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Velocity cross-correlations and atomic momentum transfer
in simple liquids with different potential cores

A. Verdaguer and J. A. Padro´
Departament de Fı´sica Fonamental, Universitat de Barcelona, Diagonal 647, 08028 Barcelona, Spain

~Received 12 November 1999!

Time correlation functions between the velocity of a tagged particle and velocities of particles within
specified ranges of initial separations have been obtained by molecular dynamics simulation. These correlation
functions have allowed us to analyze the momentum transfer between particles in different coordination shells.
Two simple liquids at very different densities and two purely repulsive potentials with very different softnesses
have been considered. The longitudinal correlations, which are the velocity cross-correlations along the initial
direction defined by the centers of two given particles, have been calculated separately. It has been proven that
these correlations should be attributed to particles both in front of and behind the central one. As with
propagating longitudinal modes, they are strongly dependent on the softness of the potential core. Some
characteristic features of the velocity correlation functions after the initial rise should be related to nonlongi-
tudinal correlations. It has been shown that velocity cross-correlations between distinct particles cannot only be
attributed to the direct interactions among particles, but also to the motions induced by the movement of a
tagged particle on their neighbors.

PACS number~s!: 61.20.Lc, 61.20.Ja, 66.20.1d
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I. INTRODUCTION

A detailed knowledge of the correlations between the m
tions of distinct atoms is very useful for a full understandi
of the microscopic mechanisms of collective dynamic pro
erties in liquids. Time correlation functions between the i
tial velocity of a central atom and later velocities of neig
boring atoms provide interesting information on t
characteristics of the transfer of momentum among parti
in a liquid @1#. Though these functions cannot be direc
obtained from experiments, they can be calculated from m
lecular dynamics~MD! simulations. Several papers were d
voted to the MD analysis of the time correlations among
velocity of a given particle and later velocities of the imm
diate neighbors in simple liquids@2–9#. A study of these
correlations for particles in different coordination shells w
recently performed for both simple liquids at different de
sities and a molten salt@10,11#. One of the aims of the
present paper is to extend this study by analyzing in m
detail the momentum transfer mechanisms by calcula
separately the ‘‘longitudinal’’ velocity cross-correlation
i.e., the velocity cross-correlations along the initial directi
defined by the centers of two given particles.

It has been proven that the dynamic properties of liqui
such as the velocity autocorrelation functions and the
namic structure factors, are strongly dependent on the s
ness of the potential core@12,13#. The velocity cross-
correlations analyzed in this paper are closely related to th
properties. On the one hand, there is a clear resembl
between the velocity autocorrelation functions and the co
sponding velocity cross-correlation functions with the fi
shell of neighbors@1,10#. On the other hand, the velocit
cross-correlations with particles in the different coordinat
shells are very simple collective properties, which are in
origin of the basic mechanisms for the propagation of coll
tive modes through a liquid. In this study we also investig
PRE 621063-651X/2000/62~1!/532~6!/$15.00
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the dependence of the velocity cross-correlations on the c
acteristics of the short-range repulsive forces. To this e
the results obtained for systems differing only in the ha
ness of their potential cores are compared.

II. DESCRIPTION OF THE SIMULATED SYSTEMS

Molecular dynamics simulations have been carried out
systems of 864 particles with the atomic mass of arg
(mAr539.95 uma) in a cubic box with the usual period
boundary conditions. Two liquids at the same temperat
(T5120 K) but very different densities have been simulat
i.e., a systemA with r51.431022 particles/Å3 and a system
C with r52.431022 particles/Å3. These densities are
somewhat higher than those corresponding to the crit
point and the triple point of Ar, respectively. The temper
ture is intermediate between these two points.

Two interaction potential models have been considere
each density. The first one is a Lennard-Jones~LJ! potential
with the usual parameters for argon~sAr53.405 Å, «Ar
5119.8kB!, but it is truncated at its minimum (r cut
521/6sAr). This purely repulsive potential will be terme
RLJ. The second one is a very soft repulsive potentialV(r )
}(sAr /r )6 that will be named RSS. In this case, the intera
tions have been truncated atr cut52.4sAr . The core of RSS
is markedly softer than that of RLJ since, due to the con
bution of the attractive term in the LJ potential, the repuls
wall of RLJ is steeper than that of a 12th inverse-pow
soft-core potential with the sames. The comparison betwee
the results obtained for systems at the same density but u
either RLJ or RSS will allow us to analyze the influence
the softness of the potential core on the considered pro
ties. The two systems at the lower density will be term
RLJA and RSSA and those at the higher density will
termed RLJC and RSSC, respectively.

The structure of liquids at the stateA are markedly differ-
ent from those at the stateC. However, in the case of system
at the same density but different interaction potentials,
532 ©2000 The American Physical Society
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PRE 62 533VELOCITY CROSS-CORRELATIONS AND ATOMIC . . .
structures are quite similar@10,11#. Thus the effective atomic
radii ~and therefore the effective thermodynamic states! for
RLJA and RLJC are quite close to those for RSSA a
RSSC, respectively, and the discrepancies in their dyna
properties should be mainly associated with the differen
in their potential cores.

The resulting velocity autocorrelation functions@C(t)#
are markedly dependent on the potential. At a given dens
the C(t) functions for RSS show slower initial decays th
they do for RLJ. Moreover, theC(t) oscillations for the
former potential are much more marked than for the lat
This is in accordance with earlier results for liquid meta
and LJ fluids that suggested that the more pronounced o
lations of theC(t) functions for liquid metals should be a
tributed to the softer potential cores for these liquids@12–
14#. It should be pointed out that despite the solidli
behavior of theC(t)’s for RSSA and RSSC, these system
are in the liquid phase. Both the shape of the radial distri
tion functions@12# and the values of the self-diffusion coe
ficients unambiguously reflect this fact. The self-diffusi
coefficients for systems at the statesA andC show important
differences but in both cases correspond to liquids@13#. The
self-diffusion coefficients for the systems at the same s
with either the RLJ or the RSS potential are rather sim
@13#.

III. VELOCITY CROSS-CORRELATIONS

The time cross-correlation functions@Cn(t)# between the
velocity of a central particle~i! and velocities of particles~j!
initially lying within neighboring concentric shells of spec
fied radii an andbn are defined as@1,10#

Cn~ t !5^nW i~0!•nW j~ t !&n^n i
2&21, ~1!

where^v i
2&21 is a normalization factor and̂&n a restricted

statistical average;

^nW i~0!•nW j~ t !&n5Nn
21^nW i~0!(

j
nW j~ t !u@r i j ~0!2an#

3u@bn2r i j ~0!#&, ~2!

whereu(x) is the step function and̂& is an ordinary statis-
tical average over the different central particles and differ
time origins.r i j (0) is the initial distance between the centr
particle i and the particlej in the n shell. The mean numbe
of particles in then shell (Nn) is given by

Nn5(
j

^u@r i j ~0!2an#u@bn2r i j ~0!#&54prE
an

bn
r 2g~r !dr.

~3!

The values ofan andbn for each system were chosen to
equal to the position of thenth minima of the corresponding
g(r ) function. Thus Cn(t) measures the velocity cross
correlations of a central atom with single atoms, which at
50 are within thenth coordination shell@10#. We consid-
ered the correlations up to the third shell (n51, 2, 3). It
should be noted that the momentum of the central particl
shared by a larger number of particles when it is transfer
to the successive coordination shells. Accordingly, the val
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reached by theCn(t) functions become markedly smaller a
n increases. Thus it is useful to consider theNnCn(t) func-
tions, which express the cross-correlations between the
locity of the central particle and the sum of the velocities
all the particles within thenth shell of its neighbors. The
NnCn(t) functions for the different shells show values
similar order of magnitude@10#.

Since the number of particles in the simulation is fin
and the total momentum of the cell remains fixed during
MD runs, theNnCn(0) values should be somewhat low
than zero@3,4,10#, whereas theNnCn(t) functions corre-
sponding to the actual systems should vanish att50. These
systematic discrepancies in the initial behavior of t
NnCn(t) functions should increase withNn . However, ear-
lier MD results for systems with different number of pa
ticles have shown that, even forn53, the qualitative behav-
ior of the NnCn(t) functions is not significantly affected b
this spurious effect@10#.

The NnCn(t) functions for the systems studied in th
work are shown in Figs. 1 and 2. According to earlier fin
ings, the most characteristic features of these functions ar
follows @10#. N1C1(t) shows a fast initial increase that re
flects the transfer of the initial momentum of the central p
ticle to its immediate shell of neighbors. The later decay
N1C1(t) should be associated with the spread of the mom
tum of the central particle to the outer shells. It may
observed in Figs. 1 and 2~see the top plots! that the minima
of the oscillatoryC(t) functions are located at the same p
sition as the maxima of the correspondingN1C1(t) functions

FIG. 1. Velocity cross-correlation functions in the systems at
stateA ~low atomic density! for atoms within different coordination
shells. The velocity autocorrelation functions are also shown in
upper part of the figure.
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534 PRE 62A. VERDAGUER AND J. A. PADRÓ
and vice versa. This indicates that in these systems pa
the initial momentum transferred by the central particle to
neighbors is given back to this particle, bouncing back a
forth for some time@1#. It should be noted that the initial ris
of N2C2(t) is shifted in relation to that ofN1C1(t) while the
initial rise of N3C3(t) is shifted in relation to that of
N2C2(t). These initial delays and the consequent shifts
theNnCn(t) maxima should be attributed to the finite velo
ity of the propagation of momentum through the liquid.
may be noticed that bothN2C2(t) andN3C3(t) start to rise
beforeN1C1(t) reaches its first maximum, which indicate
that NnCn(t) is the result of a balance between the mom
tum received from and/or transferred by particles in then
shell. So, the process of transferring the initial momentum
the central particle to the different shells cannot simply
analyzed as the propagation of a wave through the liquid.
the density of the liquid increases the atoms are more clo
packed and the velocities of distinct atoms more stron
correlated. Accordingly, theNnCn(t) functions for RLJC
and RSSC show larger values and more pronounced osc
tions than those for RLJA and RSSA, respectively.

The comparison between the results for RLJ and R
~Figs. 1 and 2! shows that theNnCn(t) functions are mark-
edly dependent on the softness of the potential core. Un
for RLJ, all theNnCn(t) functions for the RSS potential ar
oscillatory. Moreover, a tendency of the amplitude of t
second oscillation to increase withn may be observed. The
pronounced oscillations of theC(t) functions for potentials
with soft cores are also clearly reflected in the correspond
N1C1(t) functions. The existence of several maxima a

FIG. 2. Velocity cross-correlation functions in the systems at
stateC ~high atomic density! for atoms within different coordina-
tion shells. The velocity autocorrelation functions are also show
the upper part of the figure.
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minima in N1C1(t) for both RSSA and RSSC indicates th
there is a persistent interchange of momentum between
central particle and particles in the first coordination sh
This process requires a certain degree of coherence betw
the motion of atoms in the first coordination shell that is a
revealed by the marked oscillations of theNnCn(t) functions
for n.1. It should be emphasized that even for a rath
dilute liquid such as RSSA theNnCn(t) functions show large
oscillations. These findings suggest that collective motio
are favored by potentials with soft cores, which is consist
with earlier results that indicate that longitudinal modes
sociated with density fluctuations propagate up to hig
wave numbers in liquids with softer potential cores@12,13#.
The results for the RLJ potential are very different. It
interesting to point out the presence of a shoulder after
first maximum in theN1C1(t) function for RLJC while in
the case ofN2C2(t) and N3C3(t) there is a second maxi
mum that becomes higher asn increases. At low density
~RLJA liquid!, the shoulder is not visible but a second ma
mum may be noticed in bothN2C2(t) and N3C3(t). The
origin of a second maximum inNnCn(t) will be discussed in
Sec. II.

Both C(t) and NnCn(t) may be theoretically calculate
according to the Gaskell and Miller velocity field approa
@15#, which is one of the simplest applications of the mo
coupling concepts to the analysis of the dynamic proper
in dense liquids. This approximation, which is a generali
tion of the hydrodynamic description of a fluid to micro
scopic scales, was successfully applied to LJ liquids, liq
alkali metals@15,16#, and, more recently, to the molecula
center of mass of liquid water@17#. The theory is based on
the introduction of a microscopic velocity field,

nW ~rW,t !5(
j

f „urW2rW j~ t !u…nW j~ t !, ~4!

wheref (r ) is a form factor that may be determined by takin
into account that the velocity field around the position of
atom should be very close to the actual velocity of this ato
Gaskell and Miller obtained an expression that allows us
calculate the velocity correlation functions from the se
intermediate scattering functionFS(k,t) and the longitudinal
@CL(k,t)# and transversal@CT(k,t)# current correlation
functions@1,15#

C~ t !5~6kBTm!21E
0

`

f ~k!@CL~k,t !12CT~k,t !#

3FS~k,t !k2dk, ~5!

where f (k) is the Fourier transform off (r ). We assumed a
form factor f (r )5exp@2(r/a)12#, wherea is an effective ra-
dius determined from the number density (nr) of the liquid
according to the relation 4pnra3/351 @15#. The theory can
also be applied to the calculation of the time correlation
the velocity of an atomi with the sum of the velocities of the
atoms within a sphere of center ati and radiusR @18#:

fR~ t !5E
0

R

Fr~ t !dr, ~6!
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where

Fr~ t !58nr~3mkBTm!21E
0

`

sin~kr ! f ~k!

3@CL~k,t !12CT~k,t !#FS~k,t !rk3dk. ~7!

The NnCn(t) functions studied in this work may be calcu
lated as the difference between twofR(t) functions with
suitable radii.

We have calculated both theC(t) and theNnCn(t) func-
tions for the RLJC and RSSC systems according to the
locity field model ~this model is not valid for dilute fluids
such as those at the stateA @13#!. The calculations in Eqs.~5!
and ~7! require one to integrate overk a quantity that in-
cludes different dynamic collective properties@FS(k,t),
CL(k,t), and CT(k,t)#. We performed complementary MD
simulations to determine these collective properties for a
of 20 wave numbers betweenk50.27 andk54.4 Å21 @13#.
For the sake of thef (k) characteristics, the contributions t
C(t) corresponding to wave numbers beyond this inter
are not significant. However, the finite number ofk’s used in
the numerical integration did not allow us to accurately d
termineC(t) andFr(t) through Eqs.~5! and ~7!. These in-
accuracies may produce significant errors in the calcula
of NnCn(t) since these functions are obtained as the diff
ence between twofR(t) functions for different radii.

The C(t) functions obtained through Eq.~5! are in quite
good agreement with the MD findings@13#. The agreement is
better for RLJC than for RSSC since the theoreticalC(t)
function for the second system shows an initial decre
slightly faster and more damped oscillations than those fr
MD. The NnCn(t) functions calculated according to the v
locity field theory and those directly obtained by MD sho
significant quantitative discrepancies that should be ma
attributed to numerical inaccuracies. Thus we have compa
in Fig. 3 theCn(t) functions forn51 andn52 normalized
to their first maximum@Cn(t)/Cn(tmax)#. The disagreement

FIG. 3. Normalized velocity cross-correlation functions o
tained from MD simulation ( ) and calculated according to th
velocity field model of Gaskell and Miller@15# ~––––!.
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between theoretical and MD simulation results beco
larger asn increases. The normalizedC1(t)/C1(tmax) func-
tions obtained through Eqs.~6! and ~7! are quite similar to
those from direct MD calculations whereas the discrepan
between theC2(t)/C2(tmax) functions by the two procedure
are larger. The frequencies of the oscillations for RSS
though not their relative amplitude, are well reproduced
theory. Dramatic differences between theoretical and MD
sults were found forn53. A reliable quantitative calculation
of the Cn(t) functions for distant shells requires us to dete
mine the collective dynamic properties in Eq.~7! for a very
large set ofk-wave numbers. This would require costly com
puter simulations beyond the objectives of this work@the
direct calculation ofCn(t) is much less expensive#. How-
ever, findings in this work show that the main qualitati
features of theCn(t) functions in dense liquids are repro
duced by the velocity field theory.

IV. LONGITUDINAL VELOCITY CROSS-CORRELATIONS

In order to analyze with more detail the characteristics
the velocity cross-correlations, we have separately calcula
the longitudinal @Cn

L(t)# and nonlongitudinal@Cn
NL(t)#

parts of theCn(t) functions:

Cn~ t !5Cn
L~ t !1Cn

NL~ t !. ~8!

Cn
L(t) is defined as the velocity cross-correlation along

direction defined by the centers of the particlesi and j at t
50. ThusCn

L(t) was calculated according to@3#

FIG. 4. Decomposition of the velocity cross-correlations cor
sponding to the ‘‘hard’’ RLJ potential into longitudinal and nonlo
gitudinal contributions.
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536 PRE 62A. VERDAGUER AND J. A. PADRÓ
Cn
L~ t !5^n i

L~0!n j
L~ t !&R^n i

2&21, ~9!

where n i
L(0)5nW i(0)•rW i j (0) and n j

L(t)5nW j (t)•rW i j (0) are
the projections of the velocities of the particlesi and j over
the initial direction ij . rW i j (0) is a unitary vector along this
direction. Cn

NL(t) was determined fromCn(t) and Cn
L(t)

according to Eq.~8!.
As could be expected, the short time velocity cro

correlations between neighboring particles should be p
dominantly longitudinal. This is corroborated by the resu
in Figs. 4 and 5, which show that the initial part ofN1C1

L(t)
is very close to that ofN1C1(t). However, theNnCn

NL(t)
contribution toNnCn(t) becomes significant at later time
and for more distant shells. The shoulder ofN1C1(t) for
RLJC as well as the second maxima inN2C2(t) and
N3C3(t) for both RLJA and RLJC are absent in the corr
spondingNnCn

L(t) functions. These features ofNnCn(t)
should then be attributed to correlations induced through
interactions with intermediate particles. As withN1C1(t),
the shoulder of theC(t) function for RLJC should be asso
ciated with nonlongitudinal effects.

It may be thought that bothC1(t) andC1
L(t) are due to

the direct collisions of the central particle with particles
front of it. However, the results of a previous study on t
microscopic motions in simple liquids@6# suggested that cor

FIG. 5. Decomposition of the velocity cross-correlations cor
sponding to the ‘‘soft’’ RSS potential into longitudinal and nonlo
gitudinal contributions.
-
e-
s

-

e

relations with the velocities of particles behind the tagg
particle could also be important. In order to analyze t
point we have divided the longitudinal velocity cros
correlations into two contributions according to the sign
the initial velocity of particlej with regard to the centra
particle i:

Cn
L~ t !5@Cn

L~ t !#F1@Cn
L~ t !#B. ~10!

The former term@Cn
L(t)#F corresponds to the particles th

at t50 are approaching the central one, whereas the la
term @Cn

L(t)#B corresponds to the particles that are initia
moving away from the central particle. The results in Fig
show that @Cn

L(t)#F is almost identical to@Cn
L(t)#B for

RLJC and@Cn
L(t)#F is somewhat larger than but of simila

magnitude to@Cn
L(t)#B for RLJA. These findings, which are

consistent with those in@6#, show thatC1(t) and C1
L(t)

cannot only be attributed to the direct collisions of the ce
tral particle with particles found in its trajectory, and oth
mechanisms should contribute to the velocity cro
correlation functions.

@C1
L(t)#F is associated with the momentum transfer d

to the direct collisions of the central particle with a partic
in its first shell of neighbors while@C2

L(t)#F and@C3
L(t)#F

correspond to the momentum transferred through succes
collisions with intermediate particles. However, the interp
tation of@Cn

L(t)#B is not so simple. It cannot be attributed
attractive forces between particles since the potentials in

-

FIG. 6. Decomposition of the longitudinal velocity cros
correlations into the forward and backward contributions~see the
definitions in the text!.
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study are purely repulsive.@C1
L(t)#B may be related to a

tendency of particles behind the central particle to move
the same direction in order to fill the free space left by
migration of this particle. Then the local density is restor
These induced motions also propagate to more distant s
as reflected in the@Cn

L(t)#B functions forn52 andn53.
According to our interpretation, the importance of t
@Cn

L(t)#B terms should increase with density, which is co
roborated by the smaller differences between@Cn

L(t)#F and
@Cn

L(t)#B for RLJC in relation to those for RLJA.
The sign of the initial part ofN1C1

NL(t) is opposite to
that of N1C1

L(t), being the location of the first minima in
the former close to the first maxima in the latter. This is mo
clearly displayed in the case of the softer RSS potentia
should be noted that the first maximum ofN1C1

L(t) for
RSSA and RSSC is markedly higher than that ofN1C1(t) for
the same system. However, it is interesting to point out t
the two contributions tend to be on phase as the time
creases and this causes the large second maxima inN3C3(t).
The initial negative values of theCn

NL(t) functions may be
attributed to a mechanism similar to that suggested to exp
the @Cn

L(t)#B functions. When the central particlei migrates
with a velocity perpendicular to theij direction, the neigh-
boring particles should move in the opposite direction
order to restore the local density. Thus the initial part
Cn

NL(t), which should be mainly associated with these
duced motions, is negative. Moreover, such motions prod
local oscillations that propagate through the liquid and g
rise to the second maxima in theNnCn(t) functions forn
.1.

We want to emphasize the clear dependence of
NnCn

L(t) functions on the softness of the potential core. T
NnCn

L(t) functions for both RSSA and RSSC show mark
oscillations with very well defined maxima and minima a
the deviations of the correspondingNnCn(t) functions from
regular oscillations are due to theNnCn

NL(t) contributions.
The frequency of the oscillations of theNnCn

L(t) functions
for a given system is very similar for the different coordin
tion shells but it may be observed to have a slight tende
to be lower asn increases. The results for the RLJ potent
.
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are very different from those for the RSS potential. T
NnCn

L(t) functions for both the RLJA and RLJC systems
not show any noticeable oscillation and are practically
duced to a rather fast initial rise followed by a slower dec
The velocity cross-correlations only reach negative val
and show an incipient oscillation in the case of RLJC w
n51. The noticeable oscillations ofN2C2(t) and N3C3(t)
for the RLJ systems should be related to the nonlongitud
contributions.

V. CONCLUDING REMARKS

Findings in this paper show that velocity cros
correlations and momentum transfers between distinct
ticles cannot only be associated with direct interactions s
as two-body collisions, but should also be related to the
locities induced by the motions of a tagged particle on
neighbors to restore the local density. This reflects a cl
relationship between velocity cross-correlations and den
fluctuations. The longitudinal velocity cross-correlations~as
defined in this paper! are markedly oscillatory for potential
with soft cores. These oscillations are related to collect
motions of close particles that propagate through the liqu
It should be noted that the propagation of density fluctuati
~longitudinal modes! in liquids is enhanced by potential
with soft cores, as proved by the persistence of up to ra
high wave numbers of the Brillouin peak in the dynam
structure factor of liquid metals@12,14#. According to the
suggestion of Lewis and Lovesey@19#, our results indicate
that the large-angle scatterings produced by hard core in
actions are particularly effective in destroying the cohere
necessary for collective motions of atoms. Finally, we wa
to emphasize the noticeable influence of the nonlongitud
terms on the qualitative features of bothC(t) and NnCn(t)
functions at intermediate times.
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