Numerical analysis of the pressure gradient driven MHD flow in magnetically
confined plasma using OpenFOAM
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Abstract: Numerical simulations of magnetohydrodinamical (MHD) flow of a magnetically con-
fined plasma in a cylindrical geometry have been performed. The externally imposed magnetic field
is formed in a helical configuration which is composed of axial and poloidal magnetic fields. The
parametric scan of the magnetic fields shows that the intensity of the MHD instability is positively
correlated with the intensity of the poloidal magnetic field. Furthermore, a preliminary study of
the effects of a time-independent pressure profile in the velocity equation has been performed. The
presence of the pressure-gradient term may make the plasma instability more complex.

I. INTRODUCTION

Climate change is one of the most challenging threats
to human life and some of its effects are already irre-
versible. The need to find clean alternatives to green-
house emitting energy production mechanisms is urgent.
Nuclear fusion, being sustainable and free from COs
emission, is considered as one of the promising future
energy resources.

Fusion reactions use deuterium and tritium (isotopes
of hydrogen easily found in sea water) to produce nearly
four million times [I] more energy than burning coal or
gas, and four times as much as nuclear fission without
the risk of a nuclear meltdown or dangerous radioactive
or polluting waste. These kind of reactions take place
in the core of stars, where the gravitational forces keep
the hydrogen confined in a restricted and dense space
with extreme temperatures. Under these conditions a
state of ionized gas is reached, where nuclei and elec-
trons have too much energy to stay bound. This state is
called plasma and it is electrically conductive and, thus,
sensitive to magnetic fields.

Since the current world’s largest fusion reactor, Joint
European Torus (JET), achieved the first ever controlled
release of fusion power in 1991, there has been hope that
a commercial nuclear reactor could be built in the near
future. Scientists from countries around the world have
joined resources and knowledge in order to better under-
stand the dynamics of fusion reactions and to find a way
to achieve a sustained production of electricity. An im-
portant landmark was achieved in February 2022 when
JET achieved a sustained energy output of 59 megajoules
over 5 seconds [2]. This achievement has encouraged the
community, as it is a first step towards long lasting en-
ergy production.

A. Fusion nuclear reactors

Reproducing a star’s core inside a few meters wide re-
actor is a colossal undertaking. Despite this, fusion reac-

tors achieve confinement using strong external magnetic
fields. These fields prevent plasma from directly touching
the reactor walls, which would be damaged in the process
due to the extremely high temperatures.

There are different designs of fusion reactors. The most
relevant ones are the tokamak and the stellarator. The
tokamak is the most popular reactor amongst all the op-
tions. It consists of a toroidal chamber with surrounding
coils which generate toroidal and poloidal magnetic fields.
The combination of the two prevents the plasma from
touching the vessel’s walls, creating a helical magnetic
field with a toroidal component and a toroidal flow of
the plasma. The stellarator has also a toroidal configura-
tion. Its magnetic field is much more complex because it
is generated by coils which are not toroidally symmetric.
This complicated configuration is designed to reduce the
plasma instabilities present in tokamaks and other ma-
chines. The main issue with this design is the difficulty
of manufacturing the coils due to its complex shape.

The reactor type considered in this work corresponds
to linear machines, which use cylindrical chambers in-
stead of toroidal ones. In this type of chamber, magneti-
cally confined plasma has several MHD scale instabilities
such as Z-pinch or 8-pinch. In the Z-pinch instability, the
current runs through the plasma parallel to the Z axis of
the cylinder, while the magnetic field is azimuthal. In
the @-pinch configuration, the electric field is in the az-
imuthal direction and the magnetic field lines are parallel
to the Z axis. The result for both cases is similar: accord-
ing to the Lorentz force, plasma will be compressed along
the axis. The combination of Z-pinch and 8-pinch yields
the so called “screw-pinch” which is the one studied in
this work.

II. MAGNETOHYDRODYNAMICS (MHD)

When the plasma dynamics are modelled, two main
features must be considered. On the one hand, plasma is
an ionized gas, so it is susceptible to magnetic and electric
fields. On the other hand, the medium studied is a fluid,
therefore it follows classical fluid dynamics. This means
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that the dynamical equations for the plasma combine
conventional fluid dynamics and Maxwell’s electromag-
netism laws. This combination yields the visco-resistive
MHD equations, which are the Navier-Stokes equation
with the Lorentz force and the induction equation
, which combines Ohm'’s law, Faraday’s equation and
Ampere’s law. These equations read (using normalized

velocity by Alfven’s velocity C, = \/JifTO and a reference

magnetic field By.):

%:(B.V)u—(u~V)B+/\VQB (1)

%’t‘ = (B-V)B—%VB2—(U-V)u+V2(1/u)—VP (2)

Here, B is the magnetic field and w is the velocity
field. Also, A corresponds to the magnetic diffusivity
and v to the kinematic viscosity. These equations are
non-linear and have non-analytical solution. In addition,
they are tightly coupled by B and wu, as they appear
in both equations and they depend on each other. The
non-linear coupling of the magnetic and velocity fields
creates a MHD dynamo effect which converts the kinetic
energy into magnetic energy. This process includes the
self-organization of the plasma [3]. The characteristics of
these structures will be discussed in the following sections
of this work.

III. OPENFOAM

In order to solve the MHD equations, the OpenFOAM
software [4] has been used. OpenFOAM is a free compu-
tational fluid dynamics (CFD) software which can solve
the dynamical equations for different types of fluids. The
source code is written in C++ and the software is open
source, which means that the existing solvers can be mod-
ified to fit the needs of any specific case.

OpenFOAM is divided in three main parts:

e The mesh is the grid of points that define the spa-
tial domain of the case. At each of these points,
the specified vector and scalar fields take a defined
value which evolves in each time step.

e The solver is the part of the program used to de-
fine and run the numerical methods to solve the
equations for a given time and time step. The size
of the time step is very important in order to find
the balance between precision and computational
time.

e The initial conditions are given in each case and
are the input to the solver in order to start the sim-
ulation. The initial conditions and boundary con-
ditions are extremely important for the evolution
of the simulation.
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In order to visualize each saved time slice, Paraview
[5] has been used, which is a program capable of plotting
the resulting fields in the mesh and visualising the case.

IV. THE CASE: PLASMA CONFINED IN A
CYLINDER BY A MAGNETIC FIELD

In this project, the simulated case consists of an electri-
cally conducting fluid (plasma) confined inside of a cylin-
der by a helical magnetic field imposed at boundary. In
cylindrical coordinates, its components are:

Bwall

R;

where R; is the internal radius of the cylinder and
Byan and Bg,s are the values of the azimuthal magnetic
field at the cylinder wall and the constant magnetic field
in the axial direction respectively. The MHD equations
are dimensionless, therefore, the magnetic field values are
given in units of a reference magnetic field. The impor-
tance of the relation between the magnitude of these last
two values is studied and discussed in the following sec-
tions.

B = (BrvB¢7BZ) = (Oa

T, BaziS) (3)
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FIG. 1: Field vectors for the initial magnetic field with
Bwall = 7.0 and Bam‘s = 4.5.

A. Simulation set-up

At the side wall of the cylinder, no-slip (and non pen-
etration) boundary condition is applied. The cylinder is
periodic at both ends (infinite periodic cylinder). For the
inital condition, an uncorrelated gaussian solenoidal ve-
locity field is imposed, with kinetic energy of the order
10~7. The kinematic viscosity and magnetic resistivity
are set to v = A = 0.02 for all cases.

The simulation geometry consists of five sub-domains.
Each domain has (30, 30,150) grid points in the (x,y,z)
directions respectively. The time step used in the time-
integration is 0.001(the dimensions of time are irrelevant,
so they will be treated as arbitrary units (a.u)).
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B. Effect of the toroidal and poloidal magnetic
field ratio.

The pressure in this section is set as constant, there-
fore VP = 0 in equation . A pressure profile will be
introduced later on in order to study its effect on the
MHD flow as discussed in the next section.

In this work, the dependence of the magnetic field on
the MHD energy has been studied. Among the physics
parameters used in this work, it is observed that when
Bazis > Buaeu the dominating part of the magnetic field
is the axial one. This means that the Z-pinch mode is
dominant, while in the case where By.is < Bwan the 6-
pinch mode is the strongest. To see the effect of this
change in pinch dominance, different cases have been
analysed for Bwall < Bamis and Bwall > Ba:vis~ The
simulations have been performed from time t = 0 to
t =10.

In order to compare the cases, By.is = 4.5 is fixed, and
Biau is varied from Bye = 3.0 to By = 10.0. The
larger values of Byai (Bwau > 10) crashed the simula-
tion due to mesh quality limitations. Despite this incon-
venience, the results obtained give an overall idea of the
behaviour of the plasma. The magnetic, total and kinetic
energies of the plasma need to be studied in order to see
whether there are any instabilities.
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FIG. 2: Top panel: Evolution of kinetic energies with time
for Bazis = 4.5 and Byeu = 3, 5, 6, 7 and 10. Bottom panel:
Evolution of the potential and magnetic energies with time
for the above mentioned By and Bgagis values. The vertical
axis is logarithmic in both cases.
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Figure [2| shows that for B, = 3, no instabilities are
observed within the time range considered compared to
the other studied values of Byq;;. Therefore, the kinetic
energy is constant during all the simulation resulting in
a stable plasma without any abrupt behavior. For the
other cases, plasma is stable until an instability develops
and the kinetic energy rises abruptly. After reaching a
peak, it later relaxes to start rising again at a slower rate.
For Byqi = 10, looking at the bottom part of Figure
for example, before around ¢t = 3 both the magnetic and
total energies are practically identical. This is because
the kinetic energy is very low and therefore, its contri-
bution to the total energy, Eiot = Egin + Epmag, is negli-
gible. When the instability triggers, both energies drop
and the magnetic and total energies no longer coincide.
An exchange between magnetic and kinetic energy has
been produced. In addition to this, the total energy is
no longer constant and drops. This effect is produced
because the dissipative terms of the MHD equations (|1|
and [2)) used in this work are large due to computational
limitation. The structure formation of the velocity field
is discussed in the next section.

For higher B, values, these peaks happen earlier in
the simulation, meaning that the plasma is stable for
less time before it develops the helical flow. As Ba
increases, each peak gets higher so the maximum value
of the kinetic energy increases. This leads to more intense
instabilities as Byq; grows.

For the total and magnetic energies, as B, increases,
the total energy loss due to dissipation is also larger. The
difference between both energies when instabilities occur
also increases with B, because, as mentioned before,
the kinetic energy of the helical streams also grows.

Among the physics parameters used in this work, it
is observed that when By.; > Bazis, @ MHD dynamo
event is observed. A more detailed analysis is beyond
the scope of this work and should be carried out in the
future.

C. Implementation of an initial pressure profile

In the previous section, the pressure gradient has been
ignored in equation . Now, the effect of a pressure
profile will be considered. The first approximation is to
implement a time independent pressure profile:

Sl (2 12) (®)

where a is the internal radious of the cylinder. This is
a simple parabolic pressure profile which has been chosen
to meet the magnetostatic equilibrium condition, when
the Lorentz force and the force due to the pressure gra-
dient are equal and opposite:

VP=Jx B (5)
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where J = V x B is the current density. The simula-
tion has been performed until £ = 20 to see the behavior
of the plasma in later time steps and to better compare
the cases with and without pressure gradient.

1-10° . . —
Ekin grad(P) ——
Ekin no grad(P) ——
1101} \/>—<::>—c:=_d
) 2
= 110 ¢ E
L
i}
11079 ¢
1104 :
Em grad(P) -<----
Etotgrad(P) ———
= 25-10% ¢ Em no grad{P) -4----
o Etot no grad(P) ———
o '-————=-\
) 1
g 20T \b
| =
w w
—— T
0 5 10 15 20

Time [a.u]

FIG. 3: Top panel: kinetic energy evolution in time for the
case with VP (blue) and without VP (red). Bottom panel:
total (filled lines) and magnetic (dotted lines) energy evolu-
tion in time for the case with and without pressure gradient.
The vertical axis is logarithmic in both cases. Vertical dot-
ted lines correspond to the maximums in the kinetic energy
(t = 6.4, 11.5 and 17.8) for the case with pressure gradient.

In Figure[3] for the kinetic energies (top), it can be seen
that the absolute maximum kinetic energy is located at
the same time in both cases. After the first peak, an
oscillating behaviour is observed for both cases. This is
due to the dominance of the non-linear terms of the MHD
equations in the simulation. This justification could be
verified analysing the energies corresponding to each non-
linear term separately (spectrum analysis), however this
would lead to an overly advanced analysis of the case,
which will be left for future studies. The tendency of the
oscillations in both cases is to stabilize on a determined
value of the kinetic energy.

The main difference between the two kinetic energy
profiles (top) in Figure [3|is the frequency of the oscilla-
tions. The case with pressure gradient oscillates with a
higher frequency than its counterpart, kick-starting the
second instability earlier than the line without VP. This
last case is much smoother instead and it is more stable,
triggering less and more shallow instabilities overall.

Comparing the total and magnetic energies for both
cases in Figure [3] each step in the bottom profile corre-
sponds to an instability and a peak in the kinetic energy.
For the first helical formation (first kinetic energy peak),
the instability without pressure gradient lasts longer than
the one with pressure gradient, thus dissipating more en-
ergy in the first instability.

Helical structures form along the cylinder. The iso-
surfaces in Figure [4] reproduce the behavior observed in
Roberts’ paper [6]. The aim of this part of the work is
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to see how these structures evolve in time and how the
presence of pressure gradient affects their characteristics.
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FIG. 4: Isosurfaces for the axial velocity u, = 4+0.2 where the
red and blue colors correspond to the positive and negative
directions of wu, respectively. Left: helical structures formed
around t =6,t =9, ¢t = 11 and ¢ = 20 for the case with pres-
sure gradient. Right: helical structures formed around ¢ = 6,
t = 14 and t = 18 for the case without pressure gradient.
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In Figure [4, the different helical structures observed
in the simulations with and without pressure gradient
are presented. It can be seen that the number of he-
lices of each structure reduces as plasma relaxes and time
evolves. Comparing now the cases with and without pres-
sure gradient, it is observed that the addition of the pres-
sure profile plays a role on the structure of the collective
behavior. In the first structure corresponding to the first
instability (¢ = 6), despite having nearly the same ki-
netic energies, the case with pressure gradient presents
six helices, while in the setting without VP, the struc-
ture shows only four helices.

Considering now the structures obtained for different
times and comparing them to the kinetic energy profile in
Figure [3] the behavior of these oscillating helical modes
can be studied. Near the kinetic energy minima, plasma
velocity is low, leading to a loss of homogeneity in the
shapes of the isosurfaces (t = 9). After the kinetic energy
minima, the velocity rises and the kinetic energy eventu-
ally reaches the next peak, near to which the structures
are smoother and better defined (¢ = 11). After reach-
ing the peak, the kinetic energy lowers again to another
minimum completing an oscillation. In Figure[d] between
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the peaks of t = 6 and t = 11, a transition in the struc-
ture has occurred in ¢ = 9, when the number of helices
has decreased from six to four. This transition happens
near a minimum in the kinetic energy. For the case with-
out VP, another transition is observed for t = 14 where
the number of helices decreases from four to two. As
plasma relaxes the helical structures become more stable
in time and transitions occur less frequently, presenting
more than one oscillation between each transition. Even-
tually, plasma reaches a steady state.

Comparing again the two setups, the third structure
for the case with pressure gradient (¢ = 11) has the same
number of helices as the first one of the case without
pressure gradient (¢ = 6) despite having very different
kinetic energies. Lastly, for ¢ = 20 with VP, the struc-
ture is transitioning to a state with two helices similar to
the stable one of ¢t = 18 in the case without the pressure
gradient.

V. CONCLUSIONS

The MHD dynamics in the magnetically confined
plasma in cylindrical geometry has been studied.
Analysing the total, magnetic and kinetic energy evo-
lutions, it has been seen that, when the poloidal compo-
nent of the magnetic field (Byqy) is increased, a MHD
dynamo action which converts the kinetic energy to mag-
netic energy is observed. This behavior is caused by the

non-linear terms in the MHD equations and the coupling
between them through B and w. During the MHD dy-
namo, a helical structure of the velocity field is observed.

In this work, a preliminary approach of a time-
independent pressure profile has been implemented to
the MHD system used in OpenFOAM. In the non-linear
state, the MHD energy shows oscillations in the relax-
ation process. In the presence of the time-independent
pressure profile, the frequency of the oscillations becomes
larger than the one in the absence of pressure profile. The
analysis of the velocity field helical structures has shown
that the number of streamlines tends to decrease in time
during the MHD relaxation process.

In the future, the pressure evolution equation needs to
be implemented. The plasma pressure plays an impor-
tant role on the MHD stability, making its physics more
complex. Further investigation such as spectrum analysis
should be performed to quantify the MHD behavior.
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