation of adequate in
atomic interactions for the alloy. In this section we use
NPA method to obtain the effective interatomic pair pote
tials in the alloy. Specifically, we study the structural fe
tures of liquid LixNa12x at T5725 K and several concen
trations; moreover for the particular case of the zero al
composition, i.e., Li0.61Na0.39, we complete the study by per
forming MD simulations for several temperatures within t
range 540 K<T<725 K. The total ionic number densitie
used in the calculations have been taken from the experim
tal results of Jostet al. @38#, and Table I shows the specifi
thermodynamic states for which the present study has b
carried out.
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A. Interatomic pair potentials

Figure 1 shows the NPA interatomic pair potentials o
tained for three different concentrations of the all
Li xNa12x at T5725 K. First, an interesting feature of th
present NPA pair potentials is thatwLiNa(r ) is, for all con-
centrations, weaker than the average ofwLiLi (r ) and
wNaNa(r ). As the structural properties of the alloy are close
linked to the relative magnitudes of thew i j (r ), this feature
will have important consequences in the alloy which will
analyzed in Sec. IV B.

It is observed that when the alloy concentration is vari
going from pure Na to pure Li, all the three pair potentia
become shallower. This behavior can be understood in te
of the changes in the electronic screening as follows. A
cording to Eq.~5!, the effective interatomic pair potential ha
a direct Coulombic repulsive term and an attractive, elect
mediated, contribution. The latter is screened by the prese
of other electrons. As the concentration of Li is increas
the mean electron density in the alloy also increases,
therefore the screening of the attractive part of the pair
tentials is more effective, leading finally to less attracti
~shallower! potentials. Moreover, it is also observed that t
changes undergone by the pair potentials are somewhat m
marked forwLiLi (r ), which is the deepest one.

B. Structural properties

The calculation of the liquid structure at several conce
trations has been carried out by combining the NPA int
atomic pair potentials, derived in Sec. IV A, with th
MHNC-REP theory of liquids. First, the calculated parti
pair distribution functionsgi j (r ) are shown in Fig. 1. Fur-
thermore, in Fig. 2 we compare the theoreticalgi j (r ) with
the MD ones for Li0.61Na0.39 at T5725 K. The agreement is

FIG. 1. NPA interatomic pair potentialsw i j (r ) and partial pair
distribution functionsgi j (r ) for the liquid Li0.4Na0.6, Li0.61Na0.39,
and Li0.8Na0.2 alloys atT5725 K.

TABLE I. Thermodynamic states of LixNa12x studied in this
work. r is the total ionic number density taken from Ref.@38#.

T 5 725 690 640 590 540
x5xLi r(Å 23)

0.0 0.022040
0.40 0.027237
0.61 0.031085 0.03136 0.03171 0.03218 0.032
0.80 0.035640
1.0 0.042141
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excellent, showing once more the reliability of the MHNC
REP theory, which was already observed by Mori and
workers@15–17#.

According to the previously obtained tendencies for
w i j (r ), it is observed thatgLiLi (r ) undergoes substantia
changes, whereas bothgLiNa(r ) and gNaNa(r ) change
slightly. In fact, Fig. 1 shows that when moving from pu
Na to pure Li, the height of the main peak ofgLiLi (r ) de-
creases, whereas the height ofgLiNa(r ) practically remains
constant and that ofgNaNa(r ) increases slightly. An interest
ing feature to be observed in Fig. 1 is that, for all concen
tions, gLiNa(r ) remains smaller than bothgLiLi (r ) and
gNaNa(r ); therefore, the global configuration predicted by t
theoreticalgi j (r ) is a tendency toward phase separation.
simple way of characterizing this segregating tendency is
means of the Warren-Cowley@39–41# short range order
~SRO! parameter for the first neighbor shell,a1

( i ) , which is
defined as

a1
~ i !512

ni j

xj~nii 1ni j !
, j Þ i 51,2, ~13!

wherexj is the concentration of thej-type particles, andni j
is the number, within a spherical volume of radiusRi j , of
j-type particles around ani-type particle.ni j can be calcu-
lated from the partial pair distribution functionsgi j (r ) by

ni j 54prxjE
0

Ri j
r 2gi j ~r !dr, ~14!

whereRi j has been identified as the position of the first mi
mum of the correspondinggi j (r ). We note that although
other prescriptions could be used for the evaluation ofni j ,
leading to slightly different results@42#, this is not really
important, as we are interested in the trends exhibited bya1

( i )

when the alloy concentration or the temperature are chan
a1

( i ) provides insight into the local arrangement of pa
ticles in the mixture. For a random distribution of atom
a1

( i )50, whereas a positive~negative! value fora1
( i ) suggests

a segregating~heterocoordinating! tendency. We have evalu
ated botha1

(Li) anda1
(Na) for the liquid LixNa12x alloy at T

5725 K; the obtained results are shown in Table II, a
clearly confirm the segregating tendency. However, our t
oretical calculations predict that the segregating tendenc
more marked atxLi'0.5, whereas the experiment shows th
it should be atxLi'0.64. Moreover, Table II shows that fo

FIG. 2. Comparison, for Li0.61Na0.39 at T5725 K, between the
partial pair distribution functionsgi j (r ) obtained by the MHNC-
REP theory~lines! and those obtained by molecular dynamics sim
lations ~symbols!.
-

e

-

y

-

d.
-
,

d
-
is
t

xLi50.61, the Li atoms have eight Li atoms as nearest ne
bors, which is somewhat higher than the value of seven
atoms suggested by Ruppersberg and Knoll@5#, based on the
rCC(r ) obtained from their experimentalS(q). On the other
hand, Fig. 2 shows that the preferred Li-Li and Na-Na d
tances are around 3 and 3.5 Å, respectively, in agreem
with the values derived by the same authors.

As mentioned above, the static structure factors of liq
Li xNa12x at T5590 K andxLi50.40, 0.61, and 0.80, as we
as forT5725 K andxLi50.61, were measured by Rupper
berg and Knoll@5# using neutron diffraction techniques. Fo
this concentration and temperature range, the experime
static structure factorsSexp(q)’s show some common fea
tures:~i! A rapid increase ofSexp(q) asq→0. ~ii ! The oscil-
lations ofSexp(q) beyondq>2.0 Å21 are extremely weak,
which is characteristic of alloys with weak chemical orde
ing. ~iii ! For the zero alloy composition Li0..61Na0.39, there
appears a characteristic ripple with two peaks atq'2.0 and
q'2.5 Å21, respectively.

Figure 3 shows a comparison for Li0.61Na0.39 at T
5590 K, betweenSexp(q) and the MD-basedSMD(q). It is
observed thatSMD(q) can successfully reproduce the ma
features of the experimental one, especially the quick
crease of Sexp(q→0) and the two peaks atq'2 and
2.5 Å21. Moreover, by extrapolating the small-q results we
obtain SMD(q50)'135, which is close to the valueSexp(q
50)'110, extrapolated by Ruppersberg and Knoll fro
their experimental results. Concerning the two peaks aq
'2 and 2.5 Å21, their origin can be traced back to th
shape of the AL partial static structure factorsSi j (q), which
are shown in the inset of Fig. 3.SNaNa(q) shows a peak a
q'2 Å21, the peak ofSLiLi (q) is at q'2.5 Å21, and the
peak ofSLiNa(q) is atq'2.25 Å21. Taking into account the
expression forS(q) in Eq. ~9!, and that the neutron scatterin

-

FIG. 3. Total static structure factorS(q) for the Li0.61Na0.39

liquid alloy at T5590 K. Solid line: molecular dynamics result
Full circles: experimental data@5#. The inset shows the correspond
ing molecular dynamics Ashcroft-Langreth partial static struct
factors:SLiLi (q) ~solid line!, SNaNa(q) ~dashed line!, andSLiNa(q)
~dotted line!.

TABLE II. Calculated values of coordination numbersni j and
the Warren-Cowley SRO parametersa1

( i ) for the LixNa12x alloy at
T5725 K.

xLi nLiLi nLiNa nNaNa nNaLi a1
(Li ) a1

(Na)

0.4 5.8 6.7 8.5 4.5 0.107 0.140
0.61 8.0 4.6 6.3 7.1 0.064 0.131
0.8 10.3 2.5 3.7 10.2 0.020 0.083
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length of 7Li is negative whereas that of Na is positive, th
it is clear that the two peaks inSexp(q) originate from the
difference in the peak positions ofSi j (q). Obviously, the
ultimate reason for the peak positions ofSi j (q) relies on the
shape of the NPA interatomic pair potentials.

We emphasize that, unlike previous works using M
simulation techniques combined with other interatomic p
potentials@16,34#, to our knowledge this is the first work in
which both features ofSexp(q) are quantitatively reproduce
simultaneously, and this therefore provides further co
dence in the NPA-based interatomic pair potentials.

On the other hand, a full comparison theory/experim
can only be carried out at the zero alloy composition andT
5725 K. Although the NPA method can provide inte
atomic pair potentials forT5590 K, the fact thatS(q) in-
creases to very high values for small wave vectors produ
numerical problems in the iterative solution of Eqs.~6! and
~7!. Therefore, we have computed the static structure for
higher temperatureT5725 K for which, althoughS(q) still
takes substantial values for small-q values, it is nevertheles
possible to attain a numerical solution for the liquid sta
theory.

In Fig. 4, we show a comparison between the theoret
and experimental total static structure factor for Li0.61Na0.39
at T5725 K. The theory reproduces rather well the ma
features ofSexp(q); moreover,Sth(q50)'5, whereas the
extrapolated@5# Sexp(q50)'7. The theoretical results ob
tained for other concentrations at 725 K are shown in Fig
where they are compared with the measuredS(q) at 590 K.
It is observed that the main features present in the exp
mental structure factor, which also persist at the higher te
perature@5#, are well reproduced by the theoretical approa

As already pointed out, we have also performed M
simulations for the zero alloy composition at several te
peratures within the range 540 K<T<725 K. First, from
the obtained partial pair distribution functionsgi j (r ), the fol-
lowing conclusions are obtained for the static structure at
zero alloy composition. When the temperature is var
within the range 540 K<T<725 K, we obtain the follow-
ing: ~i! The nearest-neighbor distances for Li-Li, Li-Na, a
Na-Na remain practically constant at around 3, 3.3, and
Å, respectively.~ii ! The heights of the main peaks ofgLiLi (r )
and gNaNa(r ) increase by 25% and 16%, respective
whereas that ofgLiNa(r ) decreases by 25%, as the tempe
ture is decreased.~iii ! For a Li ion, the total average numbe
of nearest neighbors~NN’s! slightly changes from 12.6~for
T5725 K) to 13.1~for T5540 K); however, the averag

FIG. 4. Comparison between the theoretical~solid line! and the
experimental@5# ~full circles! total static structure factorS(q) for
the Li0.61Na0.39 liquid alloy at T5725 K.
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number of its Li-type NN’s changes from 8.0 to 9.5 where
the average number of its Na-type NN’s decreases from
to 3.6. Similarly, for a Na ion, the total average number
NN’s practically remains constant at 13.4; however, the
erage number of its Na-type NN’s increases from 6.2 to 7
whereas that of its Li-type NN’s decreases from 7.1 to 5
~iv! By resorting to the Warren-Cowley SRO parameter,
obtain thata1

(Li) varies from 0.064~for T5725 K) to 0.30
~for T5540 K), whereas the corresponding variation for t
a1

(Na) ranges from 0.131 to 0.314. In summary, the abo
results clearly indicate the existence of a segregating be
ior which becomes more marked as the temperature is
creased.

Now, by using the obtained MD static structural fun
tions, namely,gi j (r ), we have quantitatively investigated th
phase separation region. This has been carried out by m
of the local mole fractions method@43–47#. For a binary
system, the local mole fractionsxii are defined as

xii 5
nii

nii 1ni j
, j Þ i 51,2, ~15!

whereni j have already been defined in connection with E
~14!. Although some discussion@43,48–50# has been de-
voted to the identification of a suitable upper integrati
limit Ri j in Eq. ~14!, we have taken the sameRi j as used in
the evaluation of the Warren-Cowley SRO parameter. T
important magnitude in this method isxs215x111x2221,
which provides information about homogeneous or inhom
geneous regions of states in the mixture. For a homogene
phase, when both particle species are nearly equally dis
uted,xs21 is a small number; however, for a demixed sta
particles of equal species predominate the distribution
thereforexs21 grows, becoming a relatively large numbe
For more details we refer the reader to Refs.@44,45#. Figure
6 shows a plot ofxs21 as a function of the temperature fo
the zero alloy composition Li0.61Na0.39. The pronounced in-
crease in the slope ofxs21 suggests a phase transition to t
demixing state, which, according to the obtained MD-bas
results, takes place at a temperature somewhat smaller
640 K.

FIG. 5. ~a! Theoretical total static structure factorS(q) for the
Li0.4Na0.6 liquid alloy atT5725 K ~solid line!. For comparison, the
full circles show the experimental result@5# at T5590 K. ~b! Same
as before, but for Li0.8Na0.2.
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C. Dynamic properties

By means of MD simulations, we have also evalua
some time dependent properties for the Li0.61Na0.39 liquid
alloy at several temperatures. Specifically, we have ca
lated the velocity autocorrelation functionsCi(t), the mean
square displacements, and the self-diffusion coefficientsDi
associated with the screened Li and Na ions in the al
First, in Fig. 7 we show, for several temperatures, the
tained results forCLi(t) andCNa(t). It is observed that, for
all temperatures, the minima exhibited byCLi(t) ~back-
scattering effects! are always deeper and appear at sho
times than those for the correspondingCNa(t). This can be
associated with the smaller mass of the Li ion, since
backscattering effects measure the tendency for a revers
the initial velocity of a tagged atom due to collisions wi
their neighbors@51#.

Concerning the self-diffusion coefficientsDi , its evalua-
tion has been carried out from both the time integrals of
correspondingCi(t) functions and also from the slopes
the respective mean square displacements@52#; the results
from the two methods are in good agreement, and are s
marized in Table III. First, we note that, to our knowledg
there are no experimental results for the self-diffusion co
ficients in this alloy system. The present results show t
within the studied temperature range, both self-diffusion
efficients are rather similar, and, moreover, that the obtai
values corresponding to the ions with the smaller mass
size ~Li ! are slightly lower than those for the larger ion
~Na!. This behavior, which departs largely from the simp

FIG. 6. Sum of the local mole fractions minus 1 for the ‘‘ze
alloy’’ composition Li0.61Na0.39 at different temperatures.

FIG. 7. Molecular dynamics normalized velocity autocorrelati
functionsCLi(t) andCNa(t), for the Li0.61Na0.39 liquid alloy at dif-
ferent temperatures. Solid line:T5540 K. Dashed line: T
5640 K. Dotted line:T5725 K. The inset shows the MD result
for the CLi(t) in the alloy at T5590 K ~full line! and 725 K
~dashed line! and the same results for pure Li atT5590 K ~full
circles! and 725 K~open triangles!.
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scaling ruleDLi /DNa5AmNa/mLi'1.8 as derived from the
thermal velocities only, clearly states the important ro
played by the interatomic pair potentials in the diffusion pr
cess. On the other hand, Casas, Gonza´lez, and Gonza´lez @53#
recently performed MD simulations for liquid Li at sever
thermodynamic states along the coexistence line, by us
NPA-based interatomic pair potentials. In Fig. 7, we plot t
obtainedCLi(t) for pure Li at two thermodynamic states
namely, T5590 K, r50.0435 Å23, and T5725 K, r
50.04214 Å23. For both temperatures, it is observed th
theCLi(t) in the alloy exhibits a somewhat deeper and wid
minimum than in the pure system. Although the averag
number of NN’s of a Li ion in the pure system is somewh
larger than in the alloy at the same temperature, the pres
of heavier Na ions as NN in the alloy leads to an enhan
ment of the backscattering effects in the alloy, and theref
the correspondingDLi is slightly smaller~around 5%! than in
the pure system. Similar, but opposite, effects take plac
the case ofCNa(t), leading to aDNa which is somewhat
larger in the alloy than in the pure system.

V. RESULTS: Li-Mg SYSTEM

The Li-Mg phase diagram shows that Li and Mg are co
pletely miscible in the liquid state and even show some h
erocoordination. Ruppersberget al. @4# performed a neutron
diffraction study of the total static structure factor for th
‘‘zero alloy’’ composition, namely, Li0.7Mg0.3, at two tem-
peraturesT5695 and 875 K. Their experimental results, f
both temperatures, show that the totalS(q) are rather struc-
tureless, withS(q→0) being smaller than 1, which sugges
some preferred heterocoordination of nearest neighbors.

Up to date, few theoretical works have been devoted
the Li-Mg alloy system; most of them have focused in t
solid phase. Among these we should mention the work
Ref. @54#, who calculated, at several concentrations, the e
tic constants and the heat of mixing for the body cente
cubic solid phase, using interatomic pair potentials deriv
from the pseudopotentials of Ref.@55#. We note that these
pseudopotentials are based on the same philosophy a
present NPA method, although their practical implemen
tion differs from the approach followed in this work. It i
also worth mentioning the work of Hafner, who studied bo
the solid@56# and liquid @57# phases of the Li-Mg alloy by
using effective interatomic pair potentials derived from t
first principles optimized pseudopotentials~OPW’s! of Har-
rison@58#. For the solid phase, he obtained reasonable res
for the enthalpies, volumes of formation, and structure a
stability range of the alloy phases. However, when applied
the liquid phase, using a hard sphere reference system c
bined with the Gibbs-Bogolyubov variational scheme, t
obtained structural results did not suggest the existenc
heterocoordinating tendencies. A further study was also p

TABLE III. Diffusion coefficients ~in 1025 cm2/s) for the Li
and Na ions in the liquid Li0.61Na0.39 alloy at several temperatures

540 K 590 K 640 K 690 K 725 K

Li 9.7 11.8 14.6 17.6 19.3
Na 10.4 12.8 15.2 17.6 19.3
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formed in Ref.@59# by modeling the interatomic pair poten
tials in terms of the hard-spheres–Yukawa system, and u
the mean spherical approximation theory of liquids to obt
the static structural functions. Although this approach
cluded some fitting parameters, it had the interesting fea
of providing analytical expressions for both the structu
functions and some thermodynamic magnitudes. Among
several semiempirical studies performed for the liquid pha
we mention the recent work by Karaoglu and Young@60#
which was just concerned with the study of the thermo
namic properties of the liquid alloy by resorting to the co
formal solution model.

In this work we have calculated the static structure
Li xMg12x at T5887 K for the concentrationsxMg
50.1, 0.3, 0.5, and 0.7. The experimental ionic number d
sities are taken from Refs.@4,59#, and in Table IV we show
the specific thermodynamic states for which the pres
study has been carried out. For each concentration, the
responding interatomic pair potentials were calculated by
NPA method, and the static structure was obtained by
MHNC-REP approximation. Moreover, for the zero allo
composition atT5887 K, MD simulations have also bee
performed.

A. Interatomic potentials

Figure 8 shows the NPA interatomic pair potentials o
tained for three different concentrations of the all
Li xMg12x at T5887 K. First, it is observed thatwLiMg(r )
is, for all concentrations, somewhat deeper than the ave
of wLiLi (r ) and wMgMg(r ); therefore a heterocoordinatio
tendency should be expected. This will be examined in S
V B, where we analyze the static structural properties of
alloy.

FIG. 8. NPA interatomic pair potentialsw i j (r ), and partial pair
distribution functionsgi j (r ), for the liquid Li0.3Mg0.7, Li0.5Mg0.5,
and Li0.7Mg0.3 alloys atT5887 K.

TABLE IV. Input data for the series LixMg12x at T5887 K,
studied in this work.r is the total ionic number density taken from
Refs.@4,59#.

x5xLi r (Å 23)

0.0 0.03967
0.30 0.04011
0.50 0.04041
0.70 0.04071
0.90 0.04102
1.0 0.04117
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The changes undergone by the interatomic pair poten
as a function of the alloy concentration can again be
plained in terms of the changes in the electronic screen
When the alloy concentration is varied, moving from pu
Mg to pure Li, the ionic number density is increased; ho
ever, conversely, the electronic density decreases as a co
quence of the valence difference. Therefore the electro
screening of the attractive part of the pair potentials becom
less effective, and therefore the potentials become more
tractive ~deeper!. We also note that the changes are mo
marked for wMgMg(r ), which is the deepest, than for th
other two potentials.

It is worth mentioning that the main features of th
present effective interatomic pair potentials are shared by
OPW-based potentials derived by Hafner@57#. Although the
OPW-based potentials show repulsive cores which
around 20% smaller than the present potentials, he also
tained thatwMgMg(r ) is the deeper one, whereaswLiMg(r ) is
also slightly deeper than the average ofwLiLi (r ) and
wMgMg(r ); therefore, we suspect that the failure in predicti
the heterocoordinating tendencies for the liquid alloy co
be due to the liquid state theory used~a hard sphere referenc
system within a variational approach! rather than a conse
quence of the effective interatomic pair potentials.

On the other hand, a comparison with the pair potent
used in Ref.@54#, shows rather strong differences. In fact, t
latter set of authors obtained thatwLiLi (r ) is the deeper po-
tential ~more than 50% deeper thanwMgMg), whereaswLiMg
remains rather close towLiLi . Therefore, it leads to rathe
strong ordering tendencies which, according to the auth
grossly overestimate the experimental results for the s
phase.

B. Structural properties

The liquid structure has been obtained by combining
previous NPA pair potentials with the MHNC-REP theory
liquids, and in Fig. 8 we show the obtained partial pair d
tribution functionsgi j (r ). However, a comparison with th
experimental results can be carried out at the level of
static structure factor only, and this is performed in Fig. 9
the ‘‘zero alloy’’ composition Li0.7Mg0.3. It is observed that
Sth(q) reproduces rather well the main features ofSexp(q)
@4#, although the value atq→0 is slightly overestimated. In
the figure we have also included, for comparison, the co
sponding MD result, which closely followsSth(q).

FIG. 9. ~a! Theoretical total static structure factorS(q) for the
Li0.7Mg0.3 liquid alloy at T5887 K ~solid line!. The dashed line
shows the molecular dynamics results, whereas the full circles s
the experimental results@5,4# at T5875 K. ~b! Radial concentra-
tion correlation function.
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We previously mentioned that our derived NPA pair p
tentials suggest that some heterocoordinating tende
should be expected. Now, by using the theoreticalgi j (r ), we
have evaluated the Warren-Cowley SRO parameters, an
obtain that botha1

(Li) and a1
(Mg) are negative and close t

zero. In fact, the more negative values are reached for
‘‘zero alloy’’ composition Li0.7Mg0.3, wherea1

(Li) '20.07
anda1

(Mg)'20.01. We also obtain that each Li atom has
average of 8.5 Li-type NN’s, whereas a Mg atom has aro
four Mg-type NN’s.

Another way of getting insight into the ordering tende
cies of the binary alloy can be obtained by resorting to
radial concentration correlation functionrCC(r ), and this is
shown in Fig. 9 for Li0.7Mg0.3 at T5875 K, where we plot
therCC(r ) obtained by Ruppersberget al. @4# from their ex-
perimentalS(q) which clearly indicates, at the NN distanc
some preference for heterocoordination. In the figure
have also included both the theoretical and the MD-ba
rCC(r ) at T5887 K. Moreover, our theoretical results fo
the other concentrations studied in this work, predict for
concentrations, a weak tendency toward heterocoordina
This behavior can be easily analyzed in terms of the lo
wavelength limit of the Bathia-Thornton concentratio
concentration partial factorSCC(0). The usefulness of
SCC(0) in order to obtain microscopic information in a liqu
alloy stems from the fact that it can be derived from therm
dynamic magnitudes; this is very convenient because of
practical difficulties for measuring, via diffraction exper
ments, the partial structure factors at low-q values. Now,
SCC(0) can be obtained from

SCC~0!5NKBTS ]2G

]x1
2 D

N,P,T

21

5~12x1!S ] ln a1

]x1
D

N,P,T

21

,

~16!

whereN is the total number of particles,G is the Gibbs free
energy, andai and xi are the thermodynamic activity an
concentration of componenti , respectively.

Figure 10 shows, as a function of concentration, the t
oretical results obtained forSCC(0) of liquid LixMg12x at
T5887 K. In the figure we have included the ideal mixtu
result, i.e.,SCC(0)5xLixMg , and also the experimental da
derived, according to Eq.~16!, from the activity measure
ments of Saboungi and Blander@61#. The experimental data
clearly indicate that the ions in the LixMg12x liquid alloy,
show, within the range 0.2<xLi<0.9, a slight preference fo
heterocoordination; in other words, there is a m

FIG. 10. Concentration dependence ofSCC(0), for the liquid
Li-Mg alloy at T5887 K. Full circles: Experimental results from
Ref. @61#. Asterisks: theoretical results. Line: ideal mixture resu
-
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compound-forming tendency. In fact, this is the behav
predicted by the present NPA-based theoretical results w
closely follow the experimental data.

C. Dynamic properties

We have also performed MD calculations for the ze
alloy composition, i.e., Li0.7Mg0.3, at T5887 K, and Fig.
11 shows the obtained velocity autocorrelation functio
CLi(t) and CMg(t) associated with the screened Li and M
ions in the alloy. Again, we observe that as a consequenc
the smaller mass of the Li ion, the minimum ofCLi(t) is
deeper and appears at shorter times. Now, either by integ
ing Ci(t) or from the slope of the mean square displac
ments, the corresponding self-diffusion coefficients a
readily obtained; these are~in 1025 cm2/s units! DLi517.5
and DMg512.0, where the higher value is associated to
lighter and smaller atoms~Li !.

At this stage, it is interesting to compare these results w
those obtained for the pure components at similar thermo
namic states. By using the NPA-based interatomic pair
tentials, MD simulations have been performed for both p
Li at T5843 K andr50.0416 Å23 @62# and pure Mg at
T5953 K andr50.0383 Å23 @63#, and in Fig. 11 we also
include the corresponding velocity autocorrelation functio

First, in the case of Li it is observed thatCLi(t) in the
alloy is steeper, and also has a deeper and wider minim
than CLi(t) for the pure system. This behavior reflects t
fact that the backscattering effects, related to the collisi
between a Li ion and its NN, are stronger in the alloy, whe
a Li ion is surrounded by an average of 8.5 Li ions and fo
~heavier! Mg ions, than in the pure system where the Li io
is surrounded by 13 Li ions. As a consequence, the M
result for the self-diffusion coefficient in the pure syste
(DLi524.7 whereas the experimental value is 25.8@64#! is
substantially larger than the corresponding value in the al
Now, in the case of Mg, the above mentioned effects
much stronger, as reflected in the correspondingCMg(t).
Whereas in the pure system a Mg ion is surrounded by
average of 11.5 Mg ions, when it comes to the alloy is has
average of four Mg ions and 9.5~lighter! Li ions; therefore,
the backscattering effects in the alloy are strongly reduc
leading to aDMg which is much larger than the value ob
tained for the pure system (DMg56.7).

FIG. 11. Molecular dynamics normalized velocity autocorre
tion functionsCLi(t) andCMg(t), in the Li0.7Mg0.3, liquid alloy at
T5887 K. For comparison, we have also included the MD resu
for CLi(t) of pure Li at T5843 K ~dashed line! and those for
CMg(t) for pure Mg atT5953 K ~dotted line!.
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VI. CONCLUSIONS

In this work, we have studied the structural and order
properties of two liquid alloys, i.e., Li-Na and Li-Mg, which
according to the experimental data, exhibit rather differ
ordering tendencies. The approach followed in these ca
lations consists of a combination of the NPA method to o
tain the interatomic pair potentials with the MHNC-RE
theory of liquids to obtain the static structure, leading to
whole theoretical framework which is free of adjustable p
rameters, requiring the atomic numbers and the thermo
namic state under study as the only input data. Furtherm
the present study has been completed by performing,
some specific concentrations, MD simulations which,
sides complementing the theoretical calculations, also g
information on some dynamical properties.

Concerning the Li-Na liquid alloy, the obtained theore
cal results for the static structural properties show a ra
good agreement with the available experimental data. In f
we stress that, although during the last years several the
ical works have already been devoted to a study of the liq
Li-Na alloy at the zero alloy composition@1,16#, the present
results are, to our knowledge, the first theoretical calcu
tions which quantitatively yield both a highS(q→0) and a
splitting of the main peak. On the other hand, the MD sim
lations suggest that the NPA effective interatomic potent
can also provide qualitative information concerning the
mixing region.

A similar degree of accuracy has also been achieve
the description of the Li-Mg liquid alloy. This is a syste
h
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which has not attracted much attention in the past, and
few theoretical works devoted to this liquid alloy have be
mainly based on semiempirical models@60,59#. However,
the present results show that the ordering tendencies in
alloy can also be well described by resorting to realistic
teratomic pair interactions.

We note that although the Li-Na and Li-Mg liquid alloy
exhibit opposite ordering tendencies, this work shows t
the NPA method is capable of producing reliable effect
interatomic pair potentials which can accurately describe
static structural properties in both systems. Therefore,
conclude that the method may be used to derive effec
interactions for those metallic systems where the NFE the
holds, and, therefore, the pseudopotential perturbation the
can be applied.

Finally, we point out that the present NPA1MHNC-REP
theoretical framework should be considered as a first ste
a whole self-consistent approach where the screen
charges around theA- andB-type ions are computed, not fo
each ion immersed into a homogeneous electron gas,
taking into account the structure of the alloy and the ex
tence of two different types of ion. Work is in progress, a
the results will be reported in due course.
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